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ADDITIONAL CALCULUS TEXTBOOKS 
BY EARL W. SWOKOWSKI 


CALCULUS, FIFTH EDITION, LATE TRIGONOMETRY VERSION 
This text provides a review of trigonometry and com- 
plete coverage of the trigonometric functions in 
Chapter 8. Consequently, there is slightly different 
treatment of limits, derivatives, and integrals. 


CALCULUS OF A SINGLE VARIABLE Designed for a two- 
semester course, this volume consists of the first 
thirteen chapters of Calculus, Fifth Edition. 





РКЕРАСЕ 


This revision of what was previously called Calculus 
with Analytic Geometry, Alternate Edition was written 
with three objectives in mind. The first was to make 
the book more student-oriented by expanding discus- 
sions and providing more examples and figures to help 
clarify concepts. To further aid students, guidelines 
for solving problems were added in many sections of 
the text. The second objective was to stress the use- 
fulness of calculus by means of modern applications 
of derivatives and integrals. The third objective, to 
make the text as error-free as possible, was accom- 
plished by a careful examination of the exposition, 
combined with a thorough checking of each example 
and exercise. 


CHANGES FOR THE FIFTH EDITION 


Suggestions for improvements from instructors and 
reviewers resulted in a great deal of rewriting and 
reorganization. The principal changes are highlighted 
in the following list. 


CHAPTER | The number of review sections has been 
reduced from six to three, with proofs of results from 
precalculus replaced by examples on inequalities, 
equations, and graphs. 


CHAPTER 2 There is more emphasis on the graphical 
significance of limits. A physical application and tol- 
erance statements are used to motivate the є-д defini- 
tion. Limits involving x (formerly in Chapter 4) are 
discussed in Section 2.4. 

CHAPTER 3 The interpretations of the derivative as 
the slope of a tangent line and as the rate of change 
of a function are considered simultaneously instead of 
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in separate sections. The power rule for rational num- 
bers and the concept of higher derivatives are intro- 
duced in Section 3.2. Greater emphasis is given to the 
use of differentials for linear approximations of func- 
tion values, 


CHAPTER 4 The definition of concavity has been 
changed to make it easier to relate the sign of a second 
derivative to the shape ofa graph. A new section titled 
Summary of Graphical Methods includes a list of guide- 
lines for sketching the graph of a function. 


CHAPTER 5 Antiderivatives and indefinite integrals 
are discussed in the first two sections instead of in 
different chapters. There are fifteen new examples per- 
taining to definite integrals. 


CHAPTER 6 Almost every example on applications of 
definite integrals has been rewritten so as to replace 
formal limits of sums with a more intuitive method 
using differentials. Guidelines are stated that contain 
strategies for finding areas and volumes. 


CHAPTER 7 The formula for the derivative of an in- 
verse function is proved in the first section instead of 
the last. Integrals of the tangent. cotangent, secant, 
and cosecant functions (formerly in Chapter 8) are 
discussed in Section 7.4. 


CHAPTER 8 The topics considered are restricted to 
inverse trigonometric and hyperbolic functions. 


CHAPTER 9 Explanations and guidelines for methods 
of integration have been improved. 


CHAPTER 10 For easy reference, definitions and no- 
tations for indeterminate forms are stated in tables. 
The discussion of Taylor's formula has been moved 
to Chapter 11. 
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CHAPTER 11 More emphasis is given to the differences 
between sequences, partial sums, sums of infinite 
series, and the fact that tests for convergence do not 
determine the sum of a series. The material on power 
series representations of functions and Taylor series 
has been completely reorganized. 


CHAPTER 12 Additional calculus applications in- 
volving conic sections are included so that the discus- 
sion is not simply a review of precalculus topics. 


CHAPTER 13 The concept of orientation of a curve 
has been added and incorporated into examples and 
exercises. 


CHAPTER 14 To help readers visualize and sketch 
surfaces, many examples contain charts that show the 
trace on each coordinate plane. The discussion of 
cylindrical and spherical coordinates has been moved 
to Chapter 17. 


CHAPTER 15 The introduction to vector-valued func- 
tions has been rewritten and integrated with the no- 
tion of space curves. The significance of using an arc 
length parameter has been given more prominence. 


CHAPTER 16 Sixteen new figures provide a greater 
emphasis on graphs and geometric interpretations of 
functions of several variables. Newton's method for a 
system of two nonlinear equations is explained in Sec- 
tion 16.4. The discussion of Lagrange multipliers has 
been expanded. 


CHAPTER 17 The definition of double integral and 
methods of evaluation appear in one section instead 
of two. The discussions of triple integrals in cylindrical 
coordinates and in spherical coordinates are presented 
in two separate sections. 


CHAPTER 18 There is a more detailed explanation of 
conservative vector fields and of the technique of de- 
termining a potential function from its gradient. Two 
new examples apply Stokes’ theorem and the concept 
of circulation to the analysis of winds inside a tornado. 


CHAPTER 19 Series solutions of differential equations 
are discussed in the last section. 


FEATURES OF THE TEXT 


APPLICATIONS The previous edition contained applied 
problems from fields such as engineering. physics, 
chemistry, biology, economics, physiology, sociology. 
psychology, ecology. oceanography. meteorology, 
radiotherapy, astronautics, and transportation. This 
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already extensive list was augmented with examples 
and exercises that include modern applications of cal- 
culus to the design of computers, the analysis of tem- 
perature grids, and the measurement of the thickness 
of the ozone layer, the greenhouse effect, vertical wind 
shear, the circulation of winds inside tornados and 
hurricanes, the energy released by earthquakes, the 
density of the atmosphere, the movement of robot 
arms, and the health hazards of radon gas. 


EXAMPLES  Well-structured and graded examples pro- 
vide detailed solutions of problems similar to those 
that appear in exercise sets. Many examples contain 
graphs, charts, or tables to help readers understand 
procedures and solutions. There are also labeled illus- 
trations, which are brief demonstrations of the use of 
definitions, laws, or theorems. Whenever feasible, ap- 
plications are included that indicate the usefulness of 
a topic. 


EXERCISES Exercise sets begin with routine drill prob- 
lems and progress gradually to more difficult types. 
Many exercises containing graphs were added to this 
edition. Applied problems generally appear near the 
end of a set, to allow students to gain confidence in 
manipulations and new ideas before attempting ques- 
tions that require analyses of practical situations. 

A new feature in this edition is over 300 exer- 
cises, designated by the symbol c, specifically de- 
signed to be solved with the aid ofa scientific calculator 
or computer. Graphics capabilities are required for 
some of these exercises (see the remarks that follow 
under Calculators). 

Review exercises at the end of each chapter except 
the first may be used to prepare for examinations. 


ANSWERS The answer section at the end of the text 
provides answers for most of the odd-numbered exer- 
cises. Considerable thought and effort were devoted to 
making this section a learning device instead of merely 
a place to check answers. To illustrate, if an answer 
is the area of a region or the volume of a solid, a 
suitable (set-up) definite integral is often given along 
with its value. Numerical answers for many exercises 
are stated in both an exact and an approximate form. 
Graphs. proofs, and hints are included whenever 
appropriate. 


CALCULATORS Since students may have access to a 
variety of calculators or computers, no attempt was 
made to categorize the exercises that are designated 
by |c|. The statement of a problem should provide 
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sufficient information for determining whether a par- 
ticular calculator or available computer software can 
be used to obtain a numerical solution. For example, 
if an exercise states that the trapezoidal rule with n = 4 
should be applied, then almost any calculator is suit- 
able, provided the function is not too complicated. 
However, for п = 20, a programmable calculator or 
computer is recommended. If the solution of an exer- 
cise involves a graph, a graphics calculator may be 
adequate; however, complicated functions or surfaces 
may require sophisticated computer software. Since 
numerical accuracy is also dependent on the type of 
computational device used, some answers are rounded 
to two decimal places, but in other cases eight-decimal- 
place accuracy may be given. 


TEXT DESIGN AND FIGURES The text has been com- 
pletely redesigned to make discussions easier to follow 


and to highlight important concepts. All graphics have 
been redone. Graphs of functions of one or two vari- 
ables were computer-generated and plotted to a high 
degree of accuracy using the latest technology. Colors 
are used to distinguish between different parts of fig- 
ures. For example. the graph of a function may be 
shown in blue and a tangent line to the graph in red. 
Labels are in the same color as the parts of the figure 
they identify. The use of several colors should help 
readers visualize surfaces and solids more readily than 
in previous editions. 


FLEXIBILITY Syllabi from schools that used previous 
editions attest to the flexibility of the text. Sections 
and chapters can be rearranged in different ways, 
depending on the objectives and the length of the 
course. 


Earl W. Swokowski 
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SUPPLEMENTS 


STUDENT STUDY GUIDE Richard M. Grassl’s Student 
Study Guide leads students through all major topics 
in the text and reinforces their understanding through 
review sections, drills. and self-tests. 


STUDENT SOLUTIONS MANUAL, VOLUMES I AND 1 Jeffery 
A. Cole and Gary К. Rockswold's Student Solutions 
Manual contains solutions, worked out in detail. to a 
subset of the odd-numbered exercises from the text. 


INSTRUCTOR'S SOLUTIONS MANUAL, VOLUMES | AND 11 
Jeffery A. Cole and Gary K. Rockswold's Instructor's 
Solutions Manual gives solutions or answers for all 
exercises in the text. 


EVEN-NUMBERED ANSWER BOOK Jeffery A. Cole and 
Gary К. Rockswold's Eren-Numbered Answer Book 
is for both instructor and student use. 


PRINTED TEST BANK Available to instructors, the 
Printed Test Bank contains sample tests for each 
chapter. 


TRANSPARENCIES Also available to instructors are 
four-color acetate transparencies of selected figures 
from the text. 


SOFTWARE 


MATHEMATICS PLOTTING PACKAGE Available for IBM- 
PCs and compatibles, the Mathematics Plotting 
Package combines superb plotting and graphing soft- 
ware. This public domain program developed at the 
United States Naval Academy is accompanied by a 
text-specific Instructor's Resource Guide to MPP. бу 
Howard Penn and Craig Bailey. The guide provides 
instructors with notes on how to teach key concepts 
by using MPP to illustrate examples and problems 
from the text. Also included are Example Files for 


MPP—disks containing examples and problems from 
the Resource Guide. 


PC:SOLVE Available for IBM-PCs and compatibles, 
PC:SOLVE is an interactive mathematical language 
with scratchpad that supports calculations and graph- 
ics, combined with a calculus curriculum library of 
key concepts to promote critical thinking and problem 
solving. A course license for PC:SOLVE is available 
upon adoption of this text. 


GRAPHER Steve Scarborough's Grapher, for the 
Macintosh, is a flexible program that can be used to 
generate several types of graphs. In addition to plot- 
ting rectangular and polar curves and interpolating 
polynomials, it handles parametric equations, systems 
of two first-order differential equations, series, and 
direction fields. 


TrueBASIC CALCULUS Available for IBM-PCs and 
compatibles, TrueBASIC Calculus is a disk and 
manual package that is equally useful for self-study, 
free exploration of topics, and solutions of problems. 
The record and playback feature make the package 
ideal for classroom demonstrations. 


COMPUTERIZED TESTING 


EXPTest This testing program for IBM-PCs and com- 
patibles allows users to view and edit all tests. adding 
to, deleting from, and modifying existing questions. 
Any number of student tests can be created —multiple 
forms for larger sections or single tests for individual 
use. Users can create a question bank using mathe- 
matical symbols and notation. A graphics importa- 
tion feature permits display and printing of graphs. 
diagrams, and maps provided with the test banks. The 


КИ 





package includes easy-to-follow documentation, with 
a quick-start guide. A demonstration disk is available. 


LxRTest This Macintosh testing program allows users 
to create, view, and edit tests. Questions can be stored 
by objectives, and the user can create questions using 
multiple-choice, true/false, fill-in-the-blank, essay. and 
matching formats. The order of alternatives and the 
order of questions can be scrambled. A demonstration 
disk is available (the user must have HyperCard to 
run the demo disk). 





SUPPLEMENTS 


GRAPHIC CALCULATOR SUPPLEMENTS 


CALCULUS ACTIVITIES FOR GRAPHIC CALCULATORS 

Dennis Pence's Calculus Activities for Graphic Calcu- 
lators, for students and instructors, offers exercises 
and examples utilizing the graphing calculator (Sharp. 
Casio, and HP28S). Classroom tested, these varied ac- 
tivities will enhance understanding of calculus topics 
for those using graphing calculators. 


CALCULUS ACTIVITIES FOR THE TI-81 GRAPHIC CALCULATOR 
For students and instructors using the TI-81 graphic 
calculator, Dennis Pence provides calculus exercises 
and examples in Calculus Activities for the TI-81 
Graphic Calculator. 








FOR THE STUDENT 


Calculus was invented in the seventeenth century as a 
tool for investigating problems that involve motion. 
Algebra and trigonometry may be used to study ob- 
jects that move at constant speeds along linear or cir- 
cular paths, but calculus is needed if the speed varies 
or if the path is irregular. An accurate description of 
motion requires precise definitions of velocity (the rate 
at which distance changes per unit time) and accelera- 
tion (the rate at which velocity changes). These defini- 
tions may be obtained by using one of the fundamental 
concepts of calculus—the derivative. 

Although calculus was developed to solve prob- 
lems in physics, its power and versatility have led to 
uses in many diverse fields of study. Modern-day ap- 
plications of the derivative include investigating the 
rate of growth of bacteria in a culture, predicting the 
outcome of a chemical reaction, measuring instan- 
taneous changes in electrical current, describing the 
behavior of atomic particles, estimating tumor shrink- 
age in radiation therapy, forecasting economic profits 
and losses, and analyzing vibrations in mechanical 
systems. 

'The derivative is also useful in solving problems 
that involve maximum or minimum values, such as 
manufacturing the least expensive rectangular box 
that has a given volume, calculating the greatest dis- 
tance a rocket will travel, obtaining the maximum 
safe flow of traffic across a long bridge, determining 
the number of wells to drill in an oil field for the most 
efficient production, finding the point between two 
light sources at which illumination will be greatest, 
and maximizing corporate revenue for a particular 
product. Mathematicians often employ derivatives to 
find tangent lines to curves and to help analyze graphs 
of complicated functions. 


Another fundamental concept of calculus—the 
definite integral—is motivated by the problem of find- 
ing areas of regions that have curved boundaries. 
Definite integrals are employed as extensively as de- 
rivatives and in as many different fields. Some appli- 
cations are finding the center of mass or moment of 
inertia of a solid, determining the work required to 
send a space probe to another planet, calculating the 
blood flow through an arteriole, estimating deprecia- 
tion of equipment in a manufacturing plant, and inter- 
preting the amount of dye dilution in physiological 
tests that involve tracer methods. We can also use 
definite integrals to investigate mathematical concepts 
such as area of a curved surface, volume of a geometric 
solid, or length of a curve. 

The concepts of derivative and definite integral are 
defined by limiting processes. The notion of limit is 
the initial idea that separates calculus from elemen- 
tary mathematics. Sir Isaac Newton (1642-1727) and 
Gottfried Wilhelm Leibniz (1646-1716) independently 
discovered the connection between derivatives and 
integrals and are both credited with the invention of 
calculus. Many other mathematicians have added 
greatly to its development in the last 300 years. 

The applications of calculus mentioned here repre- 
sent just a few of the many considered in this book. 
We can't possibly discuss all the uses of calculus, and 
more are being developed with every advance in tech- 
nology. Whatever your field of interest, calculus is 
probably used in some pure or applied investigations. 
Perhaps you will discover a new application for this 
branch of science. 
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PRECALCULUS 
REVIEW 


INTRODUCTION 





In this chapter we review topics from precalculus 
mathematics that are essential for the study of calcu- 
lus. After a brief discussion of inequalities, equations, 
absolute values, and graphs, we turn our attention to 
functions. To say that the concept of function is im- 
portant in mathematics is an understatement. It is 
literally the foundation of calculus and the backbone 
of the entire subject. You will find the word function 
and the symbol / or /(x) used frequently on almost 
every page of this text. 

In precalculus courses we study properties of func- 
tions by using algebra and graphical methods that 
include plotting points, determining symmetry. and 
making horizontal or vertical shifts. These techniques 
are adequate for obtaining a rough sketch of a graph: 
however, calculus is required to find precisely where 
graphs of functions rise or fall, exact coordinates of 
high or low points, slopes of tangent lines, and many 
other useful facts. Applied problems that cannot be 
solved by means of algebra, geometry. or trigonom- 
etry can often be attacked by representing physical 
quantities in terms of functions and then applying the 
tools developed in calculus. 

With the preceding remarks in mind, read Section 
1.2 carefully. A good understanding of this material 
is required before beginning the next chapter. 











2 CHAPTER 1 PRECALCULUS REVIEW 


1.1 ALGEBRA 





This section contains a review of topics from algebra that are prerequisites 
for calculus. We shall state important facts and work examples without 
supplying detailed reasons to justify our work. A more extensive coverage 
of this material can be found in texts on precalculus mathematics. 

All concepts in calculus are based on properties of the set R of real 
numbers. There is a one-to-one correspondence between R and points on 
a coordinate line (or real line) | as illustrated in Figure 1.1, where 0 is the 
origin. The number 0 (zero) is neither positive nor negative. 


FIGURE 1.1 








Negative real Positive real 


Pe 
numbers numbers 


If a and b are real numbers, then a > b (a is greater than b) if a — b 
is positive. An equivalent statement is b < a (b is less than a). Referring 
to the coordinate line in Figure 1.1, we see that a > b if and only if the 
point А corresponding to a lies to the right of the point B corresponding 
to b. Other types of inequality symbols include a < b, which means a < b 
or a = b, and a < b < c, which means a < h and b < c. 


ILLUSTRATION 


нь 5-3 "m —7-—2 


на (—3/7 50 ша 42 > () for every real number a 


The following properties can be proved. 





(i) If a> b and b > c, then a > c. 
(i) If a >b, thenac- c» Б + с. 
(ii) If a — b, thena—c>b—e. 
(iv If a > b and c is positive, then ac > he. 
(v) Ifa > b and c is negative, then ac < bc. 


Properties of inequalities (1.1) 








Analogous properties are true if the inequality signs are reversed. Thus, 
ifa < b and b < c, then a < c; if a < b, then a +c < b + c; and so on. 
The absolute value |a| of a real number a is defined as follows: 


a ifa>0 
|а| = 
—a ifa<0 


If a is the coordinate of the point А on the coordinate line in Fig- 
ure 1.1, then |a| is the number of units (that is, the distance) between A 
and the origin О. 
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ILLUSTRATION 





w|3-3 mm |—3|=-(-3)=3 





= |0|-0 ни |3—л|=—(3—л)=л—3 


The following can be proved. 


Properties of absolute А 1 
values (b > 0) (1.2) (i) |а|<Ь ifandonlyif —Ь<а<Ь 


(i) |a| >р ifand only if either a>b or а<—Ь 


(ii) а|-5 ifandonly if a=b or а= —b 


An equation (in x) is a statement such as 
x?=3x—4 or 5x'+2sinx—/x = 0). 


A solution (or root) is a number a that produces a true statement when a 
is substituted for x. To solve an equation means to find all the solutions. 


EXAMPLE 1 Solve 
(| х? + 3x?-—10x=0 (Ы 2x? + Sx -6=0 


SOLUTION 
(а) Factoring the left-hand side yields 





x(x? + 3x—10)=0, or x(x – 2)(х + 5) = 0. 


Setting cach factor equal to zero gives us the solutions 0, 2, and —5. 
(b) Using the quadratic formula, 


—b + Jb? — 4ас 
£e : 
2а 
with a = 2, b = 5, and c = —6, we obtain 
х= 5. 2 = 4 % 


Hence the solutions are — + 14/73 and —$— 1,73. 


An inequality (in x) is a statement that contains at least one of the 
symbols <, >, <, ог >, such as 


5x—4»x? or —3«4x 42« 5. 


The notions of solution of an inequality and solring an inequality are 
similar to the analogous concepts for equations. 

We shall often refer to intervals. In the definitions that follow we 
employ the set notation |x: |, where the space after the colon is used 
to specify restrictions on the variable x. In (1.3) we call (a, b) an open 
interval, [a,b] a closed interval, [a, ^) and (а, b] half-open intervals, and 
intervals defined in terms of оо (infinity) or — x (minus infinity) infinite 
intervals. 








4 

Intervals (1.3) 
FIGURE 1.2 
шилжлээ, Тл б 7—9 
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NOTATION DEFINITION GRAPH 
(a, b) {має х <)  ——— l 
а b 
[a.b] fxasxsb  ——— m 
а b 
[a, b) {а= x &« b] —— 
a b 
(a, b] (x:a & x & bj.  ———— 
а b 
(а, эс) (хіх a) — oe 
a 
[а, x) {x:x >а} — B 
a 
(— оо, b) {xix < b} —-————— 
b 
(— 20, b] {x:x < Б) —————- 
b 
EXAMPLE 2 Solve each inequality and sketch the graph ofits solution. 
4 — 3x 5 
(а) 5 < 3 uj (b) x^ — 10 > 3x 
SOLUTION 
4—3 
(а) —S< 2 5 21 (given) 


-1044-3х-2 (multiply Бу 2) 


— 14 < —3x < —2 (subtract 4) 
(divide by —3) 
Z<x<4¢ (equivalent inequality) 


Hence the solutions are the numbers in the half-open interval ($, 4+]. The 
graph is sketched in Figure 1.2. 


15) х — 10: 3x 
x Se — 1050 
(x — 5)(х + 2) > 0 


(given) 
(subtract 3х) 


(factor) 


FIGURE 1.3 Sign of factor 
42: ——— +++ +++ +++ + 
ж 5571 == т а т „Е-е. ЭЭР 
a a ЛУ E|EIId|EoOAP^A 
2 Q 5 5 
EGO ТРК ГЕ 
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We next examine the signs of the factors x — 5 and x + 2. as shown in 
Figure 1.3. Since (x — 5)(x + 2) > 0 if both factors have the same sign, 
the solutions are the real numbers in the union ( — ж, —2) о (5. x). as 
illustrated in Figure 1.3. 





Inequalities involving absolute value occur frequently in calculus. 


EXAMPLE 3. Solveeach inequality and sketch the graph ofits solution. 
[а] | х-3|-05 (Ы |2x—7|>3 
SOLUTION 
(al [x —3|« 0.5 (given) 
—0.5<x—3<0.5 (property of absolute value) 


25 <=х< 3.5 (add 3) 


FIGURE 1.4 
$4 4 ++ }44-+—_ +» Тһе solutions аге the real numbers in the open interval (2.5, 3.5), as shown 
8 1 TZ а 4 5 * in Figure 1.4. 
(b) |2x - 7| > 3 (given) 
2x —7« —3 or 2x—7>3 (property of absolute value) 
2x «4 or 2x10 (add 7) 
FIGURE 1.5 x2 or X25 (divide by 2) 
---4-4-----4--4---э- Тһе solutions are given by (— 20, 2) u (5, со). The graph is sketched in 
-101234 56 * Figure 1.5. 





A rectangular coordinate system is an assignment of ordered pairs (a, b) 
to points in a plane. as illustrated in Figure 1.6. The plane is called а 
coordinate plane, or an xy-plane. Note that in this context (a, b) is not 
an open interval. It should always be clear from our discussion whether 
(a, b) represents a point or an interval. 


FIGURE 1.6 y 


(0), 5) 


БЇР--г(а. b) 
| 


e(5. 2) 


| 
! 
| 

















The following formulas can be proved. 


Distance formula (1.4) — | 
The distance between Р, апа Р, is 


d(P,, P3) = V(x, — x)? + (Qa — у). 











Midpoint formula (1.5 — Е 
1-5] The midpoint М of segment Р,Р, is 


х\+х› yit Ya 
м(215, 9213) 





FIGURE 1.7 





1 —2. 3} 


Г 
Ї 


EXAMPLE 4 Given A(—2, 3) and B(4, — 2), find 
(а) 4( A. B) (b) the midpoint M of segment AB 






SOLUTION The points are plotted in Figure 1.7. Using the formulas in 
(1.4) and (1.5), we obtain the following: 


(| d(A, B) = J/(4 + 2)? + (—2 — 3)? = 4/36 + 25 = 4/61 
—244 3-1-3 
(b) м(=*, Eas =Ma, 


+ 
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1.1 


ALGEBRA 





Symmetries of graphs (1.6) 


(i) y-axis 


Test (1): 
Substitution of —x for x 
leads to the same equation. 





An equation in x and y is an equality such as 
2х +3y=5, y=x?—5x+2, or у? +5іпх = 8. 


А solution is ап ordered pair (a, Р) that produces а true statement when 
x =aand у = b. The graph of the equation consists of all points (a, b) in 
a plane that correspond to the solutions. We shall assume that you have 
experience in sketching graphs of basic equations in x and у. Certain 
graphs have symmetries as indicated in (1.6), which states tests that can 
be applied to an equation in x and y to determine a symmetry. 





[ii] x-axis (iii) Origin 





Test (ii): Test (iii): 
Substitution of —y for y Substitution of both —x 
leads to the same equation. for x and —y for y leads to 


the same equation. 


Tests for symmetry are useful in the next example, because they enable 
us to sketch only half of a graph and then reflect that half through an 
axis or the origin as shown in (1.6). We shall plot several points on each 
graph to illustrate solutions of the equation; however, a principal objective 
in graphing is to obtain an accurate sketch without plotting many (ог апу) 
points. 


EXAMPLE 5 Sketch the graph of 
бај у=1х2 [dby-x ld 4y=x* 


SOLUTION 

(а) By symmetry test (i), the graph of y = $x? is symmetric with respect to 
the y-axis. Some points (x, y) on the graph are listed in the following 
table. 


гэ 
ә 
A 


х 0-1 
0 


tle 
гэ 

we 
© 





FIGURE 1.8 





FIGURE 1.11 





Equation of a circle (1.7) 


FIGURE 1.12 
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FIGURE 1.9 FIGURE 1.10 









Plotting, drawing a smooth curve through the points, and then using 
symmetry gives us the sketch in Figure 1.8. The graph is a parabola, with 
vertex (0,0) and axis along the y-axis. Parabolas are discussed in detail 
in Chapter 12. 

15) By symmetry test (ii), the graph of у? = x is symmetric with respect 
to the x-axis. Points above the x-axis are given by у = yx. Several such 
points are (0, 0), (1, 1), (4. 2). and (9, 3). Plotting and using symmetry gives 
us Figure 1.9. The graph is a parabola with vertex (0, 0) and axis along 
the x-axis. 

(c) By symmetry test (iii), the graph of 4y = х? is symmetric with respect 
to the origin. Several points on the graph are (0,0), (1. 1), and (2, 2). 
Plotting and using symmetry gives us the sketch in Figure 1.10. 


A circle with center C(h, k) and radius r is illustrated in Figure 1.11. 
If P(x, y) is any point on the circle, then by the distance formula (1.4). 
d(P, C) =r, or [d(P, C)? = r?°. This leads us to the following equation. 


(х —h)? + (у — К)? =r? 


If the radius r is 1, then the circle is called а unit circle. A unit circle 
U with center at the origin has the equation x? + y? = 1. 


EXAMPLE 6 Find an equation of the circle that has center C( —2, 3) 
and contains the point D(4, 5). 


SOLUTION The circle is illustrated in Figure 1.12. Since D is on the 
circle, the radius r is 4(С, D). By the distance formula, 


к= (—2— 4)? + (3 — 5)? = 4/36 + 4 = 4/40. 


1.1 ALGEBRA 2 





Using the equation of a circle with h = —2,k = 3, and r = y 40 gives us 
(x + 2y + (у — 3)? = 40, 
ог x? + y? + 4х — бу — 27 = 0). 


In calculus we often consider lines in a coordinate plane. The following 
formulas are used for finding their equations. 


Lines (1.8] 


(i) Slope m: (ii) Point-Slope Form: (ш) Slope-Intercept Form: 
у= у = m(x — xi) y=mx+b 


T 







Slope m Slope m 


(0, 9) 


















Some special types of lines and properties of tne slopes are given in 
(1.9). 





Special lines (1.9) 


(i) Vertical: m undefined (ii) Parallel: m, = m; (iii) Perpendicular: m,m, = —1 
Horizontal: m = 0 


Slope т 
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EXAMPLE 7 Sketch the line through each pair of points and find its 
slope. 

(a) A(—1, 4) and B(3.2) (Ы) A(2, 5) and B( —2, — 1) 

(c) A(4. 3) and Bi —2. 3) (4) 4(4. — 1) and В(4, 4) 


SOLUTION The lines are sketched in Figure 1.13. 





FIGURE 1.13 
(а) m= —i (p) т= (c) т-0 (4) m undefined 





(a) m =— = —— = —~ 





3-1(-1 4 2 
5-4(-1) 6; 3 
(b) Wc. cr aa 
3- 0 
(с) т=2 бй" “Зай 
Jy £ — — . 
(d) m = Бич = -, which is undefined. Note that the line is vertical. 





A linear equation in x and y is an equation of the form ax + by=c 
(or ax + by + d = 0), with a and h not both zero. The graph of a linear 
equation is a line. 


EXAMPLE 8 Find a linear equation for the line through 4(1. 7) and 
В(-3, 2). 


SOLUTION The slope m of the line is 
7—2 5 


i гр 2 
We may use the coordinates of either 4 or B for (x,. y,) in the point-slope 
form (1.8)(ii). Using A(1, 7) gives us 
y—7=3(x = 1), 
which is equivalent to 
4y —28 =5x—5, ог 5х – 4у = – 23. 














ALGEBRA 


EXAMPLE 9 
(a) Find the slope of the line / with equation 2x — Sy = 9. 


(b) Find linear equations for the lines through P(3, —4) that are parallel 
to / and perpendicular to /. 


SOLUTION 
(a) If we rewrite the equation as Sy = 2x — 9 and divide both sides by 5, 
we obtain 


9 
5. 


у= ёх – 
Comparing this equation with the slope-intercept form у = mx + b, we 
see that the slope is m = 2. 
(b) By (ii) and (iii) of (1.9), the line through P(3, —4) parallel to / has slope 
2 and the line perpendicular to / has slope — $. The corresponding equa- 
tions are 
у+4= (х – 3), or 2x—S5y=26 


апа y+4= – (х – 3), ог 5х + 2у = 7. 


EXAMPLE 10 Sketch the graphs of 4x + 3y = 5 and 3x — 2y = 8, 
and find their point of intersection. 


SOLUTION Both equations are linear, and hence the graphs are lines. 
To sketch the graphs (see Figure 1.14), we can use the x-intercepts and 
the y-intercepts, found by letting y = 0 and x = 0, respectively. 

The coordinates of the point P of intersection of the lines are obtained 
from the solution of the following system of equations: 


s + 3у = 5 
3x —2y = 8 


FIGURE 1.14 
y 











142 
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To eliminate y from the system, we begin by multiplying the first equation 
by 2 and the second by 3: 


8х-+ бу = 10 
9x — 6y = 24 


Next we add both sides of the equations. to obtain 


17x 234, or х= 2, 


This is the x-coordinate of the point of intersection. To find the у- 
coordinate of P, we let x = 2 in 4x + 3y = 5, obtaining 


42)--3y — 5, or у= —]. 


Hence P has coordinates (2, — 1). 


EXERCISES 1.1 





Exer. 1-8: Rewrite without using the absolute value 
symbol. 


!4a4(—-5|3—6|  (i[-6|(-2) — (0| —7| +] 4 

2 (а) (4)|6 — 7| b) 5/| —2| fe) |—1| + |-9] 
3 fa) |4—z| b) |x — 4| te) | V2 — 1.5| 

4141|3-17| 17-43 4-1 


5|3+х|х<—3 


7 |2—x|ifx<2 


6 |5- х|їйх> 5 
8 |7+х|йх> -7 
Exer. 9-12: Solve the equation by factoring. 

9 15x? — 12 = —8x 10 15x? — 14 = 29x 
11 2x(4x + 15) = 27 12 x(3x + 10) = 77 


Exer. 13-16: Solve the equation by using the quadratic 
formula. 


13 x? +4x42=0 
15 2x? — 3 —4 = 0 


14 x7 —6x – 3 = 0 
16 3х2 + 5x +1 = 0 


Ехег. 17-38: Solve the inequality and express the solu- 
tion in terms of intervals whenever possible. 











17 2x+5<3x-—7 18 x—8>5x+3 
2x — 3 4х +1 
17 33 5 < 7 20 -2-- 3 < 0 
21Х7-х-46-020 22 х2 44x 4320 
28 237 — 9x —5 2.3 24 x? - 4x — 17 «4 
25 x(2x + 3) 2 5 26 xX(3x — 1) «4 
xl x—2 
7 — x3 28 «4 
2x —3 3x+5 
1 3 2 2 
=== o D 





29 


IV 
шы 


Эх-3 х-5 
31 [x + 3| « 0.01 32 [x —4| 0.03 


ЧЭ 


33 |х+2|> 0.001 
35 |2x - 5| « 4 
37 |6— 5x| «3 


34 |x — 3| > 0.002 
36 |3x —7| 2:5 
38 |-11 —7x|>6 


Exer. 39-40: Describe the set of all points P(x, y) in a 
coordinate plane that satisfy the given condition. 


39 а|х--2 (у-3 (4х20 (9) ху» 0 
lel y «0 (f) |x| € 2and |y| <1 

40 (ару--2 (0х--4 [6 х/у<0 (4ху-0 
lely>1 If) | x| > 2 and |y| >3 


Exer.41—42: Find (а)4(4, В) and (Ы the midpoint of A B. 
41 A(4, —3), B(6, 2) 42 A(—2, — 5), B(4. 6) 


43 Show that the triangle with vertices A(8. 5). B(1, —2). 
and C(—3, 2) is a right triangle. and find its area. 


44 Show that the points 4(—4. 2), B(1.4), C(3. — 1). and 
D( —2, —3) are vertices of a square. 


Exer. 45—56: Sketch the graph of the equation. 


45 y 22x! — | 46 y= —x? +2 

47 х= }у? 48 х= —2у? 

49 у= х — 8 50 ў=—х°-+1 

51 у= x —4 52 у= /x—4 

53 (x + 3)? + (7—2) = 9 54 x? + (y —2? = 25 
55 у= — 4/16 — x? 56 у= 4/4 x 


Ехег. 57-60: Find an equation of the circle that satisfies 
the given conditions. 


57 Center C(2. — 3); radius 5 
58 Center C( —4. 6): passing through P(1, 2) 


59 Tangent to both axes; center in the second quadrant: 
radius 4 
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60 Endpoints of a diameter A(4, —3) and B( —2, 7) 


Exer. 61-66: Find an equation of the line that satisfies 
the given conditions. 


61 Through A(5, —3); slope —4 

62 Through АГ-1, 4); slope 4 

63 x-intercept 4: y-intercept —3 

64 Through A(5, 2) and B( — 1.4) 

65 Through A(2, —4); parallel to the line 5x — 2y = 4 

66 Through A(7, — 3); perpendicular to the line 2x — 5y = 8 


Exer. 67—68: Find an equation for the perpendicular 
bisector of АВ. 


67 A(3, — 1), B( 2, 6) 68 A(4, 2), B( —2, 10) 


Exer. 69-72: Sketch the graphs ofthe lines and find their 
point of intersection. 


69 2х + 3у 22; х-2у-8 

70 4х + 5у = 13; 3x - y — —4 
71 2х + 5y = 16; 3x — 7y = 24 
72 7x -8y = 9; 4х-3у--10 


[c] 73 Approximate the coordinates of the point of intersection 


of the lines 
(41.25 —0.1)x + (0.11? y = 1/4/5 
(2.51)23x + (627 — {/3)у = v2. 


[<] 74 Approximate the smallest root of the following equa- 


tion: x? — (6.7 x 10°)x + 1.08 = 0. To avoid calculating 
a zero value for this root, rewrite the quadratic formula 
as 

2c 


—b bi —4ac 


75 The rate at which a tablet of vitamin C begins to dissolve 
depends on the surface area of the tablet. One brand of 
tablet is 2 centimeters long and is in the shape of a cylin- 
der with hemispheres of diameter 0.5 centimeter attached 
to both ends (see figure). A second brand of tablet is to 
be manufactured in the shape of a right circular cylinder 
of altitude 0.5 centimeter. 


EXERCISE 75 


MEL GIn-—————— Sj 
| | 


| | 
Pam. UN 


Ie, 
| ж. ps cm 


76 


[a] Find the diameter of the second tablet so that its 
surface area is equal to that of the first tablet. 


(5) Find the volume of each tablet. 
A manufacturer of tin cans wishes to construct a right 
circular cylindrical can of height 20 centimeters and of 


capacity 3000 cm? (see figure). Find the inner radius r 
of the can. 


EXERCISE 76 





Shown in the figure is a simple magnifier consisting of a 
convex lens. The object to be magnified is positioned so 
that its distance p from the lens is less than the focal 
length f. The linear magnification M is the ratio of the 
image size to the object size. It is shown in physics that 
M = fL f — p). M f = 6 ст, how far should the object 
be placed from the lens so that its image appears at least 
three times as large? 


EXERCISE 77 


Image 





As the altitude of a space shuttle increases, an astro- 
naut's weight decreases until a state of weightlessness is 
achieved. The weight of a 125-pound astronaut at an 
altitude of x kilometers above sea level is given by 


6400 V 
6400 + x 


At what altitudes is the astronaut's weight less than 
5 pounds? 


W= 125( 


The braking distance d (in feet) of a car traveling v mi/hr 
is approximated by d = v + (12/20). Determine velocities 
that result in braking distances of less than 75 feet. 


For a drug to have a beneficial effect, its concentration 
in the bloodstream must exceed a certain value, the 
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minimum therapeutic level. Suppose that the concentra- 
tion c of a drug r hours after it is taken orally is given by 
c = 201/12 + 4) mg/L. If the minimum therapeutic level 
is 4 mg/L, determine when this level is exceeded. 


81 The electrical resistance R (in ohms) for a pure metal 
wire is related to its temperature T (in С) by the formula 
R = Ry( + aT) for positive constants a and Ry. 
(a) For what temperature is R = Ry? 
15) Assuming that the resistance is 0 if T= —273 C 
(absolute zero), find a. 
(с) Silver wire has a resistance of 1.25 ohms at 0 C. At 
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82 Pharmacological products must specify recommended 
dosages for adults and children. Two formulas for modi- 
fication of adult dosage levels for young children are 

Cowling's rule: y = skr + Па 
Friend's rule: y = ta 
where a denotes the adult dose (in milligrams) and t 
denotes the age of the child (in years). 
(а) If а = 100, graph the two linear equations on the 
same axes for 0 < t < 12. 


(b) For what age do the two formulas specify the same 
dosage? 


what temperature is the resistance 2 ohms? 


1.2 FUNCTIONS. 


The notion of function is basic for much of our work in calculus. We may 
define a function as follows. 











Definition (1.10) : 1 : 
A function / from a set D to a set Е is a correspondence that assigns 


to each element x of D exactly one element y of E. | 


The element у of E is the value of f at x and is denoted by f(x). read f 
of x. The set D is the domain of the function. The range of f is the subset 
of E consisting of all possible function values f(x) for x in D. 
We sometimes depict functions as in Figure 1.15, where the sets D and 
E are represented by points within regions in a plane. The curved arrows 
indicate that the elements f(x). /(9), f(z), and f(a) of E correspond to the 
elements x, w, т, and a of D. It is important to remember that (0 each x 
in D there is assigned exactly one function value f(x) in E; however, different 
elements of D. such as w and z in Figure 1.15, may yield the same function 
value in E. Throughout Chapters 1-14, the phrase f is a function will mean 
that the domain and range of f are sets of real numbers. 
We usually define a function f by stating a formula or rule for finding 
E f(x), such as f(x) = yx — 2. The domain is then assumed to be the set 
of all real numbers such that f(x) is real. Thus, for f(x) = yx — 2, the 
domain is the infinite interval [2. 2с). If x is in the domain, we say that 
f is defined at x, or that f(x) exists. If S is a subset of the domain, then 
J is defined on 5. The terminology f is undefined at x means that x is not 
in the domain of /. 


FIGURE 1.15 











= v4 TX 


EXAMPLE 1 Let f(x) = 


55° 


(а) Find the domain of /. (b) Find /(5), /(—2). f(—a), and —f{a). 


SOLUTION 

[a] Note that f(x) is a real number if and only if the radicand 4 + x is 
nonnegative and the denominator 1 — x is not equal to 0. Thus, f(x) exists 
if and only if 


4+х>0 and 1—-xz0 
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FIGURE 1.16 


-——— — : — — — 


3E— —10 ft——— 





Ї 





or, equivalently, х>—4 and x#1. 


Hence the domain is [ —4, 1) о (1, оо). 
(6) To find values of f, we substitute for x: 











4+5 N49. 3 
/(5) = 1252. 
10—08, «4 
E m. шах 
Nay 3 
А д0 54-8 
1-4-а) 1 +а 
— fla) 44 a J4+a 


Many formulas that occur in mathematics and the sciences determine 
functions. For instance, the formula A = zr? for the area A of a circle of 
radius r assigns to each positive real number r exactly one value of A. 
The letter r, which represents an arbitrary number from the domain, is 
an independent variable. The letter A, which represents a number from 
the range, is a dependent variable, since its value depends on the number 
assigned to r. If two variables r and A are related in this manner, we say 
that A is a function of r. As another example, if an automobile travels at 
a uniform rate of 50 mi/hr, then the distance d (in miles) traveled in time 
t (in hours) is given by d = 50t, and hence the distance d is a function of 
time t. 





EXAMPLE 2 A steel storage tank for propane gas is to be constructed 
in the shape ofa right circular cylinder of altitude 10 feet with a hemisphere 
attached to each end. The radius r is yet to be determined. Express the 
volume V of the tank as a function of r. 


SOLUTION — Thetank issketched in Figure 1.16. We may find the volume 
of the cylindrical part of the tank by multiplying the altitude 10 by the 
area zr? of the base of the cylinder: 


volume of cylinder = 10(zr?) = 10zr? 


The two hemispherical ends, taken together, form a sphere of radius r. 
Using the formula for the volume of a sphere, we obtain 


volume of the two ends = $zr?. 
Thus, the volume V of the tank is 
V = лг? + 10ar? = $nr?(2r + 15). 


This formula expresses V as a function of r. 





If f is a function, we may use a graph to illustrate the change in the 
function value f(x) as x varies through the domain of f. By definition, 
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FIGURE 1.17 







Range of f 


t- 


k—Domain of f—> 





the graph of a function / is the graph of the equation у = f(x) for x in the 
domain of f. As shown in Figure 1.17. we often attach the label y — f(x) 
to a sketch of the graph. Note that if P(a, b) is on the graph, then the 
y-coordinate b is the function value f(a). The figure exhibits the domain 
of f (the set of possible values of x) and the range of f (the corresponding 
values of у). Although we have pictured the domain and range as closed 
intervals, they may be infinite intervals or other sets of real numbers. 

It is important to note that since there is exactly one value f(a) for 
each a in the domain, only one point on the graph has x-coordinate a. 
Thus, every vertical line intersects the graph of a function in at most one 
point. Consequently, the graph of a function cannot be a figure such as a 
circle, which can be intersected by a vertical line in more than one point. 

The x-intercepts of the graph of a function f are the solutions of the 
equation f(x) — 0. These numbers are the zeros of the function. The 
y-intercept of the graph is /(0), if it exists. 

If f is an even function—that is, if f(—x) = f(x) for every x in the 
domain of f —then the graph of f is symmetric with respect to the y-axis, 
by symmetry test (1) of (1.6). If f is an odd function —that is, if f(—x) = 
— f(x) for every x in the domain of f —then the graph of f is symmetric 
with respect to the origin, by symmetry test (iii). Most functions in calculus 
are neither even nor odd. 

The next illustration contains sketches of graphs of some common 
functions. You should check each for the indicated symmetry, domain, 
and range. 











ILLUSTRATION 
FUNCTION f GRAPH SYMMETRY DOMAIN D, RANGE R 

= f(x) = х попе D = [0, x) 

К = [0, x) 
ши /(х)- x? y-axis D = (— оо, о) 

(even function) R= [0, со) 
ши /(у) – x? origin р =(— о, o) 
(odd function) К = (— оо, 20) 





(continued) 
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FUNCTION f 
шш /(х)-х27 


та /f(x)=x'? 


ши /(х)= |х) 


l 
ша /(х)= 
х 
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GRAPH 














SYMMETRY 


у-ах1$ 


(even function) 


origin 
(odd function) 


y-axis 
(even function) 


origin 
(odd function) 





DOMAIN D, RANGE R 


D=(—%, a) 
R=[0, x) 
D=(-x%, х 
R =(=; со 
D =(— ос, 0) 
R = [0. оо) 


D = (—%, 0) о (0, =) 
R =(— æ, 0) о (0, ос) 


Functions that are described by more than one expression, as in the 


next example, are called piecewise-defined functions. 


EXAMPLE 3 


SOLUTION 
the line y 


2х+3 ifx<0 


Sketch the graph of the function f defined as follows: 


Nee ifO<x<2 


1 їхэ2 


If x < 0, then f(x) = 2x + 3. and the graph of f is part of 


2x + 3, as indicated in Figure 1.18. The small circle indicates 
that (0, 3) is not on the graph. 
If 0 < x < 2, then f(x) = x?, and the graph of f is part of the parabola 
y = x°. Note that (2, 4) is not on the graph. 
If x > 2, the function values are always |, and the graph is a horizontal 
half-line with endpoint (2, 1). 
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ILLUSTRATION 
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If x is a real number, we define the symbol |x] as follows: 
|x] =n, where n is the greatest integer such that n < x 


If we identify R with points on a coordinate line, then n is the first integer 
to the left of (or equal to) x. 


= [0.5] =0 - [18] =1 нв [5] -2 
"а [3] – = |-3|--3 на [27] –3 
= [4/3] = –2 на |-05|--1 


The greatest integer function f is defined by f(x) = |x). 


EXAMPLE 4 Sketch the graph of the greatest integer function. 


SOLUTION The x- and y-coordinates of some points on the graph may 
be listed as follows: 


Values of х. | Го) = [х]. 


—2«x«-1 


a 

—1<х<0 —1 
0zx«l 0 

1<х<2 1 

2 


2x«x«3 


Whenever x is between successive integers, the corresponding part of the 
graph is a segment of a horizontal line. Part of the graph is sketched in 
Figure 1.19. The graph continues indefinitely to the right and to the left. 





The graphs in Figure 1.20 illustrate vertical shifts of the graph of 
y = f(x) resulting from adding a positive constant c to each function value 
f(x) or subtracting c from f(x). Horizontal shifts are illustrated in Fig- 
ure 1.21. 

We can sometimes obtain the graph of a function by applying a shift 
to a known graph, as shown in Figures 1.22 and 1.23 for f(x) = x?. 

The graph of y = с/(х) can be obtained by multiplying the y-coordinate 
of each point on the graph of y = f(x) by c. If c < 0, the graphs of y = cf(x) 
and y = |с | f(x) are called reflections of each other about the x-axis. Some 
special cases with f(x) = x? are sketched in Figures 1.24 and 1.25. 
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FIGURE 1.20 FIGURE 1.21 
Vertical shifts, c > 0 Horizontal shifts, c > 0 






y = f(x) +e 


y = f(x + c) I(x) y= f(x — с) 





FIGURE 1.22 FIGURE 1.23 


у 





FIGURE 1.24 FIGURE 1.25 
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If f and g are functions, we define the sum f + g. difference f — g, 
product fg, and quotient f/g as follows: 


(f + gx) = f(x) + gx) 
(f — g(x) = f(x) — glx) 
(gx) = f(x)g(x) 


(£) Дх) 
— |) = 
9 9(х) 


The domain of f + g, f — g. and fg is the intersection of the domains 
of f and g—that is, the numbers that are common to both domains. The 
domain of f/g consists of all numbers x in the intersection such that 
g(x) = 0. 


EXAMPLE 5 Let f(x) = {/4 — x? and g(x) = 3x + 1. Find the sum, 
difference, product, and quotient of / and g, and specify the domain of 
each. 


SOLUTION The domain of f is the closed interval [—2,2], and the 
domain of g is R. Consequently, the intersection of their domains is 
[— 2, 2]. and we obtain the following: 


(f--g90)-44—x!-Gx-1, -2«х«2 
(—90)244—x!-(Gx-1, -2«х«2 
(fax) = V4 — х?(3х + 1), -28563 

ў JA — х? " ; 

= —— -25х 52 E —3 

(Sov 36313 <x<2andx# —3 





A function f is a polynomial function if f(x) is a polynomial— that is, if 
f(x) = ax" 4- a, x"! b aux + a, 
where the coefficients ag, бү... a, are real numbers and the exponents 


are nonnegative integers. If a, 7 0, then f has degree n. The following are 
special cases, where a # 0: 


degree 0: f(x)—a (constant function) 
degree 1: /(х) = ax +b (linear function) 
degree 2: /(х) = ax? + bx + с (quadratic function) 


А rational function is a quotient of two polynomial functions. Later in 
the text we shall use methods of calculus to investigate graphs of poly- 
nomial and rational functions. 

An algebraic function is a function that can be expressed in terms of 
sums, differences, products, quotients, or rational powers of polynomials. 
For example. if 





f(x) = 5x* — 23/x + ын 
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FIGURE 1.26 





x 


Domain of g 


Definition (1.11) 


fog 


g(x) 


Domain of f f(g) 


then / is an algebraic function. Functions that are not algebraic are termed 
transcendental. The trigonometric, exponential, and logarithmic functions 
considered later are examples of transcendental functions. 

In the remainder of this section we shall discuss how two functions f 
and g may be used to obtain the composite functions f + g and g - f (read 
f circle g and g circle f, respectively). The function f - д is defined as 
follows. 





The composite function f - g of f and g is defined by 
(7 = glx) = figi). 


The domain of f = g is the set of all x in the domain of g such that 
g(x) is in the domain of f. 








Figure 1.26 illustrates relationships between f. g, and f -+ y. Note that 
for x in the domain of g, we first find g(x) (which must be in the domain 
of f) and then, second, find f(g(x)). 

For the composite function g - f, we reverse this order, first finding 
f(x) and then finding g( f(x)). The domain of g - f is the set of all x in the 
domain of f such that f(x) is in the domain of g. 


EXAMPLE 6 If f(x) = x? — 1 and g(x) = 3x + 5. find 
(a) (f © (x) and the domain of f « g 
(b) (g Jx) and the domain of g» f 
SOLUTION 
(a) (/ g(x) = f(glx)) (definition of f g) 
= f(3x + 5) (definition of y) 
= (3х + 5)? — 1 (definition of f) 
= 9x? + 30x +24 (simplifying) 
The domain of both f and g is R. Since for each x in R (the domain 


of g) the function value g(x) is in R (the domain of f), the domain of f > g 
is also R. 


15) (g - /)(х) = gi fix) (definition of g /) 
= yx? — 1) (definition of /) 
= 3(x? —1)+5 (definition of g) 
= 3x7 +2 (simplifying) 


Since for each x in R (the domain of f) the function value f(x) is in 
R (the domain of g), the domain of g - f is E. 








Note that in Example 6, f(g(x)) and g( /(x)) are not always the same: 
that 15. f +g € g- f. 

If two functions f and g both have domain R, then the domain of 
J» g and g> f is also R. This was illustrated in Example 6. The next 
example shows that the domain of a composite function may differ from 
those of the two given functions. 
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EXAMPLE 7 If f(x) = x? — 16 and g(x) = \/x, find 
(а) (f © g)(x) and the domain of f > g 
(b) (g - /)(х) and the domain of g - f 


SOLUTION We first note that the domain of f is R and the domain of 
g is the set of all nonnegative real numbers — that is, the interval [0. оо). 
We may proceed as follows. 
(а) Cf © g(x) = /(д(х)) (definition of f - g) 

= (ух) (definition of g) 

= (ух)? — 16 (definition of f) 

=х—16 (simplifying) 

If we considered only the final expression x — 16, we might be led to 

believe that the domain of f - was R, since x — 16 is defined for every 


real number x. However, this is not the case. By definition, the domain of 
f © gis the set of all x in [0. oc) (the domain of g) such that g(x) is in R (the 


domain of f). Since g(x) = x is in R for every x in [0, 2с), it follows that 
the domain of f - g is [0, æ). 
15) (g = £x) = gC fix) (definition of q /) 

= g(x? — 16) (definition of f) 

= Уух? —16 (definition of g) 

By definition, the domain of g © f is the set of all x in R (the domain 
of f) such that f(x) = x? — 16 is in 10, ж) (the domain of g). The state- 
ment x? — 16 is in [0, оо) is equivalent to cach of the inequalities 

x!—1620, x7>16, and |х|24. 


Thus, the domain of g - f is the union (— æ, —4] o [4, оо). Note that this 
is different from the domains of both f and g. 





If f and g are functions such that 
у= /(и) and u=g(x), 
then substituting for u in y — f(u) yields 
y = f(glx)). 


For certain problems in calculus we reverse this procedure; that is, given 
y = h(x) for some function h, we find a composite function form y = flu) 
and u = g(x) such that h(x) = f(g(x)). 


EXAMPLE 8 Express y = (2x + 5)* in a composite function form. 


SOLUTION Suppose, for a real number x, we wanted to evaluate 
(2x + 5)* by using a calculator. We would first calculate 2x + 5 and then 
raise the result to the eighth power. This suggests that we let 


u=2x+5 and у=и*, 


which is a composite function form for y = (2x + 5)*. 
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The method used in the preceding example can be extended to other 
functions. In general, suppose we are given y = h(x). To choose the inside 
expression и = g(x) in a composite function form, ask the following ques- 
tion: If a calculator were being used, which part of the expression h(x) 
would be evaluated first? This often leads to a suitable choice for u = g(x). 
After choosing u, refer to h(x) to determine y = f(u). The following illustra- 
tion contains typical problems. 





ILLUSTRATION 
FUNCTION VALUE CHOICE FOR u = g(x) CHOICE FOR у = f(u) 
my =(x* — 5x + 1)* u=x—S5x4+1 y=u* 
m y= 4/52 4 и=х?—4 у= хи 
2 2 
НЫ y ——— и-3х-7 y=- 
й X+7 шиг! 
The composite function form is never unique. For example. consider 
the first expression in the preceding illustration: 
y = (х? — 5х + 1)* 
If n is any nonzero integer, we could choose 
и = (х? — 5х + 1)" and у-и!, 
Thus, there are an unlimited number of composite function forms, Gen- 
erally, our goal is to choose a form such that the expression for y is simple. 
as we did in the illustration. 
EXERCISES 1.2 
1 If fix) = Vx — 4 — 3x, find f(4), /(8). and /(13). Ехег, 11-12: Determine whether / is even, odd, or nei- 
ther even nor odd. 
x " n 5 
2 If f(x) = 4-2 find /1-2), f(0). and f(3.01). 11 fa) f(x) = 5x? + 2x 


Exer. 3—6: If a and ^ are real numbers, find and simplify 


(ај f(a), (b) S(-a), {c) —f(a), (d) fla = 4 h), le) f(a) + f(A), 


Ie f(x) = (8x4 — 3? 


12 (а) f(x) = V3x* + 2x? - 5 


f(a +h) — f(a) 
and |f| ————————, provided A # 0. 
h р 7 15) f(x) = 6x5 — 4x? + 2x 
3 f(x) = 5x —2 4 f(x) 2 3 — 4x Ic) f(x) = x(x — 5) 
5 f(x)=x?—x+3 6 f(x) 22x? + 3x - 7 Exer. 13-22: Sketch, on the same coordinate plane, the 


Exer. 7-10: Find the domain of /. 


graphs of f for the given values of c. (Make use of sym- 
metry, vertical shifts, horizontal shifts, stretching, or 


— ха — m reflecting.) 
Jo) s ax JT Hs 13 f()e|x|-6 с=0,1,—3 
5-4 A 14 f(x) 2|x ср c202, 3 
А пб 2253 & fig. N48 —3 fix) ред c=0, 
: х? – 5x +4 х!-4 15 Дх) = 2ух+с; с= 0), 3, –2 
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ee E T P x 23 хї- 
16 /х)-49-3 +в с-0,1-: a Ї 2 usi 
17 Дх) = 2х — с; с-0,1,-2 узд е 
2; 2 ifx 2 —1 
18 f(x) = —2(x — с)?; c=0, 1. —2 
19 f) = eV4—x*; — с=1,3,—2 47-44 а. 
Wa Д БЭЕЭ 
20 f(x) = (x 4-0): ёшо 1.2 шашин scs 
1 1 ifx=2 
21 /(х)=(х—с)?%+2; ¢=0,4. – 3 : | Эр 
э del pus Be cn 29 (а) f(x) = [x — 37 18) f(x) = fx] - 3 
x)-(x— —-&6 с=0,2,— 4 А а 
: ? w^ (c) f(x) = 2[х] [d] f(x) = [2x] 
Exer. 23-24: The graph of a function / with domain 30 fa) f(x)=[x+2)  (b)f(x)m Ix] +2 
0 < x < 4is shown in the figure. Sketch the graph of the te) f(x) = 115] (9) f(x) = 11х7 
given equation. | © ; ий: 
n Exer. 31-34: (а) Find (f + 9)(x), Cf — 909, (J), 
23 lal у = f(x + 3) and ( f/g)(x). (Ы) Find the domain of f + g, f — g, and 
{ [b] у= f(x — 3) fg; and find the domain of //9. 
Ic) у = fix) + 3 31 /(х) = 4x5 іх) = ух + 5 
Id] y — /(х)—3 32 f(9) = 43-2x; gix) = x + 4 
(еј y= —3/(х) | 
= =} fix) sss; pa 
If] y= – 3/0 у xcd 40 x45 
ig) у= —fix -2) – 3 
r= f(x —2)+3 x) = ——; х) = —— 
th) у= f(x 2) + 36 fo) = Mm 1 


Exer. 35-42: (a) Find (f » g)(x) and the domain of f o g. 
ы) Find (g o f)(x) and the domain of g » f. 


as fx) 2x* — 3х; g(x)2 Vx +2 
36 f(x) = үх – 15; дх)-х1-2х 
la) у = f(x — 2) 37 f(x) 2 x —2; х) -4х- 5 


[b] y= f(x + 2) a8 f(x) = 4/3 – х; glx) = үх+2 
(с) у = f(x) - 2 
[d] y = f(x) + 2 
le) у = —2f(x) 


39 f(x) = 25 – х2; (х) = үх – 3 


40 fixi = /3 —х; g(x) =\ х? 2E 16 











if) у= —}Лх) «fem t = 2 
ig) у= fix +4) - 2 idis 5 
а : X 3 
ih} y — fix —4) 2 82 /09--1-: | gx 
х—2 x 
Exer, 43—50: Find a composite function form for у. 
43 у= (x? + 3x)? 44 у= 4/x* — 16 
1 
45 Усгүй 46 у-4-х7-1 
Exer. 25-30: Sketch the graph of /. (К--3) | 
423 2 5 “үеээ 
х-2 ifx « —1 47 y= — 20° +5) 9954 tas 
= 23 + а " н 
25 /(х)=+х if|x| <1 ig Е РА үх 
— ў ify y ——— M y = —— 
x+3 ifxzl vx +442 1+%/х 
x—3 ifx< —2 1 ке х%—х+1 , 
ттт ШЕ үр [c] 51 1f f(x) = Vx? — 1.7 and g(x) = E Шш. approxi- 


-х-4 ifx2l mate (f © g)(2.4) and (у= / 2.4). 
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[с] 52 


53 





If f(x) = ух? +1 — 1, approximate f(0.0001). In order 
to avoid calculating a zero value (ог f(0.0001), rewrite 
the formula for / as 


An open box is to be made from a rectangular piece of 
cardboard 20 inches х 30 inches by cutting out identical 
squares of area x* from each corner and turning up the 
sides (see figure). Express the volume V of the box as a 
function of x. 


EXERCISE 53 
lg di 


|x " x] 
EnS 
| Ё 





54 An open-top aquarium of height 1.5 feet is to have a 


volume of 6 ft?. Let x denote the length of the base, and 
let у denote the width (see figure). 


(а| Express у as a function of х. 


(b) Express the total number of square feet 5 of glass 
needed as a function of x. 


EXERCISE 54 





57 


25 





A hot-air balloon is released at 1:00 P.M. and rises ver- 
tically at a rate of 2 m/sec. An observation point is situ- 
ated 100 meters from a point on the ground directly 
below the balloon (see figure). If г denotes the time 
(in seconds) after 1:00 p.m., express the distance d be- 
tween the balloon and the observation point as a func- 
tion of r. 


EXERCISE 55 








Refer to Example 2. A steel storage tank for propane 
gas 18 to be constructed in the shape of a right circular 
cylinder of altitude 10 feet with a hemisphere attached 
to each end. The radius r is yet to be determined. Express 
the surface area 5 of the tank as a function of r, 


From an exterior point P that is h units from a circle 

of radius r. a tangent line is drawn to the circle (see 

figure). Let v denote the distance from the point P to 

the point of tangency T. 

(a) Express у as a function of h. (Hint: If C is the center 
of the circle, then PT is perpendicular to CT.) 

(5) If r is the radius of the earth and h is the altitude of 
a space shuttle, then we can derive a formula for the 
maximum distance (to the earth) that an astronaut 
can see from the shuttle. In particular, if Л = 200 ті 
and r z 4000 mi, approximate у. 


EXERCISE 57 





Triangle АВС is inscribed in a semicircle of diameter 15 

(see the figure on the following page). 

[a] If x denotes the length of side АС, express the length 
y of side BC as a function of x, and state its domain. 
(Hint: Angle ACB is a right angle.) 

[bj Express the area of triangle АВС as а function of x. 
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EXERCISE 58 G 


A B 


| ^ 
The relative positions of an airport runway and a 20- 
foot-tall control tower are shown in the figure. The 
beginning of the runway is at a perpendicular distance 
of 300 feet from the base of the tower. If x denotes the 
distance an airplane has moved down the runway, ex- 
press the distance d between the airplane and the control 
booth as a function of x. 


EXERCISE 59 





An open rectangular storage shelter consisting of two 
vertical sides, 4 feet wide, and a flat roof is to be attached 
to an existing structure as illustrated in the figure. The 
flat roof is made of tin that costs $5 per square foot, and 
the other two sides are made of plywood costing $2 per 
square foot. 


(a) If $400 is available for construction, express the 
length y as a function of the height x. 


EXERCISE 60 


P 
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[b] Express the volume V inside the shelter as a function 
of x. 

The shape of the first spacecraft in the Apollo program 
was a frustum of a right circular cone, a solid formed 
by truncating a cone by a plane parallel to its base. For 
the frustum shown in the figure, the radii a and b have 
already been determined. 

[a] Use similar triangles to express y as a function of h. 
[b] Express the volume of the frustum as a function of h. 


ic) If a= 6ft and b =3 ft, for what value of h is the 
volume of the frustum 600 ft?? 


EXERCISE 61 





1 | 
H€— 4 —35 


A right circular cylinder of radius r and height h is in- 

scribed in a cone of altitude 12 and base radius 4, as 

illustrated in the figure. 

[a] Express h as a function of r. (Hint: Use similar 
triangles.) 

(5) Express the volume V of the cylinder as a function 
of r. 


EXERCISE 62 





In geometry an angle is determined by two rays, or line segments, having 
the same initial point O (the vertex of the angle). If 4 and B are points 
on the rays l, and l, in Figure 1.27, we refer to angle АОВ, or L АОВ. We 
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FIGURE 1.27 
h l 





FIGURE 1.28 







Terminal 
side 





Initial 


side 


FIGURE 1.29 
0 = t radians 





Relationships between Gegrees 
and radians (1.12) 


often use a lower-case Greek letter, such as 0, x, or 3, to denote an angle. 
In trigonometry we may also interpret / АОВ as a rotation of ray l, in 
the plane determined by A, О, and В: We rotate /, (the initial side of the 
angle) about О, to a position specified by l, (the terminal side). The amount 
or direction of rotation is not restricted; we can let /, make several revolu- 
tions in either direction about О before stopping at /;. Thus, many angles 
may have the same initial and terminal sides. 

If we introduce a rectangular coordinate system, then the standard 
position of an angle 0 is obtained by taking the vertex at the origin and 
the initial side along the positive x-axis (see Figure 1.28). The angle 0 is 
positive for a counterclockwise rotation and negative for a clockwise 
rotation. 

The magnitude of an angle may be expressed in either degrees or ra- 
dians. An angle of degree measure 1° corresponds to зу of a complete 
revolution in the counterclockwise direction. One minute (1) 15 25 of a 
degree, and one second (17) is 25 of a minute. In calculus the most im- 
portant unit of angular measure is the radian. To define radian measure, 
consider the unit circle U with center at the origin of a rectangular coor- 
dinate system, and let 0 be an angle in standard position (sec Figure 1.29). 
If we rotate the x-axis to the terminal side of 0, its point of intersection 
with U travels a certain distance t before arriving at its final position 
Р(х, y). If t is considered positive for a counterclockwise rotation and 
negative for a clockwise rotation, then 0 is an angle of t radians, and we 
write either 0 — t or 0 = t radians. In Figure 1.29, t is the length of the 


arc AP. If 0 = 1 (that is. if 0 is an angle of 1 radian), then the length of 
arc AP on U is 1 (see Figure 1.30). 


FIGURE 1.30 





Since the circumference of the unit circle is 27. it follows that 
2л radians = 360°. 
This fact gives us the following relationships. 


180° = л radians 


rae : ас ВВР 
1° = 180 radian 1 radian = (5 ) 


If we approximate z/180 and 180/z, we obtain 
1° = 0.01745 radian and | radian = 57.29578 . 


The next theorem is a consequence of the formulas in (1.12). 


а осо ос —— EE 
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Degrees 0° 30 45 60 90 


FIGURE 1.31 





= 


Length of a circular arc (1.14) 


Area of a circular sector (1.15) 


28 
Theorem (1.13) 
л л л 

. Radians 0 Єє Ж 5» 2 








(i) To change radian measure to degrees, multiply by 180/z. 
(ii) To change degree measure to radians, multiply by 2/180. 


When radian measure of an angle is used, no units will be indicated. Thus, 
if an angle has radian measure 5, we write () = 5 instead of 0 = 5 radians. 
There should be no confusion as to whether radian or degree measure is 
being used, since if 0 has degree measure 5 , we write 0 = 5°, not 0 = 5. 


e 


2л Зл 5л 7л 5л 4л 3л 5л 7n Ил Е 
— т — - — m — Эл 
6 4 3 2 3 4 6 


120° 135° 150° 180° 210° 225° 240° 270° 300 315° 330 


-— 
| 
a 


The above table displays the relationship between the radian and 
degree measures of several common angles. The entries may be checked 
by using Theorem (1.13). 

A central angle of a circle is an angle 0 whose vertex is at the center 
of the circle, as illustrated in Figure 1.31. We say that arc AB subtends 
0, or that 0 is subtended by AB. The relationship between the length s of 
АВ, the radian measure of 0, and the radius r of the circle follows. 


If an arc of length s on a circle of radius r subtends a central angle 
of radian measure 0, then 


810. 





PROOF Ifs, is the length of any other arc on the circle and if 0, is the 
radian measure of the corresponding central angle, then, from plane geo- 
metry, the ratio of the arcs is the same as the ratio of the angular measures: 
that is, s/s, = 0/0, and hence s = s,0/0,. If we consider the special case 
in which 0, = 27, then s, = 2zr, and we obtain s = 2zr(/(2r) = r0. mm 


We will make use of the next result later in the text. 


110 is the radian measure of a central angle of a circle of radius r and 
if A is the area of the circular sector determined by 0, then 


A = ir*0. 


PROOF A typical angle and circular sector are shown in Figure 1.31. If 
0, is any other central angle and A, the area of the corresponding sector, 
then, from plane geometry, A/A, = 0/0,. or A = A,0/0,. If we consider 
the special case 0, = 2z, then A, = zr? and A = zr?0/ (2n) = 4770, шш 


The six trigonometric functions are the sine. cosine, tangent, cosecant, 
secant, and cotangent, denoted by sin. cos, tan, csc, sec. and cot, respec- 
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The trigonometric functions (1.16) 


FIGURE 1.32 


П I 


sin 020 All 
csc 0 > 0 | positive 





tan 8 > 0 |со8 6 > 0 x 
cot 0 >U | sec 8 > 0 


IH IV 


tively. We may define the trigonometric functions in terms of either an 
angle 0 or a real number x. There are two standard methods that employ 
angles: 


1. If 0 is acute (0 < 0 < 1/2), we may use a right triangle. 


2. If 0 is any angle (in standard position), we may use the point P(a, b) 
at which the terminal side of 0 intersects the circle x? + y? = r°. 


In the following definitions, the abbreviations adj, opp, and hyp are 
used for the lengths of the adjacent side, opposite side, and hypotenuse of 
a right triangle having 0 as an angle. 


(i) Of an Acute Angle 0: 








b с 
in 0 = – 0 = – 
sin : csc b 
9 а c 
(opp) cos 0 = – sec 0 = — 
с а 
b а 
а (adj) tan 0 = = cot 0 = — 
(i) Of Any Angle 0: 
: r 
sin 0 = — esc B = b 
cos 0 = 5 sec Ө = — 
r 
b 
tan 0 =— cot 0 = — 
a 





5 


(ш) Of a Real umber х: 


The value ‹ © a trigonometric function at a real number х is its 
value at an angle of x radians. 





Note that, by (iii), there is no difference between trigonometric func- 
tions of angles measured in radians and trigonometric functions of real 
numbers. For example, we can interpret sin 2 as either the sine of an angle 
of 2 radians or the sine of the real number 2. 

The values of the trigonometric functions of acute angles in (1) are ratios 
of sides of a right triangle. and hence they are positive real numbers. For 
the general case (ii). the sign of the function value depends on the quadrant 
containing the terminal side of 0. For example, if 0 is in quadrant II, then 
а « 0, Б> 0, and hence sin 0 = b/r > 0 and csc 0 = rib > 0. The other 
four functions are negative. These facts are indicated schematically in 
Figure 1.32. You should check the signs in the remaining quadrants. 


NILUM 
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We see from (ii) of Definition (1.16) that the domain of sin and cos 
consists of all angles 0. Since tan Ө and sec 0 are undefined if a = 0 (that 
is, if the terminal side of 0 is on the y-axis), the domain of tan and sec 
consists of all angles except those of radian measure (7/2) + zn, where n is 
an integer. The domain of cot and csc consists of all angles except those 
of radian measure лп, since cot 0 and сѕс 0 are undefined if b = 0. 

Note from (ii) that 


яа 0| <1, (со80| € l, |csc0| > 1, and |sec@|>1 


for every 0 in the domains of these functions. 

We shall next list some important relationships that exist among the 
trigonometric functions. Recall that an expression such as sin? 0 means 
(sin O)(sin 0). 


Fundamental identities (1.17) | — = A — 








1 ш 0 

csc 0 = —— tan 9 = 32 sin? 0 + cos? 0 = 1 
sin 0 cos 0 
1 

sec 0 = —— dit 227 1 + tan? 0 = sec? 0 
cos 0 sin 0 

TT TENE 0 1 + cot? Ө = csc? 0 
tan 0 


Each fundamental identity can be proved by referring to (ii) of 
Definition (1.16). For example: 


esc. 9 = ЭРЧ > l 
b (bjr) sin 
b (bj sin 0 
tanü--- (bjr) zz SM 
a (ат) соѕ 0 
" b? 2 2 b? 2 
sin? 6 + cos? 9 =-› + S = < T ЭРЕ i 


э 3 
r ГЭ ЁС E 


Fundamental identities are useful for changing the form of an ex- 
pression that involves trigonometric functions. To illustrate, since 
cos? 0 = 1 — sin? Ө, 

sin 0 sin 0 
tan 0 = = пан 
cos Ө +/1 —п° 0 





In Chapter 9 we will use trigonometric substitutions of the type Шив- 
trated in the next example. 


EXAMPLE 1 If a0, express Ja? — x? in terms of a trigo- 
nometric function of 0 without radicals by making the trigonometric 
substitution 


x=asin@ for — 
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Special values of the trigonometric 


FIGURE 1.33 


functions (1.18) 
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SOLUTION We let x = asin 0: 


Ja? — x? = Ja? — (a sin 0)? 
= Ja? — a? sin? Ө 
= /a(1 — sin? 0) 
= Va? cos? 0 
=acos 0 


The last equality is true because, first, a* = a if a > 0, and, second, if 
—n/2 < 0 € n/2, then cos 0 > 0 and hence \/cos? 0 = cos 0. 


There are a variety of methods for finding values of trigonometric 
functions. For certain special cases we can refer to the right triangles in 
Figure 1.33. Applying (i) of Definition (1.16) gives us the following. 








(RADIANS) | [DEGREES] | ал) | cosg алд | coté | sec | ас 
2 45 ug уз l 1 142 | <2 


Two reasons for stressing these special values are that (1) they are exact 
and (2) they occur frequently in work involving trigonometry. Because of 
their importance, it is a good idea either to memorize the table or to be 
able to find the values quickly by using the triangles in Figure 1.33. 

It is possible to approximate, to any degree of accuracy, the values of 
the trigonometric functions for any angle. Table A in Appendix III gives 
four-decimal-place approximations to some values. 

Scientific calculators have keys labeled [SIN , cos , and [TAN] that can 
be used to approximate values of these functions. The values of csc, sec, 
and cot may then be found by means of the reciprocal key 1х. Before 
using a calculator to find function values that correspond to the radian mea- 
sure of an angle or a real number, be sure that the calculator is in radian 
mode. For values corresponding to degree measure, select degree mode. 

As an illustration, to find sin 30° on a typical calculator, place the 
calculator in degree mode, enter the number 30, and press the SIN) key. 
You will obtain sin 30° = 0.5, which is the exact value. Using the same 


procedure for 60°, we obtain a decimal approximation to /3/2, such as 


sin 60° ~ 0.8660254. 





Similarly, to find a value such as cos 1.3, where 1.3 is a real number or 
the radian measure of an angle, we place the calculator in radian mode, 
enter 1.3, and press cos , obtaining 


cos 1.3 ж 0.2674988. 
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To find exact values of trigonometric functions for an angle 0 in (ii) of 

Definition (1.16), we sometimes use the reference angle of (—that is. the 

acute angle 0, that the terminal side of 0 makes with the x-axis. Figure 1.34 

FIGURE 1.34 illustrates the reference angle 0, for an angle in each of the four quadrants. 
Reference angles 


A N 5 


y 
9, 

— > — —» 

X A Ün X Op x 


It can be shown that to find the value of a trigonometric function at 0, 
we may determine its value for the reference angle 0, of 0 and then prefix 
the proper sign, by referring to the quadrant containing @ (see Figure 1.32). 








EXAMPLE 2 Find sin 0, cos 0, and tan @ if 


fa) 0 = = (b) 0 = 315 


FIGURE 1.35 SOLUTION The angles and their reference angles are sketched in Fig- 
, ure 1.35. Using function values of special angles (1.18), we obtain the 
following: 
tay ai 5n а л 
а) sin — = sin- = 
6 6 2 
57 л 43 
cos — = —со$— = —-_ 
6 6 2 
5л N 3 
tan = = —{ап- = — 3 
2 
(b) sin 315° = —sin45 = — = 
2 
cos 315° = cos 45° = M 
tan 315° = —tan 45° = —1 








If we use a calculator to approximate function values, reference angles 
are unnecessary. As an illustration, to find sin 210 , we place the calculator 
in degree mode, enter the number 210, and press the sin key, obtaining 
sin 210° = — 0.5. which is the exact value. Using the same procedure for 
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FIGURE 1.36 





(0,1) 
P(cos 8, sin 0) 


(0. —1) 


240”, we obtain a decimal approximation: 
sin 240 x —0.8660254 


If we want to find the exact value of sin 240 , a calculator should not be 
used. In this case we find the reference angle 60° of 240 and use the theo- 
rem on reference angles, together with known results about special angles, 
to obtain 


sin 240 = —sin60 = -38, 

To obtain the graphs of the sine and cosine functions we may study the 
variation of sin 0 and cos @ as 0 changes by using a unit circle U in (ii) 
of Definition (1.16). If we let r= 1, then the formulas cos 0 = a/r and 
sin 0 = b/r take on the simple forms cos 0 = a and sin 0 = b. Hence the 
point P(a. b) оп U may be denoted by Р(соѕ 0, sin 0), as illustrated in 
Figure 1.36. If we let 0 increase from 0 to 2л, the point P(cos 0, sin 0) 
travels around the unit circle once in the counterclockwise direction. By 
observing the y-coordinate, sin 0, of Р, we obtain the following facts. 
where arrows are used to indicate the variations of 0 and sin 0. (For 
example. 0 > л,/2 means that 0 increases from 0 to л/2, and 0 — 1 means 
that sin 0 increases from 0 to 1.) 


л 3л 
0: oS сери == — 2л 


820: 0510-1 0 


If we let P continue to travel around U, the same pattern is repeated in 
the (-intervals [2z, 47] and [47. 6л]. In general, the values of sin 0 repeat 
in all successive intervals of length 2л. A function f with domain D is 
periodic if there exists a positive real number k such that x + k is in D and 


f(x + К) = f(x) for every x in D. This implies that the graph of f repeats 


itself over successive intervals of length К. If a least such positive real num- 
ber k exists, it is called the period of /. It follows that the sine function 
is periodic with period 2л. Using these facts and plotting several points, 
employing special values of 0 such as z/6, л/4, and 2z/3, gives us the 
graph in Figure 1.37(i), where we have used 0 = x for the independent 
variable (measured in radians or real numbers). 

The graph of y = cos 0 may be obtained in similar fashion by studying 
the variation of the x-coordinate, cos 0, of P in Figure 1.36 as 0 increases. 
You should check the remaining graphs in Figure 1.37. Note that the 
period of the tangent and cotangent functions is 7. 

A trigonometric equation is an equation that contains trigonometric 
expressions. Each fundamental identity is an example of a trigonometric 
equation where every number (or angle) in the domain of the variable is 
a solution of the equation. If a trigonometric equation is not an identity. 
we often find solutions by using techniques similar to those used for 
algebraic equations. The main difference is that we first solve the trigono- 
metric equation for sin x, cos 0, and so on, and then find values of x or 0 
that satisfy the equation. If degree measure is not specified, then solutions 
of a trigonometric equation should be expressed in radian measure (or as 
real numbers). 
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FIGURE 1.37 
1) y = sin x (1) у = cosx (iii) v = tan x 





(lv) y = cse x (у) у = secx [M] у = cot x 


! 1 
| | 
| | 
| | 
| | 
| | 
| | 
| | 
| | 
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EXAMPLE З Find the solutions of the equation sin 0 = 1 if 
(a) 9 is in the interval [0, 2л) (Ы) 0 is any real number 


FIGURE 1.38 SOLUTION 


(а) If sin 0 = 4, then the reference angle for 0 is 0, = 7/6. If we regard 0 
as an angle in standard position, then, since sin 0 > 0, the terminal side 
is in either quadrant I or quadrant II, as illustrated in Figure 1.38. Thus, 
there are two solutions for 0 < 0 < 2л: 

л 5л 


Л 
6 ап n 6 6 





(b) Since the sine function has period 2л, we may obtain all solutions by 
adding multiples of 2л to л/6 and 5z/6. This gives us 


5 ; 
a= z +2rn and 0 = = +2nn for every integer п. 


An alternative (graphical) solution involves determining where the 
graph of у = sin 0 intersects the horizontal line у = $, as illustrated in 
Figure 1.39, on the next page. 
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FIGURE 1.39 y 





Given a trigonometric equation such as sin 0 = 0.6635, we can approx- 
imate 0 by using either a calculator or a table. Certain calculators have 
a key labeled stn ' or asiN for this purpose. With other calculators it is 
necessary to press пху! and then (sin. These notations are based on the 
inverse trigonometric functions, which are discussed in Section 8.2. As we 
shall see, there is a function, denoted by sin ^ ', such that 


sin™ (sin0)=0 if — «047 (or -90 0590) 


Note that this formula states that by applying sin” ' to sin 0, we obtain 0, 
provided 0 satisfies the indicated restrictions. 

The next example illustrates the use of a calculator in solving a trigo- 
nometric equation. 


EXAMPLE 4  Ifsin 0 = 0.5 and 0 is an acute angle, use a calculator to 
approximate the measure of 0 in 
(a) degrees (Ы) radians 
SOLUTION 
(a) Place the calculator in degree mode: 
Enter 0.5: 0.5 (the value of sin 0) 
Press INV SIN: 30 (the degree measure of 0) 
15) Place the calculator in radian mode: 
Enter 0.5: 0.5 (the value of sin 0) 
Press ху ыу: 0.5235988 (the radian measure of 0) 


The last number is a decimal approximation for an angle of radian mea- 
sure л/6. 





It is important to observe that there are many values of 0 such that 
sin 0 = 0.5; however, a calculator gives only the one value between О and 
7/2 (or between 0° and 90 ). Similarly. if sin 0 = —0.5, a calculator will 
give an approximation to the value 0 = —л/6 (or 0 = —30 ) between 
— 1/2 and 0 (or between —90' and 0 ). 

In Section 8.2 we will also define functions denoted by cos 
їап ', with the following properties: 


1 and 


cos !(cos 0) 2-0. if 0«0«л (ог 0 <0 < 180°) 


л 


tan '(tan0) = 0 if -z «ё (or —90 «60 «90) 


кә! 





FIGURE 1.40 





FIGURE 1.41 
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These functions may be employed in the same manner as siN 7 (that is, 
INV SIN ) was used in Example 4. When using a calculator to find 0, be 
aware of the restrictions on 0. For example, there are many values of 0 
such that tan 0 = — 1: however, a calculator gives only the value that is 
between — z/2 and 0 (or between —90° and 0 ). If other values are desired, 
then we may proceed as in the next example. 


EXAMPLE 5 If tan 0 = —0.4623 and 0 < 0 < 360°, find 0 to the 
nearest 0.1 . 


SOLUTION If we use a calculator (in degree mode) to find 0 when 
tan 0 is negative, then the degree measure is in the interval (— 90°, 0°]. In 
particular, we have the following: 


Enter — 0.4623: — 0.4623 (the value of tan 0) 


Press INV TAN: —24.811101 (a value of 0) 


Thus, a degree approximation is 0 = —248. 

Since we wish to find values of 0 between 0 and 360°, we use the 
(approximate) reference angle Og = 24.8 . There are two possible values 
of 0 such that tan 0 is negative опе in quadrant П. the other in quadrant 
IV. If 0 is in quadrant Папа 0° < 0 < 360 , we have the situation shown 
in Figure 1.40, and 


02180 — Ok = 180° — 24.8, or 051552. 
If 0 is in quadrant IV and 0. < 0 < 360 , then, as in Figure 1.41, 
0 = 360° —0,2 360: — 24.8°, ог 0 = 3352”, 


A method of solution that does not involve reference angles is to use 
the fact that the tangent function has period л. or 180°. Thus, after 
obtaining 0 = —24.8 . we may find appropriate angles between 0° and 
360° by adding 180 and 360 as follows: 


—24.8° + 180° = 155.2 
— 24.8° + 360° = 3352 





Many important relationships exist among the trigonometric func- 
tions. The formulas for negatives are 


sin (— u) = —sin u cos (—u) = cos u tan (— и) = — tan u 
csc (—u) = —cscu sec (—u) = secu cot (—u) = —cot u. 


These formulas show that the sine, tangent, cosecant, and cotangent func- 
tions are odd and the cosine and secant functions are even, as also indi- 
cated by the symmetries of their graphs in Figure 1.37. 

The addition and subtraction formulas for the sine and cosine are 


sin (u + v) = sinu cose + cos usin t 


cos (и + v) = cos u cos г F sin u sin г. 
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The 





double-angle formulas for the sine and cosine are 
sin 2u = 2 sin u cos u 


-2 2 58 
cos 2и = cos^ u — sin? u 


—]-—2sin^u-2cos?*u-— 1. 


The half-angle formulas are 


"m ] — cos 2u 
sin“ ú = шин лж 

5 1 + cos 2u 
cos* u = — ,— —— 


These and other formulas useful in calculus are listed on the back inside 


cover of this text. 


EXERCISES 1.3 


Exer. 1-2: Find the exact radian measure of the angle. 
1 (ај 150 


2 (а| 225 


(5) 120 ic) 450 {a} —60 


15) 210 ic) 630 (4|-135 


Exer. 3-4: Find the exact degree measure of the angle. 


4 2л m 5л "E. - 7n 
aj) = - c - 
fa) 3 ы 6 4 2 
4 Ix Б 4л Ilx 4 5n 
[a] 6 19) 3 19) 4 Id] 2 


Ехег. 5-6: Find the length of are that subtends a central 
angle 0 on a circle of diameter 4. 

50-50: d=16 

60-22, d=120 
Exer. 7-8: Find the values of x and у in the figure. 


7 





Ехег, 9—12: Find the values of the trigonometric func- 
tions if 0 is an acute angle. 


9 sinl = 3 10 cos = 4 


11 {ап0 =$ 12 cot 0 = 1 


Exer. 13-14: If 0 is in standard position and Q is on the 
terminal side of 0, find the values of the trigonometric 
functions of 0. 


13 Q(4, —3) 14 Q(—8, —15) 


Exer. 15-16: Let 0 be in standard position, with terminal 
side in the specified quadrant and satisfying the given 
condition. Find the values of the trigonometric func- 
tions of 0. 


15 Ш; parallel to the line 2y — 7x +2 = 0 


16 IV; perpendicular to the line through 4(5. 12) and 
B(—3, —3) 


Exer. 17-20: If 0 is an acute angle, use fundamental 
identities to write the first expression in terms of the 
second. 


17 [a] cot 0, sin Ü (Ы) sec 0, sin 0 


18 [a] tan 0. cos Ü (Ы) ese 0, cos 0 


19 [a] tan 0. sec Ó [b] sin 0, sec 0 


20 (a) cot 0, csc 0 (Ы) cos 0, cot 0 


Exer. 21-26: Refer to Example 1. Make the indicated 
trigonometric substitution and use fundamental identi- 
ties to obtain a simplified trigonometric expression that 
contains no radicals. 


5 | л 
21 1416-хХх5: x=4sin 0 for — US 


кә| хз 








38 
x* . л л 
22----- x =3sin 0 for -5 <0 < = 
У9-х7 = 2 
х x n 
a х = Stan 0 for — <0 < 5 
N25 + х? 2 2 
E] 
/x- +4 Л л 
2 = 5-1 x =2tan 0 for — < 0 < 
x 2 2 
/х2 -9 л 
SS х= 3 sec 0 0г0<0 < = 
x 2 


26 х?\/х*— 25: x=Ssec for0<0< 


| 


Exer. 27-32: Find the exact value. 

15) sin ( — 57/4) 
[b] cos ( — 60 ) 

[b] tan (— z/3) 

lb} cot (— 150) 


27 {a) sin (27/3) 
28 (а) cos 150 
29 (a) tan (57/6) 
30 (ај cot 120 
31 (а) sec (27/3) 15) sec (— 7/6) 


32 (а) csc 240° [b] esc ( — 330°) 


Exer. 33-38: Sketch the graph of f, making use of 


stretching, reflecting, or shifting. 
33 [a] f(x) = $sin x 18) f(x) = —4 sin x 
34 [a] f(x) = sin(x — z/2) (b) f(x) = sin x — z/2 
35 [a] f(x) = 2 соѕ (x + п) [Ы f(x) 22cos x -- x 
36 [a] f(x) = 3cos x [b] /(х) = —3 cos x 
37 (а) f(x) = 4 tan x [b] f(x) = tan (x — 7/4) 


38 (aj f(x) = 1 tan x 15) f(x) = tan (x + 3л/4) 


Exer. 39-42: Find a composite function form for y. 


40 y — cot? (2x) 


39 у= tan? x + 4 

41 y 2secix + 1/4) 

43 If f(x) = cos x. show that 
I(x А) — fix) cos  — 4 | sin h 
e SCORSA e SNR p; 

h h h 


44 If f(x) = sin x, show that 
fix -h—fe __ 


” cosh — 1 " sin А 
h и Л — h 
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Exer. 45-54: Verify the identity. 
45 (1 —sin? r(1 + tan? 0) = 1 
46 sec } — cos fj = tan f! sin f 
47 „же... = cot? () 
1 + tan? 0 
48 coll + tan t = csc r secr 
49 ! эр Ж cot f = cos f} 


0562-0012 








= csc z + cotz 


51 sin 3u = sin u(3 — 4 sin? u) 

52 2sin?2t + cos 4: = 1 

53 cos* (0/2) = { + 1 cos 0+ 1 cos 20 

54 88 2x = è —1 cos 4x +4 cos 8x 

Exer. 55-56: Find all solutions of the equation. 
55 2с0820-413-0 56 2sin 30 + 4220 
Ехег. 57-64: Find the solutions of the equation in [0, 27). 
57 2sin?u=1—sinu 58 cos 0 — sin 0 = 1 
59 2tant — sec? г = 0 

60 sin X + cos X cot x = csc x 
61 sin2t + sint =0 62 COS u + cos 2и = 0 


63 tan 2x = tan x 64 siniu--cosu- 1 


гс | Exer. 65-70: Approximate, to the nearest 10’, the solu- 


tions of the equation that are in [0°, 360°). 
65 sin ( = —0.5640 66 cos 0 = 0.7490 
67 tan 0 = 2.798 68 сої 0 = —0.9601 


69 sec) = — 1.116 70 esc ü = 1.485 


[с] 71 Graph у = (sin x — cos лх)/соѕ x for -1 «x «€ 1 and 


estimate the x-intercepts. 


[c] 72 Approximate the solution of the equation x = ! cos x by 


using the following procedure. 

(1) Graph y = x and y = 1 cos x on the same coordinate 
axes. 

(2) Use the graphs in (1) to find a first approximation 
x, to the solution. 

(3) Find successive approximations x5, x3,... by using 
the formulas x, = $ cos Хү, ху = $ cos Ху... until 
6-decimal-place accuracy is obtained. 
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LIMITS 
OF FUNCTIONS 


INTRODUCTION 


The concept of limit of a function f is one of the fun- 
damental ideas that distinguishes calculus from alge- 
bra and trigonometry. In the development of calculus 
in the 18th century, the limit concept was treated 
intuitively, as is done in Section 2.1. where we regard 
the function value /(х) as getting close to some num- 
ber L as x gets close to a number a. The flaw in 
using this definition is the word close. A scientist may 
consider a measurement as being close to an exact 
value L if itis within 10 ^ cm of L. A marathon runner 
is close to the finish line when there are 100 yards left 
in the race. An astronomer sometimes measures close- 
ness in terms of light-years. Thus, to avoid ambigu- 
ities, it is necessary to formulate a definition of limit 
that does not contain the word close. We do so in 
Section 2.2, by stating what is traditionally called the 
€-à definition of limit of a function. The definition is 
precise and applicable to every situation we wish to 
consider. Later in the chapter we discuss properties 
that enable us to find many limits easily, without ap- 
plying the e-ó definition. 

In the last section we use limits to define continuous 
function, a concept that is employed extensively 
throughout calculus. 
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2.1 INTRODUCTION TO LIMITS 


FIGURE 2.1 
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In calculus and its applications we are often interested in function values 


f(x) of a function f when x is close to a number а. but not necessarily 


equal to a. In fact, there are many instances where a is not in the domain 
of f: that is, f(a) is undefined. As an illustration, consider 


3 2 
x*—2 


f(x) = 





3x —6 


with a = 2. Note that 2 is not in the domain of f, since substituting x = 2 
gives us the undefined expression 0/0. The following tables, obtained with 
a calculator, list some function values (to eight-decimal-place accuracy) 
for x close to 2. 


[ « [ gel ж | дв | 

| 19 1.20333333 2.1 1.47000000 
1.99 1.32003333 201 1.34670000 
1.999 1.33200033 2,001 1.33466700 
1.9999 1.33320000 2.0001 1.33346667 
1.99999 1.33332000 2.00001 1.33334667 
1.999999 133333200 2.000001 1.33333467 





It appears that the closer x is to 2, the closer f(x) is to $; however, we 
cannot be certain of this because we have merely calculated several func- 
tion values for x near 2. To give a more convincing argument, let us factor 
the numerator and denominator of f(x) as follows: 


oy ie =2) 
I=) 





If x # 2, then we may cancel the common factor x — 2 and observe that 
f(x) is given by 4x?. Thus, the graph of f is the parabola y = үх" with 
the point (2, 4) deleted, as shown in Figure 2.1. It is geometrically evident 
that as x gets closer to 2, f(x) gets closer to $, as indicated in the pre- 
ceding tables. 

In general, if a function f is defined throughout an open interval con- 
taining a real number a, except possibly at a itself. we may ask the fol- 
lowing questions: 


Т. As x gets closer to a (but x # a). does the function value f(x) get closer 
to some real number L? 

2. Can we make the function value f(x) as close to L as desired by 
choosing x sufficiently close to a (but x 4 a)? 

If the answers to these questions are yes, we write 


lim f(x) = L 


х=*йа 
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Limit of a function (2.1) 
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and say that the limit of f(x). as x approaches a. is L, or that f(x) approaches 
L as x approaches a. We may also use the notation 


f(xy) > L as xa. 


This means that the point (x. f(x)) on the graph of f approaches the point 
(a, 1.) as x approaches a. We shall use the phrases close to and approaches 
in an intuitive manner. The next section contains a formal definition of 
limit that avoids this terminology. Using this limit notation, we may denote 
the result of our illustration as follows: 





The following chart summarizes the preceding discussion and provides 
a graphical illustration. 


NOTATION | ] INTUITIVE MEANING |... GRAPHICAL INTERPRETATION 
lim f(x) = L| We can make f(x) as 
к close to L as desired 

by choosing x 
sufficiently close 
to a, and x # a. 





If f(x) approaches some number as x approaches a, but we do not 
know what that number is, we use the phrase lim, ., f(x) exists. 

The graph of f shown in the preceding chart illustrates only one way 
in which f(x) might approach L as x approaches a. We have not shown 
a point with x-coordinate a because, when using the limit concept (2.1), 
we always assume that x 4 a; that is. the function value f(a) is completely 
irrelevant. As we shall sce, f(a) may be different from L. may equal L, or 
may not exist, depending on the nature of the function f. 

In our discussion of f(x) = (x? — 2x*)/(3x — 6) it was possible to sim- 
plify f(x) by factoring the numerator and denominator. In many cases 
such algebraic simplifications are impossible. In particular, when we con- 
sider derivatives of trigonometric functions later in the text, it will be 
necessary to answer the following question. 


; 2 GU э 
Question: Does lim exist? 
х-0 х 


Note that substituting 0 for х gives us the undefined expression 0/0. The 
table on the following page. obtained with a calculator, lists some approxi- 
mations of f(x) = (sin х) х for x near 0, where x is a real number or the 
radian measure of an angle. The graph of f is sketched in Figure 2.2, beside 
the table. 
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ILLUSTRATION 


CHAPTER 2 LIMITS OF FUNCTIONS 


— =F FIGURE 2.2 
Xx 
x ХО) = 











х 

20 0454648713 
10 0.841470985 
њ0.5 ,0.958851077 
+0.4 |.10.973545856 
+03 | | 0.985067356 
1802 10.993346654 
+011 рэн 
+0.01 .999983333 
+0,001 999999833 
4+ 0.0001 ‚999999995 


Referring to the table or the graph, we arrive at the following 
conjecture. 





As indicated, we have merety-gmessed at the answer. The table indicates 
that (sin x)/x gets closer to 1 as x gets closer to 0; however, we cannot 
be absolutely sure of this fact. Conceivably the function values could de- 
viate from 1 if x were closer to 0 than are those x-values listed in the table. 
Although a calculator may help us guess if a limit exists, it cannot be used 
in proofs. We will return to this limit in Section 3.4, where we will prore 
that our guess is correct. 

It is easy to find lim, ., f(x) if f(x) is a simple algebraic expression. 
For example, if f(x) = 2x — 3 and а = 4, it is evident that the closer x is 
to 4, the closer f(x) is to 2(4) — 3, or 5. This gives us the first limit in the 
following illustration. The remaining two limits may be obtained in the 
same intuitive manner. 


= jim (2x — 3) 22() 3-2 8— 3 = 5 


x4 
ш lim (x?^4-1)-(—3? 4129-41-10 


cS 


m lim /x+2=/74+2=V/9=3 


In the preceding illustration the limits as x — a can be found by merely 
substituting the number a for x. This is a property that holds for special 
functions called continuous functions, to be discussed in Section 2.5. The 
next illustration shows that we cannot use this technique for erery alge- 
braic function f. In the illustration it is important to note that 


Y'H»-2 (x—Dx-2). 
х-1 Е х= ] Е 





х +2. provided x #1. 
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(If x A I, then x — 1 #0, and it is permissible to cancel the common 
factor x — | in the numerator and denominator.) It follows that the graphs 
of the equations y = (x? + x — 2)/(x — 1) and у= х +2 are the same 
except for x = 1. Specifically, the point (1, 3) is on the graph of y = x + 2, 
but is not on the graph of y = (x? + x — 2)/(x — 1), as indicated in the 


illustration. 
ILLUSTRATION 
FUNCTION VALUE LIMIT AS x > 1 
= /(x)=x+2 lim f(x) = 3 
$9 m x1 
х : 
иш g(x) = ка lim g(x) = 3 
x 1 x1 
+ +®—2 ө, 
WB h(x) = х-1 i lim h(x) = 3 
2 ifx =1 v3 





In the preceding illustration the limit of each function as x approaches 
l is 3, but in the first case f(1) = 3, in the second g(1) does not exist, and 
in the third h(1) = 2 #3. 

The following two examples illustrate how algebraic manipulations 
may be used to help find certain limits. 
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NL ONES 
EXAMPLE 1 1х) = 2. 2 * ^. find lim f(x). 


2x 
5x? — 7х — 6 
SOLUTION The number 2 is not in the domain of f since the meaning- 
less expression 0/0 is obtained if 2 is substituted for x. Factoring the 
numerator and denominator gives us 
- (x — 29x — 1) 
I(x)—————— 5e 
(x — 25x 3) 
We cannot cancel the factor x — 2 at this stage: however, if we take the 
limit of f(x) as x =» 2 this cancellation is allowed. because by (2.1) x #2 
and hence x — 2 4 0. Thus, 


WE 2 OX — SED 
lim f(x) = lim —— 
x2 к ӘК" — 1х —6 
li (x — 2)(2x — 1) 
= mM — a St 
x22 (X — 2)(5х + 3) 
, 2-1 3 
= lim 


a SES 412 


EXAMPLE 2 Let f(x) = 


үх — 
[a] Find lim f(x). 


x9 


[b) Sketch the graph of f and illustrate the limit in part (a) graphically. 


SOLUTION 


(а) Note that the number 9 is not in the domain of f. To find the limit we 
shall change the form of f(x) by rationalizing the denominator as follows: 


lim f(x) = lim 
x79 x9 2 3 


| х-9 үүх + `) 
= lim . 
X9 Na TT 3 NN +3 


. (х—9)(/х +3 
нэ”. Kw 
x9 x—9 


Ву (2.1), when investigating the limit as x — 9, we assume that x 4 9. 
Hence x — 9 #0, and we can divide numerator and denominator by 
x — 9; that is, we can cancel the expression x — 9. This gives us 

lim fix) = lim (Vx + 3) = J/9 + 3 = 6. 

z332 х-9 
15) If we rationalize the denominator of f(x) as in part (а). we see that 
the graph of f is the same as the graph of the equation y = ух + 3, 
except for the point (9, 6), as illustrated in Figure 2.3. As x gets closer to 
9. the point (x, /(х)) on the graph of f gets closer to the point (9, 6). Note 
that f(x) never actually attains the value 6: however, f(x) can be made 
as close to 6 as desired by choosing х sufficiently close to 9. 
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FIGURE 2.4 у 
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The next two examples involve functions that have no limit as x 
approaches 0. The solutions are intuitive in nature. Rigorous proofs re- 
quire the formal definition of limit discussed in the next section. 


EXAMPLE 3 Show that lim : does not exist. 


хо]. 


SOLUTION The graph of f(x) — 1/х is sketched in Figure 2.4. Note 
that we can make | /(х)| as large as desired by choosing x sufficiently close 
to 0 (but x 4 0). For example, if we want f(x) = — 1,000,000, we choose 
x = —0.000001. Foz f(x) = 10°, we choose x = 107°. Since f(x) does not 
approach a specific number L as x approaches 0, the limit does not exist. 


EXAMPLE 4 Show that lim sin ы does not exist. 
X 


х=0 


SOLUTION Let us first determine some of the characteristics of the 
graph of y = sin (1/x). To find the x-intercepts we note that the following 
statement is true for every integer n: 


exif , "Wm 
sin——0 ifand only if —— zn, or х= — 
х x 


Some special x-intercepts are 
1 1 1 
y EE ДОЛ dá 
2m 38 100л 
and so оп. If we let х approach О, then the distance between successive 
x-intercepts decreases and, in fact, approaches 0. Similarly, 
Е 1 
7 (n/2) + 2лп 


1 
(3л/2) + 2an’ 


LM ТЕ 


1 
л 


| 
sin = | if and only if. x 


. 1 : Ч 
апа sin— = —1 Шапа only if. х= 
X 
where n is any integer. Thus, as x approaches 0, the function values 


sin (1/x) oscillate between — 1 and 1, and the corresponding waves on the 
graph become very compressed, as illustrated in Figure 2.5. Hence 


FIGURE 2.5 





1 
f(x) 2 sin— 
х 
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lim, о sin (1/х) does not exist, because the function values do not ap- 
proach a specific number L as x approaches 0. 
We sometimes employ one-sided limits of the types listed in the next 
chart. 
One-sided limits (2.2) 
NOTATION INTUITIVE MEANING | GRAPHICAL INTERPRETATION 
lim f(x)=L We can make /(x) as ! 
T: аъ close to 1, as desired 
ыала) Бу choosing х sufficiently 
close to a, and x < a. 
lim f(x) = L We can make f(x) as 
zip B close to L as desired 
(rint band шаш) by choosing x sufficiently 
close to a, and x >а. 

For a left-hand limit, the function / must be defined in (at least) an 
open interval of the form (c. a) for some real number c. For a right-hand 
limit, / must be defined in (a. с) for some c. The notation x — a` is read 
x approaches a from the left, and x — a* is read x approaches a from the 
right. 

EXAMPLE 5 If f(x) = yx — 2, sketch the graph of f and find, if 
cds possible, 
I © 3 ; Р Cw : Я 
(а) lim f(x) (b) lim f(x) (с) lim f(x) 
АУ x-2* x2 x2 
SOLUTION The graph of f is sketched in Figure 2.6. 
(a) If x > 2, then x — 2 > 0 and hence /(х) = yx —2 is a real number; 
1 that is, f(x) is defined. Thus, 
а {г jus AE 5 US aie аш а. 
+ 
T (6) The left-hand limit does not exist because f(x) = yx — 2 is not a real 
—— 4+ number if x < 2. 
B : (c) The limit does not exist because f(x) = yx — 2 is not defined through- 





out an open interval containing 2. 
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FIGURE 2.7 
I(x) = |х| 
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FIGURE 2.8 


Theorem (2.3) 
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The relationship between one-sided limits and limits is described in the 
next theorem. 


lim /(х) -1, if and only if lim f(x) = L= lim f(x) 


The preceding theorem (which can be proved using definitions in 
Section 2.2) tells us that the limit of f(x) as x approaches a exists if and 
only if both the right-hand and lefi-hand limits exist and are equal. 


EXAMPLE 6  Iff(x) = EL sketch the graph of f and find, if possible, 


x 
(a) lim f(x) (b) lim f(x) (c) lim f(x) 
x0 x-0* x0 


SOLUTION The function f is undefined at x = 0. If x > 0, then |x| = x 
and f(x) = x/x = 1. Hence for x > 0 the graph coincides with the hori- 
zontal line y = 1. If x < 0, then |x| = —x and f(x) = —x/x = —1. This 
gives us the sketch in Figure 2.7. Referring to the graph, we see that 


(а) lim f(x) = —1 
х-0 


(b) lim /(х)-1 

М 
(c) Since the left-hand and right-hand limits are not equal, it follows 
from Theorem (2.3) that lim, ., f(x) does not exist. 








In the next example we consider a piecewise-defined function. 


EXAMPLE 7 Sketch the graph of the function f defined as follows: 


3—x forx<1 
f(x) =< 4 forx = 1 
х? +1 forx>1 


Find lim f(x), lim f(x), and lim f(x). 
жї” gT ST 


SOLUTION The graph is sketched in Figure 2.8. The one-sided limits 
are 


lim f(x) 2 lim (3—x)22 


ж: ш x1 
and lim f(x) = lim (x? + 1) = 2. 
x-c1* кә? 


Since the right-hand and left-hand limits are equal, it follows from 
Theorem (2.3) that 


lim f(x) = 2. 
xl 


Note that the function value f(1) = 4 is irrelevant in finding the limit. 
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FIGURE 2.9 
V (liters) 
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The following application involves one-sided limits. 


EXAMPLE 8 A gas (such as water vapor or oxygen) is held at a con- 
stant temperature in the piston shown in Figure 2.9. As the gas is com- 
pressed, the volume V decreases until a certain critical pressure is reached. 
Beyond this pressure, the gas will assume liquid form. Use the graph in 
Figure 2.9 to find and interpret 

(a) lim V (b) lim ! (c) lim V 


Р-100 Р- 100”: Р-100 


SOLUTION 


(а) We see from Figure 2.9 that when the pressure Р (in torrs) is low, 
the substance is a gas and the volume V (in liters) is large. (The definition 
of the unit of pressure, the torr. may be found in textbooks on physics.) 
If P approaches 100 through values less than 100, V decreases and ap- 
proaches 0.8: that is, 
lim И = 0.8. 

Р-100 
The limit 0.8 represents the volume at which the substance begins to 
change from a gas to a liquid. 
(b) If P > 100, the substance is a liquid. If P approaches 100 through 
values greater than 100, the volume V increases very slowly (since liquids 
are nearly incompressible), and 

Ша V=0,3. 

P—1007 
The limit 0.3 represents the volume at which the substance begins to 
change from a liquid to a gas. 
(с) іт. ‚оо does not exist since the left-hand and right-hand limits in (a) 
and (b) are not equal. (At P — 100 the gas and liquid forms exist together 
in equilibrium. and the substance cannot be classified as either a gas or 
a liquid.) 








Exer. 1-10: Find the limit. 
1 lim (3x- 1) 


x—2 


3 lim x 
ase 


5 lim 7 


x7 100 


7 lim x 


>=] 
( 3 х+4 
(9 lim — 
x5-12x4-1 


2 lim (x? + 2) 


Exer. 11—24: Use an algebraic simplification to help find 
the limit, if it exists. 








" | im Ut 3 — 4) (x + Dog + 3) 
и lin ———— 12 lim —————— 
4 lim (~x) x---3(X + 3)(х + 1) болш? х4-1 
gre. 
13 li х? —4 141 2х?—6х°+х—3 
i im im = 
и = х-2 Х— 2 5-53 х-3 
peg P N-3 
8 lim(—1) 15 lim- E 16 lim — 
хэл yy 20° + Se — 7 


10 lim 


x+2 28-16 ыл. УХ 
= { lim 18 lim — 54 
reg X—4 \ ё-4,1-2 ‹—25 X — 29 


err 12 


Ё. 























EXERCISES 2.1 49 
= x +h? —x2 X 3.0 зз 
иш 75 яс? Tx 
һ=0 1 h0 h 
zi п + 8 25 Ю--8 
im 5 
һ +2 хар he —4 
2-4 2-5 
23 lim —- 24 lim -, - 
i12 — 22 — 8 2522 — 102+ 25 
Ехег, 25-30: Find each limit, if it exists: 
{ај lim f(x) (b) lim f(x) (clim f(x) 
х-а ava да 
х-4 
28 (х) = |x | : a=4 
х-4 
26 f(x) = Eo" а=—5 
|x+5| 
-— 34 
(27 f(x) ух+6+х а= –6 
28 f() = /5—2x – x а= $ 
1 
29 f(x) ==: a=0 
x 
30 J(3) = — =$ 
f(x) = —$ a= 
“Ехег, 31-40: Refer to the graph to find each limit, if it 
exists: 
[a] lim f(x) (6) lim f(x) (8) lim f(x) 
0—72 xc x2 
(9) lim f(x) (е) lim f(x) f) lim f(x) 
x0 x0" xcu 
= y 35 


НЄ 
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37 » 1 | Exer. 41—46: Sketch the graph of f and find each limit, 
| ` if it exists: 
(aj lim f(x) (р) lim f(x) cj lim f(x) 
хэ! хэл” хэ! 
ifx «1 
ifxzl 
42 f(x) 4 "sd 
ix} 
i 3-х їїх»! 
3x—1 fxs l 
43-1(х)- 
1 y a х»! 
|х-1| ifx#1 
44 /(х)- 
7 } х= 1 
38 
xi-1 ifx«l 
45 f(x) 241 ifx 21 
x41 ifx>1 
-х! ifx«l 
46 fix) = 42 ix 
x—2 ifx»1 
47 А country taxes the first $20,000 of an individual's in- 
come at a rate of 15°, and all income over $20,000 is 
taxed at 207... 
39 (a) Find a piecewise-defined function T for the total tax 
on an income of x dollars. 
(ы) Find 
lim — T(x) and lim T(x). 
х- 20,000 хэ 20.000 * 
48 A telephone company charges 25 cents for the first min- 
1 ute of a long-distance call and 15 cents for each addi- 
tional minute. 
[a] Find a piecewise-defined function C for the total cost 
of a long-distance call of x minutes. 
(b) If n is an integer greater than 1, find 
lim C(x) and lim C(x). 
40 


| 49 





Shown in the figure on the next page is a graph of the 
g-forces experienced by astronauts during the takeoff of 


а spacecraft with two rocket boosters. (A force of 2g’s 


is twice that of gravity. 34's is three times that of gravity, 
etc.) If F(r) denotes the g-force t minutes into the flight, 
[ind and interpret 
(a) lim Fit) 

107 


[b] lim F(r)and lim F(u) 
13.5 t-3.5 

(c) lim А) and lim F(t) 
1-5 


1-5 


REET 
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EXERCISE 49 [c] Exer. 51-56: The stated limit may be verified by methods 
Fit) (gs) developed later in the text. Lend support to the result by 


substituting appropriate real numbers for x. Why does 
this fail to prove that the limit exists? 


51 lim (1 + x) * = 2.72 











10... = 
smien 52 lim (1 + 2x" = 4034 
a im (1 + 2x)" ~ = 403. 
g PHooster Second J x m 
booster / | 35-09 
| Е: о 
6 | 53 lim — = 9.89 
| х-2Х--2 
4 | Spacecraft 25-22 
| engine Ян 54 lim ——— x 1.39 
2 | | Engine x41 x—1 
Ч 1 мийдэнт, 4l $ 9! vixi 
0--1---1--45 55 lim (= ) =6 
1 2 9 + 5 r (minutes) x0 2 | 


50 A hospital patient receives an initial 200-milligram dose 
— of a drug. Additional doses of 100 milligrams each are 
then administered every 4 hours. The amount f(t) of [c] 57 
the drug present in the bloodstream after г hours is 
shown in the figure. Find and interpret lim,., /(!) and 
lim, + ДӨ. 15) What is the limit in (a)? 


г Aulo. f DAGI TO : ҮР” 
EXERCISE 50 100) (mg) [c] 58 |a] If f(x) = - 0933. investigate lim, ог f(x) by 
letting x = 10 "for n= 1,2. 3. 


(a) If f(x) = cos (1/x) — sin (1/x), investigate lim,.. f(x) 
by first letting x = 3.1830989 x 10 " for n = 2, 3.4 
and then letting x = 3 x 10 " for n = 2, 3.4. 


[b] What appears to be the limit in (a), and what is the 
actual limit? 


400 


Кы. 
300 “ч, 
ыз 


200 


100 


t (hours) 


2.2 DEFINITION OF LIMIT 


The precise meaning of limit of a function is stated in Definition (2.4) of 
this section. Because the definition is rather abstract, let us begin with a 
physical illustration that may make it easier to understand. Scientists often 
investigate the manner in which quantities vary and whether they ap- 
proach specific values under certain conditions. The apparatus illustrated 
in Figure 2.10(i) is used to study the flow of liquids or gases. It consists of 
a Venturi tube (a cylindrical pipe with a narrow constriction) and two 
meters that measure the pressure of a flowing liquid or gas in the noncon- 
stricted and constricted parts of the tube. (Other types of meters may 
measure the speed at which the liquid or gas flows through the tube.) Let 


gI——— P CL е эт aaa 
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FIGURE 2.10 
(i) 


Inward pressure 





Constricted pressure 
^ 





ner — 
— » — 
— —— =- 
(1) ! ) 
1! 
X 
220 
Inward. pressun 
1, 46 
y. Y 
Ls. 


Constricted pressure 


us suppose that a liquid enters the tube from the left, with a certain veloc- 
ity. (The notion of velocity is defined precisely in Chapter 3.) The inward 
pressure meter displays a measurement x of the pressure in the noncon- 
stricted part of the tube. As the liquid passes through the constriction 
it speeds up. and the pressure decreases to a value y. as indicated by 
the constricted pressure meter. Let us fix our attention on the two me- 
ters, as illustrated in Figure 2.10(ii). We will use these meters to give a 
precise meaning to the statement y approaches L as x approaches a, or, 
symbolically, 

lim y = L. 

x-*a 

When using this laboratory equipment, we would not expect the pres- 

sure y to remain exactly at L over a long period of time. Instead, our goal 
might be to force y to remain very close (0 L by restricting x to values 
near a. In particular, if є (epsilon) denotes a small positive real number, 
let us suppose it is sufficient that 


L—exy<L+e, 


as indicated on the constricted pressure meter in Figure 2.1 0(ii). An equiv- 
alent statement using absolute values is 


\y—L) «єв. 


If these inequalities are true, we say that y has e-tolerance at L. For exam- 
ple. the statement y has 0.01-tolerance аг L means | y — L | < 0.01; that is, 
y is within 0.01 units of L. This tolerance may be sufficiently accurate for 
experimental purposes. 

Similarly. let us consider à small positive number ó (delta) and define 
ó-tolerance at a on the inward pressure meter in Figure 2.10(1). In our 
later work with functions it will be important that x 4 a. Anticipating this 
restriction, we say that x has ó-tolerance at a if 


0 «|[x—a| <ð, 
or, equivalently, if 
a-—d<x<a+o6 and хжа. 
Let us now consider the following question. 


Question: Given any є > 0, is there a 6 > О such that 
if x has 6-tolerance at a, then y has e-tolerance at L? 


If the answer to this question is yes, we write 


Im y s£: 
vnu 
It is important to note that if lim, ., у = L. then no matter how small 
the number є. we can always find a д> 0 such that if x is restricted to the 
interval (a — д.а + д) on the inward pressure meter (and x # а). then v 
will lie in the interval (L — e. L + €) on the constricted pressure meter. 
This is a more precise interpretation of the limit concept than that used 
in Section 2.1. where we used words such as closer and approaches. If we 
rephrase the last question and its answer in terms of inequalities, we obtain 








"m 
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the following statement: 


lim v —4 


“a 


means that for every є > 0, there is a 6 > 0 such that 
if 0«|х-и(«д, then |y—L|<e« 


It is now a small step to formulate the definition of a limit of a function 
f. All that is required is to let y = f(x) in the preceding discussion. This 
gives us the following definition, which also states the conditions required 
for the function /. 


Definition of limit of a н Н E 
function (2.4) Let a function/f be defined on an open interval containing a, except 
possibly at а itself, and let L be a real number. The statement 


lim f(x) = L 


xu 
means that for every є > 0, there is a д > 0 such that 


if 0«|x—a|« 9, then |f) — L| « e. 


FIGURE 2.11 


i] O<|x—al<o 


peo] We sometimes call the inequality 0 < |x — a| < 6 a ó-tolerance state- 


ment and the inequality | f(x) — L| < € an e-tolerance statement. 


If we wish to use a form of Definition (2.4) that does not contain ab- 
solute value symbols, we note that 


(i) 0 < |x —a| < ò is equivalent toa —ó < x < a + ð and x £a 


| | (ii) | /(X) — L| < є is equivalent to L— є < f(x) < L+ € 
! 
2 йй di ё& m Inequalities (i) and (ii) are represented graphically on real lines in 


Figure 2.11. We may restate Definition (2.4) as follows. 


lim f(x) = L 


xa 


Alternative definition of limit (2.5) 


means that for every є > 0, there is a 6 > 0 such that if x is in the 
open interval (a — ô, а + д) and x z a, then f(x) is in the open 
interval (L — €, L + €). 


If f(x) has а limit as x approaches a, then that limit is unique. A proof 
of this fact is given at the beginning of Appendix II. 

In using either Definition (2.4) or (2.5) to show that lim,.., f(x) = L. 
it is very important to remember the order in which we consider the numbers 
є and б. Always use the following two steps: 


Step 1 Consider any € > 0. 
Step 2 Show that there is a 6 > 0 such that if х has 6-tolerance at a, 
then f(x) has e-tolerance at L. 


The number 6 in the limit definitions is not unique, for if a specific 
à can be found, then any smaller positive number à, will also satisfy the 
requirements. 
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Before considering examples, let us rephrase the preceding discussion 
in terms of the graph of the function f. In particular, for e > 0 and ò > 0 
we have the following graphical interpretations of tolerances. where 
P(x, f(x)) denotes a point on the graph of f. 





Tolerance statement | Graphical interpretation | 
f(x) has e-tolerance at L. Р(х. f(x)) lies between the horizontal lines | 
y=L+te. 3 
х has ð-tolerance at a. х is in the interval (a — à, a + ð) on the 


y-axis, and x # a. 


The two steps in showing that lim, .,, f(x) = L may now be interpreted 
graphically as follows: 


Step 1 For any є > 0, consider the horizontal lines y = L + e (shown 
in Figure 2.12). 

Step 2 Show that there is a 6 > 0 such that if x is in the open interval 
(a — à, a + д) and x # a, then P(x, /(х)) lies between the horizontal 
lines y = L + « (that is, inside the shaded rectangular region shown in 
Figure 2.13). 


FIGURE 2.12 FIGURE 2.13 
: у 








Я Р(х, f(x)) 
Д 





EXAMPLE 1 Use Definition (2.4) to prove that lim (3x — 5) = 7. . 


xed 


SOLUTION If, in Definition (2.4), we let f(x) 2 3x — 5, а= 4, and 
L = 7, then we must show that given any є > 0, we can find a 6 > 0 such 
that pb yes л 

(*) if 0«|x—4|« à, then [(3x —5) — 7| «e. 

To solve inequality problems of this type we can often obtain a clue to 
a proper choice for д by examining the e-tolerance statement. Doing so 
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leads to the following list of equivalent inequalities: 


(3x —5)—7|<€ (елоісғапсе statement) 
|3x — 12| «€ = (simplifying) 
|3(х — 4)| <є (соттоп factor 3) 
3 |х = 4| <E (properties of absolute value) | 
, =À |x- 4| < іє (multiply by 1) 


The final inequality in the list gives us the needed clue. Specifically, we 
choose 6 such that д < 1e and obtain the following equivalent inequalities: 


0< |x -4|«6  .(ó-tolerance statement) 
0« |х —4|«ie (choice of à < te) 
0<3|x—4|<e€ (multiply by 3) 
0 < [3х – 12| <є (properties of absolute value) 
FIGURE 2.14 0«13Х-5-7|«є . (equivalent form) 


This verifies (+) and hence completes the proof. 


The next example illustrates how the geometric process shown in Fig- 
ures 2.12 and 2.13 may be applied to a specific function. 


EXAMPLE 2 Prove that lim x? = a?. 


xu 


SOLUTION Let us consider the case a > 0. We shall apply the alterna- 
tive definition (2.5) with f(x) = x? and L = a°. Thus, given any e > 0, we 
; must find a 6 > 0 such that 





(x) if xisin(a—6,a+6)andx Za, then x?,isin(a? — e, a? + €). 
We can obtain a clue to a proper choice for ó by examining graphical 
FIGURE 2.15 interpretations of tolerance statements. Thus, as in step 1 on page 54, 
AY consider the horizontal lines y = a? + є. As shown in Figure 2.14, these 
| lines intersect the graph of y = x? at points with x-coordinates ya? — є 
and ya? + e. Note that if x is in the open interval (ya? — є, Va? + €). 
then the point (x, x?) on the graph of f lies between the horizontal lines. 
If we choose a positive number ò smaller than both ya? + є —a and 
a — va? — e, with a? — є > 0, as illustrated in Figure 2.15, then when х 
has 6-tolerance at a, the point (x. x?) lies between the horizontal lines 
ye a? + є (that is, x? has e-tolerance at a*). This proves (+). Although 
we have considered only a > 0, a similar argument applies if a < 0. 








The next two examples. which were also discussed in Section 2.1, 
/ a x ^ indicate how the geometric process illustrated in Figure 2.13 may be used 
EB PA to show that certain limits do nor exist. 
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FIGURE 2.17 
f(x) = — 








EXAMPLE 3 Show that lim 1 does not exist. 


x70 X 
SOLUTION Let us proceed in an indirect manner. Thus, suppose that 


lim 5 E 

x-0X 
for some number L. Consider any pair of horizontal lines у= L+e, as 
illustrated in Figure 2.16. Since we are assuming that the limit exists, it 
should be possible to find an open interval (0 — б, 0 + ò). ог. equivalently, 
(—ò, ò), such that if —ó < x < ò and x # 0, then the point (x, 1/х) on the 
graph lies between the horizontal lines. However, since | 1/х | can be made 
as large as desired by choosing x close to 0, some points on the graph 
will lie either above or below the lines. Hence our supposition is false; 
that is, lim, (1/х) # L for any real number L. Thus, the limit does not 
exist. 


FIGURE 2.16 
1 

fix) = 
X 





EXAMPLE 4 If f(x) = xl . show that lim f(x) does not exist. 


x0 


SOLUTION The graph of f is sketched in Figure 2.17. If we consider 
any pair of horizontal lines y = L+ €e. with 0 <€ < 1. then there are 
always some points on the graph that do not lie between these lines. In 
the figure we have illustrated a case for L > 0; however, our proof is valid 
(ог every L. Since we cannot find a д > 0 such that step 2 on page 54 
is true, the limit does not exist. 
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The following theorem states that if a function f has a positive limit as 
x approaches a, then f(x) is positive throughout some open interval contain- 
ing a, with the possible exception of a. 


Theorem (2.6) ~~ — — -— 
If lim, ., f(x) = L and L0, then there is an open interval 
(a — ð a + б) containing a such that f(x)» 0 for every x in 
(a — б, a + д), except possibly x = a. 





PROOF ПІ > Oand we let e = $L, then the horizontal lines y = L + € 
are above the x-axis, as illustrated in Figure 2.18. By Definition (2.5) there 
isa ò > 0 such that ifa —ó <x <a + ò and x # a, then L — «€ < f(x) < 
L + є, Since f(x) > L — «e and L — e > 0. it follows that f(x) > 0 for these 
values of x. шш 


FIGURE 2.18 





We can also prove that if f has a negative limit as x approaches a, then 
there is an open interval containing a such that f(x) < О for every x in the 
interval, with the possible exception of x — a. 

Formal definitions can be given for one-sided limits. For the right- 
hand limit x — a^. we replace the condition 0 < |x — a| < д in Defini- 
tion (2.4) by a < x < a + д. In terms of the alternative definition (2.5), we 
restrict x to the right half (a, а + д) of the interval (a — д.а + д). Similarly. 
for the left-hand limit x —^ a , we replace 0 <|x —a| « ò in (2.4) by 
a— ò< x <a. This is equivalent to restricting x to the left half (a — ò. a) 
of the interval (a — д.а + à) in (2.5). 





EXERCISES 2.2 
Exer. 1—2: Express the limit statement in the form of Exer. 3-6: Express the one-sided limit statement in a 
{з} Definition (2.4) and [b] Alternative Definition (2.5). form similar to (а) Definition (2.4) and |^! Alternative 
Definition (2.5). 
1 lim r(r) = К 2 lim f(r) = M 3 lim gx) = С 4 lim h(z) =L 
ie \ gb хор =a 


ГА 





гт 
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6 lim s(x) = D 


5 lim f(z)2 № 
Exer. 7-12: For the given lim, ., f(x) = L and e, use 
the graph of f to find the largest 6 such that if 
0<|x—a| <6, then | (х) – L| < є. 





oy 5.2 = 0.01 
дуз (4 EEN 
к^ a 
lim — = ASA UM 
9 x^-23 3х+ 2 5 
9 lim x? = 16 € = (),] 
х-4 
10 lim x? = 27 €=0.01 
x3 
11 lim NX = 4 € 0.1 
x^16 
12 lim 4х-3 є=0.! 


Ехег. 13-24: Use Definition (2.4) to prove that the limit 
exists. 


13 lim 5x = 15 14 lim (—4x) = —20 
х3 х-5 
y \[15 lim (2x + 1) = –5 16 lim (5х — 3) =7 
ч x— д x2 
(9) = (10 — 9x) = 64 18 lim (1S — 8x) = —17 
17 xed 
19 lim (3 — іх) = 0 20 lim (9 1x) = 8 
x6 x6 
21 іт 5 = 5 22 lim 32 3 
x3 х= 


23 lim e = for all real numbers a and c 


koa 


24 lim (mx + b) = ma + b for all real numbers m. b. and a 


xa 


2.3 TECHNIQUES FOR FINDING LIMITS 


Exer. 25-30: Use the graphical method illustrated in 
Example 2 to verify the limit for a > 0. 
25 lim х? = а>? 26 lim (x? + 1) =a? +1 


27 lim? = аз 28 lim x* = at 
х-•а х=а 


29 lim Vx = Ja 30 lim 4/x = v/a 
Exer. 31-38: Use the method illustrated in Examples 3 
and 4 to show that the limit does not exist. 








. |x-3| x+2 
31 lim ———— 32 lim 

x23 X—3 x--2 |x 4-2] 

А 3x +3 . 2x—10 
33 lim = 34 lim 

x2-1 |х+1| кэ8 |x— 5| 
35 lim — 36 lim 

xc0X xc4X— 
37 lim 38 li 

—— im 5 
х--ЖЕХ-.5 хэ1(Х-11 


39 Give an example of a function f that is defined at a such 
that lim, .., f(x) exists and lim, ., fix) 4 fla). 


40 If f is the greatest integer function (see Example 4 of Sec- 
tion 1.2) and a is any integer, show that lim, ., f(x) does 
not exist. 


41 Let f be defined as follows: 


fis) = 


Prove that for every real number а, lim, ., f(x) does not 
exist. 


0 ifxis rational 
| if x is irrational 


42. Why is it impossible to investigate lim, о x by means 
Jof Definition (2.4)? 


It would be an excruciating task to verify every limit by means of Defini- 
tion (2.4) or (2.5). The purpose of this section is to introduce theorems 
that may be used to simplify problems involving limits. Before stating the 
first theorem, let us consider the limits of two very simple functions: 


(i) The constant function f given by f(x) = c 
(ii) The linear function g given by g(x) = x 


The graph of f is the horizontal line y = c sketched in Figure 2.19 for 
the case c > 0. Since 


| f(x) - e| 2 |е с| = 0 for every x 
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Theorem (2.7) 


ILLUSTRATION 


FIGURE 2.19 FIGURE 2.20 
Д(х) = с gix) — х 





and since 0 is less than any e > 0, it follows from Definition (2.4) that f(x) 
has the limit c as x approaches a. Thus, 


lim f(x) = lim c = c. 
x-ua xa 
This limit is often described by the phrase the limit of a constant is the 
constant. 
The graph of the linear function g given in (ii) is sketched in Figure 2.20. 
As х approaches a, g(x) approaches a; that is, 
lim g(x) = lim x = a. 
Awa ava 
The preceding limit can also be established by means of Defini- 
tion (2.4). We state these facts for reference in the next theorem. 


| (i) lim ¢ = ¢ 


(i) lim x =a 


As we shall see, the limits in Theorem (2.7) сап be used as building 
blocks for finding limits of very complicated expressions. 


= lim8-8 m lim 3=3 
хээ3 xag 

ша lim x= 4/2 ss lim x= —4 
хээ2 х9 -4 


Many functions сап be expressed as sums, differences, products, and 
quotients of other functions, Suppose / and g are functions and L and М 
are real numbers. If 


f(x) > L and g(x) — M as xoa, 
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we would expect that 
fix) -4х)--1-М as xa. 


The next theorem states that this expectation is true and gives analogous 
results for products and quotients, 


Theorem (2.8) Е 
If lim f(x) апа lim g(x) both exist, then 





(i) um [/(х) + g)] = lim I(x) + lim (х) 
її) ша |/(х):405)| = im fix): ан (х) 
. Г] 2279 ver 
(iii) lim Fa = lim ao" provided lim gx) #0 
| хэв 
м! lim [4/09] = ¢ tim LI 
(м) 


lim [ f(x) — g(x)] = lim f(x) — lim glx) 


We may state the properties in Theorem (2.8) as follows: 


(1) The limit of a sum is the sum of the limits. 

(ii) The limit of a product is the product of the limits. 

(iii) The limit of a quotient is the quotient of the limits. provided the 

denominator has a nonzero limit. 

(iv) The limit of a constant times a function is the constant times the 

limit of the function. 

(у) The limit of a difference is the difference of the limits. 

Proofs for (i)- (iii), based on Definition (2.4), are given in Appendix II. 
Part (iv) of the theorem follows readily from part (ii) and from Theo- 


rem (2.7)(1): 
lim [efix] = im | E | = {tim | 


To prove (у) we may write 
(x) = glx) = fix) + (— Dyl) 


and then use parts (i) and (iv) (with c = — 1). 
We shall use the preceding theorems to establish the following. 





Theorem (2.9) 
If m. Б. and а are real numbers, then 


lim (mx + b) = ma + b. 
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PROOF By Theorem (2.7), 


lmx=a and limb=b. 


x-*a x~a 
We next use (i) and (iv) of Theorem (2.8): 


lim (mx + b) = lim (mx) + lim b 


x-uü x-*ta ха 


= mim х) +h 


=ma+b ma 


This result can also be proved directly from Definition (2.4). 


ша jim (5x + 2)=5(—2)+2= —8 


xu 


ша jim (4x — 11) = 4(6) — 11 = 13 


х- 6 


It is easy to find the limit in the next example by means of Theo- 
rems (2.8) and (2.9). To obtain a better appreciation of the power of these 
theorems, you could try to verify the limit by using only Definition (2.4). 


3х 
EXAMPLE 1 Find lim 3, 
x2 5х + 7 





SOLUTION From Theorem (2.9) we know that the limits of the numer- 
ator and denominator exist. Morever, the limit of the denominator is not 
0. Hence, by Theorem (2.8)(iii) and Theorem (2.9), 


3,4 TOE) ыла ү 


245х-7 шаха) 502)-7 17 


х = 





Theorem (2.8) сап be extended to limits of sums, differences, products, 
and quotients that involve any number of functions. In the next example 
we use part (ii) for a product of three (equal) functions. 


EXAMPLE 2 Prove that lim x? = «?. 


>a 


SOLUTION Since lim,.., x = а, 


lim x? = lim (x * x- x) 


xa xa 


(88) 


= а:а`а = а^. 











CHAPTER 2 LIMITS OF FUNCTIONS 
OS OER 2 HMITS OF FUNCTIONS 


The method used in Example 2 can be extended to x" for any positive 
integer n. We merely write x" as a product x+ x+ +- х of n factors and then 
take the limit of each factor. This gives us (i) of the next theorem. Part (1) 
тау be proved in similar fashion by using Theorem (2.8)(ii). Another 
method of proof is to use mathematical induction (see Appendix 1). 








Theorem (2.10) | рад 
If п is a positive integer, then 


(i) lim x" = а" 


xa 


[i] lim |] = | f «|, provided lim f(x) exists 








EXAMPLE 3 Find lim (3x + 4). 


х-2 


SOLUTION Applying Theorems (2.10)(ii) and (2.9), we have 


5 


lim (3x + 45 = | tim (3х + 7 


= [32) + 4f? 
= 10° = 100,000. 





EXAMPLE 4 Find lim (5x? + 3x? — 6). 


xx 


SOLUTION We may proceed as follows (supply reasons): 
lim (5x? + 3x? — 6) = lim (5x?) + lim (332) — lim (6) 


sreg aee ssm £-- 


=5 lim (x?) 43 lim (x?)— 6 


x= 


=5(=—2°-„З(—2]5=—6 
= 5—8) + 3(4)— 6 = —34. 





The limit in Example 4 is the number obtained Бу substituting —2 for 
x in 5х? + 3x? — 6. The next theorem states that the same is true for the 
limit of every polynomial. 





Theorem (2.11) ; 1 , ; Ф 
If f is a polynomial function and а is a real number, then 


lim f(x) = f(a). 





PROOF Since f is a polynomial function, 


f(x) = Бх" + b, x") e + b, 





ооо о о оо о ee 
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for real numbers bp, Б„-\..... bo. As in Example 4, 


lim f(x) = lim (b,x") + lim (b, үх”77) 9 ::* + lim bo 
= b, lim (x") + b,- lim (x^^!) + +++ + lim bo 


ха x-u 


"T = ba" + b, ,a ! +++ bo = f(a). m 


v6 


2 eh ex » ] ! or + La 20-4 


а + = 





Corollary (2.12) 3 1 : : 
If q is a rational function and a is in the domain of q, then 


lim q(x) = qla). 


xa 





PROOF Since д is a rational function, g(x) = f(x)/h(x), where f and Л 
are polynomial functions. If a is in the domain of q, then h(a) # 0. Using 
Theorems (2.8)(iii) and (2.11) gives us 





налж > 
iim 4) = dl IM Voca ae 
xa lim h(x) h(a) 
a m 
EXAMPLE S Findlim 2 - 2221, 
x3 4x = 7 


SOLUTION Applying Corollary (2.12) yields 


Нүд 35—201. 587 20) +1 
хз 40-7 4(3) —7 
45-6-1 40 


108—7 1017 








The next theorem states that for positive integral roots of x, we may 
determine a limit by substitution. A proof, using Definition (2.4), may be 
found in Appendix II. 


Theorem (2.13) А E. ma : . : 
If à > 0 and n is a positive integer, or if a < 0 and n is an odd posi- 


tive integer, then 
lim {/х = va. 
ха 


If m and n are positive integers and a > 0, then using Theorems (2.10)(11) 
and (2.13) gives us 


lJ es) (3) 


In terms of rational exponents, 


lim хт" = а", 
This limit formula may be extended to negative exponents by writing 
yo’ = 1/x" and then using Theorem (2.8)(iii). 


ү EEE CARI, ND NES iU rM a MMC 
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Theorem (2.14) 





Sandwich theorem (2.15) 


2313 EB 
x"? + 3jx 
Find lim — > 


EXAMPLE & ss 4—(1659 


SOLUTION We may proceed as follows (supply reasons): 











x^? + 3 x lim (x?? + 3y x) 
lim ne as HR 
хэв 4—(16x) — lim [4 — (16/х)] 
x8 
lim x^? + lim 3x 
— *^:8 XR 
lim 4 — lim (16/x)- 
xB8 х-+8 
9754348 
4 — (16,8) 
4+ 6,2 
“тз TAa 








If a function / has a limit as х approaches a, then 


lim Ло) = vim Дх), 
provided either n is an odd positive integer or n is an even positive 
integer and lim... f(x) > 0. 





The preceding theorem will be proved in Section 2.5. In the meantime 
we shall use it whenever applicable to gain experience in n finding limits that 
involve roots of algebraic expressions. 


EXAMPLE 7 Find lim 3/3Х5-44х-1-9, 
х-5 
SOLUTION Using Theorems (2.14) and (2.11). we obtain 
іт 4/3x? — 4x +9 = i/lim (3x? — 4x + 9) 
x5 х-*3 


= {/75—20+9 = 4/64 = 4. 





The next theorem concerns three functions f, h, and g such that h(x) is 
“sandwiched” between f(x) and g(x). If f and g have a common limit L as 
х approaches a, then, as stated in the theorem, h must have the same limit. 








| 
| Suppose /(х) < h(x) < g(x) for every x in an open interval containing | 
a, except possibly at a. 


| If lim f(x) = 


then lim h(x) = 


xu 


L = lim g(x), 





If f(x) < h(x) < g(x) for every x in an open interval containing x. then 
the graph of h lies between the graphs of f and g in that interval. as illus- 
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FIGURE 2.21 trated in Figure 2.21. If / and g have the same limit L as x approaches a, 

y then it appears from the graphs that л also has the limit L. A proof of 
the sandwich theorem based on the definition of limit may be found in 
Appendix II. 


EXAMPLE 8 Use the sandwich theorem to prove that 


lim x? sin —; = 0. 
x0 Жо 


SOLUTION Since —1 € sin t € 1 for every real number t, 





PES 
—1l<sin-; < 1 
m 


FIGURE 2.22 


for every x 0. Multiplying by x? (which is positive if x 4 0), we obtain 


za 3 
—x^«x?sn— «xx. 
X" 


This inequality implies that the graph of y = x? sin (1/x?) lies between the 


parabolas y = —x? and y = x? (see Figure 2.22). Since 
lim(—x?) 20 and lim x? = 0, 
x0 х-0 
it follows from the sandwich theorem (2.15), with f(x) = —x* and g(x) = х?, 


that 


: m 4 
lim x? sin — = 0. 
53 


хэд 








Theorems similar to the limit theorems in this section сап be proved 
for one-sided limits. For example, 


lim | f(x) + g()] = lim f(x) + lim g(x) 


and lim (х) = & lim f(x) 
X-*a* хээ" 





with the usual restrictions on the existence of limits and nth roots. Anal- 
FIGURE 2.23 ogous results are true for left-hand limits. 
y 
EXAMPLE 9 Find lim (1 + Vx — 2). 
Жэ?” 
SOLUTION Тһе graph оЇ/(х)-1--/х — 2 is sketched in Figure 2.23. 
Using (one-sided) limit theorems, we obtain 
х2" ett х2" 
= 1 + lim (x — 2) 
әз” 


=1+0=1, 


Note that there is no left-hand limit, or limit as х approaches 2, since 
Vx — 2 is not a real number if x < 2. 
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FIGURE 2.24 


EXERCISES 2.3 


EXAMPLE 10 Let c denote the speed of light (approximately 
3.0 x 10% m/sec, ог 186,000 mi/sec). In Einstein’s theory of relativity, the 
Lorentz contraction formula 


L= Lo 6а 


specifies the relationship between (1) the length L of an object that is 
moving at a velocity v with respect to an observer and (2) its length Lo at 
rest (see Figure 2.24). The formula implies that the length of the object 
measured by the observer is shorter when it is moving than when it is at 
rest. Find and interpret lim,- L, and explain why a left-hand limit is 
necessary. 


SOLUTION Using (one-sided) limit theorems yields 


lim L= lim | eS 
: 


рос yc 





Thus, if the velocity of an object could approach the speed of light, then 
its length, as measured by an observer at rest, would approach zero. This 
result is sometimes used to help justify the theory that the speed of light 
is the ultimate speed in the universe; that is, no object can have a velocity 
that is greater than or equal to c. 

A left-hand limit is necessary because if > c, then 4/1 — (v?/c?) is not 
a real number. 











Exer. 1-48: Use theorems on limits to find the limit, if 


it exists. 


1 lim 15 
х-42 
3 lim х 


9—2 


5 lim (3x — 4) 


x74 


7 lim a=3 
x5-24x +3 


9 lim (—2x + 5)* 


x-1 


11 lim (3x — 9)!?9 
x3 





13 lim (3x? — 2x + 7) 


хэ-2 


15 lim (х?+3)(х—4) 16 lim (3t + 4(7t — 9) 
pg 





x-N2 
| 17 lim (x — 3.1416) 18 lim (1x — 44) 
2 lim 4? хээд xon 
x15 2 2 
6s — 1 4x° — 6x +3 
Pe 19 і 20 lim —————— 
4 lim x hoop — i1m 16x?-4- 8x — 7 
6 lim (—3x 4 1) (2) Qo2x!4 5x— 3 ur 0 
lim —2————— 22 lim — 
ман ODES x2 — 

8 1 563 x*—x—2 ++ 2% —3 
us LAM Icom m 38 1,222 
se dod Ee (x — 2) хэ-2Х + 5x + 6 

10 lim (3x — 1) 4 

» 1 . x-16 
ym ?5 lim хэл 26 lim > 

12 lim (4x — 1)5° x^-2X* —16 x16 x —4 
x-1/2 
: 5 Ох) - (1/2 i x43 

14 lim (5x? — 9x — 8) 27 mai 659 — 0/2 " hi. 
#4 х-2 Х-2 x —3(1/x) + (1/3) 











EXERCISES 2.3 


ЯН | ж 1 „ Үү» КҮ 
29 lim - - 30 lim | vx +—= 
4 gaa \X=— 1 х—1 xl ух 


























гү. 2ух+х?? | 16x73 
34/ iim —— —— 32 lim "m 
x16 Хх + 5 х--84-1Х 
\ 33) lim 4x? — 5x — 4 34 lim Jx* — 4x + 1 
х х-4 х==2 
, 9 + 5х — 3x" х-л 
35 inn '3/—<—<_ — — 36 lim 5 
3x3 M es 1 хэл Ч х+дл 
S. 4— 16 +h - FÉ 4 
2121-22-25 38 lim [ - Ur =] 
pv h һо MUNERA _, 
.x-x-2 . x— 7x4 10 
39 lim z 40 lim ——— ——— 
x1 х7-1 х-2 к” — 64 
41 Їйл:2(32-4)9-0) 42 lim /3k? + 44/3k +2 
t3 к-2 
аз lim (ух!-25-3) 44 lim x49— х? 
x25* x3 
(x—3y | х+10 
45 | Lii нана 46 lim ———— 
“час X—3 x-107 (х + 10)? 
2o 1+ /2x— 10 . “be = 16 
Mf düd-———— WE on = 
x-$* x43 х-+4* x+4 


Exer. 49—52: Find each limit, if it exists: 
{ај lim f(x) (>) lim f(x) (9 lim f(x) 


aa ха” xa 
49 f(x) = 45-х,) а-5 
50 f(x) 2 48—x*5; а-2 
5] р) = 3-1; a-1 
52 f(x) = х29: 





Exer. 53—56; Let n denote an arbitary integer. Sketch 
the graph of f and find lim, .„- f(x) and lim,..,- f(x). 


53 f(x) 2(-1" if п<х<п+1 


54 f(x) 2n if nx«n-41 
“лэ p ifx=n аы n ifx-n 
"7310 ifxen are | ifx#n 


Exer. 57-60: Let [ ] denote the greatest integer func- 
tion and n an arbitrary integer. Find 


(а) lim f(x) 15) lim f(x) 
57 f(x) = [x] 
59 f(x) = —[—x] 


58 f(x) 2 x — [x] 
60 f(x) = [x] — x? 


Exer. 61-64: Use the sandwich theorem to verify the 
limit. 
61 lim (x^ + 1) = 1 


(Hint: Use lim (|x| + 1) = 1.) 
x x0 


167 


69 


7! 
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ЧЕН” ШИР 
х-0 ух“ + 4x* + 7 
(Hint: Use f(x) = 0 and g(x) = | x|.) 





lim x sin (1/x) = 0 

xO 

(Hint: Use f(x) = —|x| and g(x) = |x|.) 

lim x* sin (1 Ix) =0 (Hint: See Example 8.) 

х0 

If 0 < f(x) < c for some real number с, prove that 
lim, X f(x) = 0. 


If lim,.., f(x) = L #0 and lim, ., g(x) = 0, prove that 
lim, ., [f(39/g(x)] does not exist. (Hint: Assume there 
is a number M such that lim,.., [ /(х)/д(х)] = М and 
consider lim, ., f(x) = lim,.., [9(х)  /9/g(3]J 


1 ; 7 
Explain why lim (* sin 3 = (im ©) (im sin Ч) 
x0 x x0 x0 х 


/ 


Explain why lim ( + ) z lim 1 + lim x. 

x-0 C x=0 X x70 
Charles’ law for gases states that if the pressure remains 
constant, then the relationship between the volume V 
that a gas occupies and its temperature T (in 'C) is given 
by V = V(1 + 5334 T). The temperature T = —273°C is 
absolute zero. 
(а) Find lim V. 

T^ -273* 

(b) Why is a right-hand limit necessary? 


According to the theory of relativity, the length of 
an object depends on its velocity v (see Example 10). 
Einstein also proved that the mass m of an object is 
related to v by the formula 


Mo 


n————— ——c. 
4! — (v*/c^) 


where mp is the mass of the object at rest. 
(a) Investigate lim m. 


rc 
15) Why is a left-hand limit necessary? 
A convex lens has focal length f centimeters. If an object 
is placed a distance p centimeters from the lens, then the 


distance q centimeters of the image from the lens is re- 
lated to p and f by the lens equation 


1 A 11 

р а J 
As shown in the figure on the following page, р must be 
greater than / for the rays to converge. 


(a) Investigate lim q. 
ру? 
15) What is happening to the image as p > / ^? 
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(a) Find lim M and explain why a right-hand limit is 
p-0* 
Image necessary. 


[b] Investigate lim M and explain what is happening 





E | ИШ ai , 
| hes | to the image size as p > f^. 
| x: | 
| | | EXERCISE 72 
| 3 | = 
| рі, 
--р--»ын----1----»| Image 


72 Shown in the figure is a simple magnifier consisting of 
a convex lens. The object to be magnified is positioned 
so that its distance p from the lens is less than the focal 
length f. The linear magnification M is the ratio of the 
image size to the object size. Using similar triangles, we 
obtain М = q/p, where q is the distance between the 


image and the lens. 
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FIGURE 2.25 





/(х) = 


х-2 








When investigating lim,.,- f(x) ог йт. f(x), we may find that as x 
approaches a, the function value f(x) either increases without bound or 
decreases without bound. To illustrate, let us consider 


к 1 
Дх) = "NL 
The graph of f is sketched in Figure 2.25. We can show, as in Ex- 
ample 3 of Sections 2.1 and 2.2, that 
Е | : 
lim 5 does not exist. 
х-2Х--2 


Some function values for x near 2, with x > 2, are listed in the following 
table. 





x 21 201 2.001 2.0001 2.00001 2.000001 
| f(x) 10 100 1000 10,000 100,000 1,000,000 








4 





As x approaches 2 from the right, f(x) increases without bound in the 
sense that we can make f(x) as large as desired by choosing x sufficiently 
close to 2 and x 7 2. We denote this by writing 

1 


lim ——z = 0, or --2- 00 as x32". 
хэ2013-- 2 Х--2 

The symbol эс (infinity) does not represent а real number. It is a notation 
we use to denote how certain functions behave. Thus, although we may 
state that as x approaches 2 from the right, 1/(х — 2) approaches эг (or tends 
to x), or that the limit of 1/(x — 2) equals x, we do not mean that 1/(х — 2) 
gets closer to some specific real number or that lim, + [1/(x — 2)] exists. 

The symbol — x (minus infinity) is used in similar fashion to denote 
that f(x) decreases without bound (takes on very large negative values) as 
x approaches a real number. Thus, for f(x) = 1/(x — 2) (see Figure 2.25). 
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we write 
: | 1 _ 
lim =—%, of ———B—90 dS Х-627. 


x2 х-2 x—2 


Figure 2.26 contains typical (partial) graphs of arbitrary functions that 
approach x or — x in various ways. We have pictured a as positive; 
however, we can also have a < 0. 











FIGURE 2.26 
(| lim f(x) = %, or (ii) lim f(x) = x.or (ш) lim f(x) = — æ, or (м) lim f(x) = —%, or 
fíxX) ^ о аха f(x) ^ © asx a* f(x) + —ocasx > a^ f(x) > — 0с asx a^ 
| y | 
| 
| | 
| | 
| | 
| | 
| | 
| | 
1 > 
a) X 
| 
l 
We shall also consider the two-sided limits illustrated in Figure 2.27. 
The line x = a in Figures 2.26 and 2.27 is called a vertical asymptote for 
the graph of f. 
FIGURE 2.27 
(1) lim f(x) = ос, or f(x) ^ x asx >a (и) lim f(x) = —– 20, or f(x) 9 – о asx a 
xa xa 





Note that for f(x) to approach ос as x approaches a, both the right- 
hand limit and the left-hand limit must be ос, For f(x) to approach — x. 
both one-sided limits must be — x. If the limit of f(x) from one side of 
ais ж and from the other side of a is — 2с, as in Figure 2.25, we say that 
lim, ., f(x) does not exist. 

It is possible to investigate many algebraic functions that approach 
x or — > by reasoning intuitively, as in the following examples. A formal 
definition that can be used for rigorous proofs is stated at the end of this 
section. 











70 


FIGURE 2.28 


Д(х) = 





3 


(x — 2)? 





FIGURE 2.29 


{oy= 





Lo 
(х-4р 


FIGURE 2.30 
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EXAMPLE 1 Find lim — 


x221X — 


зүг" if it exists. 


SOLUTION Tf x is close to 2 and x ¥ 2, then (x — 2)? is positive and 
close to zero. Hence 1/(х — 2)? is large and positive. Since we can make 
1/(x — 2)? as large as desired by choosing x sufficiently close to 2, we see 
that the limit equals oc. Thus, the limit does not exist. 

The graph of y = 1/(x — 2)? is sketched in Figure 2.28. The line x = 2 
is a vertical asymptote for the graph. 


EXAMPLE 2 Find each limit, if it exists. 


" | | 
ee pe Нил 
SOLUTION 


(a) If x is close to 4 and x < 4, then x — 4 is close to 0 and negative, and 


lim 


x4- (x—4p ^ minns 


(b) If x is close to 4 and x > 4. then x — 4 is a small positive number and 
hence 1/(х — 4)? is a large positive number. Thus, 
1 


= == 48 UT 


(c) Since the one-sided limits are not both c or both — x. 


: | А 
lim (x — 4 does not exist. 
The graph of y — 1/(x — 4)? is sketched in Figure 2.29. The line x — 4 is 
à vertical asymptote. 


Formulas that represent physical quantities may lead to limits involv- 
ing infinity. Obviously, a physical quantity cannot approach infinity, but 
an analysis of a hypothetical situation in which that could occur may sug- 
gest uses for other related quantities. For example, consider Ohm's law 
in electrical theory, which states that / — V/R, where R is the resistance 
(in ohms) of a conductor, V is the potential difference (in volts) across the 
conductor, and / is the current (in amperes) that flows through the con- 
ductor (see Figure 2.30). The resistance of certain alloys approaches zero 
as the temperature approaches absolute zero (approximately — 273°C), 
and the alloy becomes a superconductor of electricity. If the voltage V is 
fixed, then. for such a superconductor, 


lim [= lim == 00: 
R=0* R>07 R 


that is, the current increases without bound. Superconductors allow very 
large currents to be used in generating plants or motors. They also have 


NB 
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applications in experimental high-speed ground transportation, where the 
strong magnetic fields produced by superconducting magnets enable trains 
to levitate so that there is essentially no friction between the wheels and 
the track. Perhaps the most important use for superconductors is in cir- 
cuits for computers. because such circuits produce very little heat. 

Let us next discuss functions whose values approach some number L 
as |x| becomes very large. Consider 





А 1 
f(x) = 2 + -. 
x 
FIGURE 2.31 The graph of f is sketched in Figure 2.31. Some values of f(x) if x is large 
fije 24 І are listed in the following table. 
шангаа” 
х 1 100 1000 10,000 100,000 1,000,000 


JG) 2.0 2.001 2.0001 2.00001 2.000001 


We can make /(x) as close to 2 as desired by choosing x sufficiently large. 


This is denoted by 
: 1 
lim (2 - E L2 
x-x х 


РА 


which may be read the limit of 2 + (1/x) as x approaches ос is 2. 

Once again, remember that x is not а real number, and hence 2с 
should never be substituted for the variable x. The terminology x approaches 
x. does not mean that x gets close to some real number. Intuitively, we 
think of x as increasing without bound, or being assigned arbitrarily large 
values. 

If we let x decrease without bound — that is, if we let x take on very 
large negative values then, as indicated by the second-quadrant portion 
of the graph in Figure 2.31, 2 + (1/x) again approaches 2, and we write 


| p 
fim (2 + ) = 
&-* Р Х, 


Before considering additional examples, let us state definitions for such 
limits involving infinity, using e-tolerances for f(x) at L. When we con- 
sidered lim, .., f(x) = L in Section 2.2, we wanted | f(x) — L| < є when- 
ever x was close to a and x 4a. In the present situation, we want 
| f(x) — L| < € whenever х is sufficiently large, say larger than any given 
positive number M. This results in the next definition, in which we assume 
that f is defined on an infinite interval (c, x ) for a real number c. 





Definition (2.16) иж йш fi) = L 


xx 


means that for every є > 0, there is a number M > 0 such that 


if x» M, then |f/() — L| «e. 





p нэн лан 


72 





FIGURE 2,32 
lim f(x) = L 


Ш 


y 


Definition (2.17) 
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If lim, f(x) = L, we say that the limit of f(x) as x approaches эс is 
L. or that f(x) approaches L as x approaches 2. We sometimes write 


х) э L as X x. 


We may give a graphical interpretation of limp, f(x) = L as follows. 
Consider any horizontal lines y = L + e. as in Figure 2.32. According to 
Definition (2.16), if x is larger than some positive number M. the point 
P(x, f(x)) on the graph lies between these horizontal lines. Intuitively we 
know that the graph of f gets closer to the line y — L as x gets larger. 
We call the line y — L a horizontal asymptote for the graph of f. As 
illustrated in Figure 2.32, a graph may cross a horizontal asymptote. The 
line y 22 in Figure 2.31 is a horizontal asymptote for the graph of 
f(x) = 2 + (1/x). 

FIGURE 2.33 
lim. f(x) = L 


x 


Pix, fix)! 





In Figure 2.32 the graph of f approaches the asymptote y = L from 
below — that is. with f(x) < L. A graph can also approach y = L from 
above— that is. with f(x) > L—or other ways, such as with f(x) alter- 
nately greater than and less than L as x > x. 

The next definition covers the case in which x is large negative. We shall 
assume that f is defined on an infinite interval (— æ, c) for some real 
number c. 


lim /(х)-1, 


379-439 


means that for every € > 0, there is a number N « 0 such that 


if x «N, then |f(x) — L| « «. 


If lim, f(x) = L, we say that the limit of f(x) as x approaches — x 
is L, or that /(x) approaches L as x approaches — x. 

Definition (2.17) is illustrated in Figure 2.33, If we consider any hori- 
zontal lines y = L + e. then every point P(x, /(х)) on the graph lies be- 
tween these lines if x is less than some negative number N. The line y — L 
is a horizontal asymptote for the graph of f. 

Limit theorems that are analogous to those in Section 2.3 may be 
established for limits involving infinity. In particular, Theorem (2.8) con- 
cerning limits of sums, products, and quotients is true for x + < or 
х > — >. Similarly, Theorem (2.14) on the limit of 4 f(x) holds if x x 
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or x —^ — >. We can also show that 


lim с=с and lim 


xx жет4 


5 
! 
© 


A proof of the next theorem, using Definition (2.16), is given in 
Appendix II. 


Theorem (2.18) Ж apo | х 
If k is a positive rational number and с is any real number, then 
lim 4 —0 and lim 5-0. 
x x yom ey X 


provided х" is always defined. 


ж — — | ж 


Theorem (2.18) is useful for investigating limits of rational functions. 
Specifically, to find lim,., f(x) or limp- (х) for a rational function f. 
first divide the numerator r and denominator of fix) by x". where n is the 
highest power of x that appears in the denominator. and then use limit theo- 
rems. This technique is illustrated in the next three examples. 


EXAMPLE 3 Find lim - 


s=- 3X + xc-2 


SOLUTION The highest power of x in the denominator is 2. Hence, by 
the rule stated in the preceding paragraph, we divide numerator and de- 
nominator by х? and then use limit theorems. Thus, 


5" § 
li 2x? — 5 i : 
im - = lim 
pane STEAD pone BK 2 
y? 
5 
9 ss 
- 1 
li ya 
= lim | < 
у» — 4 РА 
++ +3 


un 


Dim: (2- dmi) 

ms 
— ра IA 
lim im decre =) 
x Y 


5 
lim 2— lim 5 
= y J X , 
2 5 
lim 3+ lim + lim — 
x " pnw — yp X Nine „ый сэн 
3-4 2 
3-040 3 


It follows that the line y = 3 is a horizontal asymptote for the graph of f. 
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)2 ..'& 


SOLUTION Since the highest power of x in the denominator is 4, we 
first divide numerator and denominator by х“, obtaining 


2 5 
А 2x? – 5 y? x 
= Se 4542 os T | " 2 
= х! x* 
ЯЛЖ... AA 
3-0-0 3 ! 


(We omitted several steps in the use of limit theorems.) 





EXAMPLE 5 Find lim ——— 
коо ЭХ" PX 2 


SOLUTION Since the highest power of x in the denominator is 2, we 
first divide numerator and denominator by x?, obtaining 


4 5 
2x — — 
li 2x* — 5 i x 
im ——— ——— = lim ————— 
x4 3x54 x 4-2 з 1 2 
3--4-3 
їй Ж 


Since each term of the form с/х" approaches 0 as х — эс, we see that 


5 a ro БЕ. 
lim (2s x: >) =x and lim (3 5 3 = 3. 
A X = 


Knee xex 


It follows that 


lim — - -=g 
xm 3X EX 2 





V9x? + 2 5 
iex = find 
(a) lim f(x) (b) lim f(x) 


х x 


EXAMPLE 6 If f(x) = 


SOLUTION 
(a] If x is large and positive, then 





49х2 4215 \/9х? =3x and 4х +3 4х 
апа һепсе 
9х2 +2 3х 3 
4x43 "4х 4 
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This suggests that іт, f(x) = 3. To give a rigorous proof we may write 


[9x? +2 
На Se gg ү x л 
sae А-3 ene 4x +3 
5 2 
v > «5 9 + 22. 
= lim - 
awe 4x +3 


If x is positive, then y x? = x, and dividing numerator and denominator 
of the last fraction by x gives us 





1.2 
ра 9+ 
ы /9х? + 2 " | x 
lim ——= lim 
хэн "AX Gh cias 3 
4-- 
х 
QU EP E 
4-0 4 
(b) If x is large negative, then үх? = — x. If we use the same steps as іп 


part (a), we obtain 





о 4x +3 x>- 4x +3 





li 
5 


! 
E 





We may also consider cases where both x and f(x) approach x ог 
— ж. For example, the limit statement 
lim f(x) = x 
Хо 
means that /(х) increases without bound as x decreases without bound, 
as would be the case for f(x) = x?. 

The preceding types of limits involving æ occur in applications. To 
illustrate, Newton's law of universal gravitation may be stated: Every par- 
ticle in the universe attracts every other particle with a force that is propor- 
tional to the product of their masses and inversely proportional to the square 
of the distance between them. In symbols, 


mns 


a > 


Е= 6 











a o _Ј_——————5 
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where F is the force on each particle, m, and m; are their masses, r is the 
distance between them, and G is a gravitational constant. Assuming that 
тү and m; are constant, we obtain 

lim F = lim G^72 —0 

r3 rx е 
This tells us that as the distance between the particles increases without 
bound, the force of attraction approaches 0. Theoretically, there is always 
some attraction; however, if r is very large, the attraction cannot be mea- 
sured with conventional laboratory equipment. 

We shall conclude this section by stating a formal definition of 
lim,.., f(x) = x. The main difference from our work in Section 2.2 is that 
instead of showing that | f(x) — L| < e whenever x is near a, we consider 
any (large) positive number M and show that f(x) > M whenever х is 
near a. 





Definition (2.19) ==“ = 
lim f(x) = ж 
FIGURE 2.34 ii» 
means that for every M > 0, there is a 6 > 0 such that 


lim f(x) = х 


xu 


| 
if О<|х—а|<6, then f(x) > M. 


For a graphical interpretation of Definition (2.19), consider any hori- 
zontal line y = M. as in Figure 2.34. If lim,.., f(x) = 2с, then whenever 
х is in a suitable interval (a — д, a + б) and x # a, the points on the graph 
of f lie above the horizontal line. 

To define lim, ., /(Х) = — x we may alter Definition (2.19), replacing 
M >0 by N «0 and f(x) > M by f(x) < М. In this case, if we consider 
any horizontal line y = N (with N negative), the graph of f lies below this 





= 








a+é6 line whenever x is in a suitable interval (a — ò, a + д) and x жа. 
EXERCISES 2.4 
Exer. 1-10: For the given f(x), express each of the fol- ao: ЭЭЖ _, Е 
lowing limits as оо, — ©, or DNE (Does Not Exist): sc (x + 8)?" == 
ja) lim f(x) (Ы) lim f(x) cj lim f(x) | ха $ 
r>a | ховд хэд edu a даж 
ә 
1ЛХ)----2 а=4 | Эх? 
х-4 7 /(х)=—; 5: a--1 
x*—x—2 
5 
2 f(x) 2——; а=4 | 4х 
4—x 8/f(xX)2-—— — a=! 
x – 4х + 3 
TW 5 
я IX) = ех + sp" ша E 9 /(х)= xix — 3^ 423 
«fios : 10 f(x) e ——À І 
а == = i= —— Х) = — = — 
Я 1 7 " (x + 1)? й 
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Exer. 11—24: Find the limit, if it exists. 





c 5x7 — 3€ 4-1 a 33 — 1 
im —- im 5 
s. 2N* + 4х — 7 xx Ot i 
уй. Л 4 — 7x di (3x + 4x — 1) 
- im 
=~ SEIS ge (20 + 7)(х++ 2) 
M 2x? —3 li ni —x3-3 
\ in. ————— 16 lim 
N gs = 4x? 4-5% г2 r+ | 
Ym im cap 18 li ete 
im — im 
1 E 1 2x* цох 3 х--ж X l 
х, ” 
"iut 20 li wisi 
- im b 
Parm x mm Nec 
[84x 4x—3 
21 lim 3/ 22 lim 
goa Ч ХЇХ-Р 1) х--ж y/x? + 1 
23 lim sin x 24 Їйй cos x 
к=э sz 


[c] Exer. 25-26: Investigate the limit by letting x — 10" for 
n — 1, 2, 3, and 4. 


A Эс | : E 

25 lim — tan - 26 lim «x sin — 
в Э >. 4 

xc X „= X xx X 


Exer. 27-36: Find the vertical and horizontal asymp- 
totes for the graph of f. 





27 fix) 28 f(x) = 
X)-— у= 5 
х — 4 | 4— x“ 
[ж л 2x* 0:7 3x 
x)= ETT xX) = 3 
4° x= + 1 x) an +1 
31 fix) | eng- 
x= 2 х) = 3 
Жр == бё 16 — x* 
_ X03 2 su 25 
PITE 36-3 на. 
35 f(x) ад 36 f(x) 46-37 
х)=—; == ==" 
х? — 16 4—x 
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Exer. 37—40: A function / satisfies the given conditions. 
Sketch a possible graph for f, assuming that it does not 
cross a horizontal asymptote. 


Р lim f(x) = 1; lim f(x) = 1: 


lim /(х) = — =; lim f(x) = = 
38 lim Д(х) = —1; lim f(x) = —1; 
im f) = со; dim Дх) = -« 
39 | lim fix)y2-2; lim fix) = —2; 
үн f(S)s у; dim Лх) = – 0; 
v3 k3* 
Л f(x) = – 0; m f(x) =s 
40 lim fix) = 3; lim f(x) = 3; 
[Г f(x) c; 2 Лх) = — 0; 
Jim Дх)----8: lim f(x) = © 


41 Salt water of concentration 0.1 pound of salt per gallon 
flows into a large tank that initially contains 50 gallons 
of pure water. 

(а) If the flow rate of salt water into the tank is 5 gallons 
per minute, find the volume V(r) of water and the 
amount A(t) of salt in the tank after ¢ minutes. 


(5) Find a formula for the salt concentration c(t) (in 
Їр/ва!) after г minutes. 


{с} What happens to c(t) over a long period of time? 


42 An important problem in fishery science is predicting 
next vear's adult breeding population К (the recruits) 
from the number 5 that are presently spawning. For 
some species (such as North Sea herring), the relation- 
ship between R and 5 is given by R = aS/(S + b), where 
а and b are positive constants. What happens as the 
number of spawners increases? 


In everyday usage we say that time is continuous, since it proceeds in 
an uninterrupted manner. On any given day, time does not jump from 
1:00 р.м. to 1:01 р.м,. leaving a gap of one minute. If an object is dropped 
from a hot air balloon, we regard its subsequent motion as continuous. 
If the initial altitude is 500 feet above ground, the object passes through 
every altitude between 500 and 0 feet before it hits the ground. 
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In mathematics we use the phrase continuous function in a similar sense. 
Intuitively, we regard a continuous function as a function whose graph 
has no breaks, holes, or vertical asymptotes. To illustrate, the graph of 
each function in Figure 2.35 is not continuous at the number c. 


FIGURE 2.35 
(i) fii) (iii) (iv) 





Note that in (i) of the figure, f(c) is not defined. In (ii). f(e) is defined; 
however, lim, .. f(x) 4 f(c). In (iii), limp, f(x) does not exist. In (iv), f(c) 
is undefined and. in addition, lim, ., f(x) = «©. The graph of a function f 
is not one of these types if f satisfies the three conditions listed in the next 
definition. 





Definition (2.20) T ANU Р | nee 
A function f is continuous at a number c if the following conditions 


are satisfied: 
(1) f(c) is defined 


(li) lim f(x) exists 


хәс 


(iii) lim f(x) = /(с) 


xc 








Whenever this definition is used to show that a function f is contin- 
uous at c, it is sufficient to verify only the third condition, because if 
lim, .. f(x) = f(c), then f(c) must be defined and also lim... f(x) must 
exist; that is, the first two conditions are satisfied automatically. 

Intuitively we know that condition (iii) implies that as x gets closer to 
c, the function value /(x) gets closer to f(c). More precisely, we can make 
f(x) as close to f(c) as desired by choosing x sufficiently close to c. 

If one (or more) of the three conditions in Definition (2.20) is not satis- 
fied, we say that f is discontinuous at c. or that f has a discontinuity at c. 
Certain types of discontinuities are given special names. The discontin- 
uities in (i) and (ii) of Figure 2.35 are removable discontinuities, because 
we could remove each discontinuity by defining the function value f(c) 
appropriately. The discontinuity in (iii) of the figure is a jump discontinuity, 
so named because of the appearance of the graph. If f(x) approaches = 
Or — x as x approaches с from either side, аз, for example, in (iv) of the 
figure, we say that f has an infinite discontinuity at c. 

In the following illustration, we reconsider some specific functions that 
were discussed in Sections 2.1 and 2.2. 
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ILLUSTRATION 


FUNCTION VALUE 


ша f(x)=x+2 


х2-рх-2 

ши g(x) = — 
x—1 

3*3 x —2. a 

- А ifx #1 
шш h(x) = х-1 

2 ix] 

1 
ша h(x)— 

Ax 

_ Ixl 

= р(х) = 














x 
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DISCONTINUITIES 


None, since for every с, 
lim f(x) = c + 2 = fic). 


хэс 


= | since g(1) is undefined 
(removable discontinuity). 


c = 1 since lim h(x) = 3 3 h(1) 
хэ 


(removable discontinuity). 


c = 0 since h(0) does not exist 
and also lim h(x) does not exist 


x0 


(infinite discontinuity). 


c = 0 since p(0) is undefined 
and also lim р(х) does not exist 


x0 


(jump discontinuity). 


80 
FIGURE 236 
f(x) = |x| 
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Theorem (2.21) 





The next theorem states that polynomial functions and rational func- 
tions (quotients of polynomial functions) are continuous at every number 
in their domains. 


(i) ^ polynomial function f is continuous at every real number c. 


[ii] A rational function д = f/g is continuous at every number except 
the numbers c such that g(c) = 0. 


PROOF (0 Iff isa polynomial function and c is a real number, then, by 
Theorem (2.11). lim... /(x) = f(c). Hence f is continuous at every real 
number. 

(1) If glc) # 0, then c is in the domain of = f/g and, by Theorem 
(2.12), lim... g(x) = qlc); that is, q is continuous at с. gs 


EXAMPLE 1 If f(x) = |х|. show that f is continuous at every real 
number c. 


SOLUTION The graph of f is sketched in Figure 2.36. If x > 0. then 
f(x) = x. If х < 0. then f(x) = —x. Since x and —х are polynomials, it 
follows from Theorem (2.21)(i) that f is continuous at every nonzero real 
number. It remains to be shown that f is continuous at 0. The one-sided 
limits of f(x) at 0 are 


lim |x| 2 lim x «0 
x-0* x-0* 

and lim |x| 2 lim (—x) = 0. 
x0 x-0 


Since the right-hand and left-hand limits are equal. it follows from Theo- 
rem (2.3) that 


lim |х| 20 = [0| = f(0). 


xU 


Hence f is continuous at 0. 





d а . — . 
> . find the discontinuities of f. 
TX^— 2X 


EXAMPLE 2 If f(x) = z 
SOLUTION Since f is a rational function, it follows from Theo- 
rem (2.21) that the only discontinuities occur at the zeros of the denomi- 
nator x? + x? — 2x. By factoring we obtain 


x? + x? — 2x = x(x? + ¥ — 2) = N; 


Setting each factor equal to zero, we see that the discontinuities of / are 
at 0, —2, and 1. 
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FIGURE 2.37 











Definition (2.22) 





If a function f is continuous at every number in an open interval (a, b). 
we say that f is continuous on the interval (a, b). Similarly, a function is 
continuous on an infinite interval of the form (a. 2) or (— 2с. b) if it is 
continuous at every number in the interval. The next definition covers the 
case of a closed interval. 


Let a function f be defined on a closed interval [a, b]. The function 
f is continuous on [a, b] if it is continuous on (a. b) and if. in addition, 
lim f(x) = f(a) and lim f(x) = f(b). 


x-*a* xb 


If a function / has either a right-hand or a left-hand limit of the type 
indicated in Definition (2.22). we say that f is continuous from the right 
at a or that f is continuous from the left at b. respectively. 


EXAMPLE 3 |f f(x) = 4/9 — x?, sketch the graph of f and prove that 
f is continuous on the closed interval [ —3, 3]. 


SOLUTION — The graph of x? + y? = 9 is a circle with center at the origin 
and radius 3. Solving for y gives us y = —49 — v^, and hence the graph 
of y =, 9 — x? is the upper half of that circle (see Figure 2.37). 

If —3 << А, then, using Theorem (2.14), we obtain 


lim f(x) = lim y9 — x? = \/9 —‹® = fle). 
Hence f is continuous at с by Definition (2.20). All that remains is to check 
the endpoints of the interval [ —3, 3] using one-sided limits as follows: 


lim f(x) lim /9—х?=/9—9=0=/(—3) 


xc -3- e—3 
lim /(x) lim Y9 —x? 249—920 /(3) 
х-3 к- 3 


Thus, f is continuous from the right at — 3 and from the left at 3. Ву Def- 
inition (2.22), f is continuous on [ — 3. 3]. 


Strictly speaking, the function / in Example 3 is discontinuous at every 
number c outside of the interval [ —3. 3]. because /(с) is not a real number 
if x < —3 or x > 3. However, it is not customary to use the phrase dis- 
continuous at c if c is in an open interval throughout which f is undefined. 

We may also define continuity on other types of intervals. For exam- 
ple. a function / is continuous on [a, b) or [a. ~) if it is continuous at 
every number greater than a in the interval and if, in addition. f is con- 
tinuous from the right at a. For intervals of the form (a. b] or (— x. b], 
we require continuity at every number less than b in the interval and also 
continuity from the left at b. 

Using facts stated in Theorem (2.8). we can prove the following. 


ны °° | 
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Theorem (2.23) coe Е : 
If f and g are continuous at c, then the following are also continuous 


at c: 
[i] the sum f +g 
(i) the difference f — g 
(ili) the product fg 
(lv) the quotient f/g, provided g(c) 4 0 


PROOF Iff and g are continuous at c, then 


lim f(x) = f(c) and lim g(x) = glc). 


By the definition of the sum of two functions, 
(f + gx) = f(x) + g(x). 
Consequently, 


lim (f + gx) = lim [ f(x) + gix)] 


x-*c x-t 


= lim f(x) + lim g(x) 


= f(c) + gle) 
=(f + g)(c). 





This proves that f + g is continuous at c. Parts (ii)-(iv) are proved in 
similar fashion. mm 


If f and g are continuous on an interval, then f + g, f — g, and fg are 
continuous on the interval. If, in addition, g(c) # 0 for every c in the in- 
terval, then f/g is continuous on the interval. These results may be ex- 
tended to more than two functions; that is, sums, differences, products, or 
quotients involving any number of continuous functions are continuous 
(provided zero denominators do not occur). 


wje л 
EXAMPLE 4 IK) = LZ Li. 


the closed interval [ — 3. 3]. 


Г" prove that k is continuous on 


SOLUTION Let f(x) = /9 — x? апа g(x) = 3x* + 5x? + 1. From Ex- 
ample 3, f is continuous on [ —3, 3], and from Theorem (2.21), g is con- 
tinuous at every real number. Moreover (с) # 0 for every c in [ —3. 3]. 
Hence, by Theorem (2.23)(iv), the quotient k = f/g is continuous on 


[73.4]. 


A proof of the next result on the limit of a composite function f o g is 
given in Appendix Il. 
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Theorem (2.24) | — 
| If lim,- g(x) = b and if f is continuous at b, then 


хээг 


lim f(g(x)) = f(b) = f (im a): 





The principal use of Theorem (2.24) is to prove other theorems. To 
illustrate, let us use Theorem (2.24) to prove Theorem (2.14) from Sec- 
tion 2.3, in which we assumed that lim, ., g(x) and the indicated nth roots 
exist. 


Conclusion of theorem (2.14) | um : 
lim </g(x) = zim g(x) 


PROOF Let f(x) = yx. Applying Theorem (2.24), which states that 


lim f'(g(x)) = / (im a) 


хәс x 


we obtain lim q/g(x) = lim g(x). шш 


х-+6 хос 


Part (i) of the next theorem follows from Theorem (2.24) and the defini- 
tion of a continuous function. Part (ii) is a restatement of (i) using the 
composite function f > g. 





Theorem (2.25) | — | — | / 
| If g is continuous at c and if f is continuous at b = g(c), then 


(i) lim fig) =f (im ич) = f(gle)) 


(1) the composite function f © g is continuous at с 





EXAMPLE 5 If k(x) =| 3x? — 7x — 12|. show that k is continuous at 
every real number. 


SOLUTION If we let 
f(x) = |х| and g(x) = 3x? — 7x — 12, 


then k(x) = f(g(x)) = Uf © g(x). Since both f and g are continuous func- 
tions (see Example 1 and (i) of Theorem (2.21)). it follows from (ii) of 
Theorem (2.25) that the composite function k = f 0 is continuous at c. 





A proof of the following property of continuous functions may be 
found in more advanced texts on calculus. 
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Intermediate value theorem (2.26) 
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| 
If f is continuous on a closed interval [а, b] and if w is any number 


between f(a) and f(b), then there is at least one number c in [а, Б] 
such that f(c) = w. 


The intermediate value theorem states that as x varies from a to b, the 
continuous function f takes on every value between f (a) and f(b). If the graph 
of the continuous function / is regarded as extending in an unbroken 
manner from the point (a. /(0)) to the point (Р, /(5)), as illustrated in 
Figure 2.38, then for any number w between f(a) and /(b), the horizontal 
line with y-intercept w intersects the graph in at least one point P. The x- 
coordinate c of P is a number such that f(c) = w. 


FIGURE 2.38 





A consequence of the intermediate value theorem is that if f(a) and f(b) 
have opposite signs, then there is a number c between a and b such that 
fle) = 0; that is, f has a zero at c. Thus, if the point (а, f(a)) on the graph 
of a continuous function lies below the x-axis and the point (b, /19)) lies 
above the y-axis, or vice versa, then the graph crosses the x-axis at some 
point (c. 0) for a < c < b. 


EXAMPLE 6 Show that f(x) = x^ + 2x* — бх? + 2x — 3 has a zero 
between 1 and 2. 


SOLUTION Substituting 1 and 2 for x gives us the function values: 


fl) 14-2—642-32 —4 
f(2) = 32 + 32-48 +4-3=17 


Since f(1) and f(2) have opposite signs, it follows from the intermediate 
value theorem that f(c) = 0 for at least one real number c between 1 
and 2. 


Example 6 illustrates a scheme for locating real zeros of polynomials. 
By using a method of successire approximation. we can approximate each 
zero to any degree of accuracy by locating it in smaller and smaller 
intervals. 
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EXERCISES 2.5 


Theorem (2.27) 





Another useful consequence of the intermediate value theorem is the 
following. The interval referred to may be either closed, open, half-open, 
or infinite. 





| Ifa function f is continuous and has no zeros on an interval, then 
| either f(x) > 0 or f(x) < 0 for every x in the interval. 





PROOF The conclusion of the theorem states that under the given hy- 
pothesis, f(x) has the same sign throughout the interval. If this conclusion 
were false, then there would exist numbers x, and x, in the interval such 
that f(x,) > 0 and f(x,)< 0. By our preceding remarks, this, in turn, 
would imply that f(c) = 0 for some number c between x, and x,, contrary 
to hypothesis. Thus, the conclusion must be true. шш 


In Chapter 4 we shall apply Theorem (2.27) to the derivative of a func- 
tion f to help determine the manner in which f(x) varies on various 
intervals. 





Exer. 1—10: The graph of a function / is given. Classify 3 
the discontinuities of f as removable, jump, or infinite. 


p 
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лэг E 


AA Ud 





10 y 


7 y T 


Exer. 11-18: Classify the discontinuities of f as remov- 
able, jump, or infinite. 


Л х®—1 ifx«l 
х) = 
4-х ifx2>1 





| а 12 па же) 
| А 9—8 iksi 
| : |x+3| їхж-2 
вла "ne 
мла" ifx #1 
à 1 ix = { 
VFI Иїҗ<1 
? 225 ix] 
х-1 їх»| 


—x* ifx«l 
16 f(x) 242 ifx=1 


х-2 ifx>1 


[c] 17 f(x) = х Ч sin С E 3! 


sin (х2 — 1) 


[=] 18 f(x) = (x — ТУ. 








\ 
|! 








EXERCISES 2.5 





Exer. 19-22: Show that / is continuous ага. 





19 fix) = J2x — 5 + 3x; a=4 
| 20 fix) = x? +2: Фэн 
: К 1 
21 (5)-3Х1-47----1 а= –2 
N—X 
aa RA " 
22 fj D a=8 


Exer. 23-30: Explain why f is not continuous at а. 














3 
23 /Г(х)-- : а= — 2 
gus x+2 
К 1 
24 f(x) = —— а= 1 
х= 1 
fx? — 9 
1:Х:53 
= x—3 : a=3 
4 ifx23 
Х-9 , 
j — Ихж-3 
26 /(х) = х+3 а= —3 
2 if x= —3 
255 1 0х3 : 
x) = iz 
лй 0 їх- : 
—3 
1х | ifx 3 
28 f(x) 24 x—3 423 
1 ЙИ х= 3 
Эвт ifx #0 
[=] 29 /(х)-1 х a=0 
0 ifx 20 
1-0 n 
255 ifx #0 
[e] 30 f(x) = х a=0 
1 ifx 20 


Exer. 31-34: Find all numbers at which f is discontin- 
uous. 


|! 3 5 
31 Josa 
3 1 


32 f(x) = — 
X36 fix 


x* — 4x — 12 


x—4 
34 Nis 
Л х? – х – 12 


3 f) 
y= 
dim x-x-2 
Exer. 35-38: Show that f is continuous on the given 


interval. 
35 f(x) = Vx — 4; 


[4. 8] 
(— 9, 16] 





36 f(x) 2 416 — x; 


1 
37 f(x) = XP (0, x) 


B7 





[c] 61 


; І 
38 /(5)---- (1.3) 
Шог 


Exer. 39-54: Find all numbers at which f is continuous. 

















UE iC а gest 
а d vag 
81 f(x) = 2x -3 + х? 42 /(х)= 
i 
: х-1 | х 
43 f(x) = ———— 44 f(x)— =— 
MA = 1 у 1 == 
| [x + 9| : x 
45 f(x)= 46 у(х) = —— 
х+ 9 x +1 
ч 5 
47 f(x) 2 
х= х? 
4х — 7 
48 /(4 = = 
fo (x + 3)(х° + 2x — 8) 
s NX =9 425 =? 
49 = ———————— 
T(x) i 
5 /9 — х 
50 у(х) = S——— 
ух — 6 


x 
| 51/ f(x) = tan 2x 52 f(x) = cot Ix 


| 53) f(x) = ese іх 54 f(x) =sec 3x 

4 
Exer. 55-58: Verify the intermediate value theorem 
(2.26) for f on the stated interval [а, ^] by showing that 
if f(a) € w € f(b), then f(c) = w for some c in [a, b]. 


/55 /(х)-534-1: [-1,2] 
56 f(x) = —x* [0,2] 
57 ((х)-х1-х: [1,3] 
58 f(x)=2x—x*; [—2,—1] 


59 If f(x) = x3 — 5x? + 7x — 9, use the intermediate value 
theorem (2.26) to prove that there is a real number а 
such that f(a) = 100, 


60 Prove that the equation x — 3x* —28 —x + 1-0 


has а solution between 0 and 1. 


In models for free fall, it is usually assumed that the 
gravitational acceleration g is the constant 9.8 m sec? 
(or 32 ft/sec?). Actually, g varies with latitude. If 0 is the 
latitude (in degrees), then a formula that approximates 
g is 


0(0) = 9.78049(1 + 0.005264 sin? 0 + 0.000024 sin* 0). 


Use the intermediate value theorem to show that у = 9.8 
somewhere between latitudes 35° and 40 . 


CHAPTER 2 LIMITS OF FUNCTIONS 





[c] 62 The temperature T (in. C) at which water boils may be 


approximated by the formula 


Tih) = 100.862 — 0.04154 h + 431.03. 


2.6 REVIEW EXERCISES 


Exer. 1—26: Find the limit, if it exists. 


. $x- ll 
1 lim 


1-3 Sx + 1 


3 lim (2x 


x 2 


2€ + к 6 


5 lim а 
x42 4x^ — 4x 3 
7 Ij x* — 16 
im — 
k23N — XN —2 
9 lim - 
tege S X 
”Ү”” аг. 
im —— 
x12 х—1 
9 in 
1 im 
s3- |3— x| 
(а + hy —a* 
15 lim — — z 
hou ! 
17 ti af 223 
im 5 
„=з АХ +27 
в (2х 51(3х-4 
19 lim 


SAY + x) 


v (N+ 7)(4х — 9) 


21 lim 


p m | 
25 lim Ё x= ) 


Exer. 27—32: Sketch the graph of t: è piecewise-defined 
function f and, for the indicated value of a, find each 


limit, if it exists: 
fa) lim f(x) 


; f if x 2 
27 (0) = з , 
[х2 ifxs2 


(5) lim f(x) 


2 


4 


10 


12 


14 


16 


20 


22 


24 


26 





Т 6 — 7x 
im = 
= 2 (4 + 2x)* 
lim (x — 16 — x?) 
x4 
| 3v — x — 10 
im — 
(э20Х7-Х-02 
lim 
к-1-3Х 
2 ху — (1/5) 
lim 
pa \ 
lim 5 
^ 
lim `ò we 
+2 X 2 
(2-4027-022 
lim 
кй Л 
lim (q35—2x— х" 
,. 2x 11 
lim — 
vu ox] 
: x — 100 
lim — 


ex +100 


lim 
6366 5х 3 


1 
lim Е 
о N (X Ir 


ic] lim f(x) 


where / is the elevation (in meters above sea level). Use 
the intermediate value theorem to show that water boils 
at 98 C at an elevation somewhere between 4000 and 
4500 meters. 


s y [x {ж=2 " 
(x) = ї= 2 
14 2x db x2*2 1 

| if 3 
29 «42-35 ""^— а= —3 
ух+2 ifxz-3 
9 | 
4 Их< —3 
30 у(х) =<" a= =3 
4-х ifx»—3 
x? х I 
31 28, if x] a=] 
4—x* ifx>1 
x* 
——— ifx+0 
32 f(x) a=0 
2 ifx —0 


33 Use Definition (2.4) to prove that lim, . (Sx — 21) = 9. 


34 Let f be defined as follows: 


| | 
f(x) 
1 


Prove that for every real number a. lim... f(x) does not 
exist. 


if х is rational 


if x is irrational 


Ехег, 35-38: Find all numbers at which f is discon- 
tinuous. 


li ij. lt 36 f(x) | 
Х) = 3 Жу =——==> 
x^ — 16 x* — 16 
x5 —33*—92 x+2 
37 f(x)  — 38 f(x) = —— 
. X^ — 2x fis eH 


Ехег, 39-42: Find all numbers at which f is contin- 
uous. 
39 /(х)= 2x* фух +1 40 f(x) = (2 X8 — X 


9 у” 
41 fix) = ^ 


Тэс 42 ((х)- 
х* — 16 Mx) 


x*—1 


Exer. 43—44: Show that f is continuous at the num- 
ber a. 


43 f(x) = \/5х + 9; 


44 [(х) = 4х2 —4 а= 27 
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THE 
DERIVATIVE 


INTRODUCTION 


We begin this chapter by considering two applied 
problems. The first is to find the slope of the tangent 
line at a point on the graph of a function, and the 
second is to define the velocity of an object moving 
along a line. Remarkably, these seemingly diverse 
applications lead us to the same concept: the deriva- 
tive. Our discussion provides insight into the power 
and generality of mathematics. Specifically, in Section 
3.2 we strip away the geometric and physical aspects 
of the two problems and define the derivative as the 
limit of an expression involving a function f. This 
allows us, in later sections, to apply the derivative 
concept to any quantity that can be represented by a 
function. Since quantities of this type occur in almost 
every field of knowledge, applications of derivatives 
are numerous and varied, but each concerns a rate 
of change. Thus, returning to the two problems that 
started it all, the slope of a tangent line may be used 
to describe the rate at which a graph rises (or falls), 
and velocity is the rate at which distance changes with 
respect to time. 

Our main objective in this chapter is to introduce 
derivatives and develop rules that can be used to find 
them without employing limits. We shall consider 
some applications here and many more in subsequent 
chapters. 
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3.1 TANGENT LINES AND RATES OF CHANGE _ 





FIGURE 3.1 Tangent lines to graphs are useful in many applications of calculus. In 
geometry the tangent line | at a point P on a circle may be interpreted 
as the line that intersects the circle only at P, as illustrated in Figure 3.1. 
We cannot extend this interpretation to the graph of a function f, since 
a line may "touch" the graph of f at some isolated point P and then inter- 
sect it again at another point, as illustrated in Figure 3.2. Our plan is to 
define the slope of the tangent line at P, for if the slope is known, we can 
find an equation for | by using the point-slope form (1.8)(ii). 

To define the slope of the tangent line / at Р(а, f(a)) on the graph of 
f. we first choose another point Q(x. f(x)) (see Figure 3.3(i)) and consider 
the line through P and Q. This line is called a secant line for the graph. 

We shall use the following notation: 


FIGURE 3.2 


lpg: the secant line through P and Q 
Mpg: the slope of Ipg 
the slope of the tangent line / at P(a, f(a)) 


- 
= 
= 


If Q is close to P, it appears that mpg is an approximation to m,. 
Moreover, we would expect this approximation to improve if we take Q 
closer to P. With this in mind, we let О approach P—that is. we (intui- 
tively) let О get closer to P— but 0 # P. If Q approaches P from the right, 
we have the situation illustrated in Figure 3.3(ii), where dashed lines indi- 
cate possible positions for lpo. In Figure 3.3(iii), О approaches P from the 
left. We could also let Q approach P in other ways, such as by taking 
points on the graph that are alternately to the left and to the right of P. 
If mpg has a limiting value—that is, if mpg gets closer to some number 
as Q approaches P— then that number is the slope m, of the tangent line /. 

Let us rephrase this discussion in terms of the function f. Referring 
to Figure 3.3 and using the coordinates of P(a, f(a)) and Q(x. f(x)). we 
see that the slope of the secant line lpo is 


fix) — fla) 


wa 





Mpg = 


If f is continuous at a, we can make Q(x, /(х)) approach P(a, f(a)) by 
letting x approach a, This motivates the following definition for the slope 


FIGURE 3.3 
(i) 








FIGURE 3.5 


Definition (3.1) 
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m, of | at P(a, /(а)): 
2 fix) — fla) 
m, — lim А 
xou ЖЕЙ 





provided the limit exists. 
It is often desirable to use an alternative form for m, obtained by 
changing from the variable х to a variable h as follows. 


Let h=x-—a, or, equivalently, x=a+h. 


Referring to Figure 3.4 and using the coordinates P(a, /(4)) and 
Qla + h, fla + h)). we see that the slope mpg of the secant line is 


„Ўч fin] 


РО Л 


FIGURE 3.4 





f(a + hy — fla) 


Since x — a is equivalent to h — 0, our definition of the slope m, of 
the tangent line / may be stated as follows. 





The slope m, of the tangent line to the graph of a function f at 
P(a, f(a)) is 


lim fla + һ) = Ла) 


h-0 


m, = 


provided the limit exists. 








If the limit in Definition (3.1) does not exist, then the slope of the tan- 
gent line at P(a, f(a)) is undefined. 


EXAMPLE 1 Let f(x) = x?, and let а be any real number. 

(а| Find the slope of the tangent line to the graph of f at Р(а, a?). 
[b) Find an equation of the tangent line at R( — 2, 4). 

SOLUTION 


[a] The graph of y = x? and a typical point P(a, a?) are shown in Fig- 
ure 3.5. Applying Definition (3.1), we see that the slope of the tangent line 


Definition (3.2) 





92 
FIGURE 3.6 
ке 
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FIGURE 3.7 
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at P is 
.. fla +h) fta) 
m, = lim —— 
hod h 
= . (a+ Dm а? 
= lim ——— 
hed h 
. 0 + 2ah- I? =a? 
= lim — 
h-0 h 
. 2аһ +h? 
= lim 
һ—0 һ 


= lim (2a + h) = 2a. 
hero 


mu . . * 
(Ы) The slope of the tangent line at the point К(-2, 4) is the special case 
of the formula m, = 2a with а = —2: that is. 
m- = 2(—2) = —4. 
Using the point-slope form (1.8)(ii), we can express an equation for the 
tangent line as 
y—4= —4(x +2), or y= —4x— 4. 





The limit in Definition (3.1) arises in a variety of applications. One of 
the most familiar is the determination of the speed, or velocity, of a mov- 
ing object. Let us consider the case of rectilinear motion. in which the 
object travels along a line. To find the average velocity v, during an inter- 
val of time, we use the formula d = rt. where r is the rate. t is the length 
of the time interval, and d is the net distance traveled. Solving for r gives 
us the following definition. 





The average velocity v,, of an object that travels a distance d in time 
118 





To illustrate, if an automobile leaves city A at 1:00 р.м. and travels 
along a straight highway, arriving at city B. 150 miles from A. at 4:00 р.м. 
(see Figure 3.6), then using Definition (3.2) with d = 150 and = 3 (hours) 
yields the average velocity during the time interval [1. 4]: 


Uy = 


w = 150 = 50 mi/hr 
This is the velocity that, if maintained for 3 hours, would enable the auto- 
mobile to travel the 150 miles from A to B. 

The average velocity gives no information whatsoever about the veloc- 
ity at any instant. For example, at 2:30 р.м. the automobile's speedometer 
may have registered 40 or 30, or the automobile may have been standing 
still. If we wish to determine the rate at which the automobile is traveling 
at 2:30 P.M., information is needed about its motion or position near this 
time. For example. suppose at 2:30 p.m. the automobile is 80 miles from 
A and at 2:35 р.м. it is 84 miles from A, as illustrated in Figure 3.7. The 
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FIGURE 3.8 
Time Position of P 
0 
t 
O Р 
—9— em 
ü s(t) ! 
FIGURE 3.9 
Сһапре Change in 
in time position of P 
0 
а 
ath 


0 s(a) sla + h) 1 


Definition (3.3) 








length of the time interval from 2:30 р.м. to 2:35 р.м. is 5 minutes, or (5 
hour, and the distance d is 4 miles. Substituting these numbers in Defini- 
tion (3.2), we find that the average velocity during this time interval is 
ioe : = 48 mi/hr. 

12 

This result is still not an accurate indication of the velocity at 2:30 P.M. 
since, for example, the automobile may have been traveling very slowly 
at 2:30 p.m. and then increased speed considerably to arrive at the point 
84 miles from A at 2:35 p.m. Evidently, we obtain a better approximation 
by using the average velocity during a smaller time interval. say from 
2:30 P.M. to 2:31 р.м. It appears that the best procedure would be to take 
smaller and smaller time intervals near 2:30 Р.М. and study the average 
velocity in each time interval. This leads us into a limiting process similar 
to that discussed for tangent lines. 

In order to make our discussion more precise. let us represent the 
position of an object moving rectilinearly by a point P on a coordinate 
line /. We sometimes refer to the motion of the point P on l, or the motion 
of an object whose position is specified by P. We shall assume that we 
know the position of P at every instant in a given interval of time. If s(t) 
denotes the coordinate of P at time г, then the function s is called the 
position function for P. If we keep track of time by means of a clock, then. 
as illustrated in Figure 3.8, for each г the point P is s(1) units from the 
origin. 

To define the velocity of P at time a, we first determine the average 
velocity in a (small) time interval near a. Thus, we consider times a and 
а +h, where h is a (small) nonzero real number. The corresponding posi- 
tions of P are s(a) апа s(a + h). as illustrated in Figure 3.9. The amount 
of change in the position of P is s(a + Л) — sla). This number may be 
positive. negative, or zero. Note that s(a + h) — sla) is not necessarily the 
distance traveled by P between times a and a + h since, for example, Р 
may have moved beyond the point corresponding to s(a + h) and then 
returned to that point at time a. 

By Definition (3.2). the average velocity of P between times a and 
adds 
. change in distance — s(a + h) — s(a) 

“change in time 0 h | 

As in our previous discussion, we assume that the closer h is to 0. the 
closer ta is to the velocity of P at time a. Thus, we define the velocity 
as the limit, as h approaches 0. of ta. as in the following definition. 


Suppose a point P moves on a coordinate line / such that its coordi- 
nate at time г is s(t), The velocity v, of P at time a is 
. s(a + h) — sla) 
Ua = lim ————————, 
ho h 


provided the limit exists. 


The limit in Definition (3.3) is also called the instantaneous velocity of P 
at time a. 
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FIGURE 3.10 
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If s(t) is measured in centimeters and t in seconds, then the unit of 
velocity is centimeters per second (cm/sec). If s(t) is in miles and t in hours, 
then velocity is in miles per hour. Other units of measurement may, of 
course, be used. 

We shall return to the velocity concept in Chapter 4. where we will 
show that if the velocity is positive in a given time interval, then the point 
is moving in the positive direction on l. If the velocity is negative, the 
point is moving in the negative direction. Although these facts have not 
been proved, we shall use them in the following example. 


EXAMPLE 2 A sandbag is dropped from a hot-air balloon that is 
hovering at a height of 512 feet above the ground. If air resistance is dis- 
regarded, then the distance s(t) from the ground to the sandbag after t 
seconds is given by 

s(t) = —161? + 512. 
Find the velocity of the sandbag at 
{а) 1 = аѕес (Ы) г —2sec (с) the instant it strikes the ground 


SOLUTION 


(а) As shown in Figure 3.10, we consider the sandbag to be moving along 
a vertical coordinate line / with origin at ground level. Note that at the 
instant it is dropped, г = 0 and 


$(0) = —16(0) + 512 = 512 ft. 


To find the velocity of the sandbag at г =a, we use Definition (3.3), 
obtaining 
. Ss(a-4 h) — sia) 
r, = lim 
h-0 h 
. [—16(a + h)? + 512] — (— 16a? + 512) 
= lim = h — 
h-Q 


—16(a? + 2ah + А?) + 512 + 164? — 512 








= lim 
hoo h 
.. —32ah — 16h? 
= lim ———— —— 
h-0 Л 
= lim (— 32a — 16h) = — 32a ft/sec. 
һ— 0 


The negative sign indicates that the motion of the sandbag is in the nega- 


tive direction (downward) on /. 
[b] To find the velocity at t = 2. we substitute 2 for a in the formula 
— — Mu, obtaining 


Га 


vs —32(2) = — 64 ft/sec. 


(с) The sandbag strikes the ground when the distance above the ground 
is zero — that is, when 


2 


s(t) = —162°+512=0, ог 1? = 512 ~ 32. 
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This gives us t = 4/32 = 44/2 = 5.7 sec. Using the formula v, = —32a 
from part (a) with a — 44/2, we obtain the following impact velocity: 


—32(44/2) = —1284/2 x —181 ft/sec 





There are many other applications that require limits similar to those 
in (3.1) and (3.3). In some, the independent variable is time г, as in the 
definition of velocity. For example, over a period of time, a chemist may 
be interested in the rate at which a certain substance dissolves in water; 
an electrical engineer may wish to know the rate of change of current in 
part of an electrical circuit: a biologist may be concerned with the rate 
at which the bacteria in a culture increase or decrease. We can also 
consider rates of change with respect to quantities other than time. To 
illustrate, Boyle's law for a confined gas states that if the temperature 
remains constant, then the volume v and pressure p are related by the 
formula v = c/p for some constant c. If the pressure is changing, a typical 
problem is to find the rate at which the volume is changing per unit 
change in pressure. This rate is known as the instantaneous rate of change 
of v with respect to p. To develop general methods that can be applied to 
different problems of this type, let us use x and y for variables and suppose 
that y = f(x) for some function f. (In the preceding illustration y = v. 
х= р. and f(x) = с/х.) We define rates of change of a variable y with 
respect to a variable x as follows. 


Definition (3.4) : ғ 1 -- 
Let y = f(x), where f is defined on an open interval containing a. 


(i) The average rate of change of y — f(x) with respect to x on the 
interval [a, a 4- h] is 
‚ _fla +h) -fla 
sav — = чи) 


(1) The instantaneous rate of change of y with respect to x at a is 


Hmm fla+h)— Ла) 
А ho 0 һ 


provided the limit exists. 


We shall use the phrase rate of change interchangeably with instantaneous 
rate of change. 

If. in Definition (3.4), we consider the special case x — t (time) and 
y = s(t) (position on a coordinate line), we obtain the following interpreta- 
tions for rectilinear motion: 


average velocity (r,,): the average rate of change of s with respect to | 
in some interval of time. 
velocity (г„): the instantaneous rate of change of s with 
respect to t at time a. 


To interpret (ii) of Definition (3.4) geometrically, imagine a point P 
traveling from left to right along the graph of y = f(x) in Figure 3.11. The 
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FIGURE 3.11 


Slope т, Slope m, 





Slope т, 





instantaneous rate of change of v with respect to х gives us information 
about the rate at which the graph rises or falls per unit change in x. In 
Figure 3.11. m, (the slope of the tangent line at А) is less than m, (the 
slope of the tangent line at B), and the rate y, at which y changes with 
respect to x at a is less than the rate v, at which y changes with respect 
to x at b. Also note that since m, < 0, the slope of the tangent line at C 
is negative. and v decreases as x increases. 

A physical application of Definition (3.4) is given in the following 
example. 


EXAMPLE 3 The voltage in a certain electrical circuit is 100 volts. If 
the current (in amperes) is J and the resistance (in ohms) is А. then by 
Ohm's law, Т = 100/R. If R is increasing, find the instantaneous rate of 
change of / with respect to R at 

(a) any resistance К 15) a resistance of 20 ohms 


SOLUTION 

(a) Using Definition (3.4)(ii) with v = /. x = R, and f(R) = 100/R yields 
the instantaneous rate of change of J with respect to R at a resistance of 
R ohms: 


‚ F(R + hy) — fR) 
I, = lim 


h-0 h 
100 100 
LR R 
= lim ———— —— 
h=0 h 
. 1OOR — I00(R + h) 
= lim —— 
һ—0 h(R + h)R 
дийн 100h 
~ aco WR + ЮК 
— 100 100 


Rt RE 


The negative sign indicates that the current is decreasing. 
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(b) Using the formula J, = 


97 





100/R* from part (a), we find the instan- 


taneous rate of change of / with respect to R at R = 20 to be 


100 | 
m7 2 4 


Thus, when К = 20, the current is decreasing at a rate of } ampere per 


ohm 


EXERCISES 3.1 


1 


Ехег. 1-6: ja} Use Definition (3.1) to find the slope of 
the tangent line to the graph of fat P(a, f(a)). (pj Find 
an equation of the tangent line at P(2, f(2)). 


19 = Sx? — 4x 2 lx)2.3—2x* 
34 (X)s i^ 4 f(x) х" 
5 Ї(5)-2Х-2 6 f(x) = 4 — 2x 


Ехег. 7-10: ja} Use Definition (3.1) to find the slope of 
the tangent line to the graph of the equation at the point 
with x-coordinate a. (pj Find an equation of the tangent 
line at P. (cj Sketch the graph and the tangent line at P. 


© = x: РА, 2) 


8вт= үх; Р(—8,—2 


9X1; :Р(2, 3) 


10 y= 1/2 Р(2,3) 


Exer. 11-12: (а) Sketch the graph of the equation and the 
tangent lines at the points with x-coordinates —2, —1, 
1, and 2. (pj Find the point on the graph at which the 
slope of the tangent line is the given number т. 


11 y—3x* mms 
i2Yx5 m9 


Exer. 13-14: The position function s of a point P moving 
on a coordinate line / is given, with г in seconds and 
s(t) in centimeters. (ај Find the average velocity of P 
in the following time intervals: (1, 1.2], (1, 1.1], and 
11, 1.01]. (5j Find the velocity of Pat r= 1. 


^r 


14 s(1) = 2, 


H 
— A 


13 BU) = 41° + 31 
15 A balloonist drops a sandbag from a balloon 160 feet 
above the ground. After г seconds, the sandbag is 
160 — 161° feet above the ground. 
[aj Find the velocity of the sandbag at 1 = | 


[p] With. what velocity does the sandbag strike the 
ground? 


16 A projectile is fired directly upward from the ground 
with an initial velocity of 112 ft/sec. Its distance above 


the ground after г seconds is 1121 — 161° feet. 


[a] Find the velocity of the projectile at t = 2, t = 3, 
and г = 4. 
{b} When does the projectile strike the ground? 


(е) Find the velocity at the instant it strikes the ground. 


17 In the video game shown in the figure, airplanes fly from 

left to right along the path y = 1 + (Lx) and can shoot 
their bullets in the tangent direction at creatures placed 
along the x-axis at x= 1. 2, 3, 4, and 5. Determine 
whether a creature will be hit if the plaver shoots when 


the plane is at 


(b) Q3. 3) 


(а) PQ, 2) 
EXERCISE 17 





18 An athlete runs the hundred-meter dash in such a way 
that the distance х0) run after ¢ seconds is given by 
s(t) = $C + 8r m (see figure). Find the athlete's velocity 
at 


(а) the start of the dash 
(c) the finish line 


(5) t = 5 sec 


EXERCISE 18 





Exer. 19-20: (а| Find the average rate of change of y 
with respect to x on the given interval. (5j Find the in- 
stantaneous rate of change of y with respect to x at the 
left endpoint of the interval. 


19 уз хї--2: [3.3.5] 
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21 Boyle's law states that if the temperature remains con- 
stant, the pressure p and volume r of a confined gas are 
related by p — c/r for some constant c. If, for a certain 
gas, c = 200 and v is increasing. find the instantaneous 
rate of change of p with respect to r at 


[a] any volume v {b} a volume of 10 


22 A spherical balloon is being inflated. Find the instan- 
taneous rate of change of the surface area S of the balloon 
with respect to the radius r at 


[a] any value ofr (Ы r - 3ft 


Graph f(x) = sin zx on the interval [0, 2]. 

[a] Use the graph to estimate the slope of the tangent 
line at Р(14, f(1.4)). 

[b] Use Definition (3.1) with A = 70.0001 to approxi- 
mate the slope in (a). 


10 cos x 
Graph f(x) = Wr on the interval [ —2, 2]. 


[c] 24 


[a] Use the graph to estimate the slope of the tangent 


[b] Use Definition (3.1) with Л = 40.0001 to approxi- 

mate the slope in (a). 
[c] Find an (approximate) equation of the tangent line 

to the graph at P. 
[c] 25 An object’s position on a coordinate line is given by 
cos? t + P sint 
stt) = —— ——— — 
t^4-1 


where s(t) is in feet and t is in seconds. Approximate its 
velocity at t = 2 by using Definition (3.3) with h = 0.01, 
0.001, and 0.0001. 


[c] 26 The position function s of an object moving on a coor- 
dinate line is given by 


where s(t) is in meters and t is in minutes. 
[a] Graph s for 0 € r < 10. 
[b] Approximate the time intervals in which its velocity 


line at P( — 0.5, /( —0.5)). is positive. 
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In the preceding section we used the limit 


. f(x) — fla) 
lim — š 
x~a n 


. fla+h-— fla) 
lim = — 
һ—0 һ 





ог, equivalently, 


in several different applications. This limit is the basis for one of the fun- 
damental concepts of calculus, the derivative, defined next. 


Definition (3.5) Г X » 
The derivative of a function f is the function f’ defined by 


| Tt ia f(x + h)— Јо) 


н-0 һ 


provided the limit exists. 





The symbol f’ in Definition (3.5) is read f prime. It is important to 
note that in determining f'(x) we regard x as an arbitrary real number 
and consider the limit as h approaches zero. Once we have obtained f'(x), 
we can find f'(a) for a specific real number а by substituting a for x. 

The statement f'(x) exists means that the limit in Definition (3.5) exists. 
If f'(x) exists, we say that f is differentiable at х, or that f has a deriva- 
tive at x. If the limit does not exist, then / is not differentiable at x. The 
terminology differentiate f(x) or find the derivative of f(x) means to find 
ЭХ) 

Occasionally we will find it convenient to use the following alternative 
form of Definition (3.5) to find f'(a). 


3.2 DEFINITION OF DERIVATIVE 


Alternative definition of 
derivative (3.6) 


Applications of the 
derivative (3.7) 


Definition (3.8) 


7? 





/'(а) = lim ftx) — fta) = Ја) 
| xu х—а 


This was the first formula used to define m, on page 91. 

The following applications are restatements of Definitions (3.1) and 
(3.4)(ii) using f(x). These interpretations of the derivative are very impor- 
tant and will be used in many examples and exercises throughout the text. 


(i) Tangent line: The slope of the tangent line to the graph of 
y = f(x) at the point (a, f(a)) is f'(a). 

(ii) Rate of change: If y = f(x), the instantaneous rate of change 

of y with respect to x at a is f'(a). 


As a special case of (3.7)(ii), recall from Definition (3.3) that if x =1 
denotes time and v = s(t) is the position of a point P on a coordinate 
line, then s(t) is the velocity of P at time a. 

A function f is differentiable on an open interval (a, b) if f'(x) exists 
for every x in (a. h). We shall also consider functions that are differentiable 
on an infinite interval (a, 20), (— 20, a), or ( — x. x). For closed intervals 
we use the following convention, which is analogous to the definition of 
continuity on a closed interval given in (2.22). 


A function f is differentiable on a closed interval [a, b] if f is differ- 
entiable on the open interval (a, 5) and if the following limits exist: 
fla + В) — fla) ч f(b + h) — f(b) 


lim and li 
h-0* h h-0 h 


The one-sided limits in Definition (3.8) are sometimes referred to as the 
right-hand derivative and left-hand derivative of f at a and h, respectively. 
Note that for the right-hand derivative,  — 0^ and a + h approaches a 
from the right. For the left-hand derivative, h + 0^ and h + h approaches 
b from the left. 

If f is defined on a closed interval [a, Р] and is undefined elsewhere, 
then the right-hand and left-hand derivatives define the slopes of the 
tangent lines at the points P(a. f(a)) апа R(b. f(b)). respectively, as illus- 
trated in Figure 3.12 on the following page. For the slope of the tangent 
line at P, we take the limiting value of the slope of the secant line through 
P and О as О approaches P from the right. For the tangent line at К, 
the point Q approaches R from the left. 

Differentiability on an interval of the form [a. b). [a. 20), (a. В], or 
(— 2с, р] is defined in similar fashion, using a one-sided limit at an 
endpoint. 

The domain of the derivative /' consists of all numbers at which f is 
differentiable and also possible endpoints of the domain of f, whenever 
one-sided limits exist as indicated in Figure 3.12. 
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FIGURE 3.12 


бух га 
Slope = lim fla ж fla 









| 
Slope = lim fb + ) — fü) 


Pía. [(а\) 


Rib. fib) 


a ath b+h h 
(h > 0) (А = 0) 


If f is defined оп an open interval containing а, then f'(a) exists if and 
only if both right-hand and left-hand derivatives at a exist and are equal. 
The functions whose graphs are sketched in Figure 3.13 have right-hand 
and left-hand derivatives at a that give the slopes of the lines /, and /,, 
respectively. Since the slopes of |, and l, are unequal. f'(a) does not exist. 
The graph of f has a corner at P(a, f(a)) if f is continuous at a and if the 
right-hand and left-hand derivatives at a exist and are unequal or if one 
of those derivatives exists at a and | /(х)|- xx asx ^a огх жа". 


FIGURE 3.13 





As indicated in the next definition, a vertical tangent line may occur at 
P(a, f(a)) if f (a) does not exist. 


Definition (3.9) | | а 
The graph of a function / has а vertical tangent line x = а at the 


point P(a, f(a)) if f is continuous at a and if 
lim | /(х)| = 2. 


xu 


If P is an endpoint of the domain of f. we can state a similar definition 
using a right-hand or left-hand derivative. Some typical vertical tangent 
lines are illustrated in Figure 3.14. As indicated in the next definition, the 
point P in Figure 3.14(iii) is called a cusp. 


Definition (3.10) . 1 1 * RS 
A point P(a, f(a)) on the graph of a function / is a cusp if f is con- 
tinuous at a and if the following two conditions hold: 


li) /(х)-» ж as x approaches a from one side 
(ii) f'(x) ~ —- as x approaches a from the other side 


З.2 DEFINITION OF DERIVATIVE 


FIGURE 3.14 
1) 






Qi - Pia, 0) 
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(ii) (i) 






l 
fix) 


Pia, f(a)) 






P(a. [(а)) 


EXAMPLE 1 If f(x) = 3х2 — 12x + 8. find 

(a) fx) (b) /(4), 770—2). and f'(a) (с) the domain of /" 
SOLUTION 

(a] By Definition (3.5), 

f(x +h- f(x) 








f(x) = lim 
h=0 h 
Dix hy? — 120(х + А) + 8] — (3x? — 12x + 8) 
= lim 
hoo h 
. (3x? + 6xh + 3h? — 12x — 12h + 8) — (3x? — 12x + 8) 
= lim MM 
h-0 h 
< 6xh + 3h? — 12h 
= lim 
hoo h 
= lim (6x + 3h — 12) 
h0 
= 6x — 12. 


(b) Substituting for x in f'(x) = 6x — 12. we obtain 
f'(4) = 6(4) — 12 = 12, 
f'(—2) = 6(—2) — 12 = —24, 
and Га) = ба — 12. 
(с) Since f'(x) = 6x — 12, the derivative exists for every real number x. 


Hence the domain of /' is R. 


EXAMPLE 2 If y = 3X? — 12x + 8, use the result of Example 1 to find 
(a) the slope of the tangent line to the graph of this equation at the point 
P(3, — 1) 

[b] the point on the graph at which the tangent line is horizontal 


SOLUTION 
(а) If we let f(x) = 3x? — 12x + 8, then, by (3.7)(i) and Example 1, the 
slope of the tangent line at (x. f(x)) is f'(x) = 6x — 12. In particular, the 
slope at P(3, — 1) is 

f'(3) = 6(3) — 12 = 6. 
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FIGURE 3.15 





Р(3 1) 
Slope = 0 
Q(2 4) 


FIGURE 3.16 
y 





FIGURE 3.17 









(b) Since the tangent line is horizontal if the slope f'(x) is zero, we solve 
6x — 12 = 0, obtaining x = 2. The corresponding value of y is —4. Hence 
the tangent line is horizontal at the point Q(2, — 4). 

The graph of / (a parabola) and the tangent lines at P and Q are 
sketched in Figure 3.15. Note that the vertex of the parabola is the point 
Q(2, —4). 


EXAMPLE 3 If f(x) =x. 
(а) sketch the graph of f — (b) find f'(x) and the domain of f” 


SOLUTION 


(а) The graph of f is sketched in Figure 3.16. Note that the domain of f 
consists of all nonnegative numbers. 


(b) Since x = 0 is an endpoint of the domain of f, we shall examine the 
cases x > 0 and x = 0 separately. 
If x > 0, then, by Definition (3.5), 


а Мх +В — x 
f'(x) = lim? - ---. 
h-0 h 
To find the limit, we first rationalize the numerator of the quotient and 
then simplify: 


Vx Rh — x Vx hax 





f'(x) = lim 
h-0 h VX hx 


Е. (х + h) — x 


n=0 h(x + h + үх) 
: 1 
= lim = = 
h=0 VX + В + ух 
1 1 


мх Nx. 24x 





Since x = 0 is an endpoint of the domain of f. we must use a one-sided 
limit to determine if /'(0) exists. Using Definition (3.8) with x = 0, we 
obtain 





10 4-4) — f UA 
fim ft +h) fO вм?" NUT MH 40 
h-07 h h-0* h 
| | 
es ie Se [йи 5, 


h-o* Й h-0* yh 


Since the limit does not exist, the domain of /" is the set of positive real 
numbers. The last limit shows that the graph of f has a vertical tangent 
line (the y-axis) at the point (0, 0). 


EXAMPLE 4 If f(x) = |х |. show that f is not differentiable at 0. 


SOLUTION The graph of f is sketched in Figure 3.17. We can prove 
that /10) does not exist by showing that the right-hand and left-hand 
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FIGURE 3.18 


Theorem (3.11) 
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derivatives of f at 0 are not equal. Using the limits in Definition (3.8) with 
a = 0 and b=0 yields 











‚_ fO+h)—f0)  ,. |O+h| |01 ‚_ |h] 

lim = lim —— —— = lim ——= 1 
h-0- h h-0* h нот A 

im 20--Л0) _ jim 10-31-10| _ iim dal _ = 
h-0 h h-0- h *-0- A 


Thus /'(0) does not exist, and hence f is not differentiable at 0. 
Note that the graph of y — |x| in Figure 3.17 has a corner and there- 
fore no tangent line at the point Р(0, 0). 


The function f in Example 4 is continuous at x = 0 (see Example 1 of 
Section 2.5); however, /'(0) does not exist. Thus, not every continuous 
Junction is differentiable. In contrast, the next theorem states that every 
differentiable function is continuous. 


If a function / is differentiable at a, then f is continuous at a. 





PROOF We shall use Alternative Definition (3.6): 


f'(a) = lim: Дх) — fla) 


хээа Жэн 


We may write f(x) in a form that contains [ f(x) — f(a)]/(x — a) as follows, 
provided x # а: 


fe) = 


POEM (x — a) + fla) 
—a 


Employing limit theorems, we find that 


lim f(x) = lim Хю — fla), lim ( (x — a) + lim f(a) 


= f'(a): 0+ f(a) = fia. 


Thus. by Definition (2.20), f is continuous at a. жа 





By using one-sided limits, we can extend Theorem (3.11) to functions 
that are differentiable on a closed interval. 

The process of finding a derivative by means of Definition (3.5) can 
be very tedious if f(x) is a complicated expression. Fortunately, we can 
establish general formulas and rules that enable us to find f'(x) without 
using limits. 

If f is a linear function, then f(x) = mx + b for real numbers m and 
b. The graph of f is the line that has slope m and y-intercept b (see Fig- 
urc 3.18). As indicated in the figure, the tangent line / at any point P co- 
incides with the graph of f and hence has slope m. Thus, from (i) of 
(3.7), f'(x) = m for every х. We can also prove this fact directly from Defi- 
nition (3.5). This gives us the following rule. 
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Derivative of a linear 
function (3.12) 


Derivative of a constant 
function (3.13) 


ILLUSTRATION 


Power rule (3.14) 
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If f(x) = mx + b, then f(x) 2 m. 
The following result is the special case of (3.12) with m — 0. 
If f(x) = b, then f'(x) = 0. 
The preceding result is also graphically evident, because the graph 
of a constant function is a horizontal line and hence has slope 0. 


Some special cases of (3.12) and (3.13) are given in the following 
illustration. 





fG) | 3-7 —4х+2 7х x B m y0 
ræ 3 4 711884 8 


Many algebraic expressions contain a variable x raised to some power 
n. The next result, appropriately called the power rule, provides a simple 
formula for finding the derivative if is an integer. 


Let n be an integer. 
If f(xy=x", then f'(x) = пл", 


provided x 4 0 when п < 0. 


PROOF By Definition (3.5). 
f(x +h) — f(x) 





1 (х) = lim 
1541) Л 
„(х Д) – х" 
= lim ——————. 
hoo h 


If n is a positive integer, then we can expand (x + h)” by using the binomial 
theorem, obtaining 


= nin — 1) 
Б tone th 


= х"7212 4:66 пй 1 + ‚| — x" 





f (х) = lim 
h-0 h 


> ul n(n — 2) n—2 n-2 1-1 
Dui | ЯМ” ааа : 
h-0 = 

Since each term within the brackets, except the first, contains a power of 


h, we see that f(x) = пх" t}. 





If n is negative and х # 0, then we can write n = —k with k positive. 
Thus, 
4 х. (ХОВД) #—=ж * 
/'(х) = lim - 
h-0 h 


vi x5—(x4-hy 
rg HUE -LH S C 
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As before, if we use the binomial theorem to expand (x + Л)“, then simplify 
and take the limit, we obtain 


f'ix) 2 —kx^** =a, 
If n= 0 and x #0, then the power rule is also true, for in this case 


f(x) = x? = 1 and, by (3.13), f(x) 202 0-x9?^'. am 


Some special cases of the power rule are listed in the next illustration. 














ILLUSTRATION 
3 1 5 l 1 
f(x) * xy oe ux xcix-w = dis. ` NU 
2 " | 2 10 
f(x) 2x 3x^ 4x? 100? (—1)х?= 5 2x 3 = ; —10х!!=—-үү 
^ au X X 
We can extend the power rule to rational exponents. In particular, in 
p p 
Appendix II we show that for every positive integer n, 
es x | 1 5 
if х) = х", then /(х)--х(77)1, 
n 
provided these expressions are defined. By using rule (3.34) proved in Section 
3.6. we can then show that for any rational number m/n, 
— " m 
6 f(x)". thea f(x)-—a"«-', 
n 
In Chapter 7 we will prove that the power rule holds for every real number 
р р р | y 
n. Some special cases of the power rule for rational exponents are given 
in the next illustration. 
ILLUSTRATION 
| ло ТАС 
r- 4 i 1 
vs ex х1 =— 
= 2, X 
ГЭЖ 3/3 2 1/3 2 
A x^ = x^ —X 7 = = 
3 34x 
В - 8 5 ,— 
а/ „5 54 14 4 
ix =x =X =— ix 
S = 7s „шей — 
xi 3 3x7/5 
ү ынай | Some 5. 
со 2 28e 


By using the same type of proof that was used for the power rule 
(3.14), we can prove the following for any real number c. 


Тһеогет (3.15) 


Notations for the derivative of 
у = f(x) (3.16) 


ILLUSTRATION 
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| If f(x)ecx" then jf'(x)e(onxt *. 





In words, to differentiate ex", multiply the coefficient c by the exponent п 
and reduce the exponent by 1. 

We shall conclude this section by introducing additional notations for 
derivatives. 





TT En as uw WE @ 
| Г) = D. f(x) -D.y-) =r 74/9 


Ї 





All of these notations are used in mathematics and applications, and 
you should become familiar with the different forms. For example, we 
can now write 





d f(x) = lim f(x + А) — fe) 
dx ^ ho h 


The letter x in D, and d/dx denotes the independent variable. If we use 
a different independent variable, say t. then we write 


D, f(x) = 


| 1 
ў) =D, fl) = Е fit). 


Each of the symbols D, and d/dx is called a differential operator. Standing 
alone. D, or 4/4х has no practical significance; however, when either 
symbol has an expression to its right, it denotes a derivative. We say that 
р, or d/dx operates on the expression, and we call D, y or dy/dx the 
derivative of y with respect to x. We shall justify the notation dy/dx in 
Section 3.5, where the concept of a differential is defined. 

The next illustration contains some examples of the use of (3.16) and 
(3.15). 


D, (3x7) = (3: 7)х® = 21x 


ши р) (112) = (2: 12901 = 6r! 
4 3 32 122 

= (4x°*) = (4° х“ = бх“? 
dx 
1 

ша (274) = 2(- 475 = = 
dr n 


Note that in (3.16). D, y. y', and dy/dx are used for the derivative of 
y with respect to x. If we wish to denote the value of the derivative D, у, 
y'. or dy/dx at some number x = a, we often use a single or double bracket 


and write 
dy dy 
D, yl 18 [D, ЗЭ хаад or 2. 


EXERCISES 3.2 


ILLUSTRATION 


Notations for higher 
derivatives (3.17) 
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= р, k-s = ЗОЛ = X5?) = 75 
яв Тр. O = 1237,6 = 148") = 24 


We may also consider derivatives of derivatives. Specifically, if we dif- 
ferentiate a function f, we obtain another function f’. If f’ has a deriva- 
tive, it is denoted by f” (read f double prime) and is called the second 
derivative of f. Thus. 


f" (x) = D, [б] = D, [D, f()] = DE f). 
As we have indicated, the operator symbol D? is used for second deriva- 


tives. The third derivative / of f is the derivative of the second derivative. 
Thus, 


ft) = D, [F'O] = D, [D$ fl] = D$ Л). 


In general, if n is a positive integer, then / '" denotes the nth derivative of 
f and is found by starting with f and differentiating, successively, n times. 
In operator notation, f(x) = D} f(x). The integer n is called the order 
of the derivative f'"(x). The following summarizes various notations that 
are used for these higher derivatives, with y = f(x). 





Se: J'G9, TR ТЭХ, f(x) 
р.у, Dey, Ву, DEY, Di y 
y, 3". y" УЛ y" 
dy d'y d'y d'y Фу 
dx' dx" х" ах" dx" 
EXAMPLE 5 Find the first four derivatives of f(x) = 4х? 2. 
SOLUTION Ме use (3.15) four times: 
f'(x) = (4: 3! ? = 6x1? 
fx) — (6- jy! 2 = 37102 
f"(x) = 3—43x^?? 2 -4х-32 
f(x) = (-3( 3x75? = 2x 52 











Exer. 1—4: (a) Use Definition (3.5) to find f'(x). (Ы Find 
the domain of f’. (с) Find an equation of the tangent 
line to the graph of f at P. (а) Find the points on the 
graph at which the tangent line is horizontal. 


KEY (x) = —S5x? + 8х + 2; P(—1, – 11) 
\ 


2 f(x) = 3x? -—2x—4; Р(2, 4) 
3 Ј(х) = х? +x; Р(1, 2) 
4 f(x) = x? — 4x; P(2, 0) 


Exer. 5—12: (а) Use (3.12)- (3.15) to find f'(x). (5) Find 
the domain of f". |c) Find an equation of the tangent 
line to the graph of f at P. (9) Find the points on the 
graph at which the tangent line is horizontal. 


5 f(x) = 9х — 2; P(3, 25) 
6 f(x) 2 —4х+3; P(—2,11) 
7 f(x) = 37; Р(0, 37) 
8 f(x) = x; Р(5, п?) 


Mom 
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9 f()el/x* P2, 

10 f(x) = 1/x*; — Р(1.1) 

11 f(x) = 4х0; Р(81,12) 

12 у(х) = 12х12; Р(—27, — 36) 


Exer. 13-16: Find the first three derivatives. 
13 f(x) = 3х 

14 f(x) = бх" 

15 f(x) = 94 х? 

16 fix)= 3x" 

17 172 = 25r? 5, find D} z. 

18 If y= 3x +5, find Dj y. 


гу 
19 If y= —4x +7, find E. 
dx” 
5 d?z 
20 == 645/1, find — 
dt^ 


Exer. 21-22: Is f differentiable on the given interval? 
Explain. 

21 f(x)-—l/x 
22 f(X) = ух 


(а) [0,2] 
lal [—1. 1] 


(b) [1. 3) 
Ib) [—2. — 1) 


Exer. 23-24: Use the graph of f to determine if f is 
differentiable on the given interval. 


23 f(x) = {4 — x (a) [0. 4] 
24 fe = NA — ҳ? (а) [3 2 


(b) [—5.0] 
lb) [—1, 1] 


Exer. 25-30: Determine whether f has (а) a vertical 


tangent line at (0, 0) and [b] a cusp at (0, 0). 
25 fix 18 х! 3 26 fix) m x5 3 23 f(x) = х? 9 


28 fix) =x'* 29 fix) = 5x°" 30 f(x) = 7х*° 
Exer. 31-32: Estimate f’(—1), f'(1), f'(2), and f’(3), 
whenever they exist. 
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Exer. 33—36: Use right-hand and left-hand derivatives 
to prove that / is not differentiable at a. 


33 f(x)=|x—5|; а= 5 
34 f(x)=|x+2\|; а--2 
35 f(x)=|x—-2)]; a=2 


36 f(x) = [x] 2; a 


Ш 


Exer. 37-40: Use the graph of / to find the domain of 
Fs 


| 2х ifx<0 
9 ТӨР" д ээл 
> x—1 fx<1 
мЭ9"13 өү 
- РЕ ид Ш =! 
TET эхлэ эх 1 
@ f [х*—2 ifx<0 
=): хэй 


Exer. 41-42: Each figure is the graph of a function /. 
Sketch the graph of /” and determine where f is not 
differentiable. 
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Exer. 43—44: Given the position function s of a point Р 
moving on a coordinate line /, find the times at which 
the velocity is the given value k. 


43 
44 
45 


47 


3.3 TECHNIQUES OF DIFFERENTIATION - 


= 30785 kag 
s(t)— 480; К = 300 
The relationship between the temperature F on the Fah- 


renheit scale and the temperature C on the Celsius scale 
is given by C = $(F — 32). Find the rate of change of F 
with respect to C. 


Charles' law for gases states that if the pressure remains 
constant, then the relationship between the volume V 
that a gas occupies and its temperature T (іп C) is given 
by V = И(1 + 3457). Find the rate of change of T with 
respect to V. 


Show that the rate of change of the volume of a sphere 
with respect to its radius is numerically equal to the sur- 
face area of the sphere. 


Show that the rate of change of the radius of a circle 
with respect to its circumference is independent of the 
size of the circle. 


An oil spill is increasing such that the surface covered 
by the spill is always circular. Find the rate at which the 
area A of the surface is changing with respect to the 
radius r of the circle at 


[b] к= 500 ft 
A spherical balloon is being inflated. Find the rate at 


which its volume V is changing with respect to the ra- 
dius r of the balloon at 


[b) r= 10 ft 


(а| any value of r 


(а| any value of r 


[=] 56 Graph /(х) = х^ – 3х? + 2х1 on the 
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51 In some applications, function values f(x) may be known 


only for several values of x near a. In these situations 
f(a) is frequently approximated by the formula 
fla+h)— f(a — h) 


2h 





f (a) = 


(a) Interpret this formula graphically. 


Pa 
(b) Show that lim fia + h- fta — h) 


- = /'(а). 
hoo 2h 


[c] If f(x) = 1/x?, use the approximation formula to es- 
timate /'(1) with h = 0.1, 0.01, and 0.001. 


{а} Find the exact value of / 11). 


52 {ај Use the approximation formula in Exercise 51 to 


show that if h = 0, then 


_ Да +h) — 2f(a) + fla — h) 
` h? ` 


Га) 





ib] If f(x) = 1/х?, use part (a) to estimate /7(1) with 
h = 0.1, 0.01, and 0.001. 
ic) Find the exact value of f”(1). 


|с | Exer. 53-54: Use the following table, which lists the 
approximate number of feet s(r) that a car travels in г 
seconds to reach a velocity of 60 mi/hr in 6 seconds. 


t 0 | 2 3 - 5 6 7 
s(t) O 11.7 42.6 891 1490 220.1 303.7 396.7 


53 Use Exercise 51 to approximate the velocity of the car 


at 


[а] t=3 [bp t= 6 


54 Use Exercise 52 to approximate the rate of change of 


the velocity of the car with respect to t at 
(at-3  [bjt-6 


[c] 55 Graph f(x) = |х? — 2x* + 3х? — x + 1| on the interval 


[—1, 1] and estimate where f is not differentiable. 


interval 
[—1, 3] and estimate the x-coordinates of points at 
which the tangent line is horizontal. 


This section contains some general rules that simplify the task of finding 
derivatives. The rules are stated in terms of the differential operator Dy, 
where D, f(x) = f'(x). In the rules, f and g denote differentiable functions, 





Тһеогет (3.18) 
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c, m, and b are real numbers, and n is a rational number. The first three 
parts of the following theorem were proved in Section 3.2 and are restated 
here for completeness. 


w Daso 

(li) р, (тх + b) =m 

ЇШ) D. Оуу? 

liv) D, [cfG)] = c D, f(x) 

м D, [f(x) + #(х)] = D, f(x) + D, g(x) 
(vi) D. [ f(x) — 969] = D. f(x) — Dx g(x) 


= 





PROOF (iv) Applying the definition of the derivative to cf(x), we have 


D, [0709] = lim =... 


= lim c Et 070) 
h=0 h 

— cli eC 9 70) 

h-0 


= с, f(x). 

(у) Applying the definition of derivative to f(x) + g(x) yields 
[f(x + h) + gix + №] — [/(х) + 969] 
h 
Е +9 70), Aeth— e 

h T 





D, [ f(x) + g(x)] = € 


= lim 
в-0 





h 


саа fix + А) — f(x) itin g(x + h) — g(x) 


л-0 һ һ—0]0 Л 
= D, f(x) + D, g(x) 
We can prove (vi) in similar fashion, or we can write 
f(x) — g(x) = f(x) + (— g(x) 


and then use (v) and (iv). яв 


If we use the differential operator d/dx in place of D,, the rules in 
Theorem (3.18) take on the following forms: 
d d 
3,59 207 + 0) = т 


d 7 эх: „п 1 4 = 4 
зүХ = ПХ X. [of(x)] = e 1- ft) 


Й us d d 
Эс [/(х) + g(x)] = 1, / 9 + 1; 90) 
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Parts (v) and (vi) of Theorem (3.18) may be stated as follows: 


ММ) The derivative of a sum is the sum of the derivatives. 
(vi) The derivative of a difference is the difference of the derivatives. 


These results can be extended to sums or differences of any number 
of functions. Since a polynomial is a sum of terms of the form cx", where 
c is a real number and n is a nonnegative integer, we may use results on 
sums and differences to obtain the derivative, as illustrated in the next 
example. 


EXAMPLE 1 If f(x) = 2x* — 5x? + x? — 4x + 1, find f'(x). 


SOLUTION 


f'(x) = D, (2x* — 5x? + x? — 4x + 1) 
= D, (2x*) — D, (5x?) + D, (x?) — D, (4x) + D, (1) 
= 8x? — 15x? + 2x — 4. 


EXAMPLE 2 Find an equation of the tangent line to the graph of 


у= 64/х2— 2. at P(1, 2). 
NX 


SOLUTION We first express y in terms of rational exponents and then 
find dy/dx: 


y = 6x?? — 4x71? 


dy _ d 2/3 d -1/2 
ea OC mR ае 
= 4x7 1/3 __ (—2x- 3/2) 

4 2 
m x37 х3/2 


Bile, l1 
Using the point-slope form, we can express an equation of the tangent 


line as 


у—2=6(х— 1), ог 6x—y=4. 


Formulas for derivatives of products or quotients are more compli- 
cated than those for sums and differences. In particular, the derivative of 
a product generally is not equal to the product of the derivatives. We may 


о а е AAAS T TT 
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illustrate this by using the product x^ · x? as follows: 
D, (x^ a7) = Dix) = 7х? 
D. (x^)- D (x^) = (2%) * (534) 102^ 
Hence D, (x? x?) # D, (x?)- D, (x?). 





The derivative of any product f(x) g(x) may be expressed in terms of 
derivatives of f(x) and g(x) as in the following rule. 


Product rule (3.19 
— D, f(x)g(ix) = f(x) Dy g(x) + g(x) D, f(x) 


PROOF Let y= f(x)g(x). Using the definition of the derivative, we 
write 

Fx + а(х + h) — /(х)у(х) 

m " 


peek 
Ds) юэ h 





To change the form of the quotient so that the limit may be evaluated, 
we subtract and add the expression f(x + /)g(x) in the numerator. Thus, 


. f(x + табх + h) — f(x + hgx) + fix + hg) — /(х)у(х) 
D, y = lim п 
h-0 


gix + 2 - g(x) Бах IAF 2 - ш 





= lim С + л): 
h-0 


= lim f(x + h)» lim 


gix + h) — glx) 
hoo һ—0 1 


+ lim g(x) lim 0, 
h-0 п-0 һ 


Since / is differentiable at x, it is continuous at х (see Theorem (3.11)). 
Hence lim, .9 f(x + h) = f(x). Also, іт, о g(x) = g(x), since x is fixed in 
this limiting process. Finally, applying the definition of derivative to f(x) 
and g(x), we obtain 


D. у = (х) (х) + gix) f'(x). um 


The product rule may be phrased as follows: The derivative of a prod- 
uct equals the first factor times the derivative of the second factor, plus the 
second times the derivative of the first. 


EXAMPLE 3 у= (х? + 1)(2x? + 8x — 5), find D, y. 


SOLUTION Using the product rule (3.19), we have 
D, y = (x? + 1) р, (2x? + 8x — 5) + (2x? + 8x — 5) D, (x? + 1) 
= (х? + 1)(4x + 8) + (2x? + 8x — S)(3x?) 
(4x* + 8x? + Ax + 8) + (6x* + 24x? — 15x?) 
10x* + 32x% — 15x? + 4x +8. 





3.3 TECHNIQUES OF DIFFERENTIATION 


Quotient rule (3.20) 
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EXAMPLE 4 If f(x) = x! (x? — 3x + 2), find 
(а) f'(x) | (b) the x-coordinate of the points on the graph of f at which 
the tangent line is either horizontal or vertical 
SOLUTION 
(а) By the product rule (3.19). 
f'(x) = x! 3 D, (x? — 3x + 2) + (x? — 3x + 2) D, (x!) 
= xx — 3) + (x? — 3x + 2)0x ^?) 
_ Ax(2x — 3+ GP — 3x2) 
ae 
| x — 12х+2 
3x25 





(b) The tangent line to the graph of f is horizontal if its slope is zero. 
Setting f'(x) = 0 and using the quadratic formula, we obtain 


12+ М144 — 56 12+V88 6+ V2 
2(7) 4 7 





e == 


Referring to f'(x). we see that the denominator 3х27 is zero at x = 0. 
Since f is continuous at 0 and lim, ., | /(х)| = %, it follows from Defini- 
tion (3.9) that the graph of f has a vertical tangent line at x = 0—that 
is, the point (0, 0) (the origin). 


We shall next obtain a formula for the derivative of a quotient. Note 
that the derivative of a quotient generally is not equal to the quotient of 
the derivatives. We may illustrate this with the quotient x?/x? as follows: 


5 
р, (5) -D.(0)23x? 
x^ 
р, (x5) БЕ Sy а 5 х? 
D.) 2x 2 


=) S 
Hence р, (8) x a ү, 
Kd row Ж.Ж”) 





The derivative of any quotient f(x)/g(x) may be expressed in terms of 
the derivatives of f(x) and g(x) as in the following rule. 





b Fa _ x) D, fGx) — f(x) Dx а(х) 
" Lg) Lalx)]? 


PROOF Let у = f(x)/g(x). From the definition of derivative, 
fxh) f(x) 


рыў fs g(x + h) " g(x) 
h-0 1 
ac Bi gx) f(x + h) — /(х)у(х + h) 
һ—0 hg(x + h)gix) 
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Subtracting and adding g(x) f(x) in the numerator of the last quotient, we 














obtain 
г go) f(x + h) — g(x) f(x) + g(x) f(x) — /(х)д(х + h) 
D, y = lim 
в-0 hg(x + h)g(x) 
lim MOLLE + В) — S] — Л) + h) — 909) 
= im — - — - — — 
h-0 hg(x + h)g(x) 
aoo| + d sl _ fos] + У — з] 
= lim <_< lM 
h=0 ax + h)g(x) 


Taking the limit of the numerator and denominator gives us the quotient 
rule. шш 


The quotient rule may be stated as follows: The derivative of a quotient 
is equal to the denominator times the derivative of the numerator minus the 
numerator times the derivative of the denominator, divided by the square of 
the denominator. 


dy 3x? — x +2 
EXAMPLE 5 i LAE ——— 
Киң 4х if) 4x? +5 


SOLUTION By the quotient rule (3.20), 
dy (4x? +5) D, (3x? — x + 2) — (3x? — x + 2) D, (4x? + 5) 
dx (4x? + 5)? С 
(4x? + 5)(6x — 1) — (3х2 — х + 2)(8х) 
Е (0 (4x4 5)? 
(24x? — 4x? + 30x — 5) — (24x? — 8x? + 16x) 
Е (4х2 + 5)2 _ 











4x? + 14x — 5 
(4x? + 5)? 





If we let f(x) = | in the quotient rule (3.20), then, since D, (1) = 0, we 
obtain the following. 


Reciprocal rule (3.21) i 
а]. вво 
g(x) [99] 


ILLUSTRATION 
em p, ! е „Жал Е 1 
х (х) x 
=D 1 _D, 3x" — 5х+4) _ бх —5 





*3x2_ 5x44 (3531-55-48 — (3x? — 5x + 4)? 
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FIGURE 3.19 






d e Object 


Image 





118 


The differentiation formulas in (3.18) are stated in terms of the function 
values f(x) and g(x). If we wish to state such rules without referring to 
the variable x, we may write 


(«У =, (S+g =f +g, and (f/—9 =f- g 


Using this notation for the product and quotient rules and at the same 
time commuting some of the factors that appear in (3.19) and (3.20), we 
obtain fv fg—fW 
(9) = Ра + fg and ( ) EE NE 

g g 
You may find it helpful to memorize these formulas. To obtain the quo- 


tient rule, change the + sign in the formula for (fg) to — and divide by 
2 


We conclude this section with an application that makes use of the 
quotient rule. 


EXAMPLE 6 A convex lens of focal length f is shown in Figure 3.19. If 
an object is a distance p from the lens as shown, then the distance q from 
the lens to the image is related to p and f by the lens equation 


If, for a particular lens, f = 2 cm and p is increasing, find 
(ај a general formula for the rate of change of q with respect to р 
[b) the rate of change of q with respect to p if p — 22 cm 


SOLUTION 


(а) By (3.7)(ii), the rate of change of q with respect to p is given by the 
derivative D, q. If f — 2, then the lens equation gives us 





1 ” 1 I 1 8-2 
= — or – == — — = 
2 ра 2 р 2р 
2 
Непсе 4 = р 
р-2 


Applying the quotient rule (with x = p) yields 
(p = 2) D, (2p) — (2p) D, (p — 2) 





р,9 = 








3 (p — 2)? 
(p — 2)(2) — (2р)(1) 
~ (-2Y 
_ =4 
| (p— 2)?" 
(b) Substituting p = 22 in the formula obtained in part (a), we get 
—4 -4 1 


р, -22 (22-28 = 400 ~~ 100" 


Thus, if p = 22 cm, the image distance q is decreasing at a rate of jj; 
centimeter per centimeter change in p. 
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Exer. 1—40: Find the derivative. 
2 h(z) = 823/? 


1 g(t) = 66? 


з f(s) = 15 — s + 4s? — Sst 


5 f(x) = 3x? + 2/x* 


7 g(x) = (x? — 7)(2x? + 3) 


é gix) «x* — 3/x 


4 fit) = 12 — 3* + 41° 


8 k(x) = (2x? — 4x + 1)(6x — 5) 


9 f(x) 2 x! ix + x 4) 

10 A(x) = x?*3(3x? — 2x + 5) 
1 hir) = r(3r* — 7r + 2) 

12 k(v) = v—2i? + v 3) 
(Зу = (8x? — 5x)(13x? + 4) 


14 H(z) = (22 — 223)(72? + 2 —8) 


21 


23. 


25 


Жул 2-2 
LU елд 
z+ 32? 
ne) = 2-9: 
8-1 
(i) 
(t) zn 
_ ve 
A= 
(х) = 
ud DIM GU 
7 
i=, 
ч х? + 5 


35 


(37 








1 
F(t) =? + 
Bü 


K(s) =( 


h(x) = (5х — 4)? 
gir) = (5r — 4)? 


34) * 





fit) = 3/(5t) — 1 
UC O/PBIRST 

2х3 — 71x? + Ax +3 
jp. ээ сэ ээн 

x 

52* + 25 — 22 
T(z) = = 

3x* —5x 4-8 
f(x) = явж MED 

36 + 2t 
h(t) = 


16 


20 


22 


24 


Wis) = (35)* 


Siw) = 


S(x) = (3x + 1)? 


N(z) = 


(2w + 1) 


4/2? 
(3/2) + 2 


8x? — 6x + 11 
hix) = 
-1 
fiw) = 2у 
m= 
in = 8r + 15 
au eee З 
таг, 
9558-4548 
1 1 
pAx)=1+-—+- 5+ 
Se 3 
6 
k(z) = ^ 
1-1-1 
(Х)-02х “вэ 
s(x) цайг 


3 


(ез (x) = — : zi 


Exer. 41—44: Solve the equation D, y — 0. 
41 y= 2х3 — 3x? — 36x +4 
42 у= 4x! + 21x? — 24x +11 





gm 2x? + 3x — 6 
[43 ў = гуниг 
х 2х 5 
44 у= - 
х+1 


Ехег. 45-46: Solve the equation Di у = 0. 

45 y= 6x* + 24x? — 540x? +7 

46 у= 6x5 — 5x* — 30x? + 14x 

Ехег. 47-50: Find dy/dx by (а) using the quotient rule, 


{Б} using the product rule, and |с) simplifying algebraic- 
ally and using (3.18). 














3х-1 х3- 1 
47 у= —4 A a уа > 
xt X 
x* — 3x 2x - 3 
49 у= —— 50 y=—— 
ух? ух? 


a 3x 4 " x43 
=— у= 
` х ~ 2х+3 





Exer. 53-54: Find an equation of the tangent line to the 
graph of f at P. 


P(—2, 1) 
1+ x* 


54 f(x) = 3x! — 24/х; P(4,44) 
55 Find the x-coordinates of all points on the graph of 
у = xX? + 2x? — 4x + 5 at which the tangent line is 


{a} horizontal {b} parallel to the line 2y + 8x = 5 


56 Find the point P on the graph of y = x? such that the 
tangent line at P has x-intercept 4. 


57 Find the points on the graph of y = x?? — х! at which 
the tangent line is parallel to the line y — x = 3. 


58 Find the points on the graph of y = x^? + x! ? at which 
the tangent line is perpendicular to the line 2y + x = 7. 


Exer. 59-60: Sketch the graph of the equation and 
find the vertical tangent lines. 


59 узх-4 60 p=x'/3 42 


61 A weather balloon is released and rises vertically such 
that its distance s(t) above the ground during the first 
10 seconds of flight is given by s(t) = 6 + 2t + t°, where 
s(t) is in feet and t is in seconds. Find the velocity of the 
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balloon at 

[ај t=1,t=4,and1=8 

[bj the instant the balloon is 50 feet above the ground 
62 А ball rolls down an inclined plane such that the dis- 

tance (in centimeters) that it rolls in г seconds is given 

by s(t) = 21° + 3? + 4 for 0 < t < 3 (see figure). 


[a] Find the velocity of the ball at t = 2. 
15) At what time is the velocity 30 cm/sec? 
EXERCISE 62 
Wz) 





Exer. 63-64: An equation of a classical curve and its 
graph are given for positive constants a and b. (Consult 
books on analytic geometry for further information.) 
Find the slope of the tangent line at the point P. 


өз Witch of Agnesi: у = ———3: Pí(a.a/2) 
a^ + х? 





64 Serpentine curre: y= ;: Pla, b/2) 





Exer. 65-66: Find equations of the lines through Р that 
are tangent to the graph of the equation. 


65 POD y= 66 P(3,1; ху=4 


Exer. 67-70: If f and g are functions such that /(2) = 3, 
f'(2) = —1, q(2) = —5, and $4'(2)—2, evaluate the 
expression. 
67 (а|1/ + 92) (5117-0102) (c) (4/0702) 

fa) CfaYQ) fe) Cg) it) (1/7902) 


69 


71 


fa) (9 — /Y(2) (Ы) ig f£ (2) 
їе) (49) (2) (а) (f/f (2) 
(а) Qf — g)(2) 15) (5f + 39) 2) 
гү 

(2 2 F 
Ic] (9712) (а) (; т Ja 
(a) 3f — 29)(2) (ы) (5/g)'(2) 

А i X 

6f y(2 : 

ic] (62) ia (7. Jo 
If f. д. and h are differentiable, use the product rule to 


prove that 
D, [fiut Mri) 
= fiM Mon + САС) + Сх) О). 
As a corollary, let f = g = h to prove that 
D, [fa]? = 3Efeap fox). 
Extend Exercise 71 to the derivative of a product of four 
functions, and then find a formula for D, | f(:)]* 


Exer. 73-76: Use Exercise 71 to find dy/dx. 


73 
74 


78 


у = (8х— DG? + 4x + 7) — 5) 

y = (3x* — 10x? + 8)(2x7 — 10)(6x + 7) 

ү = x(2x* — 5x — 1)(6x? + 7) 

у = 4x(x — 1)(2x — 3) 

As a spherical balloon is being inflated, its radius r (in 
centimeters) after £ minutes is given by r— 3st for 


0 << 10. Find the rate of change for each of the fol- 
lowing with respect to t at 1 = 8: 


[a] the radius r 
[b] the volume V of the balloon 
(с) the surface area S of the balloon 


The volume V (in ft^) of water in a small reservoir dur- 
ing spring runoff is given by V = 5000(t + 1)? for t in 
months and 0 <1 3, The rate of change of volume 
with respect to time is the instantaneous flow rate into 
the reservoir. Find the flow rate at times г = 0 and t = 2. 
What is the flow rate when the volume is 11,250 ft?? 


A stone is dropped into a pond, causing water waves 
that form concentric circles. If, after г seconds, the radius 
of one of the waves is 40r centimeters, find the rate of 
change, with respect to t, of the area of the circle caused 
by the wave at 

(a]jt-!  (:-2 (с)г=3 

Воу!с 8 law for confined gases states that if the tempera- 
ture remains constant, then pr — c, where p is the pres- 
sure, r is the volume, and c is a constant. Suppose that 
at time t (in minutes) the pressure is 20 + 2t centimeters 
of mercury for 0 < t < 10. If the volume is 60 cm? at 
t = 0, find the rate at which the volume is changing with 
respect to t at f = 5. 
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Ге] 81 fa) If f(x) = x? — 2x + 2. approximate /11) using Exer- [с] 82 (a) If f(x) = x^? + 1, approximate /'(0) using Exercise 


cise 51 of Section 3.2 with Л = 0.1. 51 of Section 3.2 with h = 0.1. 

(b) Graph the following on the same coordinate axes: 15| Graph the following on the same coordinate axes: 
у = (x), the secant line /, through (1, f(1)) and y= f(x) the secant line through (0, /(0)) and 
(L1, f(.1) and the secant line l, through (0.1, /(0.1))) and the secant line through 
(0.9, /(0.9)) and (1.1, f(1.1)). ( —0.1, f/( —0.1)) and (0.1, /(0.1)). 

(с) Find /11) and explain why the slope of l, is a better (< Why don't the slopes of the secant lines in (b) ap- 
approximation to f'(1) than is the slope of /,. proximate f'(0)? 


3.4 DERIVATIVES OF THE TRIGONOMETRIC FUNCTIONS 





To obtain formulas for derivatives of trigonometric functions, it will be 
necessary to first prove several results about limits. Whenever we discuss 
limits of trigonometric expressions involving sin 0, cos t, tan x, and so 
on, we shall assume that each variable represents the radian measure of an 
angle or a real number. 

Let 0 denote an angle in standard position on a rectangular coordinate 
system, and consider the unit circle U in Figure 3.20. According to the 
definition of the sine and cosine functions, the coordinates of the indicated 
point P are (cos 0, sin 0). It appears that if 0 — 0, then sin 0 > 0 and 
cos ( — 1. This suggests the following theorem. 


FIGURE 3.20 





Theorem (3.22) РР 7 
(i) lim sin 0 = 0 (ii) lim cos 0 = 1 
0-0 0-0 


PROOF (1) Let us first show that іт, у: sin 0 = 0. If 0 < 0 < 72/2, 
then. referring to Figure 3.20, we see that 


0 < MP < АР, 


. . . pes 
where MP denotes the length of the line segment joining M to P and AP 
denotes the length of the circular arc between 4 and P. By the definition 
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of radian measure of an angle (see Section 1.3), AP = 0, and therefore the 
preceding inequality can be written 


0 « sin 0 < 0. 


Since lim, у. 0 — 0 and limy.o. 0 = 0, it follows from the sandwich 
theorem (2.15) that lim,.,- sin 0 = 0. 

To complete the proof of (i). it is sufficient to show that lim;..,- sin 0 = 
0. If —z/2 < 0 <0, then 0 < —0 < z/2 and hence, from the first part of 
the proof. 


0 < sin(—80) < —0. 
Using the trigonometric identity sin (—0) = —sin 0 and then multiplying 
by —1 gives us 
(< sin 0 < 0. 
Since lim, „у 0 = 0 and lim~o- 0 = 0, it follows from the sandwich 


theorem that limpo- sin 0 = 0. 
(ii) Using sin? 0 + cos? 0 = 1, we obtain cos 0 = +1 — sin? 0. If 





—n2 < 0 < n/2, then cos 0 is positive, and hence cos 0 = y1 — sin? 0. 
Consequently. 

lim cos 0 = lim \/1 — sin? 0 = 4/lim (1 — sin? 0) 

0-0 ü +0 _ 0-0 


|| 


In Section 2.1 we used a calculator and a graph to guess the limit 
stated in the next theorem (see pagé 42)/ We shall now give a rigorous 





proof. 
Theorem (3.23) 
. sind 
lim —— = 1 
= mid 


FIGURE 3.21 PROOF If0 < 0 < z/2. we have the situation illustrated in Figure 3.21, 


у where U is a unit circle. Note that 





MP = sinÜ and АО = tan 0. 
From the figure we see that 
area of AAOP < area of sector AOP < area of AAOQ. 

From geometry and Theorem (1.15). 

area of AAOP = bbh = 4(1) (MP) = 3 ѕіп 0, 

area of sector AOP = }r?0 = 4(1)70 = 10. 

area of AAOQ = $bh = $(1) (AQ) = 1 tan 0 

Hence the preceding inequality may be written 


i sin 0 < 40 < 3 tan 0. 


г ЕС6ЕЕЕЕЕЕЕЕЕЕЕСЕСССЕЕСЕСЕСЕСЕСЕСЕЕЁ 
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Using the identity tan 0 = (sin @)/(cos 0) and then dividing by 1 sin 0 
leads to the following equivalent inequalities: 
0 1 
l<- <— 
sin cos 0 


sin 0 
1 > 9 > cos Ө 


sin 0 
соѕ 0 < 0 < 1 


The last inequality is also true if — л/2 < 0 < 0), for in this case we have 
0 < —0 < n/2 and hence 


sin ( — 8) 
C08 ( — 8) < —— < |, 
-0 
Using the identities cos (— 0) = cos 0 and sin (— 0) = —sin 0. we again 
obtain 
sin 0 
cos 0 < Ü < 1 


Since іту. cos 0 = 1 and limy.9 1 = 1, the statement of the theorem 
follows from the sandwich theorem. шш 


We shall also make use of the following result. 


Theorem (3.24) | > 
i — cos 
lim ———— — = 


0 
9-0 0 


PROOF Име let 0 = 0 in the expression (1 — cos 0)/0. we obtain 0/0. 
Hence we must change the form of the quotient. Remembering from trig- 
onometry that 1 — cos? 0 = sin? 0, we multiply the numerator and de- 
nominator of the expression by 1 + cos 0 and then simplify as follows: 





l— cos _ 1 — соз 0 1 + cos 0 








0 0 1 + cos 0 
1 — cos? 0 
~ OL + cos 0) 
sin? 0  sinÜ -я 0 





Е 0(1 + cos 0 0 1+с050 


Consequently, 





. 1—-cos0 |. sin () 880 ^ 
lim а (2-2 к= 
0-0 ) 8-0 0 1--с080 


(Simo. sin () 
= | lim —— | im 
\ө-о 0 #-о 1 + cos 0 


4 


“4, н) = 1-0-0. - 





ll 
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We may now establish the formulas listed in the following theorem, 
where x denotes а real number or the radian measure of an angle. 


Derivatives of the trigonometric X. А p 
5 SYM B лол - oon Et -ч 
functions (3.25) | K р.Мпх-совх ^ Эҳ D, cos x = -sinx 7. 
^ / 
£D, tan x = sec? x У > D,cot x = —csc? x X 
M D, sec х = sec x tan x N D, cse x = —cscxcotx + 


PROOF Applying Definition (3.5) with f(x) = sin x and then using the 
addition formula for the sine function, we obtain 
sin (x + h) — sin x 
D, sin x — lim sin (x + л) — sin x 

: һ—0 Л 
sin x cos h + cos x sin h— sin х 

Л 

sin x (cos h — 1) + cos x sinh 

m pec T 





— lim 
h-0 


mm h 


. : cos h — ') sin A 
= lim | sin x — | + cos x | — | |. 
к-0 л, Л 


By Theorems (3.24) and (3.23), 


0—1 si 
lim (= )=0 жай Ge mt, 


h-0 h nao h 
and hence D, sin x = (sin x)(0) + (cos x)(1) = cos x. 
We have shown that the derivative of the sine function is the cosine 
function. We may obtain the derivative of the cosine function in similar 


fashion. Thus, 


. cos(x + Л) — cos x 
Dcos x = lim —— 








h-0 h 

. cos x cos h — sin x sin h — cos x 
= lim - — 

h0 h 

cos x (cos h — 1) — sin x sinh 

= lim --- 

h-0 h 

: cos h — 1 : sinh 
= lim | cos x — | — sin x | —— 

һ—0 һ һ 
= (cos x)(0) — (sin х)(1) = —sin x. 


Thus, the derivative of the cosine function is the negative of the sine 
function. 

To find the derivative of the tangent function, we begin with the fun- 
damental identity tan x = sin x/cos x and then apply the quotient rule as 





ONE Eo EEE 
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follows: 
D, tan x = D, (225) 


cos x (D, sin x) — sin x (D, cos x) 








2 
cos* x 
COS X (cos X) — sin x (—sin x) 

cos? x 





? * "i 
COS^ x + sin* x 1 





5 = ;— = Sec? x 
cos? x cos* x 

For the secant function, we first write sec x = 1/соѕ x and then use 
the reciprocal rule (3.21): 


1 
D; sec x. =D, ( ) 
COS X 


D, cos x 


To 
cos "x 


—sin x 


——;— 
COS" X 


sin x | sinx 





cos? x cos x cos x 
= sec x tan x 


Proofs of the formulas for D, cot x and D, csc x are left as exercises, шш 


We can use (3.25) to obtain information about the continuity of the 
trigonometric functions. For example, since the sine and cosine functions 
are differentiable at every real number, it follows from Theorem (3.11) 
that these functions are continuous throughout R. Similarly, the tangent 
function is continuous on the open intervals ( — 2/2. 1/2). (1/2, 31/2). and 
50 оп, since it is differentiable at each number in these intervals. 


EXAMPLE 1 Find y’ if y = ©" * 


1 + cos x’ 


SOLUTION By the quotient rule and (3.25), 





тэн (1 + cos x)(D, sin x) — (sin x) D, (1 * cos x) 
: (1 + cos х)? 
(1 + cos х)(соѕ x) — (sin х)(0 — sin x) 
" (1 + cos х)? 





COS X + cos? x + sin? x 
Е (1 + cos x)? 





| cosx+1 

~ (1 + cos xy? 
1 

~ 1+ соѕх' 
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In the solution to Example 1 we used the fundamental identity 
cos? x + sin? x = 1. This and other trigonometric identities are often 
useful in simplifying problems that involve derivatives of trigonometric 
functions. 


EXAMPLE 2 Find g'(x) if g(x) = sec x tan x. 


SOLUTION By the product rule and (3.25), 


g'(x) = (see x)(D, tan x) + (tan x)(D, sec x) 
(sec x)(sec? x) + (tan x)(sec x tan х) 


= sec? x + sec x tan? x 
= sec x (sec? x + tan? x). 


The formula for g'(x) can be written in many other ways. For example. 
because 


sec? х = tan? x + 1, or tan? x = sec? x — 1, 
we can write 


g'(x) = sec x (2 tan? x +1), or g'(x) = sec x (2 sec? x — 1). 





EXAMPLE 3 Find dy/d0 if y = sec 0 cot 0. 


SOLUTION We could use the product rule as in Example 2; however, it 
is simpler to first change the form of y by using fundamental identities as 
follows: 


1 соѕ 0 — 1 


у = sec 0 cot 0 = ésc 0 


соз 0 sind sind 
Applying (3.25) yields 


dy d 
=. Re esc 0 = —сѕс 0 cot 0. 
4 40. > 


EXAMPLE 4 


(а| Find the slopes of the tangent lines to the graph of y = sin x at the 
points with x-coordinates 0, 7/3, 7/2, 27/3, and л. 


(b) Sketch the graph of y = sin x and the tangent lines of part (a). 
(с) For what values of x is the tangent line horizontal? 


SOLUTION 

[a] The slope of the tangent line at the point (x, y) on the graph of the 
equation у = sin x is given by the derivative у' = cos x. The slopes at the 
desired points are listed in the table on the following page. 


FEE о EEE EE 
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л л 2л 
Ж 95 54 л 





у =cos x | з 0 -4 К | 


(5) A portion of the graph of y = sin x and the tangent lines of part (a) 
are sketched in Figure 3.22. 


FIGURE 3.22 








(с) A tangent line is horizontal if its slope is zero. Since the slope of the 
tangent line at the point (x, y) is үг, we must solve the equation 


y = 0; thatis. cosx = 0). 


Thus the tangent line is horizontal if x = +7/2, x = +3л/2. and. in gen- 
eral, if x = (z/2) + zn for any integer n. 


FIGURE 3.23 If f is a differentiable function, then the normal line at a point Р(а, f(a)) 
on the graph of / is the line through P that is perpendicular to the tangent 
line, as illustrated in Figure 3.23. If f'(a) 3 0, then. by (1.9)(iii), the slope 
of the normal line is -1/ (a). If f(a) = 0, then the tangent line is hori- 
zontal. and in this case the normal line is vertical and has the equation 
X — d. ^ 






Tangent line 


I(x) 


EXAMPLE 5 Find an equation of the normal line to the graph of 
y = tan x at the point P(z;4, 1), and illustrate it graphically. 
Normal line 





SOLUTION Since у" = sec? x, the slope m of the tangent line at Р is 
m = sec? (1/4) = (./2)? = 2 


and hence the slope of the normal line is —1/m = — 1/2. 
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EXERCISES 3.4 


FIGURE 3.24 Using the point-slope form, we can express an equation for the normal 


line as 
1 л! 
ye = -3(x-3): 


or y= x + 2 41 

син нг 8 
The graph of у = tan x for —3л/2 < x < 3л/2 and the normal line at P 
are sketched in Figure 3.24. 





When we study Taylor series in Chapter 11, it will be necessary to 
find many higher derivatives of functions. The next example illustrates 
that these derivatives are easy to find for the sine function. 





EXAMPLE 6 Find the first eight derivatives of f(x) = sin x. 


SOLUTION Applying (3.25) yields 


/'(х) = D, sin x = cos x 


f'(x) = D, cos x = —sin x 
у") = D, (—sin x) = — D, (sin х) = —cos x 
ух) = D, (—cos x) = —D, (cos x) = —(—sin x) = sin x. 


Since fx) = sin x, it follows that if we continue differentiating, the 
same pattern repeats; that is, 











fx) = cos x, f(x) = —sin x, 
fÜ(x)2 —cosx, f'"(x)- sin x. 
EXERCISES 3.4 
т 
Exer. 1-28: Find the derivative. 1 1 
15 go) =—— к 16 k(x) = : : 
1 f(x) = 4cos x 2 H(z)=7tanz sin x tan x cos X cot X 
3 Gv) = Se cse v 4 f(x) = 3xsinx 17 glx) = (x + csc x) cot x 18. К(0) = (sin 0 + cos 0p? 
5 К) = t — 12 cost 6 p(w) = и? + wsinw 19 p(x) = sin x cot x 20 g(t) = csc t sint 
sin 0 1 — cos x ue AUR ja 60 
7 f) - —, 8 gaz) =- 21,50) х m Mae шр 
9 g(t) = P sint 10 T(r) = г? secr 23 k(v) = E v 24 40) = sin t sect 
sec г 


41 f(x) = 2x cot x + x? tan x 
х . 
3 x) = sin (—x) + cos(—x 
12 f(x) = 3x? sec x — x? tan x 25 ax) (-3) (=x) 

26 s(z) = tan (—2) + sec (— 2) 


1- cos 2 
13 híz) = 1 + cosz 27 Н(ф) = (cot ф + csc ф)(ап ф — sin ф) 
cos w 1 + sec x 
14 Ки) = —— — 28 у(х) = ——————— 
| —sinw tan x + sin x 


E.M 
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Exer. 29-30: Find equations of the tangent line and the 34 f(x) 2 2sec x tanx; —zi2«x«a/2 
normal line to the graph of f at the point (л/4, f(x/4)). Д 


29 f(x) = sec x 30 f(x) = csc x+ cot x 
Exer. 31-34: Shown is a graph of the function f with 


restricted domain. Find the points at which the tangent 
line is horizontal. 


«31 f(x) = cos x ^ sinx: 0«х«2л 





Exer. 35-36: [a] Find the x-coordinates of all points on 
the graph of f at which the tangent line is horizontal. 
[b] Find an equation of the tangent line to the graph of 





fat P. 

35 f(x) = x + 2 соѕ х; P(0, f(0)) 

36 f(X) = x + sin x: Р(л/2, f(n/2)) 
32 f(x) = cosx —sinx; 0x «2x 37 If y 2 3 + 2sin x, find 


(а) the x-coordinates of all points on the graph at which 
the tangent line is parallel to the line y = 2x — 5 

[b] an equation of the tangent line to the graph at the 
point on the graph with x-coordinate л/6 


38 If y= 1 + 2cos x, find 
[a] the x-coordinates of all points on the graph at which 
the tangent line is perpendicular to the line 


1 
у= х+4 
v3 
[b] an equation of the tangent line to the graph at the 
point where the graph crosses the y-axis 





[c] 39 Graph f(x) = |sin? x — cos x sin (}лх)| on the interval 
33 f(x) 2cscx -secx; 0«х«л/ [0. 5] and estimate where f is not differentiable. 





c| 40 Graph f(x) = on the interval [0. 4] and 


16 sin 2x — x 
estimate the x-coordinates of points at which the tangent 
line is horizontal. 


Exer. 41—42: A point P moving on a coordinate line / 
has the given position function s. When is its velocity 0? 


41 s(t) 2 t - 2cost 42 s(t) 2 t — J2 sint 


Exer. 43-44: A point P(x, y) is moving from left to right 
along the graph of the equation. Where is the rate of 
change of y with respect to x equal to the given number a? 


43 у= х? 42x, а-8 
44 у= x5? — 10x: а= 5 





3.5 INCREMENTS AND DIFFERENTIALS 


45 [a] Find the first four derivatives of f(x) = cos x. 


19) Find f(x). 
46 Find (х) if f(x) = cot x. 
47 Find D? y if y = tan x. 


x suy 
48 Find 13 if y = secx. 


3.5 INCREMENTS AND DIFFERENTIALS 


Exer. 49-52: Prove each formula. 

49 D,cotx= —csc? х 

50 D.cscx = — csc x cot x 

51 р, sin 2x = 2 cos 2x (Hint: sin 2x = 2 sin x cos x.) 


52 D, cos 2x = —2 sin 2x (Hint: cos 2x = 1 — 2 sin? x.) 


In this section we shall introduce additional notation and terminology 
that are used in problems involving differentiation. The new notation will 
allow us to regard dy/dx as a quotient instead of merely a symbol for the 
derivative of y with respect to x. We will also use it to estimate changes 
in quantities. 

Let us consider the equation у = f(x), where f is a function. If the 
variable x has an initial value x, and then is assigned a different value ху, 
the difference x, — x, is called an increment of x. In calculus it is tradi- 
tional to denote an increment of x by the symbol Ax (read delta x). Thus, 


Ax = X, — Хе. 
The corresponding increment of y — f(x), denoted by Ay, is 
Ay = f(xi) — (Xo). 
Since x, = x, + Ax, we may also write 
Ay = (хо + Ax) — f(xo). 


The graph in Figure 3.25 illustrates a case in which both increments are 
positive; however, Ax may be either positive or negative, and Ay may be 
positive, negative, or zero. In applications Ax and Ay are usually numer- 
ically very small. 


FIGURE 3.25 
y 







Q(x,. fCC)) 


y f(x) 


Pty. Са) 





Vij хр = X% + Ax 


If we let х represent the initial value х of the independent variable, 
then the definition of Ay has the following form. 
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Definition (3.26) : R F 
Let y = f(x) and let Ax be an increment of x. The increment Ay of 


yis y 


Ay = f(x'+ Ax) — (0). 


The increment notation may be used in the definition of the derivative 
of a function. All that is necessary is to substitute Ax for h in (3.5) as 
follows. 


Increment definition А 
of derivative (3.27) бү: tim 155559 AIO) „Ау 


Ах +0 Ах Ах-0 Ах 





If 18 differentiable, then, as illustrated in Figure 3.26, Ay/Ax is the 
slope mpg of the secant line through P and О. and as Ax approaches 0, 
Ay/Ax approaches the slope f'(x) of the tangent line at P: that is. 


^ , 
A six) d Аха 0: 


FIGURE 3.26 





Slope = f'(x) 





\ т + Ap x 


This gives us the following approximation formula for Ay: 
Ay = f(x) Ax if Ax x0 
We give f'(x) Ax a special name in (ii) of the next definition. 


Definition (3.28) шинийн й | 
Let у = f(x), where / is a differentiable function, and let Ax be an 


increment of x. 
(i) The differential dx of the independent variable x is dx = Ax. 
(ii) The differential dy of the dependent variable y is 


dy = f'(x) Ax = f'(x) dx = (Ру) dx. 








3.5 INCREMENTS AND DIFFERENTIALS 


Approximation formula 
for Ay (3.29) 


Derivative as a quotient 
of differentials (3.30) 


FIGURE 3.27 
(i) 





Linear approximation formula (3.31) 
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In (3.28)(1) we see that for the independent variable x, there is по dif- 


ference between the increment Ax and the differential dx. However, for the 


dependent variable y in (ii), the value of dy depends on both x and dx. 
The discussion preceding Definition (3.28) gives us the following 
formula. 


И Ax x0, then Ay x dy. 


By Definition (3.28)(i). dy = f'(x) dx. If both sides of this equation are 
divided by dx, we obtain the following. which justifies the quotient nota- 
tion dy/dx introduced in (3.16) for the derivative of y — f(x) with respect 
to x. 


: dy f'(x) dx : 
ЇЙ v Ae, АЁ as = f(x). 
Pai ше A ч) 





It is important to recognize the graphical distinction between dy and 
Ay. If / is the tangent line at the point Р(х. 1) on the graph of y = f(x). 
then, from (3.30), the quotient dy/dx is the slope of /. Hence, as illustrated 
in Figure 3.27 (with Ax > 0), dy is the amount that the rangent line at P 
rises or falls when the independent variable changes from x to x + Ax. 
This is in contrast to the amount Ay that the graph rises (or falls). 


(it) (iil) 





x + dx 


If we rewrite the formula in (3.26) as 
fix + Ax) = f(x) + Ay 
and use Ay = dy, we obtain the following formula. 


4-6 


If y = f(x). with f differentiable, and if Ax is an increment of х, then 


f(x + Ax) x f(x) + dy. 
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The formula in (3.31) is called a linear approximation to f(x + Ax) 
because, as illustrated in Figure 3.27, we can approximate the function 
value f(x + Ax) by using the point (x + Ax, y + dy) on the tangent line 
instead of using the point (x + Ax, у + Ay) on the graph of /. Thus, for 
points near (x, y), we can approximate the graph of f by means of the tangent 
line. 


EXAMPLE 1 Let y = 3х? — 5 and let Ax be an increment of x. 
(a) Find general formulas for Ay and dy. 
(b) If x changes from 2 to 2.1, find the values of Ay and dy. 


SOLUTION 
(а) If y = f(x) = 3x? — 5, then, by Definition (3.26), 
Ay = f(x + Ax) — f(x) 
= [3(x + Ax)? — 5] — (3x? — 5) 
= [3(x? + 2x(Ax) + (Ax)?) — 5] — (3x? — 5) 
= 3x? + 6x(Ax) + 3(Ax)? — 5 — 3x? + 5 
= 6x(Ax) + 3(Ax)?. 
To find dy, we use Definition (3.28)(ii): 
dy = f'(x) dx = 6x dx. 
(6) We wish to find Ay and dy if x = 2 and Ax = 0.1. Substituting in the 
formula for Ay obtained in (a) gives us 
Ay = 6(2)(0.1) + 30.1)? = 1.23. 


Thus, y changes by 1.23 if x changes from 2 to 2.1. We could also find Ay 
directly as follows: 


Ay = f 2.1) — f(2) 
= [3(2.1)? — 5] — [3(2)? — 5] = 123 
Similarly, using the formula dy = 6x dx, with x = 2 and dx = Ax = 
0.1, yields 
dy = (6)(2)(0.1) = 1.2. 


Note that the approximation 1.2 is correct to the nearest tenth. 


EXAMPLE 2 If y 2 x? and Ax is an increment of x, find 
(а) Ay (b) dy 
(с) ^y —dy (а) the value of Ay — dy if x = 1 and Ax = 0.02 


SOLUTION 
(а) Using (3.26) with f(x) = x? gives us 
Ay = f(x + Ax) — f(x) 
(x + Ax)? — x? 
X? + 3x"(Ax) + 3x(Ax)? + (Ax)? — x? 
= 3x" (Ax) + 3x(Ax)? + (Ах)2. 


3.5 
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(b) By Definition (3.28)(11). 
dy = f'(x) dx = 3X? dx = 3x?(Ax). 
(с) From parts (a) and (b), 
Ay — dy = [3x(Ax) + 3x(Ax)? + (Ax)?] — 3x? (Ax) 
= 3x(Ax)? + (Ах)?. 
(d) Substituting x = 1 and Ax = 0.02 in part (c), we obtain 
Ay — dy = 3(1)(0.02)? + (0.02? = 0.001. 


This shows that if dy is used to approximate Ay when x changes from 1 to 
1.02, then the error involved is approximately 0.001. 








If y — f(x), then by (3.29), dy can be used as an approximation to 
the exact change Ay of the dependent variable corresponding to a small 
change Ax in the variable x. This observation is useful in applications 
where only a rough estimate of the change in y is desired. 


EXAMPLE 3 


(а) Use differentials to approximate the change in sin 0 if 0 changes from 
60* to 61°. 
(b) Find a linear approximation to sin 61°. 


SOLUTION 
(a) If y = sin 0 = /(0), then 
dy = f'(0) 40 = cos 0 40. 


When we use derivatives or differentials of trigonometric functions of 
angles, we must employ radian measure. Thus, we let 0 = 60° = 1/3 and 
АӨ = 1° = 7/180 in the formula for dy, obtaining 


л л 1 n л 
MAAM A EL ове, 
dy (sos (so) (С) 360 ^ 0408 


(b) If we use the linear approximation formula (3.31) with x = 0 and 
y = sin 0, we have 


sin (0 + A0) = sin 0 + dy. 
Letting 0 = 60°, АӨ = 1°, and dy = 0.0087 (see part (а)), we obtain 
sin 61° = sin 60° + dy 
55 у? + 0.0087 
x 0.8660 + 0.0087 = 0.8747. 


If we use a calculator, then to four decimal places, sin 61° ғ 0.8746. 
Hence the error involved in using the linear approximation is roughly 
0.0001. 








=» ос рт 
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FIGURE 3.28 
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You may be asking yourself: why use differentials in Example 3 when 
a calculator can do the job more efficiently and accurately? The answer 
is that our objective was to demonstrate the use of differentials in an ele- 
mentary problem. Finding a numerical value of sin 61° was secondary and 
unimportant. We often do this sort of thing in mathematics to illustrate 
new concepts. Keep in mind that there may be other types of problems 
where differentials are more efficient than calculators. 

The next example illustrates the use of differentials in estimating errors 
that may arise because of approximate measurements. As indicated in the 
solution, it is important to first consider general formulas involving the vari- 
ables that are being considered. Specific values should not be substituted 
for variables until the final steps of the solutions. 


EXAMPLE 4 The radius of a spherical balloon is measured as 12 
inches, with a maximum error in measurement of +0.06 inch. Approx- 
imate the maximum error in the calculated volume of the sphere. 


SOLUTION We begin by considering general formulas involving the 
radius and the volume. Thus, we let 


x = measured value of the radius 
and dx = Ax = maximum error in x. 
Assuming that Ax is positive, we have 

x — Ax < exact radius < x + Ax. 


If Ax is negative, we may use | Ах | in place of Ax. A cross-sectional view 
of the balloon, indicating the possible error Ax, is shown in Figure 3.28. 
If the volume V of the balloon is calculated using the measured value x, 
then V = $zx?. 

Let AV be the change in V that corresponds to Ax. We may interpret 
AV as the error in the calculated volume caused by the error Ax. We ap- 
proximate AV by means of dV as follows: 


AV x dV = (D, V) dx = 4nx? dx 
Finally, we substitute specific values for x and dx. If x — 12 and if 
Ax = dx = +0.06, then 
dV = 4n(12?)(+0.06) = +(34.56)z = +109. 


Thus, the maximum error in the calculated volume due to the error in 
measurement of the radius is approximately +109 in.? 


The radius of the balloon in Example 4 was measured as 12 inches, 
with a maximum error of +0.06 inch. The ratio of +0.06 to 12 is called 
the average error in the measurement of the radius. Thus, 

+0.06 


average error = “р = +0,005. 





The significance of this number is that the error in measurement of the 
radius is, on the average, +0.005 inch per inch. The percentage error is 
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defined as the average error multiplied by 100°,. In this illustration, 
percentage error = (+0.005)(100°,,) = +0.5%,. 


The general definition of these concepts follows. 





Definition (3.32) | — "s —. 
If w denotes a measurement with a maximum error Aw, then 


Aw 
(i) average error = — 
Ww 


(ii) percentage error = (average error) х (100%) 





In terms of differentials, if w represents a measurement with a possible 
error of dw, then the average error is (dw)/w. Of course, if dw is an approx- 
imation to the error in w, then (dw)/w is an approximation to the average 
error. These remarks are illustrated in the next example. 


EXAMPLE 5 The radius of a spherical balloon is measured as 12 
inches. with a maximum error in measurement of +0.06 inch. Approx- 
imate the average error and the percentage error for the calculated value 
of the volume. 


SOLUTION | As in Figure 3.28, let x denote the measured radius of the 
balloon and Ax the maximum error in x. Let V denote the calculated 
volume and AV the error in V caused by Ax. Applying Definition (3.32)(i) 
to the volume V = frx? yields 





dV 4пх14х Зах 
average error = x— = = : 
е V V $n? х 


For the special case x = 12 and dx = +0.06, we obtain 


3( + 0.06) 
average error cx t = 0:015; 





From Definition (3.32)(11), 
percentage error = (+ 0.015) х (100%) = +1.5°,. 


Thus. on the average, there is an error of +0.015 in.? per in.? of calcu- 
lated volume. Note that this leads to a percentage error of + 1.5^, for the 
volume. 





EXAMPLE 6 A sperm whale is spotted by a merchant ship, and crew 
members estimate its length L to be 32 feet, with a possible error of +2 
feet. Whale research has shown that the weight W (in metric tons) is re- 
lated to L by means of the formula W = 0.000137L?-!*, Use differentials 
to approximate 


(a) the error in estimating the weight of the whale (to the nearest tenth of 
a metric ton) 


[b) the average and percentage errors 
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SOLUTION Let AL denote the error in the estimation of L, and let 
AW be the corresponding error in the calculated value of W. These errors 
may be approximated by dL and dW. 


(а) Applying Definition (3.28) yields 
AW ж dW = (0.000137)(3.18)1,2-18 dL. 
Substituting L — 32 and dL — 2-2, we obtain 
AW a (0.000137)(3.18)(32)2:15(--2) = + 1.7 metric tons. 
(b) By Definition (3.32)(i), 
AW dW _ (0.000137)(3.18)12:18 dL 3.18 dL 








average error — у ^w (0.000137),5 15 Wy 
Substituting dL = +2 and L — 32, we have 
.I8( 
average error = : LI z& +0.20. 


By Definition (3.32)(ii), 
percentage error = (+0.20) x (100%) = +20%. 





Estimates of vertical wind shear are of great importance to pilots 

during take-offs and landings. If we assume that the wind speed v at a height 

h above the ground is given by v = f(h), where / is a differentiable func- 

tion, then vertical (scalar) wind shear is defined as dv/dh (the instantaneous 

rate of change of v with respect to h). Since it is impossible to know the 

wind speed v at every height h, the wind shear must be estimated by using 

only a finite number of function values. Consider the situation illustrated 

FIGURE 3.29 in Figure 3.29, where we know only the wind speeds гр and v, at heights 

ho and h,, respectively. An estimate of wind shear at height л, may be 
obtained by using the approximation formula 


dv OU — 00 
dh | ty — ho ` 


SR] 


may also be employed, where the exponent P is determined by observation 
and depends on many factors. For strong winds, the value P = 4 is some- 
times used. 








ЭРЭ” The empirical relation 







h (feet) 


EXAMPLE 7 Suppose that at a height of 20 feet above the ground the 
wind speed is 28 mi/hr. Based on the preceding discussion (with P = 4), 
estimate the vertical wind shear 200 feet above the ground. 


SOLUTION Using the notation of the preceding discussion, we let 
ho = 20, Ug = 28, and h, = 200. 











л LO EE Oe 


EXERCISES 3.5 135 





Solving (00/01) = (лол)? for v, and then substituting values, we obtain 


гү 200}: 
p = “(8) = (57) x 39 mi/hr. 


dv — T 

= а 01 Е.а 8 016 

аһ |,=,, В = о 20-20 

Thus, at a height of 200 feet, the vertical wind shear is approximately 
0.06 (mi/hr)/ft. This is a common value. Wind shear values greater than 
0.1 are considered high. 


At h, = 200, 
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Exer. 1-4: |a) Find general formulas for Ay and dy. |c|20 [а] If f(x) = х? + 3x? — 2x + 5, find an (approximate) 


[b] If, for the given values of a and Ax, x changes from equation of the tangent line to the graph of f at 
g 
a to a + Ax, find the values of Ay and dy. (0.4, /(0.4)). 
D 
Xv» = 242 -4x +5: a=2, Ax = —0.2 [b] Use the equation found in (a) to approximate (0.43). 
E ГАЕТЕ —ф Жыр. Жинийл {с} Use (3.31) with x = 0.4 to approximate (0.43). 
Гаусс — РГУ (9) Compare the two approximations іп (Б) апа (с). 
Exer. 21-24: Let х denote a measurement with а тахі- 
то x z а= 0), Ax = — 0.03 mum error of Ax. Use differentials to approximate the 
udis average error and the percentage error for the calculated 
Exer. 5-10: Find (а) Ay, (b) dy, and (с) dy — Ay. anm 
"Үг Бо сын 21 у=3х°; x=2, Ах= +001 
a oe ea а учага Weoh ао 
9 : ac n " à a 23 y-4 x + 3х; x=4, Ах- +02 


24 y 2 64/х; x28, Ax= +0.03 
Ехег, 11-18: Find a linear approximation for f(b) if the 25 If A = 3x? — x. find dA for x = 2 and dx = 0.1. 
independent variable changes from a to b. 


| . 26 If P = 6:2 + t°, find dP for t = 8 and dt = 0.2. 
PFT I) = 4х5 — 6x* + 3х2 - 5; a=1, b=1.03 


27 If у= 4х? and the maximum percentage error in x 


12 Лх) --353-8х-17, а-4, b=3.96 is +15%, approximate the maximum percentage error 
( 13/ f(x) = x$; а-1, 5-098 їп у. 
fi) = х*— 39 + 402—5; а-2, b=201 28 If z = 404/02 and the maximum average error in w is 
: +0.08, approximate the maximum average error in z. 
15 f(0) = 2 sin 0 + cos 0; a=30°, b=27 мэ 
di è 1 29 If A = 153/s? and the allowable maximum average error 
16 f(b) = csc ф + согд: а-45, b=46° in A is to be +0.04, determine the allowable maximum 
17 f(x) = sec 2; а= 60°, b=62° average error in s. 
18 f(f)) = tan ff; ä=30 5-28 30 If 5 = 10zx^ and the allowable maximum percentage 


error in 5 is to be + 10%, determine the allowable maxi- 


[c] 19 (а) If f(x) = sin(tan x — 1), find an (approximate) mum percentage error in x. 


equation of the tangent line to the graph of f at 
(2.5, f(2.5)) using Exercise 51 in Section 3.2. 31 The radius of a circular manhole cover is estimated to 
be 16 inches, with a maximum error in measurement of 
+0.06 inch. Use differentials to estimate the maximum 
error in the calculated area of one side of the cover. 
(9) Compare the two approximations in (b) and (c). Approximate the average error and the percentage error. 


[b] Use the equation found in (a) to approximate /(2.6). 
(с) Use (3.31) with x = 2.5 to approximate /(2.6). 
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32 


33 


35 


37 


39 


The length of a side of a square floor tile is estimated 
as | foot, with a maximum error in measurement of 4-4 
inch. Use differentials to estimate the maximum error in 
the calculated area. Approximate the average error and 
the percentage error. 


Use differentials to approximate the increase in volume 
of a cube if the length of each edge changes from 
10 inches to 10.1 inches. What is the exact change in 
volume? 


A spherical balloon is being inflated with gas. Use dif- 
ferentials to approximate the increase in surface area 
of the balloon if the diameter changes from 2 feet to 
2.02 feet. 


One side of à house has the shape of a square sur- 
mounted by an equilateral triangle. If the length of the 
base is measured as 48 feet, with a maximum error in 
measurement of +1 inch, calculate the area of the side. 
Use differentials to estimate the maximum error in the 
calculation. Approximate the average error and the per- 
centage error. 


Small errors in measurements of dimensions of large con- 
tainers can have a marked effect on calculated volumes. 
A silo has the shape of a right circular cylinder sur- 
mounted by a hemisphere (see figure). The altitude of 
the cylinder is exactly 50 feet. The circumference of the 
base is measured as 30 feet. with a maximum error in 
measurement of +6 inches. Calculate the volume of the 
silo from these measurements, and use differentials to 
estimate the maximum error in the calculation. Approx- 
imate the average error and the percentage error. 


EXERCISE 36 





As sand leaks out of a container, it forms a conical pile 
whose altitude is always the same as the radius. If, at a 
certain instant, the radius is 10 centimeters, use differ- 
entials to approximate the change in radius that will 
increase the volume of the pile by 2 ст". 


An isosceles triangle has equal sides of length 12 inches. 
If the angle 0 between these sides is increased from 30 
to 33°, use differentials to approximate the change in 
the area of the triangle. 


Newton's law of gravitation states that the force F of 
attraction between two particles having masses m, and 
m; is given by F = Gm,m,/s*. where G is a constant and 
s is the distance between the particles. If s = 20 cm, use 
differentials to approximate the change in s that will 
increase F by 10%. 
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40 The formula T = 2741/0 relates the length / of a pen- 


41 


42 


43 


dulum to its period Т. where g is a gravitational con- 
stant. What percentage change in the length corresponds 
to a 30% increase in the period? 


Constriction of arterioles is a cause of high blood pres- 
sure. It has been verified experimentally that as blood 
flows through an arteriole of fixed length, the pressure 
difference between the two ends of the arteriole is in- 
versely proportional to the fourth power of the radius. 
If the radius of an arteriole decreases by 10%, use dif- 
ferentials to find the percentage change in the pressure 
difference. 


The electrical resistance R of a wire is directly propor- 
tional to its length and inversely proportional to the 
square of its diameter. If the length is fixed, how accu- 
rately must the diameter be measured (in terms of per- 
centage error) to keep the percentage error in R between 
— 3% and 3%? 


If an object of weight W pounds is pulled along a hori- 
zontal plane by a force applied to a rope that is attached 
to the object and if the rope makes an angle 0 with the 
horizontal, then the magnitude of the force is given by 


uw 


F(0) = ——— —— ——. 
ч и sin 0 + cos 0 


where и is a constant called the coefficient of friction. 
Suppose that a 100-pound box is being pulled along a 
floor and that и = 0.2 (see figure). If 0 is changed from 
45 to 46 , use differentials to approximate the change 
in the force that must be applied. 


EXERCISE 43 





It will be shown in Chapter 15 that if a projectile is fired 
from a cannon with an initial velocity гү, and at an angle 
x to the horizontal, then its maximum height h and range 
R are given by 


32 ein? oo. ei 
vp sin“ X 200 SIN х COS X 


h and R= 


24 9 
Suppose vo = 100 ft/sec and g = 32 ft/sec*. If x is in- 
creased from 30° to 30 30', use differentials to estimate 
the changes in h and R. 


At a point 20 feet from the base of a flagpole, the angle 
of elevation of the top of the pole is measured as 60 , 
with a possible error of +15’. Use differentials to ap- 
proximate the error in the calculated height of the pole. 
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46 A spacelab circles the earth at an altitude of 380 miles. 
When ап astronaut views the horizon, the angle () shown 
in the figure is 65.8 , with a possible maximum error of 
+0.5°. Use differentials to approximate the error in the 
astronaut's calculation of the radius of the earth. 


EXERCISE 46 





380 mi 





47 The Great Pyramid of Egypt has a square base of 230 
meters (see figure), To estimate the height h of this 
massive structure, an observer stands at the midpoint of 
one of the sides and views the apex of the pyramid. The 
angle of elevation ф is found to be 52 . How accurate 
must this measurement be to keep the error in / between 
— 1 meter and 1 meter? 


49 


EXERCISE 47 





< 28) m ” 
7€— 230 m mad 


” 


48 As a point light source moves on a semicircular track, 52 
as shown in the figure. the illuminance E on the surface 


is inversely proportional to the square of the distance s 
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from the source and is directly proportional to the cosine 
of the angle 0 between the direction of light flow and 
the normal to the surface. If O is decreased from 21 to 
20 and s is constant, use differentials to approximate 
the percentage increase in illuminance. 


EXERCISE 48 





Boyle's law states that if the temperature is constant, the 
pressure p and volume r of a confined gas are related 
by the formula pr = с, where c is a constant ог. equi- 
valently, by p = cir with r # 0. Show that dp and dr are 
related by means of the formula p dv + v dp = 0. 


In electrical theory Ohm's law states that / — V/R, where 
I is the current (in amperes), V is the electromotive force 
(in volts), and R is the resistance (in ohms). Show that 
dI and dR are related by the formula R dI + I dR = 0. 


The area А of a square of side s is given by А — s?. If s 
increases by an amount As, illustrate dA and AA — dA 
geometrically. 


The volume V of a cube of edge s is given by V = s?. 
If s increases by an amount As, illustrate dV and 
AV — dV geometrically, 


The rules for derivatives obtained in previous sections are limited in scope 
because they can be used only for sums, differences, products, and quo- 


tients that involve x". 


sin х, cos х. tan x, and so on. There is no rule that 


can be applied directly to expressions such as sin 2x or yx? + 1. Note 


that 


D, sin 2x # cos 2x, 


for if we use the identity sin 2x = 2 sin x cos x and apply the product rule, 


D, sin 2x 


D, (2 sin x cos x) 


2 D, (sin x cos x) 


2[sin x (D, cos x) + cos x (D, sin x)] 
= 2[sin x ( —sin x) + cos x (cos x)] 
2( — sin? x + cos? x) 


2 cos 2x. 


= 
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Chain rule (3.33) 
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Since these manipulations are rather cumbersome, let us seek a more 
direct method of finding the derivative of у = sin 2x. The key is to regard 
y as a composite function of x. Thus, for functions f and g, 

if y= fi) and uw=gi(x), then. y= f(g(x)). 


provided g(x) is in the domain of f. The function given by у = f(g(x)) is 
the composite function f - g defined in Section 1.2. Note that y = sin 2x 
may be expressed in this way because 
if y=sinu and w=2x, then. y sin 2x. 

If we can find a general rule for differentiating у = /(g(x)), then, as a 
special case, we may apply it to y = sin 2x and, in fact, to y = sin g(x) 
for any differentiable function g. 

To get an idea of the type of rule to expect, let us return to the 
equations 

у= fu), и = g(x) and у = /(0()) = (fg). 

We shall consider the following derivatives: 


ly : 1 ly 
T o f (u). P ын g'(x). and 83 (f = д)'(х) 
ди dx dx 


It is important to note that dy/du is the derivative with respect to u when 
y is regarded as a function of u and that dy/dx is the derivative with 
respect to x when y is regarded as a (composite) function of x. If we con- 
sider the product 
dy du 
du dx 
and treat the derivatives as quotients of differentials, then the product 
suggests the following rule: 
dy — dy du Га) 
— = = /['(и)у'(х 
dx  dudx 29 


Note that this rule does lead to the correct derivative of у = sin 2x, for if 
we write 
y=sinu and и= 2х 
and use the rule, we obtain 
dy dy du 
dx — du dx 
Although we have not proved that this rule is valid, it makes the next 
theorem plausible. We assume that variables are chosen such that the 


composite function f - g is defined. and that if g has a derivative at x, 
then f has a derivative at g(x). 


= (cos u)(2) = 2 cos u = 2 cos 2x. 


If y = f(u), и = g(x), and the derivatives dy/du and du/dx both exist, 
then the composite function defined by y — f(g(x)) has a derivative 
given by 


dy dy du 


ae 7 (им (х) = (а(х) 0). 
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PARTIAL PROOF Let Ax be an increment such that both x and x + Ax 
are in the domain of the composite function. Since y = f(g(x)), the corre- 
sponding increment of y is given by 


Ay = f(gix + Ax)) — f(g(x)). 


If the composite function has a derivative at x, then, by (3.27), 


dy Эн Ay 
— = lim —. 
dX ax0 AX 


Next consider и = g(x) and let Au be the increment of u that corre- 
sponds to Ax; that is, 


Au = g(x + Ax) — g(x). 
Since g(x + Ax) = g(x) + Au = u + Au, 


we may express the formula Ay = f(g(x + Ax)) — f(g(x)) as 
Ay = f(u + Au) — f(u). 
If у = f(u) is differentiable at u, then, as in (3.27), 


СРЕ. 
ди? — io 


Similarly, if u — g(x) is differentiable at x, then 


du ies: fin Au 
— =@'(х)= lim —. 
d О дейда 
Let us assume that there exists an open interval J containing x such 
that whenever x + Ax is in / and Ax #0, then Au # 0. In this case we 
may write 


S e lim = 30 lim г. Жаы ЖЕ lim AT lim E 
dx axo AX 4-0 АН AX) — ao Aw) Vaso Ax]. 


provided the limits exist. Since g is differentiable at x, it is continuous 
at x. Hence if Ax > 0, then g(x + Ax) approaches g(x) and, therefore, 
Au — 0. It follows that the last limit formula may be written 


йу _ (tim 27 ( нщ 24 
dx — Naso At) \ax+0 Ах 


LAT SEPT d 
= (2) (=) = f'(u)g'(x) = f'(glx))g'(x). 


which is what we wished to prove. 

In many applications of the chain rule, и = g(x) has the property tnat 
if Ax # 0, then Au # 0, which we assumed at the beginning of the preced- 
ing paragraph. If g does not satisfy this property, then every open interval 
containing x contains a number x + Ax, with Ax # 0, such that Au = 0. 
In this case our proof is invalid, since Au occurs in a denominator. To 
construct a proof that takes functions of this type into account, it is neces- 
sary to introduce additional techniques. 4 complete proof of the chain rule 
is given in Appendix 11. mm 


EO  ————————— 
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EXAMPLE 1 Find x ify = uand u= x? +1. 
ax 


SOLUTION If we substitute x? + 1 for u in y = yu = u!?, we obtain 


2 


y-«x* +1 = (х? + 1)!. 


We cannot find dy/dx by using previous differentiation formulas; however, 
using the chain rule (3.33). we have 


dy Чуй [1 -yilana X 
icai (F je - 
dy _ X 


and hence -=c 
dx Jx* 4-1 


In Example 1, the composite function was given by a power of x? + 1. 
Since powers of functions occur frequently in calculus, it will save us time 
to state a general differentiation rule that can be applied to such special 
cases. In the following we assume that n is any rational number, g is a 
differentiable function, and zero denominators do not occur. We shall see 
later that the rule can be used for any real number n. 


Power rule for functions (3.34) 
If y = u” and и = g(x), then 


D, (u") = nu" ^! D, и. 
or, equivalently, 
D, [90)]" = n[g)]" * D, g(x). 


PROOF By the chain rule, 


ly dyd 
I 8 ni^ р.и = n[g(x)]" t D, glx). шш 
dx du dx 


Note that if u = x. then D, u = 1 and (3.34) reduces to (3.14). 


EXAMPLE 2 Find f'(x) if f(x) =(x* — 4x + 8)’. 


SOLUTION Using the power rule (3.34) with u = x? — 4x + 8 and 
n — 7 yields 
f'(x) = D, (х — 4x + 8) 
= 7(x5 — 4x + 8)* D. (x$ — 4x + 8) 
= 7(х° — 4x + 8)e(5x* — 4). 


ly 
EXAMPLE 3 Find — if y = ——— — 
Е киш dx Г) (Ax^4- 6x — 7)? 
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SOLUTION Writing y = (4x? + 6x — 7) ? and using the power rule 


with u = 4x? + 6x — 7 and n = —3, we have 
dy d : 
"o 5 = T =з 
x3 (4x4 + 6x ) 


—3(4x? + 6x — Цаг + 6x — 7) 


—3(4x? + 6x — 7) (8х + 6) 
баха. 
(4x? + 6x — 7)* 





EXAMPLE 4 Find f'(x) if f(x) = 45x? — x + 4. 
SOLUTION Writing f(x) = (5x? — x + 4)'? and using the power rule 
with u = 5x? — x + 4 and n = 1, we obtain 


f'(x) = 15x? — x + 4)? р, (5x? — x + 4) 


1 1 
= —— ilt «d 
(5) agp an ол 
10x — 1 


34/5x? — x + 42 








EXAMPLE 5 Find F'(z) if F(z) = (2z + S(3z — 1)*. 


SOLUTION Using first the product rule, second the power rule, and 
then factoring the result gives us 
F'(z) = (22 + 5 D, (32 — 1)* + (3z — 1)* D, (22 + 5? 
= (22 + 5P-.4(3: — 1)*(3) + (32 — 1)* - 3(22 + 5)2(2) 
= 6(2z + 5)%(32 — 1)°[2(2z + 5) + (32 — 0] 
= 6(22 + 5)2(32 — 1)(7z + 9). 





EXAMPLE 6 Find y' if y = (3x + 1)®./2x — 5. 


SOLUTION Since y = (3x + 1)°(2x — 5)! ?, we have, by the product and 
power rules, 
уг (3x + 1981 (2x — 5)- 1202) + (2x — 5)! 6(3x + 1)°(3) 
3 p 6 
GELT р + 18(3х + 15 2x — 5 


/2х— 5 

_ (3x + 1)° + 18(3x + 1)5(2x — 5) 
2х —5 

_ (3x + 1)9(39x — 89) 


V2x — 5 





Mu a шт е у о эт 
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The next example is of interest because it illustrates the fact that after 
the power rule is applied to [g(x)]'. it may be necessary to apply it again 
in order to find g'(x). 


EXAMPLE 7 Find f'(x) if f(x) = (7х + Vx? + 6)*. 


SOLUTION Applying the power rule yields 
ГО) = 407х + /x? + 6)? р, (7х + Vx? + 6) 
= 4(7х + ух? + 6P[D, (7x) + D, x? + 6]. 





Again applying the power rule, we have 
D, x? + 6 = р, (x? 4-6)? = 4(x? + 6)7/? р, (x? + 6) 
| x 


2х +6 үх! +6 





Therefore, f'(x) = 4(7х + Vx? + 6)? (7 + 2-0) 





Th 3.35 Я ———— = SC м_м. шин! 
md If u = g(x) and g is differentiable, then 
| D, sin u = (cos u) Dy u D, cos u = (— sin u) D, u 
D, tan и = (sec? u) D, u D, cot u = (— csc? u) D, u 


| D, sec и = (sec u tan u) Du D, csc u = (— csc u cot u) Dy u 





PROOF If we let y = sin u, then, by (3.25), 


dy 
— = COS uH. 
du 


Applying the chain rule (3.33) yields 
dy у du 


= = cos u D, u. 
dx dudx 5 


The remaining formulas may be obtained in similar fashion. gay 


Note that Theorem (3.25) is the special case of Theorem (3.35) in which 
и=х. 


EXAMPLE 8 у = соѕ (5х°), find D, y and DŽ y. 


SOLUTION Using the formula for D,cosu in Theorem (3.35) with 
и = 5x?, we have 
D, y = D, cos (5x?) 
= [sin (5х*)] D, (5х?) 
[ —sin (5x*)](15x?) 
= — 15x? sin (5x?). 





3.6 THE CHAIN RULE 


FIGURE 3.30 
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To find Р? y, we differentiate D, у = — 15x? sin (5x?). Using the prod- 
uct rule and Theorem (3.35) gives us 
D2 y = —15x? D, sin (5x?) + sin (5x?) D, (— 15x?) 
— 15x? cos (5х?) D, (5х?) + [sin (5x?)]( — 30x) 
— 15x?[cos (5x?)](15x?) — 30x sin (5x?) 
— 225x* cos (5x?) — 30x sin (5x?). 


EXAMPLE 9 Find f'(x) if f(x) = tan? 4x. 


SOLUTION First note that f(x) = tan? 4x = (tan 4x)*. Applying the 
power rule with u — tan 4x and n — 3 yields 


f(x) = 3(tan 4x)? D, tan 4x = (3 tan? 4x) D, tan 4x. 
Next, by Theorem (3.35), 
D, tan 4x = (sec? 4x) D, (4x) = (sec? 4x)(4) = 4 sec? 4x. 
Thus f'(x) = (3 tan? 4x)(4 sec? 4x) = 12 tan? 4x sec? 4x. 


EXAMPLE 10 Find y’ if y = ysin 6x. 
SOLUTION Writing у = (sin 6x)'? and using the power rule, we obtain 
у' = l(sin 6x) 1/2 D, sin бх. 
Next, by Theorem (3.35), 
D, sin 6x = (cos 6x) D, (6x) = (cos 6x)(6) = 6 cos 6x. 
Consequently, 
y' = Мя бх) !/2(6 cos 6x) 


Е 3 соѕ бх Е 3 соѕ бх 
~ (sin 6х) 2 уіп бх. 





EXAMPLE 11 A graph of y = соѕ 2х + 2 соѕх for 0€ x < 2л is 
shown in Figure 3.30. Find the points at which the tangent line is 
horizontal. 


SOLUTION Differentiating, we obtain 
D, y =(—sin 2x) D, (2x) + 2(—sin x) 
= —2sin 2x — 2 sin x. 
The tangent line is horizontal if its slope D, y is 0-— that is, if 
—2sin2x —2sinx = 0, or sin2x + sin x = 0. 
Using the double-angle formula sin 2x — 2 sin x cos x gives us 
2 sin x cos x + sin x = 0, 


ог. equivalently, sin x (2 cos x + 1) = 0. 
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Thus, either 


that is, 


The solutions of these equations for 0 < x < 2л are 


4n/3. 


sinx=0 or 


sinx=0 or 
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cos Х = 


0, л, 2л, 2л/3, 


2соѕх +1 = 0; 


1 
2. 


The two solutions x = 0 and x = 2л tell us that there are horizontal tan- 
gent lines at the endpoints of the interval [0, 2л |. The remaining solutions 
27/3, n, and 47/3 are the x-coordinates of the points P, О. and R shown 
in Figure 3.30. Using y = cos 2x + 2 cos x, we see that horizontal tangent 
lines occur at the points 


(0. 3), 


(22/3, — 1.5), 


(л. — 1). 


(47/3, — 1.5), 


(2л, 3). 


If only approximate solutions are desired, then, to the nearest tenth, we 


obtain 


EXERCISES 3.6 


dy 

Exer. 1—6: Use the chain rule to find € and express 
dx 

the answer in terms of x. 


1 ya и-х-4 
2 у= du; и= х? + 5х 
3 у= l/u; и= {/3х – 2 


4 у= Зи? + 2и; и = 4х 
5 y = tan Зи; u= x" 


6 y=usin u; 


Exer. 7-62: Find the derivative. 
fa f(x) = (x? — 3x + 8? 
8 f(x) = (4x3 + 2x? – 
9 g(x) = (8х — 7) $ 


2 


x — 3)? 


10 k(x) = (5х2 —2x+ 1)7 5 


BS 
10) 
12 ( ) u qe 3x? 4 1 
qum о 4 ай 


13 f(x) = (8х5 — 2x? + x — 7) 
14 g(w) = (wt — 8и? + 15)* 

15 F(v) = (170 — 5)!900 

16 s(t) = (415 — 31° + 20)? 

17 N(x) = (6х — 7)%(8х? + 9)? 








—1.5), (34,-41, (42, —1.5), (6.3, 3). 
fw) = (2w? — 3w + 1)(3 + 2)* 
; TU 
g(z) = (= - >) 
Я0 = (к=з) 
6—7 
k(r) = 4/8? + 27 
h(z) = (22? — 92 + 8) 2/3 
Бо) = === 1 24 К(5) = 
05 — 32 354 
g(w) = Р m 22 26 К(х)-ү4х2-2х-3 
mya tht 28 fi) e (7х + /х® F3) 
v4x^ +9 
k(x) = sin (x° + 2) 30 f(t) = cos (4 — 31) 
H(0) — cos? 30 32 g(x) = sint (x?) 
g(z) = sec (2z + 1)? 34 k(z) = ese (22 + 4) 
H(s) = cot (s* — 2s) 36 f(x) = tan (2x? + 3) 
f(x) = cos (3х?) + cos? Зх 38 g(w) = tan? 6w 
Е(ф) = csc? 26 40 M(x) = sec (1/x?) 
K(z) = 2? cot 52 42 G(s) = 5 esc (s?) 
h(0) = tan? 0 sec? 0 44 H(u) = и? sec? 4и 
N(x) = (sin 5x — cos 5x) 46 р(0) = sin 4r ese 4r 
T(w) = cot? (3w + 1) 48 gí(r)— sin (2r + 3* 
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cos 4w 
49 h(w) = —— 
| — sin 4w 


sec 2x 





50 f(x) = 
Р 1 + tan 2х 


51 f(x) = tan? 2x — sec? 2x 

52 hid) = (tan 2$ — sec 29)? 
53 f(x) = sin „х B Уял x 

54 f(x) = tan {/5 — бх 

55 k(0) = cos? 3 — 80 

56 r(t) = vsin 2t — cos 2t 

57 g(x) = 4 +1 tan Vx? +1 
cot 40 

vo? +4 

59 М(х) = sec, 4x + 1 


58 Мф)= 











60 Fis) = Vese 2s 





61 h(x) -4/4 + esc? 3x 62 f(t) = sin? 214 cos 2t 


Exer. 63—68: |a] Find equations of the tangent line and 
the normal line to the graph of the equation at P. 
{р} Find the x-coordinates on the graph at which the 
tangent line is horizontal. 


63 y= (4x? — 8x + *; P(2, 81) 
64 у = (2х — 1)!9; Р(1. 1) 

1 5 
65 yii) ; Р(1, 32) 
66 у= /2х? + 1; P(—1, 4/3) 
67 у= 3x + sin 3х; Р(0, 0) 
68 y= х + cos 2x; Р(0, 1) 


Exer. 69-74: Find the first and second derivatives. 
70 k(s) = (52 + 4)2° 


69 giz) = J3z 1 
71 kir) =(4r + 7)° 72 f(x) = }10х+7 
74 G(t) — sec? 4t 


73 f(x) = sin? x 

Exer. 75—76: Use differentials to approximate the value. 

75 4/65 (Hint: Let y = 4x.) 

76 435 

77 If an object of mass m has velocity v, then its Kinetic 
energy K is given by К = m°. If v is a function of time 
t, use the chain rule to find a formula for dK dt. 

78 As a spherical weather balloon is being inflated, its ra- 
dius r is a function of time r. If И is the volume of the 
balloon, use the chain rule to find a formula for dV dr. 


79 When a space shuttle is launched into space, an astro- 
naut's body weight decreases until a state of weightless- 
ness is achieved. The weight M' of a 150-pound astronaut 
at an altitude of x kilometers above sea level is given by 


6400 


йб 1001-22-41, 
(кю) 


If the space shuttle is moving away from the earth’s $иг- 
face at the rate of 6 km/sec, at what rate is W decreas- 
ing when x = 1000 km? 


The length-weight relationship for Pacific halibut is well 

described by the formula W = 10.375L?, where L is the 

length in meters and W is the weight in kilograms. The 

rate of growth in length dL/dt is given by 0.18(2 — L), 

where t is time in years. 

(а| Find a formula for the rate of growth in weight 
dW/dt in terms of L. 


[b] Use the formula in part (a) to estimate the rate 
of growth in weight of a halibut weighing 20 
kilograms. 


81 If k(x) 2 f(g(x)) and if /(2) 2 —4, g(2) = 2, /'2) = 3, 
and g'(2) = 5, find К(2) and K'(2). 


82 Let p, q, and r be functions such that p(z) = g(r(z)). If 
r(3) = 3, q(3) = —2, r(3) = 4, and q(3) = 6. find p(3) 
and p'(3). 

83 If f(t) = gih(t)) and if f(4)— 3, g(4) = 3, h(4) = 4. 

Г(4) = 2, and g'(4) = —5. find A'(4). 


If u(x) = r(w(x)) and if r(0) = — 1, w(0) = 0. (0) = — 1. 
(0) = —3, and u'(0) = 2, find w'(0). 


[с] 85 Let h= f » g be a differentiable function. The following 
tables list some values of f and g. Use Exercise 51 of 


Section 3.2 to approximate /r(1.12). 


x 22210 2.2320 22430 
f(x) 49328 49818 50310 
x 1.1100 1.1200 1.1300 
g(x) 22210 22320 2.2430 


[c] 86 Let h= f +g be a differentiable function. The following 
tables list some values of f and g. Use Exercise 51 of 
Section 3.2 to approximate h'(— 2). 


х — 8.48092 —8.46000 —8.43908 
f) — 2.03930 —2.03762 — 2.03594 
x -200400 —200000  — 1.99600 
g(x) — 8.48092  —8.46000 —8.43908 


87 Let f be differentiable. Use the chain rule to prove that 
(a) if f is even, then f" is odd 
(51 if f is odd, then f’ is even 
Use polynomial functions to give examples of (a) and (b). 
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88 Use the chain rule, the derivative formula (ог D, sin u, 
together with the identities 


ё n x n 
COS X — sin (5 E ) and sin x = cos G — ) 


to obtain the formula for D, cos х. 


89 Pinnipeds are a suborder of aquatic carnivorous 
mammals, such as seals and walruses, whose limbs are 
modified into flippers. The length-weight relationship 
during fetal growth is well described by the formula 
W = (6 x 10:2)12:75, where L is the length in centi- 
meters and W is the weight in kilograms. 





(a) Use the chain rule to find a formula for the rate of 
growth in weight with respect to time t. 

151 If the weight of a seal is 0.5 kilogram and is changing 
at a rate of 0.4 kilogram per month, how fast is the 
length changing? 


3.7 IMPLICIT DIFFERENTIATION 
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90 The formula for the adiabatic expansion of air is 
ри! 5 = c, where p is the pressure, v is the volume, and 
с is a constant. Find a formula for the rate of change 
of pressure with respect to volume. 

91 The curved surface area S of a right circular cone having 
altitude h and base radius r is given by 5 = zr r^ + A^. 
Fora certain cone, r — 6 cm. The altitude is measured as 
8 centimeters, with a maximum error in measurement 
of 40.1 centimeter. 

{а} Calculate S from the measurements and use differ- 
entials to estimate the maximum error in the 
calculation. 


15) Approximate the percentage error. 


92 The period T of a simple pendulum of length / may be 
calculated by means of the formula T — 2n V l/g, where 
g is a gravitational constant. Use differentials to ap- 
proximate the change in / that will increase T by 1%. 





Given the equation 


y= 2x? —3, 


we sometimes say that y is an explicit function of x, since we can write 


The equation 


y=f(x) with f(x) = 2x? —3. 


4x? – 2у= 6 


determines the same function f, since solving for y gives us 


—2y = —4x? + 6, 


or y22x?— 3. 


For the case 4x? — 2y = 6 we say that y (or f) is an implicit function of 
x, or that f is determined implicitly by the equation. If we substitute f(x) 
for y in 4x? — 2y — 6, we obtain 


4x? — 2f(x) = 6 
4x? — 2(2x? — 3) = 6 


4x? — 4x? + 6 = 6. 


The last equation is an identity, since it is true for every x in the domain 
of f. This is a characteristic of every function f determined implicitly by 
an equation in x and y; that is, / is implicit if and only if substitution of 
f(x) for y leads to an identity. Since (х, /(х)) is a point on the graph of f, 
the last statement implies that the graph of the implicit function f coincides 
with a portion (or all) of the graph of the equation. 

In the next example we show that an equation in x and y may deter- 
mine more than one implicit function. 


EXAMPLE 1 


How many different functions are determined implicitly 


by the equation x? + y? = 1? 
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SOLUTION The graph of x? + у? = 1 is the unit circle with center at the 
origin. Solving the equation for y in terms of x, we obtain 


y = T у 1 = x? . 
Two functions f and g determined implicitly by the equation are given by 
f(x)=J1— x? and g(x)= a —x?, 


The graphs of f and g are the upper and lower halves, respectively, of the 
unit circle (see Figure 3.31(i) and (ii)). To find other implicit functions, we 
may let а be any number between — 1 and 1 and then define the function 
k by | 
i-i 4 26 if—l<x<a 
-А1-Хх7 ifa<x<l 


FIGURE 3.31 
1) (1) (iil) 





The graph of k is sketched in Figure 3.31 (iii). Note that there is a jump dis- 
continuity at x = a. The function k is determined implicitly by the equa- 
tion x? + у? = 1, since 


x? + [k(x)]? = 1 


for every x in the domain of k. By letting a take on different values, we 
can obtain as many implicit functions as desired. Many other functions 
are determined implicitly by x? + y? = 1, and the graph of each is a por- 
tion of the graph of the equation. 





If the equation 
y* + 3у — 4x3 = 5х + 1 
determines an implicit function /, then 
[/(х)]* + 3[Д(х)] — 48 = 5x + 1 


for every x in the domain of /; however, there is no obvious way to solve 
for y in terms of x to obtain f(x). It is possible to state conditions under 
which an implicit function exists and is differentiable at numbers in its 
domain; however, the proof requires advanced methods and hence is 
omitted. In the examples that follow we will assume that a given equation 
in x and y determines a differentiable function f such that if f(x) is sub- 
stituted for y, the equation is an identity for every x in the domain of f. 
The derivative of f may then be found by the method of implicit differ- 
entiation, in which we differentiate each term of the equation with respect 


SD... IIl 
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to x. In using implicit differentiation it is often necessary to consider D, ( y") 
for some unknown function y of x, say y — f(x). By the power rule (3.34) 
with y = u, we can write D, (y") in any of the following forms: 


n-1 


D. (у) = пу"! D, y = ny" !y = ny dy 
x (VP) = ny x y = һ) y =н) dx 


Since the dependent variable y represents the expression f(x), it is essential 
to multiply ny" ^! by the derivative у’ when we differentiate y with respect 
to x. Thus, 


D.(y")*ny"^', unless у = х. 


EXAMPLE 2 Assuming that the equation y* + 3у — 4x? = 5x + 1 
determines, implicitly, a differentiable function f such that y — f(x), find 
its derivative. 


SOLUTION We regard y as a symbol that denotes f(x) and consider the 
equation as an identity for every x in the domain of f. Since derivatives 
of both sides are equal, we obtain the following: 


D, (у + 3y — 4x3) = D, (5x + 1) 
D, (y$) + D, (Зу) — D, (4x?) = D, (5x) + D, (1) 
4y3y’ + 3у — 12x7=5+0 
We now solve for у', obtaining 


(4y? + 3)у = 12x? + 5, 


- , 12х24-5 
са 43-37 
provided 4y? + 3 #0. Thus, if y = f(x), then 
12x? + 5 


709 = жуз +3` 





The last two equations in the solution of Example 2 bring out a dis- 
advantage of using the method of implicit differentiation: the formula for 
y (or f'(x)) may contain the expression y (or f(x)). However, these for- 
mulas can still be very useful in analyzing f and its graph. 

In the next example we use implicit differentiation to find the slope 
of the tangent line at a point P(a, b) on the graph of an equation. In 
problems of this type we shall assume that the equation determines an im- 
plicit function f whose graph coincides with the graph of the equation for 
every x in some open interval containing a. Note that, since P(a, b) is 
a point on the graph, the ordered pair (a, b) must be a solution of the 
equation. 


EXAMPLE 3 Find the slope of the tangent line to the graph of 
y* + Зу — 4x3 = 5х + 1 
at the point P(1, —2). 
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SOLUTION The point P(1, —2)is on the graph, since substituting x = 1 
and y — —2 gives us 


(—2)* + 3(—2) —– 4(1)° = 5(1) +1, ог 6-6. 


The slope of the tangent line at P(1, —2) is the value of the derivative у' 
when x =1 and y= —2. The given equation is the same as that in 
Example 2, where we found that у = (12x? + 5)/(4y* + 3). Substituting 1 
for x and —2 for у gives us the following, where y'];,. у denotes the value 
of y' when x = 1 and y = —2: 


121) -5 17 


Y]a.-2 = 4(— 2)? 4 3 = 29 


EXAMPLE 4 Ify = f(x), where f is determined implicitly by the equa- 
tion x? + y? = 1, find у. 


SOLUTION In Example 1 we showed that there are an unlimited num- 
ber of implicit functions determined by x? + у? = 1. As in Example 2, we 
differentiate both sides of the equation with respect to x, obtaining 


D, (x?) + D, (y?) = D, (1) 


2x + 2уу = 0 
yy = —х 
х 
у=—— if у #0. 
у 


The method of implicit differentiation provides the derivative of any 
differentiable function determined by an equation in two variables. For 
example, the equation x? + у? = 1 determines many implicit functions 
(see Example 1). From Example 4, the slope of the tangent line at the 
point (x, у) on any of the graphs in Figure 3.31 is given by у = —x/y, 
provided the derivative exists. 


EXAMPLE 5 Find у if 4ху? — x?y + x? — 5x + 6 = 0. 
SOLUTION Differentiating both sides of the equation with respect to 
x yields 
D, (4ху?) — D, (x?y) + D, (x°) — D, (5х) + D, (6) = D, (0). 
Since y denotes f(x) for some function f, the product rule must be applied 
to D, (4xy?) and D, (x*y). Thus, 
D, (Axy?) = 4x D, (у?) + y? D, (4x) 

= 4x(3y? y) + y*(4) 

= 12ху?у' + 4y? 
апа D, (х2у) = x? D, y + y D, (x?) 

= х?у' + y(2x). 
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Substituting these expressions in the first equation of the solution and 
differentiating the other terms leads to 


(12xy?y' + 4?) — (х?у' + 2ху) + 3x? — 5 = 0. 


Collecting the terms containing у’ and transposing the remaining terms to 
the right side of the equation gives us 


(12xy? — х?)у = 5 — 3x? + 2xy — 4y*. 


! 


5 — 3x? + 2xy — 4y? 


Consequently, у 5 = 
3 y i 12xy* — x* 


provided 12xy? — x? 4 0. 


EXAMPLE 6 Find y' if y — x? sin y. 
SOLUTION Differentiating both sides of the equation with respect to x 
and using the product rule, we obtain 
D, y = x? D, (sin y) + (sin y) D, (x?). 
Since y — f(x) for some (implicit) function f, we have, by Theorem (3.35), 
D, sin y = cos y D, y. 


Using this equation and the fact that D, (x?) = 2x, we may rewrite the first 
equation of our solution as 


D, y = (x? cos y) D, y + (sin у)(2х), 
ог у = (x? cos у)у + 2x sin y. 
Finally, we solve for y' as follows: 
y — (x? cos у)у = 2x sin y 
(1 — x? eos y)y' = 2x sin y 


2x sin y 
1—x? cos y' 


provided 1 — x? cos y # 0. 








In the next example we find the second derivative of an implicit 
function. 


EXAMPLE 7 Find y" if y* + 3y — 4x3 = 5x + 1. 
SOLUTION The equation was considered in Example 2, where we 


found that 

| 12x? +5 

Со 4y3 +3" 

ay +5 
47°43) 


, 


Непсе y" = D, (y) = D, ( 


EXERCISES 3.7 1:5 1 


езе; сл гн Вэ —M— ——— 


We now use the quotient rule, differentiating implicitly as follows: 


a 





_ (4y? + 3) D, (12x? + 5) — (12x? + 5) р, (4? + 3) 








y+ 
_ (4y? + 34x) — (12x? + 5)(12у2у) 
Е (p + 3)? 


Substituting for y’ yields 











, (12x? + 5 
| (Ay? + 3)(24х) — (12x? 4-5): C 
J 3 (4v? Л 3)? 
(4y? + 3)2(24х) — 12y?(12x? + 5)? 
нэ (у + 3)3 І 1 
EXERCISES 3.7 | 
Exer. 1-18; Assuming that the equation determines a 20 Folium of Descartes: x? + y? — 3axy = 0; 
differentiable function f such that y — f(x), find y'. a=4, P(6, 6) 
1 8x? + у? = 10 2 4х —2% =x 
{з 2x? + х?у+ y! 91 A 5х? + 2^у+у%* =8 
5 5x7 — xy — 4у 20 
6 xt + Ax?y? — 3ху + 2x = 0 
7 JX c Ny = 100 8 y33 у = 4 
9 x? +4уху = 7 10 2х—+/ху+ y? = 16 
Ха sin? 3у-х-у-1 12 x= sin (ху) 
7 13 у = сѕс (xy) 14 y? +1 = х? есу 
715 у? = хсоѕ у 16 xy 2 tan y 
17 х2 + 4/5іп у – у? 21 18 sin /y — 3x = 2 





Exer. 19-22: The equation of a classical curve and its 
graph are given for positive constants a and b. (Consult 
books on analytic geometry for further information.) 
Find the slope of the tangent line at the point P for the 
stated values of a and b. 


№! Lemniscate of Bernoulli: (x? + y?)? = 2а?ху; 
а= 2, Р(1,1) 


19 Orals of Cassini: (x? + у? + а?) — 4а?х? = b*; 
qe» b= 46. P(2, 4/2) 
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22 Conchoid of Nicomedes: (у = а(х? + à 
4-2, 5-4,  P(j15,1) 





2) = р2у?; Ехег. 35—38: How many implicit functions are deter- 


mined by the equation? 

35 X*-y* -1=0 36 х* + у? = 0 

37 x7 +57 +1=0 38 cos x + sin y 2 3 

39 Show that the equation 1? = x determines an infinite 
number of implicit functions. 

40 Use implicit differentiation to show that if P is any point 

on the circle x^ + у? = а?. then the tangent line at Р is 

perpendicular to OP. 

Suppose that 3х2 — х?у* + 4y = 12 determines a dif- 

ferentiable function f such that y= fix). If /(2) = 0. 

use differentials to approximate the change in f(x) if x 

changes from 2 to 1.97. 


4 


42 Suppose that x^ + xy + y* = 19 determines a differen- 


Exer. 23-28: Find the slope of the tangent line to the tiable function f such that y = f(x). If P(1, 2) is a point 


graph of the equation at P. 

23 xy + 16 = 0; P(—2, 8) 
24 y! — 4x? = 5; P(—1,3) 
25 2x — 3)y 4, — 1 2 0; P(2, — 3) 


26 3y*+4x—x? siny—4=0: Р(1,0) 


on the graph of f, use differentials to approximate the 
y-coordinate h of the point О(1.1, b) on the graph. 


[c] 43 Suppose that x? + хү? = 4.0764 determines a differen- 
tiable function f such that y = f(x). 
{а} If P(1.2, 1.3) and Q(1.23, b) are on the graph of f, use 
(3.31) to approximate b. 


27 x5y 4 sin уа Эл: P(1, 2x) [b] Apply the method in (а), using Q(1.23, b) to approx- 
1 | imate the y-coordinate of А(1.26. с). (This process, 
28 ху! + Зу = 27; PO. 3) called Euler's method. can be repeated to approxi- 
mate additional points on the graph.) 
|с| 44 Suppose that sinx + ycos y= —2.395 determines a 
Exer. 29-34: Assuming that the equation determines a differentiable function f such that у = f(x). 
function f such that у = f(x), find y”, if it exists. (a) If P(2.1, 3.3) is an approximation to a point on the 
29 33 +4y? = 30 5? —2y? 24 анн анаа ) to approximate the y-coordinate 
of Q(2.12, b). 
31 х у? = 1 32 x*y? = 1 e i WAT. ‚ ' 
[b] Apply the method їл (a), using Q(2.12, b) to approx- 
33 siny+y=x 34 cosy = x imate the y-coordinate of R(2.14, с). 


3.8 RELATED RATES. 


Suppose that two variables x and y are functions of another variable г, 
say 


x-—f() and y= g(t). 


Ву (3.7)(ii), we may interpret the derivatives dx/dt and dy/dt as the rates 
of change of x and y with respect to г. As a special case, if f and g are posi- 
tion functions for points moving on coordinate lines, then dx/dt and dy/dt 
are the velocities of these points (see (3.2)). In other situations these deriv- 
atives may represent rates of change of physical quantities. 

In certain applications x and y may be related by means of an equa- 
tion, such as 


x? у? — 2x + 7)? —2=0. 
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If we differentiate this equation implicitly with respect to t, we obtain 


d „ d p d 12» do d 
QE oc oM р M» 2 ef M ass 
di Ме) dt v) di MET dt бу) dt vj dt (0). 





Using the power rule (3.34) with г as the independent variable gives us 


dx dy dx dy 
-- Зу ---2--414у---0, 
dt >` dt dt 4 

The derivatives dx/dt and dy/dt are called related rates, since they are 

related by means of an equation. This equation can be used to find one 

of the rates when the other is known. The following examples give several 

illustrations. 


EXAMPLE 1 Two variables x and y are functions of a variable t and 
are related by the equation 


x? — 2y? + 5x = 16. 


If ахуй = 4 when x = 2 and у = —1, find the corresponding value of 
dy/dt. 


SOLUTION We differentiate the given equation implicitly with respect 
to г as follows: 
d 


d 








da „Йй 
E xS. S a om - 
dt wi dt em dt (55) dt (16) 
, dx dy dx 
= — ‚ — 5 = 
E dt 4) dt dt 9 
1х dy 
3x2 MN — rond 
eer yc 
dy _ 3x? + 5dx 
й — 4y dt 
The last equation is a general formula relating dy; dt and dx/dt. For the 
special case dx/dt = 4, x = 2, and y = —1, we obtain 
dy 3(2)2 + 5 
—— = 12—54 = – 17. 
аг 4(— 1) 


EXAMPLE 2 A ladder 20 feet long leans against a vertical building. 
If the bottom of the ladder slides away from the building horizontally at 
a rate of 2 ft/sec. how fast is the ladder sliding down the building when the 
top of the ladder is 12 feet above the ground? 


SOLUTION We begin by sketching a general position of the ladder as 
in Figure 3.32, where x denotes the distance from the base of the building 
to the bottom of the ladder and y denotes the distance from the ground 
to the top of the ladder. 
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Guidelines for solving related 
rate problems (3.36) 


We next consider the following problem involving the rates of change 
of x and y with respect to r: 


Given: e — 2 ft/sec 
dt 
. dy 
Find: > when y = 12 ft 
F 


An equation that relates the variables x and y can be obtained by 
applying the Pythagorean theorem to the right triangle formed by the 
building, the ground, and the ladder (see Figure 3.32). This gives us 


x? + y? = 400. 
Differentiating both sides of this equation implicitly with respect to г, we 
obtain 


d d d 
£ x? 2) = = (40 
di (х^) + di (у) 2 00) 
ЭЭР 
~ dt ш. dt 
dy NEN - dx 
dt уйа 


provided y #0. 

The last equation is a general formula relating the two rates of change 
dx/dt and dy/dt. Let us now consider the special case y — 12. The corre- 
sponding value of x may be determined from 

x? 12? = 400, ӨГ x*:-256. 
Thus, x = 4/256 = 16 when у = 12. Substituting these values into the 
general formula for dy/dt, we obtain 


The following guidelines may be helpful for solving related rate prob- 
lems of the type illustrated in Example 2. 


1 Read the problem carefully several times, and think about the 
given facts and the unknown quantities that are to be found. 

2 Sketch a picture or diagram and label it appropriately, intro- 
ducing variables for unknown quantities. 

3 Write down all the known facts, expressing the given and 
unknown rates as derivatives of the variables introduced in 
guideline 2. 

Formulate a general equation that relates the variables. 


5 Differentiate the equation formulated in guideline 4 implicitly 
with respect to t, obtaining a general relationship between the 
rates. 

6 Substitute the known values and rates, and then find the un- 
known rate of change. 
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А соттоп error is introducing specific values for the rates and variable 
quantities too early in the solution, Always remember to obtain a general 
formula that involves the rates of change at any time t. Specific values 
should not be substituted for variables until the final steps of the solution. 


EXAMPLE 3 At 1:00 Pm., ship A is 25 miles due south of ship B. If 
ship A is sailing west at a rate of 16 mi/hr and ship B is sailing south at a 
rate of 20 mi/hr. find the rate at which the distance between the ships is 
changing at 1:30 P.M. 


SOLUTION Let t denote the number of hours after 1:00 р.м. In Fig- 
ure 3.33, P and Q are the positions of the ships at 1:00 P.M., x and y are 
the number of miles they have traveled in t hours, and т is the distance 
between the ships after ! hours. Our problem may be stated as follows: 


cu ыла 2 
( 


= 20 mi/hr 
dt 


dz 1 
Find: di when t — > hr 
Applying the Pythagorean theorem to the triangle in Figure 3.33 gives 


us the following general equation relating the variables x, y, and z: 


z? = х? + (25 — у)? 
Differentiating implicitly with respect to t and using the power rule and 
chain rule, we obtain 





d 3 d 3 d 2 

+ aa == ЖЭ 25 — у) 
лааг шил Зиа 
2555 22555 49905 — »(0 x 

dt dt ud dt 

dz dx dy 

um шы qum 25 а. 
dt ? dt +0 it 


At 1:30 р.м. the ships have traveled for half an hour and 
x =3(164)=8, у= 5(20)=10, and 25 – у = 15. 
Consequently, 


22 = 64 + 225 = 289, ог z=./289 = 17. 


Substituting into the last equation involving dz/dt, we have 


174 = 8(16) + (— 15)(20), 


dt 
dz 172 
= — x — 10.12 mi/hr. 
е dt 17 жан 


The negative sign indicates that the distance between the ships is decreas- 
ing at 1:30 р.м. 
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Another method of solution is to write x = l6r, у = 20t, and 
z = [x? + (25 — y? ]'? = [256° + (25 — 202)7]??. 


The derivative dz dt may then be found, and substitution of 5 for t pro- 
duces the desired rate of change. 


EXAMPLE 4 A water tank has the shape of an inverted right circular 
cone of altitude 12 feet and base radius 6 feet. If water is being pumped 
into the tank at a rate of 10 gal/min, approximate the rate at which the 
water level is rising when the water is 3 feet deep (1 gal = 0.1337 ft?). 


FIGURE 3.34 SOLUTION We begin by sketching the tank as in Figure 3.34, letting 
Water r denote the radius of the surface of the water when the depth is h. Note 
that r and h are functions of time t. 
We next consider the following: 


Given: " = 10 gal/mi 
геп. dt = g n 


I 
Find: s when h = 3 ft 
dt 


The volume V of water in the tank corresponding to depth h is 





V = inrh. 


This formula for V relates V, r, and h. Before differentiating implicitly 
with respect to t, let us express V in terms of one variable. Referring to 
Figure 3.34 and using similar triangles, we obtain 


Consequently, at depth h, 


1 /h\? Ж 
У-33(2) hinh А 


Differentiating the last equation implicitly with respect to t gives us the 
following general relationship between the rates of change of V and h at 


any time t: 
If h # 0, an equivalent formula is 
d 4 av 
dt zh? dt’ 
Finally, we let h = 3 and dV/dt = 10 gal/min x 1.337 ft?/min, obtaining 


dh 4 
— & ——(L = 0.189 ft/min. 
ám (1.337) = € ft/min 
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EXAMPLE 5 А revolving beacon in a lighthouse makes опе revolu- 
tion every 15 seconds. The beacon is 200 feet from the nearest point P on 
a straight shoreline. Find the rate at which a ray from the light moves 
along the shore at a point 400 feet from P. 


SOLUTION The problem is diagrammed in Figure 3.35, where B de- 
notes the position of the beacon and 0 is the angle between BP and a light 
ray to a point 5 on the shore x units from Р. 


FIGURE 3.35 





Since the light revolves four times per minute, the angle @ changes at 
a rate of 4: 2л radians per minute; that is, d/dt = 8л. Using triangle 
PBS, we see that 


x 
їапф = 500` 
ог x = 200 tan ф. 


The rate at which the ray of light moves along the shore is 


EX = 200 sec? g “$ 


1 = (200 sec? ф)(8л) = 1600л sec? ф. 


If x = 400, then BS = 4/200? + 400? = 2004/5, and 





2004/5 
sec ф = 6. = `/5. 
Непсе = = 1600n(./5)? = 8000л x 25,133 ft/min. 


EXAMPLE 6 Figure 3.36 shows a solar panel that is 10 feet in width 
and is equipped with a hydraulic lift. As the sun rises, the panel is adjusted 
so that the sun’s rays are perpendicular to the panel’s surface. 

(a) Find the relationship between the rate dy/dt at which the panel should 
be lowered and the rate 40/4! at which the angle of inclination of the sun 
increases. 


(b) If, when 0 = 30°, d0/dt = 15°/hr, find dy/dt. 


SOLUTION 


(a) If we let ф denote angle BAC in Figure 3.36, then, from plane geometry, 
ф = 90° — 0 = ix — 0. Since 4ф/й = — 10/41, ф decreases at the rate at 
which 0 increases. 


o 
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Referring to right triangle BAC, we see that 


unc 
ог y = 10sin ф = 10 sin (3x — 6). 


Differentiating implicitly with respect to t and using the cofunction iden- 
tity cos (1л — 0) = sin 0 yields 
dy _ А 49 2440 
go 10 cos (5л — п(о - 2 = — [Osin 0 dr 


(b) We must use radian measure for dÜ/dt. Since 15° = 15(z/180) = 
1/12 radians, we substitute d0/dt = 7/12 rad/hr and 0 = 30° = z/6 in the 
formula for dy/dt, obtaining 


dy _ 1їү/лү Sn 


‚ EXERCISES 3.8 





Exer. 1-8: Assume that all variables are functions of r. 9 Asa circular metal griddle is being heated, its diameter 
4 4А changes at a rate of 0.01 cm/min. Find the rate at which 
^ ! If A= x? and — = 3 when x = 10, find —. the area of one side is changing when the diameter is 
di dt 30 centimeters. 
2 If S — z? and д>... —2 when z = 3, find 45 10 А fire has started іп a dry, open field and spreads іп the 
dt | й form of a circle. The radius of the circle increases at the 
dV „ар rate of 6 ft/min. Find the rate at which the бге area is 
3 If V = —Sp*? and ^ —4 when V = —40, find ЭР increasing when the radius is 150 feet. 


ЇР die — 11 Gas is being pumped into a spherical balloon at a rate 
^ If P — 3/w and ж” 5 when Р = 9, find — of 5 ft*/min. Find the rate at which the radius is chang- 
t 


dt ing when the diameter is 18 inches. 
5 If x?+3y?+2y=10 and dx =? when х=3 and 12 Suppose a spherical snowball is melting and the radius 
is decreasing at a constant rate, changing from 12 inches 
ас ИЙ dy to 8 inches in 45 minutes. How fast was the volume 
—- dt changing when the radius was 10 inches? 


13 A ladder 20 feet long leans against a vertical building. If 

the bottom of the ladder slides away from the building 

dx horizontally at a rate of 3 ft/sec, how fast is the ladder 

and y = 1, find a sliding down the building when the top of the ladder is 
| 8 feet from the ground? 


dy 
6 If 2y? — x? + 4x = —10 and = -3 when х=—2 
d 


7 If 3х2у + 2х = —32 and dy = —4 when x=2 and 14 A girl starts at a point A and runs east at a rate of 
dt 10 ft/sec. One minute later, another girl starts at A and 

у= —3, find dx runs north at a rate of 8 ft/sec. At what rate is the dis- 

| й tance between them changing | minute after the second 


dx girl starts? 
8 If —x?y? — 4y = —44 and — = 5 when x= —3 and we. 
: : dt ‚ 15 A light is at the top of a 16-foot pole. A boy 5 feet tall | 


dy walks away from the pole at a rate of 4 ft/sec (see figure). 
dt At what rate is the tip of his shadow moving when he 








Е ст от ——-{ 
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16 


17 


18 


19 


is 18 feet from the pole? At what rate is the length of 
his shadow increasing? 


EXERCISE 15 





A man on a dock is pulling in a boat by means of a rope 
attached to the bow of the boat 1 foot above water level 
and passing through a simple pulley located on the dock 
8 feet above water level (see figure). If he pulls in the 
rope at a rate of 2 ft/sec, how fast is the boat approach- 
ing the dock when the bow of the boat is 25 feet from 
a point that is directly below the pulley? 


EXERCISE 16 





The top of a silo has the shape of a hemisphere of diam- 
eter 20 feet. If it is coated uniformly with a layer of ice 
and if the thickness is decreasing at a rate of į in./hr, 
how fast is the volume of the ice changing when the ice 
is 2 inches thick? 


As sand leaks out of a hole in a container, it forms a 
conical pile whose altitude is always the same as its 
radius. If the height of the pile is increasing at a rate of 
6 in./min, find the rate at which the sand is leaking out 
when the altitude is 10 inches. 


A person flying a kite holds the string 5 feet above 
ground level, and the string is payed out at a rate of 
2 ft/sec as the kite moves horizontally at an altitude of 
105 feet (see figure). Assuming there is no sag in the 
string, find the rate at which the kite is moving when 125 
feet of string has been payed out. 


EXERCISE 19 


105 ft 





20 A hot-air balloon rises vertically as a rope attached to 


21 


22 


23 


the base of the balloon is released at the rate of 5 ft/sec. 
The pulley that releases the rope is 20 feet from the plat- 
form where passengers board (see figure). At what rate 
is the balloon rising when 500 feet of rope has been 
payed out? 


EXERCISE 20 





Boyle's law for confined gases states that if the tempera- 
ture is constant, pv = c, where p is pressure, v is volume, 
and c is a constant. At a certain instant the volume is 
75 in.?, the pressure is 30 Ib/in.?, and the pressure is de- 
creasing at a rate of 2 Ib/in.? every minute. At what rate 
is the volume changing at this instant? 


A 100-foot-long cable of diameter 4 inches is submerged 
in seawater. Because of corrosion, the surface arca of 
the cable decreases at a rate of 750 in.?/year. Ignoring 
the corrosion at the ends of the cable, find the rate at 
which the diameter is decreasing. 


The ends of a water trough 8 feet long are equilateral 
triangles whose sides are 2 feet long (see figure on follow- 
ing page). If water is being pumped into the trough at 
a rate of 5 ft*/min, find the rate at which the water level 
is rising when the depth of the water is 8 inches. 





24 


26 


27 


EXERCISE 23 
Water 





Work Exercise 23 if the ends of the trough have the 
shape of the graph of y = 2| х | between the points (— 1. 2) 
and (1, 2). 


The area of an equilateral triangle is decreasing at a 
rate of 4 cm? /min. Find the rate at which the length of a 
side is changing when the area of the triangle is 
200 cm?. 


Gas is escaping from a spherical balloon at a rate of 
10 ft? г. At what rate is the radius changing when the 
volume is 400 ft?? 


А stone is dropped into a lake, causing circular waves 
whose radii increase at a constant rate of 0.5 m/sec. At 
what rate is the circumference of a wave changing when 
its radius is 4 meters? 


A softball diamond has the shape of a square with sides 
60 feet long. If a player is running from second base to 
third at a speed of 24 ft/sec, at what rate is her distance 
from home plate changing when she is 20 feet from third? 


When two resistors R, and R, are connected in parallel 
(see figure), the total resistance R is given by the equation 
1/R = (1/R,)+ (1/R,). If R, and R, are increasing at 
rates of 0.01 ohm/sec and 0.02 ohm sec, respectively, at 
what rate is R changing at the instant that R, = 30 ohms 
and R, = 90 ohms? 


EXERCISE 29 


The formula for the adiabatic expansion of air is рр!“ = 
c, where p is the pressure, v is the volume, and c is a 
constant. At a certain instant the pressure is 40 dyn/cm? 
and is increasing at a rate of 3 dyn/cm? per second. If, 
at that same instant, the volume is 60 cm?, find the rate 
at which the volume is changing. 


If а spherical tank of radius a contains water that has 
a maximum depth h, then the volume V of water in the 


35 


37 
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tank is given by V = izh?(3a — h). Suppose a spherical 
tank of radius 16 feet is being filled at a rate of 100 
gal/min. Approximate the rate at which the water level 
is rising when h = 4 feet (1 gal = 0.1337 ft?). 


A spherical water storage tank for a small community 
is coated uniformly with a 2-inch layer of ice. As the ice 
melts, the rate at which the volume of the ice decreases 
is directly proportional to the rate at which the surface 
area decreases. Show that the outside diameter is de- 
creasing at a constant rate. 

From the edge of a cliff that overlooks a lake 200 feet 
below, a boy drops a stone and then, two seconds later, 
drops another stone from exactly the same position. 
Discuss the rate at which the distance between the two 
stones is changing during the next second. (Assume that 
the distance an object falls in t seconds is 16:2 feet.) 


A metal rod has the shape of a right circular cylinder. 
As it is being heated, its length is increasing at a rate 
of 0.005 em/min and its diameter is increasing at 0.002 
cm/min. At what rate is the volume changing when the 
rod has length 40 centimeters and diameter 3 centi- 
meters? 


An airplane is flying at а constant speed of 360 mi/hr 
and climbing at an angle of 45°. At the moment the 
plane's altitude is 10,560 feet, it passes directly over an 
air traffic control tower on the ground. Find the rate at 
which the airplane's distance from the tower is changing 
one minute later (neglect the height of the tower). 


A North-South highway A and an East-West highway 
B intersect at a point P. At 10:00 A.M. an automobile 
crosses P traveling north on highway A at a speed of 
50 mi/hr. At that same instant, an airplane flying east 
at a speed of 200 mi/hr and an altitude of 26,400 feet is 
directly above the point on highway B that is 100 miles 
west of P. If the airplane and the automobile maintain 
the same speed and direction, at what rate is the distance 
between them changing at 10:15 А.М? 


A paper cup containing water has the shape of a frustum 
of a right circular cone of altitude 6 inches and lower 
and upper base radii 1 inch and 2 inches, respectively. 
If water is leaking out of the cup at a rate of 3 in.?/hr, 
at what rate is the water level decreasing when the depth 
of the water is 4 inches? (Note: The volume V of a frus- 
tum of a right circular cone of altitude h and base radii 
a and b is given by V = 4xh(a* + b? + ab).) 


The top part of a swimming pool is a rectangle of length 
60 feet and width 30 feet. The depth of the pool varies 
uniformly from 4 feet to 9 feet through a horizontal dis- 
tance of 40 feet and then is level for the remaining 20 
feet, as illustrated by the cross-sectional view in the fig- 
ure. If the pool is being filled with water at a rate of 
500 gal/min, approximate the rate at which the water 
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level is rising when the depth of the water at the deep 
end is 4 feet (1 gal = 0.1337 ft*). 


EXERCISE 38 4 ft 
9 ft 





39 An airplane at an altitude of 10,000 feet is flying at a 


constant speed on a line that will take it directly over an 
observer on the ground. If, at a given instant, the ob- 
server notes that the angle of elevation of the airplane 
is 60° and is increasing at a rate of 1^ per second, find 
the speed of the airplane. 


40 In Exercise 16, let O be the angle that the rope makes 


with the horizontal. Find the rate at which () is changing 
at the instant that 0 = 30 . 


41 An isosceles triangle has equal sides 6 inches long. If the 


angle 0 between the equal sides is changing at a rate of 
2 per minute, how fast is the area of the triangle chang- 
ing when 0 = 30 ? 


42 А ladder 20 feet long leans against a vertical building. 


If the bottom of the ladder slides away from the building 
horizontally at a rate of 2 ft/sec, at what rate is the angle 
between the ladder and the ground changing when the 
top of the ladder is 12 feet above the ground" 


43 The relative positions of an airport runway and a 


20-foot-tall control tower are shown in the figure. The 
beginning of the runway is at a perpendicular distance 
of 300 feet from the base of the tower. If an airplane 
reaches a speed of 100 mi/hr after traveling 300 feet down 
the runway, at approximately what rate is the distance 
between the airplane and the control booth increasing 
at this time? 


EXERCISE 43 | 





44 The speed of sound in airat 0. C (or 273 K)is 1087 ft/sec. 


but this speed increases as the temperature rises. If T is 
temperature in K, the speed of sound r at this temper- 


45 


47 


ature is given by v = 1087, 7/273. If the temperature 
increases at the rate of 3 C per hour, approximate the 
rate at which the speed of sound is increasing when T — 
30 С (or 303 К). 


An airplane is flying at a constant speed and altitude, 
on a line that will take it directly over a radar station 
located on the ground. At the instant that the airplane 
is 60,000 feet from the station, an observer in the station 
notes that its angle of elevation is 30° and is increasing 
at a rate of 0.5 per second. Find the speed of the air- 
plane. 


A missile is fired vertically from a point that is 5 miles 
from a tracking station and at the same elevation (see 
figure). For the first 20 seconds of flight, its angle of ele- 
vation () changes at a constant rate of 2 per second. 
Find the velocity of the missile when the angle of eleva- 
tion is 30 . 


EXERCISE 46 





The sprocket assembly for a 28-inch bicycle is shown 
in the figure. Find the relationship between the angular 
velocity d0/dt (in radians/sec) of the pedal assembly and 
the ground speed of the bicycle (in mi hr). 


EXERCISE 47 ы 





А 100-candlepower spotlight is located 20 feet above a 
stage (see figure on following page). The illuminance E 
(in footcandles) in the small lighted area of the stage is 
given by E = (1 cos 0) 87, where 1 is the intensity of the 
light, s is the distance the light must travel, and 0 is the 
indicated angle. As the spotlight is rotated through @ 
degrees, find the relationship between the rate of change 
in illumination d E:dt and the rate of rotation d dt. 
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49 А conical pendulum consists of a mass m, attached to a 
string of fixed length /, that travels around a circle of 
radius r at a fixed velocity v (see figure). As the velocity 
of the mass is increased, both the radius and the angle 
0 increase. Given that t? = rg tan 0, where g is a gravi- 
tational constant, find a relationship between the related 


rates 
(a) dv/dt and dÜ/dt (ы dv/dt and dr/dt 


EXERCISE 49 





= 


so Water in a paper conical filter drips into a cup as shown 
in the figure. Let x denote the height of the water in the 
filter and y the height of the water in the cup. If 10 in.? 


3.9 REVIEW/ EXERCISES 


Exer. 1-2: Find f'(x) directly from the definition of the 
derivative. 


1/0) == 2 fix) = J5 — 7x 


EXC 
3x* +2 


Exer. 3-42: Find the first derivative. 


| 
Tx + 2 4 Мх)--2 5 
х x^] 


з f(x) 2 2x3 - 


6 h(t) = 





5 д) = {/6г + 5 - 
X 6t + 5 


7 F(z) = iz – 42 + 3 в fiw = 43w? 
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of water is poured into the filter, find the relationship 
between dy/dt and dx/dt. 


EXERCISE 50 





b 
| | 
| , 
к= 4 іп. S| 


[c] 51 Ship A is sailing north, and ship B is sailing west. Using 
an xy-plane, radar records the coordinates (in miles) 
of each ship at intervals of 1.25 minutes as shown in 
the following tables. Approximate the rate (in mi/hr) at 
which the distance between the ships is changing at 


tz 5. 
t (min) 125 250 375 500 
Ship A: х(ті) 127 127 177 177 
у (тїї) 271 303 335 3567 
t(min) 125 250 375 500 
Ship В: х (mi) 524 552 580 6.08 
у (тїї) 124 1.24 1.24 124 


Two variables x and у are functions of a variable / 
and are related by the formula 

1.31 sin (2:56x) + / y = (x — 1)?. 
If dy/dt = 3.68 when x = 1.71 and y = 303, approximate 
the corresponding value of dx dt. 


G(x) = 6 Hx) = (3x? — 1)* 
y ЭХ er 6 


n Д) = (02 – 7 2) 2 12 h(z) = [022 — 15 — 1]* 


13 х) = {(3х + 2)* 


н) 
rs) = 
15 ) [56 


142 


14 Р(х) 2(X- х") 


(м — 1)(и — 3) 
(м + Dow + 3) 





16 giw) = 


17 Р(х) = (х® + 1)(3х + 2) 
18 k(z) = [2 + (2 + 9)!?]!? 


19 k(s) = (252 — 3s + 1)(95 — 1)* 





3,9 REVIEW EXERCISES 


2x* + 3x? — 1 








20 р(х) = = 
х 
= 5 2 
21 f(x) = 6х esI = 
х yx? 
52-17 
2p Ри) = 2-2 


24 51) 2 J/? -- t -- 13/4t — 9 


25 gir) 24/1 + cos 2r 


27 /(х) = sin? (4x?) 
29 h(x) = (sec x + tan x)? 


31 f(x) = x? cot 2x 








2w +5 


1 1 
26 92) = csc (2) + 
2 sec 2 


28 H(i = (1 + sin 31? 





зо Kir) = Vr? + esc бг 
32 P(0) = 0? tan? (0?) 


sin 20 
K(0) = ————— )z—————ÀáÓÁá 
зз КО) 1 + cos 20 34 gi) 1 + cos? 2r 
35 g(x) = (cos 4/х — sin 4x)? 
T _. x | сзси+1 
36 f(x) = 2x + sec? x mew cotu+ 1 
sin ф 
38 klo) = —— 


cos ф- sin ó 


39 F(x) = sec 5x tan 5x sin 5x 





40 Н(2) = V sin Vz 41 g(0) = tant (4/0) 
42 fix) = esc? 3x cot? 3x 


Exer. 43-48: Assuming that the equation determines а 
differentiable function f such that y — f(x), find y'. 


43 5x? — 2x?y? + 4° -7=0 
44 Зх? – ху? + у! = 1 
Vx +1 Е 


Jy +1 





y 46) y! — {ху + 3x2 2 
47 ху? = sin (x + 2y) 48 y = cot (xy) 

Exer. 49—50: Find equations of the tangent line and the 
normal line to the graph of f at P. 


4 
49 y= 2x — == Р(4. 6) 
ух 


so xX'y—- у? = 8; P(—3,1) 


51 Find the x-coordinates of all points on the graph of 
у = 3x — cos 2x at which the tangent line is perpendic- 
ular to the line 2x + 4y = 5. 

52 If f(x) = sin 2x — cos 2x for 0< x < 2л, find the x- 
coordinates of all points on the graph of f at which the 
tangent line is horizontal. 

Exer. 53-54: Find у’, y", and y'". 


53 у= 5х? +44/х 54 y = 2x? — 3x — cos 5x 
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ss If x? + 4xy — y? = 8, find y" by implicit differentiation. 
56 If f(x) = x? — x? — 5x + 2, find 


(a) the x-coordinates of all points on the graph of f at 
which the tangent line is parallel to the line through 
A(—3, 2) and BO, 14) 


[b the value of f" at each zero of f" 
57 If y = 3x? — 7, find 
(а) Ау — (pj dy 


sg If y = Sx/(x? + 1), find dy and use it to approximate the 
change in v if x changes from 2 to 1.98. What is the 
exact change in y? 


(c) dy — Ay 


59 The side of an equilateral triangle is estimated to be 
4 inches, with a maximum error of +0.03 inch. Use dif- 
ferentials to estimate the maximum error in the calcu- 
lated area of the triangle. Approximate the percentage 
error. 

во Ifs=3r? — 2\/г + 1 and r = t? +t? + 1, use the chain 
rule to find the value of ds/dr at т = 1. 


61 If f(x) = 2x3 - x? —x4+1 and g(x) = x5 + 4х5 + 2x, 
use differentials to approximate the change in g( f(x)) if 
x changes from —1 to — 1.01. 

62 Use differentials to find a linear approximation of 4/64.2. 

63 Suppose f and g are functions such that /(2) = —1, 
f['2)24, f") = —2, (2) = —3, g'(2) = 2, and g"(2) = 
1. Find the value of each of the following at x = 2. 
ta) (27 —39Y — (pj(2f —39Y (е) ay 


JO "у 


64 Refer to Exercise 87 in Section 3.6. Let f be an odd 
function and g an even function such that /(3) = —3. 
f (3) = 7,9(3) = —3.andg'(3) = —5. Find (f » q)(3) and 
(ө = fY(3). 

55 Determine where the graph of f has a vertical tangent 
line or а cusp. 
(a) (х) = 3x + PF —4 py f(x) = 20 —87^ — 1 

(2x — 1)? ifxz2 

Sx? +34x— 61 ifx<2 


Determine if f is differentiable at 2. 


(ay 79)" 


66 Let f(x) = | 


67 The Stefan-Boltzmann law states that the radiant energy 
emitted from a unit area of a black surface is given by 
R = КТ“, where R is the rate of emission per unit area, 
T is the temperature (in. K), and k is a constant. If the 
error in the measurement of T 15 0.5", find the resulting 
percentage error in the calculated value of R. 


68 Let И and S denote the volume and surface area, re- 
spectively, of a spherical balloon. If the diameter is 8 
centimeters and the volume increases by 12 ст. use 
differentials to approximate the change in S. 
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69 A right circular cone has height Л = 8 ft, and the base 
radius r is increasing. Find the rate of change of its sur- 
face area S with respect to r when r — 6 ft. 


70 The intensity of illumination from a source of light is 
inversely proportional to the square of the distance from 
the source. If a student works at a desk that is a certain 
distance from a lamp, use differentials to find the per- 
centage change in distance that will increase the intensity 
by 10%. 


71 The ends of a horizontal water trough 10 feet long are 
isosceles trapezoids with lower base 3 feet, upper base 
5 feet, and altitude 2 feet. If the water level is rising at 
a rate of 1 in./min when the depth of the water is 1 foot, 
how fast is water entering the trough? 


72 Two cars are approaching the same intersection along 
roads that run at right angles to each other. Car A is 
traveling at 20 mi/hr, and car B is traveling at 40 mi/hr. 
If, at a certain instant, А is 1 mile from the intersection 
and B is } mile from the intersection, find the rate at 
which they are approaching each other at that instant. 


73 Boyle's law states that pv = c, where p is pressure, v is 
volume, and c is a constant. Find a formula for the rate 
of change of p with respect to r. 


74 A railroad bridge is 20 feet above, and at right angles 
to, a river. A man in a train traveling 60 mi/hr passes 
over the center of the bridge at the same instant that a 
man in a motor boat traveling 20 mi/hr passes under 
the center of the bridge (see figure). How fast are the 
two men moving away from each other 10 seconds later? 


EXERCISE 74 
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| a. 
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75 A large ferris wheel is 100 feet in diameter and rises 
110 feet off the ground, as illustrated in the figure. Each 
revolution of the wheel takes 30 seconds. 


(а) Express the distance h of a seat from the ground as 
a function of time t (in seconds) if t = 0 corresponds 
to a time when the seat is at the bottom. 

[b] If a seat is rising, how fast is the distance changing 
when h = 55 feet? 


EXERCISE 75 





76 A piston is attached to a crankshaft as shown in the 
figure. The connecting rod AB has length 6 inches, and 
the radius of the crankshaft is 2 inches. 


(a) If the crankshaft rotates counterclockwise 2 times 
per second, find formulas for the position of point A 
at t seconds after A has coordinates (2, 0). 


[b] Find a formula for the position of point B at time t. 
ic] How fast is B moving when A has coordinates (0, 2)? 


EXERCISE 76 





CHAPTER 





APPLICATIONS 
OF THE DERIVATIVE 





INTRODUCTION 





In this chapter we use derivatives to obtain important 
details about function values f(x) as x varies through 
an interval. These facts enable us to sketch the graph 
of a function accurately and to describe precisely 
where it rises or falls—something that cannot usually 
be accomplished with precalculus methods. Of major 
importance is finding the high and low points on 
the graph, since they provide the largest and smallest 
function values. The determination of these extreme 
values plays a significant role in applications that in- 
volve time, temperature, volume. pressure, gasoline 
consumption, air pollution, business profits. corpo- 
rate expenses, and, in general, any quantity that can 
be represented by a function. Such optimization prob- 
lems are considered in Section 4.6, after we have de- 
veloped the theory that relates derivatives to extreme 
values. This relationship is obtained by employing one 
of the most important results in calculus: the mean 
value theorem, proved in Section 4.2. This theorem 18 
also used in a crucial way in Chapter 5, where we 
introduce another concept of calculus—the definite 
integral. 

The chapter closes with Newton's method, a tool 
for approximating solutions of equations. It is easily 
programmable for use with calculators or computers 


and is one of the basic techniques used in the field of 


mathematics called numerical analysis. 
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4.1 EXTREMA OF FUNCTIONS 





Definition (4.1) 
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Suppose that the graph in Figure 4.1 was made by a recording instrument 
that measures the variation of a physical quantity. The x-axis represents 
time and the y-values represent measurements such as temperature, resis- 
tance in an electrical circuit, blood pressure of an individual, the amount 
of chemical in a solution, or the bacteria count in a culture. 


FIGURE 4.1 





The graph indicates that the quantity increased in the time interval 
[а, c, |, decreased іп [c,, с, |, increased in [c;, сз], decreased in | сэ, С, |, 
and so on. If we restrict our attention to the interval [c;, c, |, the quantity 
had its largest (or maximum) value at сз and its smallest (or minimum) 
value at c. In other intervals there were different largest or smallest 
values. Over the entire interval [a. b]. the maximum value occurred at с; 
and the minimum value at a. 

The terminology for describing the variation of physical quantities is 
also used for functions. 


Let a function f be defined on an interval J, and let х,, х, denote 
numbers in /. 


(i) f is increasing on / if f(x.) < f(x;) whenever x, < xz. 
(ii) f is decreasing on I if f(x,) > f(x.) whenever x, < x;. 
(iii) f is constant on / if f(x,) = f(x5) for every x, and x;. 


Figure 4.2 contains graphical illustrations of Definition (4.1). 

We shall use the phrases f is increasing and f(x) is increasing inter- 
changeably. This will also be done for decreasing. If a function is increas- 
ing, then its graph rises as x increases. If a function is decreasing, then 
its graph falls as x increases. If Figure 4.1 is the graph of a function /, 
then f is increasing on the intervals [а, c, ]. (Сэ. сз], and [c4. c5]. It is 
decreasing on || сү, c; ]. | са. са]. and [es. ce]. The function is constant on 
the interval | сс. b]. 

The next definition introduces the terms we shall use for largest and 
smallest values of functions. 
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FIGURE 4.2 
(i) Increasing function [ii] Decreasing function (iii) Constant function 





Definition (4.2 : йр; ЯК 
ON Let a function f be defined on a set 5 of real numbers, and let c be 


a number in S. 

(1) f(c) is the maximum value of f on S if f(x) < f(c) for every x 
in 5. 

(и) f(c) is the minimum value of f on S if f(x) > f(c) for every x 
in S. 





Maximum and minimum values are illustrated in Figures 4.3 and 4.4. 
In the figures we have pictured S as a closed interval; however, Defini- 
tion (4.2) may be applied to other types of intervals or sets of real numbers. 
Each graph shown has a maximum or minimum value f(c) with a < c < b, 
but such values may also occur at endpoints of intervals or domains of 
functions. 

If f(c) is the maximum value of f on S, we say that f rakes on its 
maximum value at c. The point (c, f(c)) is a highest point on the graph 
of f. If f(c) is the minimum value of f, we say that f takes on its mini- 
mum value at c, and (с, f(c)) is a lowest point on the graph of f. Maximum 
and minimum values are sometimes called extreme values, or extrema, of 
f. А function can take on a maximum or minimum value more than once. 
If / is a constant function, then f(c) is both a maximum and a minimum 
value of f for erery real number c. 


FIGURE 4.3 
Maximum value f(c) 


\!} 
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FIGURE 4.4 
Minimum value f(c) 


(1 


(ii) (iii) 








FIGURE 45 /(х)у=4—х? 
(а) [—2.1] 





Max: f(0) = 4 
Min: f(—2) = 0 


(b) (—2. 1) 


Ma 
Mi 


If D is the domain of f. then the maximum and minimum values of 
Гоп D, if they exist, are called the absolute maximum and absolute mini- 
mum of /. 


EXAMPLE 1 Let f(x) 2 4 — x°. Find the extrema of f on the fol- 
lowing intervals: 


(aj[-2.1] (5(-2.) Юю0.2| td) (1.2) 


SOLUTION The graph of f (a parabola) is sketched with dashes in 
Figure 4.5, where the solid portions correspond to the intervals (a)- (d). 
The extrema in each interval (denoted by Max and Min) are listed under 
each graph. 


(c) (1. 2] 14) (1, 2) 











x: f(0) = 4 Max: none Max: none 
n: none Min: f(2) = 0 Min: none 


There is no minimum value of f in (b); if c is any number in (—2, 1), 
we can find a number a in ( —2, 1) such that f(a) < f(c). Similarly, there 
is no maximum value in (c) and neither a maximum nor a minimum value 
in (d). 


4.1 
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EXAMPLE 2 Let f(x) = 2 Find the extrema of f on 
(а) [—1.2] (Ы [—1, 2) 


SOLUTION Portions of the graph of f and the extrema on the given 
intervals are shown in Figure 4.6. Note that / is not continuous at 0. 





1 
FIGURE 46 f(x) = d 
(a) [—1, 2] 15) [—1, 2) 
у у 
S і {+ э БЭР Ї к= = 
Max: none Max: none 
Min: /(2) =4 Min: none 


The preceding examples indicate that the existence of maximum or 
minimum values may depend on the type of interval and on the continuity 
of the function. The next theorem states conditions under which a function 
takes on a maximum value and a minimum value on an interval. More 
advanced texts on calculus may be consulted for the proof. 


Extreme value theorem (4.3) 27-27 Е : 2 
If a function / is continuous on a closed interval [a, b], then f takes 


on a minimum value and a maximum value at least once in [a, b]. 


The importance of this theorem is that it guarantees the existence of 
extrema if f is continuous on a closed interval. However, as indicated by 
our examples, extrema may occur on intervals that are not closed and for 
functions that are not continuous. 

We shall also be interested in /ocal extrema of f. defined as follows. 


Definition (4.4] mE Er 20 
Let с be a number in the domain of a function /. 
{i} f(c) is a local maximum of f if there exists an open interval 
(a, b) containing c such that f(x) < f(c) for every x in (a, b). 
(ii) f(c) is a local minimum of f if there exists an open interval (a, b) 
containing c such that /(x) 7 f(c) for every x in (a. b). 





170 








Theorem (4.5) 


Corollary (4.6) | 
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The term local is used because we localize our attention to a sufficiently 
small open interval containing c such that f takes on a largest (or smallest) 
value at c. Outside of that open interval, f may take on larger (or smaller) 
values. The word relative is sometimes used in place of local. Each local 
maximum or minimum is called a local extremum of f. and the totality of 
such numbers are the local extrema of f. Several examples of local extrema 
are illustrated in Figure 4.7. As indicated in the figure, it is possible for a 
local minimum to be larger than a local maximum. 


FIGURE 4.7 
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In this text, whenever we use the phrases maximum value of f and 
minimum value of f without including the adjective local, we mean the 
function values in Definition (4.2). When referring to the extrema in 
Definition (4.4), we shall always include the word local. 

The local extrema on an interval may not include the maximum or 
minimum values of f. For example, in Figure 4.1, f(a) is the minimum 
value of f on [а,Ь]; however, it is not a local minimum, since there is 
no open interval J contained in [а, b] such that f(a) is the least value of f 
on 1. 

At a point corresponding to a local extremum of the function graphed 
in Figure 4.7, the tangent line is horizontal or the graph has a corner. The 
x-coordinates of these points are numbers at which the derivative is zero 
or does not exist. The next theorem specifies that this is generally true. A 
proof is given at the end of this section. 


If a function / has a local extremum at a number c in an open 
interval, then either f'(c) = О or f'(c) does not exist. 





The following is an immediate consequence of Theorem (4.5). 


If (с) exists and f'(c) # 0, then f(c) is not a local extremum of the 
function f. 





A result similar to Theorem (4.5) is true for the maximum and mini- 
mum values of a function that is continuous on a closed interval [а,Ь], 
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Theorem (4.7) 


Definition (4.8) 


FIGURE 4.8 
Endpoint extrema of f on [a, b] 





Min: f(a) 


Guidelines for finding the extrema 
of a continuous function f on 
[a, 5] (4.9) 








provided the extrema occur on the open interval (a, b). The theorem may 
be stated as follows. 





If a function f is continuous on a closed interval [a, b] and has its 
maximum or minimum value at a number c in the open interval 
(a, b), then either /1с) = 0 or f'(c) does not exist. 


The proof of Theorem (4.7) is exactly the same as that of (4.5) with the 
word local deleted. 

It follows from Theorems (4.5) and (4.7) that the numbers at which the 
derivative either is zero or does not exist play a crucial role in the search 
for extrema of a function. Because of this, we give these numbers a special 
name. 





A number c in the domain of a function f is a critical number of 
f if either /(с) = 0 or /1с) does not exist. 








If c is a critical number of f such that f'(c) = 0, then c must be in an 
open interval of the domain of f, because the limit in Definition (3.6) exists, 
with a = c. A critical number c such that f'(c) does not exist may occur 
at an endpoint of the domain of f. 

Referring to Theorem (4.7), we see that if f is continuous on a closed 
interval [a. b], then the maximum and minimum values of f occur either 
at a critical number of f in (a, b) or at the endpoints a or b of the interval. 
It is also possible for a critical number c to be one of the endpoints of 
the interval [a, b]. If either f(a) ог f(b) is an extremum of f on [a,b], it 
is called an endpoint extremum. The sketches in Figure 4.8 illustrate this 
concept. 





Min: f(b) Max: f(b) 
The preceding discussion gives us the following: 
Find all the critical numbers of f in (a, b). 


Calculate f(c) for each critical number c found in guideline 1. 
Calculate the endpoint values f(a) and f(b). 


> WN = 


The maximum and minimum values of f on [a, b] are the largest 
and smallest function values calculated in guidelines 2 and 3. 
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FIGURE 4.9 
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EXAMPLE З If f(x) 2 x? — 12x. find the maximum and minimum 
values of f on the closed interval [ —3. 5] and sketch the graph of f. 


SOLUTION Using Guidelines (4.9). we begin by finding the critical 
numbers of f. Differentiating yields 


f'(x) = 3x? — 12 = 3(x? — 4) = 3(x + 2)(x — 2). 


Since the derivative exists for every x. the only critical numbers are those 
for which the derivative is zero—that is, — 2 and 2. Since f is continuous 
on [—3. 5]. it follows from our discussion that the maximum and mini- 
mum values are among the numbers f(—2). /12), f(—3). and /(5). Cal- 
culating these values (see guidelines 2 and 3). we obtain the following 
table. 


Value of x Classification of x Function value f(x) 
—2 critical number of / f(—2) = 16 
2 critical number of f f(2)2 —16 
—3 endpoint of [—3. 5] f(—3)29 
5 endpoint of [ —3. 5] f(5) = 65 


By guideline 4, the minimum value of f on [ —3, 5] is the smallest func- 
tion value /(2) = — 16. and the maximum value is the endpoint extremum 
f(5) = 65. 

The graph of f is sketched in Figure 49. with different scales on the 
x- and y-axes. The tangent line is horizontal at the point corresponding 
to each of the critical numbers, —2 and 2. It will follow from our work 
in Section 4.4 that f(—2) = 16 is a local maximum for f, as indicated by 
the graph. 


Maximum or minimum values are sometimes referred to incorrectly. 
Note that in Example 3 the minimum occurs at x — 2, and the minimum 
is f(2) 2 —16. The maximum occurs at x = 5, and the maximum is 
1(5) = 65. When asked to find a minimum (or maximum), do not merely 
find the value of x at which it occurs: Be sure to complete the problem 
by calculating the function value. 


EXAMPLE 4 If f(x) = (x — 1)? + 2, find the maximum and mini- 
mum values of / on [0,9], and sketch the graph of f. 


SOLUTION We first differentiate f(x): 


һә 


А 
Жл. 2 A cos msc PEEL. MN 
Jix)y5z(x-1) ^36 — ps 


„ә 


To find the critical numbers. we note that /'(x) # 0 for every x and that 


f'(x) does not exist at x = 1. Hence 1 is the only critical number in [0, 9]. 
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FIGURE 4.10 
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FIGURE 4.11 











9 


(9,0) 





Let us tabulate our work as in Example 3: 





Value of x | Classification of x Function value f(x) 


1 critical number of f | TOSA 
0 endpoint of [0, 9] f(0) = 3 
9 endpoint of [0, 9] f(9) = 6 


Thus, by Guidelines (4.9), f has a minimum value f(1) = 2and a maximum 
value f(9) = 6 on the interval [0, 9]. 
The graph of f is sketched in Figure 4.10. Note that 


lim f(x) 2 -æ апа lim f'(x)- o. 

x—1- х Ne 
Since f is continuous at x = 1, the graph has a cusp at (1, 2) by Defini- 
tion (3.10). 


We sce from Theorem (4.5) that if a function has a local extremum, then 
it must occur at a critical number: however, not every critical number leads 
to a local extremum, as illustrated by the following example. 


EXAMPLE 5 If f(x) = x^, prove that f has no local extremum. 


SOLUTION The graph of f is sketched in Figure 4.11. The derivative 
is f'(x) = 3x?, which exists for every x and is zero only if x = 0. Con- 
sequently, 0 is the only critical number. However, if x « 0, then f(x) is 
negative, and if x > 0, then f(x) is positive. Thus, f(0) is neither a local 
maximum nor a local minimum. Since a local extremum must occur at à 
critical number (see Theorem (4.5)). it follows that f has no local extrema. 
Note that the tangent line is horizontal and crosses the graph at the point 
(0, 0). 


It sometimes requires considerable effort to find the critical numbers 
of a function. In the next two examples we shall find these numbers for 
functions that are more complicated than those considered in the pre- 
ceding examples. We could again use Guidelines (4.9) to determine ex- 
trema on a closed interval, but to do so would merely be repetitive of our 
previous work. In Sections 4.3 and 4.4 we discuss methods for determining 
the local extrema of a function by using critical numbers and derivatives. 


EXAMPLE 6 Find the critical numbers of f if f(x) = (x + 5? jx — 4. 


SOLUTION Differentiating f(x) = (x + 5)(x — 4) ?, we obtain 


f'(x) = (x + 5)?4(x — 4) ?? + 2(x + 5)(х — 4). 
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To find the critical numbers, we simplify f'(x) as follows: 
(x + 5)? 
3(x — 4)? 
(x + SP + 6(x + S)(x — 4) 

= 3(x — 42 

_ (x + 5)[(x + 5) + 6x — 4)] 
Е 3(x — 4)2/5 

dx + 5)(7х — 19) 


3(x — 4)?% 


f'(x) = + 2(x + 5)(x — 4)!% 








Hence f'(x) = 0 if x = —5 or x = +2. The derivative f'(x) does not exist 
at x = 4. Thus, f has the three critical numbers — 5, +, and 4. 








EXAMPLE 7 If f(x) = 2 sin x + cos 2x, find the critical numbers of f 
that are in the interval [0, 2л]. 


SOLUTION Differentiating f(x) gives us 
f'(x) = 2 соз x — 2 sin 2x. 
Since sin 2x — 2 sin x cos x, this may be rewritten 
f'(x) = 2cos x — 4 sin x cos x 
= 2 cos x (I — 2 sin x). 


The derivative exists for every x, and f'(x)=0 if either sin x =4 or 
cos x = 0. Hence the critical numbers of f in the interval (0, 27] are 7/6, 
51/6, 1/2, and 37/2. We shall return to this function and sketch the graph 
of f in Example 7 of Section 4.4. 





PROOF OF THEOREM (4.5) Suppose f has a local extremum at c. If 
fie) does not exist, there is nothing more to prove. If f'(c) exists, then 
precisely one of the following occurs: 


(i) f(c) 0 (i) /(с)<0 (ii) f'(c) = 0 
We shall arrive at (iii) by proving that neither (i) nor (ii) can occur. Thus, 
suppose /(с) > 0. Employing Definition (3.6), yields 
f(x) — fte) 
X Ч а 


wg 


f'(c) = lim 0, 


хээ 


and hence, Бу Theorem (2.6), there exists an open interval (a, b) containing 
с such that 


f(x) — flo) 


Ae 


-0 





for every x in (a, b) different from c. The last inequality implies that if 
a € x € b and x e c, then f(x) — f(c) and x — c are either both positive 





EXERCISES 4.1 175 


or both negative: 


f(x) — f(c) «0 whenever x c< 0 


fix) — fic) > 0 whenever x —c > 0 
Equivalently, if x is in (a, b) and x # с: 


f(x) < fic) whenever x < c 

f(x) > fic) whenever x >с 
It follows that f(c) is neither a local maximum nor a local minimum for f, 
contrary to hypothesis. Consequently, (1) cannot occur. Similarly, the as- 


sumption that f’(c) < 0 leads to a contradiction. Hence (iii) must hold and 
the theorem is proved. == 


EXERCISES 4.1 


Exer. 1-2: Use the graph to estimate the absolute max- 3 81|-3,3) |bl(—3, 43) 19 [-43,1) 19 [0,3] 
imum, the absolute minimum, and the local extrema 


of f. 
1 





4 (ај [-2,2] (0,23 (9(-1,1| (ai [—2, –1) 


У 





Ехег. 3-4: Use the graph to estimate the extrema of 
f on each interval. 
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Exer. 5-6: Sketch the graph of f, and find the extrema 
on each interval. 


s f(x) = ix! — 2x 

fa) [0, 5) — (b) (0,2) (c] (0, 4) (a) [2. 5] 
6 f(x) = (x — 1)? —4 

(а) [0.9] — (b)(1.2] ((1(-7.2) (d) [0.1 


Exer. 7—10: Find the extrema of f on the given interval. 


7 f(x) = 5 — 6x? — 2x7; [—3,1] 
в f(x) = 332 — 10x - 7: 1-1.3| 
9 f())z1- x^; [—1. 8] 
10 f(x) =x* — 5x? +4: [0,2] 


Exer. 11-36: Find the critical numbers of the function. 


11 (х) = 4х2 – 3х + 2 

12 g(x) = 2x + 5 

13 s(t) 2 21 + — 201 + 4 
14 К(2) = 42° + 522 — 427 + 7 
15 F(w) = wt — 32w 

16 k(r) = — 2р3 + r— 12 
17 JD = 2 — 16 

18 M(x) = Jx* x 2 

19 h(x) = (2x — Sx? — 4 


20 T(t) = (4r + D)? — 16 





21 gt) 0320: — 5 
22 g(x) = (x — 34/9 — x? 
2x — 3 
23 G(x) = 2—9 
s 
24 [(5) = желй 


25 f(t) = sin? t — cost 

26 g(t) = 4 sin? t + 342 cos? t 

27 K(0) = sin 20 + 2 cos 0) 

28 f(x) = 8 cos? x — 3 sin 2x — 6x 


1+ sinx 


29 f(x)— - 
1 —sinx 





30 g(0) = 24/30 + sin 40 
31 k(u) = u — tan u 


33 Н(ф) = cot $ + csc o 


32 p(z)=3 tan = — 42 
34 (х) = 2x + cot v 


sect] 
36 s(t) = 


35 f(x) = sec (x? + 1) 
sect — 1 





37 [a] If f(x) = х! >, prove that 0 is the only critical num- 
ber of f and that /(0) is not a local extremum. 

(p) If f(x) = x??, prove that 0 is the only critical num- 
ber of f and that /(0) is a local minimum of f. 


за If f(x) = |x|. prove that 0 is the only critical number of 
f. that /(0) is a local minimum of f, and that the graph 
of f has no tangent line at the point (0. 0). 


Exer. 39-40: [а) Prove that f has no local extrema. 
[b] Sketch the graph of f. (cj Prove that f is continuous 
on the interval (0, 1), but f has neither a maximum nor 
a minimum value on (0, 1). (4) Explain why (c) does not 
contradict Theorem (4.3). 
А 1 
40 f(x) = -5 
x2 


39 f()2 x* +1 


41 [a] Prove that a polynomial function f of degree 1 has 
no extrema on the interval ( — 2с, 2с), 


15) Discuss the extrema of f оп a closed interval [a. b]. 


42 If f is a constant function and (a, b) is any open interval, 
prove that /(с) is both a local and an absolute extremum 
of f for every number c in (a, b). 


43 If f is the greatest integer function, prove that every 
number is a critical number of f. 


44 Let f be defined by the following conditions: f(x) = 0 
if x is rational and f(x) = | if x is irrational. Prove that 
every number is a critical number of f. 


45 Prove that a quadratic function has exactly one critical 
number on (— x. x). 


46 Prove that a polynomial function of degree 3 has either 
two, one, or no critical numbers on (— x. x). and 
sketch graphs that illustrate how each of these possibil- 
ities can occur. 


47 Let f(x) = x" for a positive integer n. Prove that / has 
either one or no local extremum on ( — 20, 92) depending 
on whether п is even or odd, respectively, and sketch a 
typical graph illustrating each case. 


48 Prove that a polynomial function of degree п can have 
at most n — | local extrema on (— * . £). 


Exer. 49—50: Graph f on the given interval and use the 
graph to estimate the extrema of f. 


49 f(x) = хб — х^ + 3x4 – 2+ 1; [—1,1] 
x? — eos 3x 
50 (x) =з уи аг. 5 = 1 
Л їп 2х—х+2 гад 


[c] Exer. 51-52: Graph f on the given interval and use the 


graph to estimate the critical numbers of f. 
51 f(x) = ixt --x-15: 1-3,2 


52 f(x) = x sin? x cos? x; [-2.2] 


4.2 THE MEAN VALUE THEOREM 
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4.2 THE MEAN VALUE THEOREM 


FIGURE 4.12 





Rolle's theorem (4.10) 


Corollary (4.11) 


Finding the critical numbers of a function can sometimes be extremely 
difficult. As a matter of fact, there is no guarantee that critical numbers 
even exist, The next theorem, credited to the French mathematician 
Michel Rolle (1652-1719), provides sufficient conditions for the existence 
of a eritical number. The theorem is stated for a function f that is contin- 
uous on a closed interval [a, b], is differentiable on the open interval (a, b) 
and satisfies the condition f(a) = f(b). Some typical graphs of functions 
of this type are sketched in Figure 4.12. 


Ay 











From the sketches in Figure 4.12 we expect that there is at least one 
number c between a and b such that the tangent line at the point (c. /(0)) 
is horizontal: that is, / (c) = 0. This is precisely the conclusion of Rolle's 
theorem. 


If f is continuous on a closed interval [a,b] and differentiable on 


the open interval (а. b) and if f(a) = f(b), then /'(c) = 0 for at least 
one number c in (a, b). 





PROOF The function f must fall into at least one of the following 
three categories: 

(i) f(x) = f(a) for every x in (a, b). In this case f is a constant func- 
tion, and hence /'(x) = 0 for every x. Consequently, every number c 
in (a, b) is a critical number. 

(li) f(x) > f(a) for some x in (а. b). In this case the maximum value 
of f in [a,b] is greater than f(a) or f(b) and, therefore, must occur 
at some number c in the open interval (a, b). Since the derivative exists 
throughout (a, b), we conclude from Theorem (4.7) that f'(c) = 0. 


(iii) f(x) < f(a) for some x in (a, b). In this case the minimum value of 
f in [a, b] is less than f(a) or f(b) and must occur at some number c 
in (a, b). As in (ii), f/'(c) = 0. mm 


If f is continuous on a closed interval [a, b] and if f(a) = f(b), then 
f has at least one critical number in the open interval (a, b). 


PROOF If f' does not exist at some number c in (a, b). then, by Defini- 
tion (4.8). c is a critical number. Alternatively, if /' exists throughout 
(a. Р). then, by Rolle's theorem. a critical number exists. шш 
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FIGURE 4.13 
7 


ү эд 








FIGURE 4.14 





EXAMPLE 1 Let f(x) = 4x? — 20x + 29. Show that f satisfies the 
hypotheses of Rolle’s theorem on the interval [1,4], and find all real 
numbers c іп the open interval (1, 4) such that f’(c) = 0. Illustrate the 
results graphically. 


SOLUTION Since f is a polynomial function, it is continuous and dif- 
ferentiable for every x. In particular, it is continuous on [1,4] and differ- 
entiable on (1, 4). Moreover, 


10) = 4 — 20 + 29 = 13 
f(4) = 64 — 80 + 29 = 13 


and hence /(1) = f(4). Thus, f satisfies the hypotheses of Rolle's theorem 
on [1,4]. 
Differentiating f(x), we have 


f'(x) = 8x — 20. 
Setting f'(x) = 0 gives us 8x = 20, or x = $. Hence 
f@=0 and 1<#<4. 


The graph of f (a parabola) is sketched in Figure 4.13. Since /13) = 0, 
the tangent line is horizontal at the vertex (3. 4). 


Although Rolle's theorem is of interest in itself, our principal use for 
it is in the proof of one of the most important tools in calculus: the mean 
value theorem. Later in the text we shall use this theorem to establish 
many fundamental results in calculus. In order to show the graphical sig- 
nificance of the mean value theorem, let f be any function that is contin- 
uous on [а. b] and differentiable on (a, b) (possibly f(a) = f(h)). Consider 
the points P(a, f(a)) and Q(b, /(5)) on the graph of f, as illustrated by 
any of the sketches in Figure 4.14. 





If f’ exists throughout the open interval (a, b), then there appears to 
be at least one point Тї(с, f(c)) on the graph at which the tangent line / 
is parallel to the secant line [pg through Р and О. In terms of slopes, 


slope of | = slope of lpo. 


_ fib) — fla 


- Гө b—a 
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Mean value theorem (4.12) 


FIGURE 4.15 
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If we multiply both sides of the last equation by b — a, we obtain the 
second formula stated in the mean value theorem. 





If f is continuous on a closed interval [а. b] and differentiable on 
| the open interval (a, b), then there exists a number c in (а, b) such 
| that 
| 

ө 
| (д) = / f(b) — Ја) 


—a 
or, equivalently, 

fib) — fla) = f'(eb — а). 
PROOF For any x in the interval [a, b]. let g(x) be the vertical (signed) 
distance from the secant line [pg to the graph of f, as illustrated in Fig- 
ure 4.15. (The term signed distance means that g(x) is positive or negative 
if the graph of f lies above or below lpo, respectively.) 

It appears that if T(c, f(c)) is a point at which the tangent line | is 
parallel to lpo, then the distance g(c) is a local extremum of g. This suggests 
that we find the critical numbers of the function g. 

We may obtain a formula for g(x) as follows. First, by the point-slope 
form, an equation of the secant line [pg is 


b 
МИЕ = Л = 20, "1 
or, equivalently. 
y= fla) + 10) -fA y — ü). 
b—a 


As illustrated in Figure 4.15, g(x) is the difference of the distances from 
the x-axis to the graph of f and to the line Гр; that is, 


b 
жа fe - [ + = ie (x -a| 


We shall use Rolle’s theorem to find a critical number of g. We first 
observe that since f is continuous on [a, b] and differentiable on (a, b). 
the same is true for the function g. Differentiating, we obtain 


fib) — fia 


d(x) = f'e)-71— 





Moreover, by direct substitution we see that g(a) = g(b) = 0, and hence the 
function g satisfies the hypotheses of Rolle’s theorem. Consequently, there 
exists a number c in the open interval (а, b) such that gc) = 0, or. 
equivalently, 
b) — fla 
rq - 10 — ft. 
b—a 

The last equation may be written in the forms stated in the conclusion of 
the theorem. se 
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FIGURE 4.16 








EXAMPLE 2 If f(x) = ix? + 1, show that f satisfies the hypotheses 
of the mean value theorem on the interval [ — 1,4], and find a number c 
in (— 1, 4) that satisfies the conclusion of the theorem. Illustrate the results 
graphically. 


SOLUTION The quadratic function f is continuous on [—1, 4] and 
differentiable on ( — 1, 4); hence, by the mean value theorem, there is а 
number c in ( — 1, 4) such that 





у= oe uu 
iin = f'(c). 
Using /(4) = 5, f(—1) = $, апа f'(x) = 4x gives us 
аа ADM LN 
5 — = 2° ог 4 = 29 


Thus, c= 3. 

The graph of f (a parabola) is sketched in Figure 4.16. The points 
P(—1, 3) and Q(4, 5) correspond to the endpoints of the interval [— 1,4]. 
The point 1(3, 12) is obtained by using c = 3 and is the point at which 
the tangent line / is parallel to the secant line lpo. 


EXAMPLE З If f(x) = x? — 8x — 5, show that f satisfies the hypo- 
theses of the mean value theorem on the interval [1, 4], and find a number 
c in the open interval (1, 4) that satisfies the conclusion of the theorem. 


SOLUTION Since f is a polynomial function, it is continuous and dif- 
ferentiable for all real numbers. In particular, it is continuous on [1,4] 
and differentiable on the open interval (1, 4). By the mean value theorem, 
there is a number c in (1, 4) such that 


f&-f). 
421 0 


Since f(4) = 27, f(1) = — 12, and f'(x) = 3x? — 8, this is equivalent to 


27 — (— 12) 


3 =3c?—8, ог 13 =3c?—8. 





Thus, с? = 7, ore = +/7. Since = is not in the interval (1,4), the 
desired number is с = \/7. 





The mean value theorem is also called the theorem of the mean. In the 
study of statistics the term mean is used for the average of a collection 
of numbers. The word has a similar connotation in mean value theorem. 
As an illustration, if a point P is moving on a coordinate line and if s(t) 
denotes the coordinate of Р at time t, then, by Definition (3.2), the average 


EXERCISES 4.2 


FIGURE 4.17 





EXERCISES 4.2 











velocity of P during the time interval [a, b] is 


"ЭГЧ s(b) — s(a) 


Ь—а ` 
According to the mean value theorem, this average (mean) velocity is 
equal to the velocity s'(c) at some time c between a and b. 


EXAMPLE 4 The speedometer of an automobile registers 50 mi/hr 
as it passes a mileage marker along a highway. Four minutes later, as 
the automobile passes a marker that is five miles from the first, the speed- 
ometer registers 55 mi/hr. Use the mean value theorem to prove that the 
velocity exceeded 70 mi/hr at some time while the automobile was travel- 
ing between the two markers. 


SOLUTION We may assume that the automobile is moving along a 
straight highway with the two mileage markers at A and B, as illustrated 
in Figure 4.17. Let | denote the elapsed time (in hours) after the auto- 
mobile passes A, and let s(t) denote its distance from A (in miles) at time 
t. Since the automobile passes B at г = & = 15 hr, the average velocity 
during the trip from A to B is 


„24, e 

г = ш л Эй - s — 75 mi/hr. 

ip 15 

If we assume that s is a differentiable function, then applying the mean 
value theorem (4.12) to s, with a = 0 and b = jk. proves that there is a 
time c in the time interval (0, 7] at which the velocity s'(c) of the automo- 
bile is 75 mi/hr. Note that the velocity at A or B is irrelevant. 





Exer. 1-2: Use the graph of f to estimate the num- 
bers in (1, 10] that satisfy the conclusion of the mean 


value theorem. 








= 
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Exer. 3-8: Show that f satisfies the hypotheses of 


Rolle's theorem on |a, 5], and find all numbers c in (a, b) 
such that f'(c) = 0. 
/ 


[з 
4 
5 
6 
7 
8 


f(x) = 3х – 12x 11; [0.4] 
f(x) =5—12x—2x?;  [-7.1] 
f(x) = x* + 4x? + 1; [—3, 3] 
fios»x-»x [71.1] 
f(x) = sin 2x; [0, х] 
f(x) = соѕ 2х + 2 соѕ х: [0,27] 


Exer. 9—24: Determine whether / satisfies the hypothe- 
ses of the mean value theorem on fa, b], and, if so, find 
all numbers c in (a, b) such that 


9 


1 
12 


13 
14 
15 


S(b) — f(a) = /'(с)(Ъ — a). 





f(x) = 5х2 — 3x + 1; [1.3] 
10 f(x) = 33 + x — 4 [1.5] 
fi) = ту [0. 2] 
jupe Pt. [-2.3] 
х-2 
fix) = х2; [—8, 8] 
fix) = [x - 3|: [-1,4] 
J(x) = x + (4/х); [1,4] 
f(x) = 3х7-4-5х1--15х: [—1,1] 


16 


—+47 Јо) = х — 2x7 +443: [-1.1] 


y 


26 


27 


10) = 1 — 3х!; [-8. —1] 
/9-4-44х-1: [1,5 
f(x) = (x+ 27: [—1. 6] 
Јох) = х? +1; [—2. 4] 
f(x) = х! + 4х; [—3, 6] 
f(x) = sin х: 10, 2/2 
f(x) = tan x; 10, л/4] 


If f(x) = |х|. show that /(— 1) = f(1) but f'(c) #0 for 
every number c in the open interval ( — 1. 1), Why doesn't 
this contradict Rolle's theorem? 


If f(x) = 5 + 3x — 1), show that /(0) = /(2) but 
/'(с) #0 for every number c in the open interval (0, 2). 
Why doesn't this contradict Rolle's theorem? 


If f(x) = 4/x, prove that there is no real number c such 
that f(4) — f(—1) = f'()[4 — (— D]. Why doesn't this 
contradict the mean value theorem applied to the inter- 
val [—1, 4]? 
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If f is the greatest integer function and if a and b are 
real numbers such that b — a > 1, prove that there is 
no real number c such that /(b) — f(a) = f'(cY(b — a). 
Why doesn't this contradict the mean value theorem? 


If f is a linear function, prove that f satisfies the hy- 
potheses of the mean value theorem on every closed 
interval [a, b] and that every number c satisfies the con- 
clusion of the theorem. 


If f is a quadratic function and [a, b] is any closed inter- 
val, prove that precisely one number c in the interval 
(a, b) satisfies the conclusion of the mean value theorem. 


If f is a polynomial function of degree 3 and [а,Ь] is 
any closed interval, prove that at most two numbers in 
(a, b) satisfy the conclusion of the mean value theorem. 
Generalize to polynomial functions of degree n for any 
positive integer n. 


If f(x) is a polynomial of degree 3, use Rolle's theorem 
to prove that f has at most three real zeros. Extend 
this result to polynomials of degree л, 


Exer. 33-40: Use the mean value theorem. 


34 


35 


37 


If f is continuous on [а, b] and if f'(x) = 0 for every x 
in (a, b), prove that f(x) = k for some real number k. 


If f is continuous on [а,Ь] and if /'(x) = с for every 
x in (a, b), prove that f(x) = ex + d for some real num- 
ber d. 


A straight highway 50 miles long connects two cities A 
and B. Prove that it is impossible to travel from A to B 
by automobile in exactly one hour without having the 
speedometer register 50 mi/hr at least once. 


Let T denote the temperature (in °F) at time t (in hours). 
If the temperature is decreasing, then dT/dt is the rate 
of cooling. The greatest temperature variation during a 
twelve-hour period occurred in Montana in 1916, when 
the temperature dropped from 44 F to a chilling — 56 ^F. 
Show that the rate of cooling exceeded — 8 °F/hr at some 
time during the period of change. 


If W denotes the weight (in pounds) of an individual and 
t denotes time (in months), then dW/dt is the rate of 
weight gain ог loss (in Ib/mo). The current speed record 
for weight loss is a drop in weight from 487 pounds to 
130 pounds over an eight-month period. Show that the 
rate of weight loss exceeded 44 lb/mo at some time 
during the eight-month period. 


The electrical charge Q on a capacitor increases from 
2 millicoulombs to 10 millicoulombs in 15 milliseconds. 
Show that the current / = dQ/dt exceeded } ampere 
at some instant during this short time interval. (Note: 
1 ampere = 1 coulombysec.) 
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39 Prove that if u and г are any real numbers, then гс | Exer. 41-42: Graph, on the same coordinate axes, y — 
f(x) for 0 € x € 1 and the line through (0, /(0)) and 
sinu—sinv|i < |u — vl. (1, f(1)). Use the graph to estimate the numbers in [0, 1] 
that satisfy the conclusion of the mean value theorem. 
(Hint: Apply the mean value theorem with f(x) = sin x.) 41 f(x) =2.1x* — 1.4x3 + 0.8x? — 1 
40 Prove that y1 +h <1+ 4h for h>0. (Hint: Apply sin 2x + cos x 
42 }(х) = 


5 


the mean value theorem with f(x) = 1 + x.) 2 + cos zx 


4.3 THE FIRST DERIVATIVE TEST 


In this section we show how the sign of the derivative f’ may be used to 
determine where a function / is increasing and where it is decreasing. This 
information will enable us to classify the local extrema of the function. 

The graph of y = f(x) in Figure 4.18 indicates that if the slope of the 
tangent line is positive in an open interval / (that is, if f'(x) > 0 for every 
x in Г), then f is increasing on 1. Similarly, it appears that if the slope is 
negative (that is, if f'(x) < 0), then f is decreasing. 


FIGURE 4.18 
Aj 

















| 
1 | > 
| | | | X 
E —— Ox — — >< ><— >= 
(0) 20 Р(х) <0 1р0) > 0 ['(х) «0 | 
f increasing f decreasing / increasing f decreasing 


That these intuitive observations are actually true is a consequence of 
the following theorem. 


Theorem (4.13) е , Я 2 
Let f be continuous on [a, b] and differentiable on (a, b). 

(i) If f'(x) > 0 for every x in (a, b), then f is increasing on [a, b]. 
(ii) If f'(x) < 0 for every x in (а, b), then f is decreasing on [a. b]. 


PROOF To prove (i), suppose that f'(x) > 0 for every x in (a, b), and 
consider any numbers хү, x; in [а, b] such that x, < x;. We wish to show 
that f(x,) < f(x). Applying the mean value theorem (4.12) to the interval 
| Хү, x5] gives us 


f(x3) — fixi) = /'(с)(х› — x1) 
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for some number c іп the open interval (хү, x). Since x, — x, > 0 and 
since, by hypothesis, /'(c) > 0, the right-hand side of the previous equation 
is positive; that is, f(x) — f(x;) > 0. Hence /(x,) > fix,). which is what 
we wished to show. The proof of (ii) is similar. mm 


We may also show that if f(x) > 0 throughout an infinite interval 
( — 20, a) or (b, эс), then f is increasing on ( — 2. a] or [b, ос), respectively, 
provided f is continuous on those intervals. An analogous result holds for 
decreasing functions if f'(x) «0. 

To apply Theorem (4.13), we must determine intervals in which f'(x) is 
either always positive or always negative. Theorem (2.7) is useful in this 
respect. Specifically, if the derivative f' is continuous and has no zeros on 
an interval, then either f'(x) > 0 or f'(x) < 0 for every x in the interval. 
Thus, if we choose any number k in the interval and if f'(k) > 0, then 
f(x) > 0 for every x in the interval. Similarly, if /'(k) < 0, then f'(x) < 0 
throughout the interval. We shall call f'(k) a test value of f'(x) for the 
interval. 


EXAMPLE 1 If f(x) = x? + x? — 5x — 5, 


(a) find the intervals on which f is increasing and the intervals on which 
f is decreasing 


(b) sketch the graph of / 


SOLUTION 


(a) First we differentiate f(x): 
f(x) = 3x? + 2x — 5 = (3x + 5)(x — 1) 


By Theorem (4.13), it is sufficient to find the intervals in which f'(x) > 0 
and those in which f'(x) < 0. The factored form of f'(x) and the critical 
numbers —3 and 1 suggest the open intervals (— ж, —4), (—$, 1), and 
(1, ос). On each of these intervals f’ is continuous and has no zeros, and 
therefore f'(x) has the same sign throughout the interval. This sign can be 
determined by choosing a suitable test value for the interval. 

The following table displays our work. The values of k were chosen 
for convenience. We chose k = —2 іп the interval (— 2с, —3), but any 
number, such as —3 or — 10, could have been used. 


Interval (— 0, —4) (—5. 1) (1, oc) 
k | —2 0 2 
Test value f(k) /'(—2)=3>0 f'(0)= —5 <0 ((2)-11»0 
Sign of f'(x) | - - + 
f is increasing on f is decreasing on f is increasing on 


Conclusion (о, —§] [-3. 1] [1, х) 
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FIGURE 4.19 





First derivative test (4.14) 
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(b) As an aid to sketching the graph of f, we shall find the x-intercepts by 
solving the equation f(x) = 0. Since 


f(x) = хэ +x? — 5х — 5 
= х(х + 1) — (х + 1) 
= (x? — 5)(x + 1), 


we see that the x-intercepts are y5, — 45, and —1. The y-intercept is 
f(0) = — 5. The points corresponding to the critical numbers are (— $. 59) 
and (1, —8). Plotting these six points and using the information in the 
table gives us the sketch in Figure 4.19. 


We saw in Section 4.1 that if a function has a local extremum, then it 
must occur at a critical number; however, not every critical number leads 
to a local extremum (see Example 5 of Section 4.1). To find the local ex- 
trema, we begin by locating all the critical numbers of the function. Next, 
we test cach critical number to determine whether or not a local extremum 
occurs. There are several methods for conducting this test. The following 
theorem is based on the sign of the first derivative of f. In the statement 
of the theorem, the terminology f’ changes from positive to negative at c 
means that there is an open interval (a, b) containing c such that f'(x) > 0 
if a< x € c and f(x) <0 if c <x <b. Analogous meanings are applied 
to the phrases f changes from negative to positive at c and f" does not 
change sign at c. 


Let c be a critical number for f, and suppose f is continuous at с 
and differentiable on an open interval / containing c, except possibly 
at c itself. 


Ay Xt f’ changes from positive to negative at с, then f(c) is a local 
х maximum of f. 

(н) If f’ changes from negative to positive at c, then /(с) is a local 
minimum of f. 


(ш) If f(x) > 0 or if f'(x) < 0 for every x in 1 except x = c, then 
f(c) is not a local extremum of f. 


PROOF f f’ changes from positive to negative at c, then there is an 
open interval (a, b) containing c such that f'(x) > 0 for a< x «c and 
f'(x) < 0 for c < x < b. Furthermore, we may choose (а, b) such that f is 
continuous оп [а, b]. Hence, by Theorem (4.13), f is increasing on [а, с] 
and decreasing оп [c, b]. Thus, f(x) < f(c) for every x in (a, b) different 
from c; that is, f(c) is a local maximum for f. This proves (i). Similar proofs 
may be given for (ii) and (iii). 99 


To remember the first derivative test, think of the graphs in Fig- 
ures 4.20 and 4.21, on the next page. For a local maximum, the slope f(x) 
of the tangent line at P(x, /(х)) is positive if x < c and negative if x > c. 
For a local minimum, the opposite situation occurs. Figure 4.22 illustrates 
(11) of (4.14). 
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FIGURE 4.20 Local maximum f(c) 








FIGURE 4.21 Local minimum /(с) 
(i) (ii) 


Р(х) > 0 





FIGURE 4.22 f(c) is not a local extremum 
(i) (ii) 





EXAMPLE 2 If f(x) = х? + x? — 5x — 5, find the local extrema of f: 


SOLUTION This is the function considered in Example 1. The critical 
numbers are —3 and 1. We see from the table in Example | that the sign 
of f'(x) changes from positive to negative as x increases through — 3. 
Hence, by the first derivative test, f has a local maximum at —$. This 
maximum value is f( —$) = 32 (see Figure 4.19). 

A local minimum occurs at 1, since the sign of f'(x) changes from nega- 
tive to positive as x increases through 1. This minimum value is f(1) = —8. 


EXAMPLE 3 If f(x) = x! (8 — x), find the local extrema of f. and 
sketch the graph of f. 
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SOLUTION By the product rule, 
f'(x) = х13-1) + (8 -хїїх729 
_ —3x--(8—x) Җ2—х) 
Е 3x25 = 013 





Hence the critical numbers of f are 0 and 2. As in Example 1, this suggests 
that we consider the sign of f'(x) in each of the intervals ( — 20, 0), (0, 2), 
and (2, æ). Since f’ is continuous and has no zeros on each interval, we 
may determine the sign of f'(x) by using a suitable test value f'(k). It is 
unnecessary to actually evaluate f (k); all we need to know is its sign. Thus, 
if we choose k = 3 in (2, æ), then 


44 42-3) 
| (3) = KEEN 


and we can tell, without evaluating, that the numerator is negative and 
the denominator is positive. Hence /'(3) < 0, as shown in the following 
table. 











5 Interval (— 2,0) | 0.2 | (2. ©) 
k | -1 1 
Test value f’(k) /'(—1)>0 101) »0 ((3) «0 
Sign of f'(x) + + E 
: / is increasing on J is increasing on fis decreasing on 
. Conclusion (— 2,0] [0. 2] [2. x) 


| 
| 





FIGURE 4.23 





By the first derivative test, / has a local maximum at 2, since f” changes 
from positive to negative at 2. Thus, we have 


Local тах: (2) = 2!'%(8 — 2) = 63/2 = 7.6. 


The function does not have an extremum at 0, since f’ does not change 
sign at 0. 

To sketch the graph, we first plot points corresponding to the critical 
numbers. From f(x) = x' (8 — х) we see that the x-intercepts of the graph 
are 0 and 8. The graph is sketched in Figure 4.23. Note that 

lim f'(x) = 2с. 

x0 
Since f is continuous at x = 0), the graph has a vertical tangent line at 
(0, 0) by Definition (3.9). 





EXAMPLE 4 If fix) = x?*(x? — 8), find the local extrema, and sketch 
the graph of f. 


SOLUTION Applying the product rule, we obtain 


6x? + Xx? — 8) _ 8(x? — 2) 


['(х) = х23(2х) + (x? — 8)(5х 13) = T заа 








МЕ ЕЕЕ 














188 CHAPTER 4 APPLICATIONS OF THE DERIVATIVE 
The critical numbers are the solutions of x? — 2 = O and x! > = 0—that is. 
= 2,0, and 2. This suggests that we find the sign of /'(x) in each of the 
intervals (— 0с, — 4/2), (— v2, 0), (0, ./2), and (V2, 2с). Arranging our 
work in tabular form as in previous examples, we obtain the following. 

| - : ~ 
Interval (—20,—42) (— 2, 0) (0. 4/2) (5/2, oc) 
К -2 -1 1 2 
Test value f'(k) /'(—2)< 0 f(-1)>0 f(y «0 1(2)-0 
Sign of f'(x) - - - + 
балай 1 is decreasing on / is increasing on J is decreasing on f is increasing on 
onclusion = "A T z 
(—®, —42] Г--/2,0)| [0. 4/2] [3/2, 29) 

FIGURE 4.24 By the first derivative test, / has local minima at — У2 and 4/2 and a 
local maximum at 0. The corresponding function values give us the fol- 
lowing results. 

Local max: ((0)-0 
Local min: fiy 2) = [(—ү2) = —642 = —7.6 
Note that /10) does not exist. Since 
lim f(x) = x: and lim f(x)=—x 
х-0 x^0*' 


and since / is continuous at x = 0, the graph has a cusp at (0, 0), by Def- 
inition (3.10). 
The graph of f is sketched in Figure 4.24. 


Recall from (4.9) that if a function f is continuous on a closed interval 
[a. b] and we wish to determine the maximum and minimum values. then 
in addition to finding all the local extrema, we should calculate the values 


fia) and f(b) of f at the endpoints a and b of the interval [a, b]. The largest 


number among the local extrema and the values f (a) and f(b) is the maxi- 
mum of f on [а,Ь]. The smallest of these numbers is the minimum of 


J on [а,Ь]. To illustrate these remarks, we shall consider the function 


discussed in the previous example and restrict our attention to certain 
intervals. 


EXAMPLE 5 If f(x) = x?*(x? — 8), find the maximum and minimum 
values of f on each of the following intervals: 


811-1.31-Ы1-131 Ig [—3. —2] 


SOLUTION The graph in Figure 4.24 indicates the local extrema and 
the intervals on which f is increasing or decreasing. Figure 4.25 illustrates 
the part of the graph of f that corresponds to each of the intervals (a), (b), 
and (c). 
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FIGURE 4.25 





(a) [—1, 4] (b) [—1,3] Ie) [—3, —2] 

A) A? 1) 

EN > . | 
T—1—1—3 Hd ++ > - Ї EAE i a > + _ 4—4 a ae ee ee Ye ар, 
\ / X + X 

n T a. 

+ b i 

é 4 Ф 4. s^ 


Referring to these sketches, we obtain the following table (check each 
entry). 


Interval Minimum value Maximum value 
[— 1.1] f(-1)2 —7 f(0) = 0 

[—1, 3] f 2) = -632 f(3) = 3/9 
[—3, —2] f(—2) 44/4 f(—3) = 79 


Note that on some intervals the maximum ог minimum value of / is also 
a local extremum; on other intervals this is not the case. 


FIGURE 4.26 EXAMPLE 6 The graph of y=ix+sinx for —2л<х<2л is 
1) sketched in Figure 4.26. Determine the coordinates of the points A, В, С, 
and D, which correspond to local extrema. 





OLUTION тепе f(x) =4x + sin x and differentiating, we obtain 
INBH 3 
/ ww , 1 
7 f (х) = 2 + cos x. 
—————— d b p Rd m 
X TOR 2. 5 
> УТ The local extrema occur if f'(x) = 0— that is, if 
riw | 
T } + соѕ х = 0, or cosx= у, 
T The solutions of the last equation in [0, 2x] аге 27/3 and 4z/3. These 


are the x-coordinates of C and D. By symmetry (with respect to the origin), 
the x-coordinates of A and В are —4z/3 and — 22/3. 

We could now apply the first derivative test; however, it is evident [rom 
the graph that points А and C correspond to local maxima and points B 
and D correspond to local minima. The following table lists the coordi- 
nates of these points. 
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Point x-coordinate y-coordinate 
4n 2л 3 
x 3 э & N 22 + 
1 gs 4.2 Ic Ы 2 
oo = 43 
ж а л зү? 
В 35-24 ; + | 5 | ж –1.9 
2л n 3 
( — A x19 
3 3 2 
4л Эл 3 
-4-42 22 у 12 
р = 42 3-5(-2-)412 


EXERCISES 4.3 
eee 
Ехег. 1—16: Find the local extrema of f and the intervals 31 f(x) = 2tan x — tan? x; [—2/3, 2/3 
on which f is increasing or is decreasing, and sketch the 
graph of f. 





32 f(x) = tanx —2sece x; [—z/4, 2/4] 


1 f(x) = 5 – 7x – 4x? 2 f(x) = 6x? —9x + 5 
fix) = 2x3 50 | Ехег. 33—34: Shown in the figure is a graph of the equa- 
X = óX T 2 T А 3 : ч 
3 Я S tion for —2z € x < 2л. Determine the x-coordinates of 
4 f(x) = х? – х? — 40x + 8 the points that correspond to local extrema. 
s f(x) = х* — 8x? + 1 6 f(x) = 4х* — 3x* 33 У = ix + cos x A) 
7 f(x) = 10x3(x — 1)? в f(x) = (х? — 10x)* 1 
9 f(x) = x42 + 4x!^ 10 f(x) = x(x — 5)!? 
" У) x*"(x —7* +2 12 f(x) 2 x* "(8 — x) 


13 f(x) = x*q/x* —4 








14 Дх) = 8 — x? — 2x к re 
15 f(x) = xx? — 9 16 f(xy)=xV4—x* 

Exer. 17-22: Find the local extrema of f on [0, 27] and _ 

the subintervals on which / is increasing or is decreas- 

ing. Sketch the graph of /. 

17 J(X) = cos x + sin x 18 /(Х) = cos x — sin x 

19 f(x) = 5x — sin x 20 f(x) = x + 2cos x 

21 f(x) = 2 cos x + sin 2x 22 /(х) = 2 cos x + cos 2x 34 | mea X — sin x A} 

Exer. 23-28: Find the local extrema of /. L 

23 /(х) = Wx" — 9x 24 Ї(х)- үх +4 Г ? аи 


25 J(x) 2 (x — 2y (x + ly 


26 f(x) = x*(x — 5)* SE 7 
ух 3 х L 
27 lix) 5 28 /(х) = = -4-4-4-4-4-4 "WU T a HHHH 


X Vix + / \ 
Exer. 29—32: Find the local extrema of f оп the given / 1 
interval. iil 4 
29 J(X) = sec 5х: | л/2,л 2] 


30 /(х) = cot^ x + 2cot x: (л/6,5л/6| 
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Exer. 35-40: Sketch the graph of a differentiable func- 


tion / that satisfies the given conditions. 


16 


36 





38 


f(0) = 3; f(—2) = f(2) = 





^ 


— 4; f'(0) is undefined: 


x «€ Ü or x 


01(3-х-5 


01332 


f'(—2) = f'(2) 2 0; f'(x) > 0 if 
f(x) 401х«-20г0-х-2 
f(3) = 5; f(5) = 0; f'(S) is undefined; /1(3) = 0; 
f'(x)> 0ifx <3 orx> 5; f'(x) - 
f(3) 2-5; f(5) 220: P(3)— 14) = 8: 
Ї(х)-01х« 3огх»5:11Х)-« 
f(0) = 3; f(—2) = f(2) 4; 

/ 2) = f'(0) = f'(2) = 0; 
((х)-01-2«х«Оогх»2: 
f(x) « 011 x < 2 ог 0 < 2 
f(—5) = 4; f(0) = 0; f(5) 2 —4; 
f'( —5) = f'(0) = f'(5) = 0; 
f(x) > 011 |x| 5; f(x) < 0 if 0 < 


„л 
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40 f(a)=aand f'(a) = 0 fora=0, +1, +2, +3; 
f'(x) > 0 for all other values of x 


Exer. 41—42: Graph f on [—2, 2]. (ај Use the graph to 
estimate the local extrema of f. |b) Estimate where f is 
increasing or is decreasing. 


x^ — 1.5x + 2.1 fi 10 cos 2x 
4| f(x) = – -- 42 f(x) 2 — 
0.3x* + 2.3x + 2.7 x* +4 


Exer. 43-44: Graph f’ on [—1,1]. Estimate the x- 
coordinates of the local extrema of f and classify each 
local extremum. 

43 f(x) = x — cos mx — sin x 


44 Г(х)- 6x? — 3x? 13 
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In the preceding section we used the sign of the derivative f’ to determine 
where a function f was increasing and where it was decreasing. Similarly, 
we can use the sign of the second derivative f" to determine where the 


derivative 


/ 


is increasing and where it is decreasing. Specifically, if 


f(x) > 0 on an open interval /, then f'(x) is increasing on /; that is, the 


slope of the tangent line to the graph of f increases as x increases (see 
Figure 4.27). As the next definition states, the graph is concave upward 


on [ 
FIGURE 4.27 
À M 





Concave upward graph 


FIGURE 4.28 Concave downward graph 
AD 








(х) 


f" increasing 








Т) Ө: 
[' decreasing 


If /"(x) < 0 on an open interval J, then f'(x) is decreasing on /. In 
this case, the slope of the tangent line to the graph of f decreases as x 
increases (see Figure 4.28), and we say that the graph is concave down- 


ward on 1. 


(4.15) 


Let f be differentiable on an open interval J. The graph of f 15 


(i) concave upward on / if f’ is increasing on / 


(1) concave downward on / if f’ is decreasing on 1 





FIGURE 4.29 


14.16) 





Сопсаус 
downward 


- 


Ф 
Сопсаус 
upward 
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It can be proved that for upward concavity on an interval, the graph 
lies above every tangent line to the graph (see Figure 4.27) and for down- 
ward concavity, the graph lies below every tangent line (see Figure 4.28). 

The next theorem is a restatement, in terms of concavity, of our dis- 
cussion about the sign of f (x). 

If the second derivative f” of f exists on an open interval /, then 
the graph of / is 
(1) concave upward on / if /"(x) > О on I 


(ii) concave downward on / if /"(x) < 0 on / 


1 , - 


EXAMPLE 1 LE {Ж x*ux* — Sx —5. 


which the graph of f is concave upward or is concave downward. and 


determine intervals on 


illustrate the results graphically. 


ПОГ The function / was considered in Examples 1 and 2 of 
the preceding section and is resketched in Figure 4.29. Since f'(x) = 


3x“ + 2x — 5, 


Й"(х) 2 6x + 2 = 2(3x + 1). 


Hence /"(x) < 0 if 3x + 1 < 0—that is, if x < y- Similarly. (х) > 0 if 


> 4 


Applying the test for concavity (4.16) gives us the following. 


Interval (— 20, —4) (— 4, ©) 
Sign of f"'(x) 


Concavity downward upward 


These facts are illustrated in Figure 4.29, where P is the point with 
x-coordinate — 1. 


EXAMPLE 2 If f(x) = sin x. determine where the graph of f is con- 
cave upward and where it is concave downward, and illustrate the results 
graphically. 


LUTION Differentiating f(x) twice, we obtain 


1 (х) = соѕ х, у(х) = —sin x. 


Since f"(x) = —f(x), we see that f"(x) < 0 whenever f(x) > 0: hence. by 
the test for concavity (4.16), the graph is concave downward whenever it 
lies above the x-axis. Similarly, f(x) > 0 whenever f(x) < 0, so the graph 
is concave upward whenever it lies below the x-axis. These facts are par- 
tially illustrated in Figure 4.30, in which the abbreviations CD and CU 
are used for concave downward and concave upward, respectively. 
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FIGURE 4.30 








Each point on the graph of / at which the concavity changes from 
upward to downward, or vice versa, is called a point of inflection ( P.I.). 
The precise definition may be stated as follows. 


(4.17) 
A point (с. /(с)) on the graph of f is a point of inflection if the fol- 


lowing two conditions are satisfied: 

(i) / is continuous at c. 

(ii] There is an open interval (a, b) containing c such that the graph 
is concave upward on (a, c) and concave downward on (c. b), or 


vice versa. 


Statement (ii) of Definition (4.17) is sometimes abbreviated by stating 
that the concavity changes at Pic, f(c)). 

[he point P in Figure 4.29 is a point of inflection. In Figure 4.30, 
every point P(zn, 0), where п is an integer, is a point of inflection. The 
sketch in Figure 4.31 displays typical points of inflection on the graph of 
a function. Observe that a corner or cusp may or may not be a point of 
inflection 


FIGURE 4.31 
1! 


| 
| | 
| | Ls 
| | х 
| | 


= =j p > 


By the test for concavity (4.16), if the second derivative f” changes 
sign at a number c, then the point P(c, f(c)) is a point of inflection. If, in 
addition, f" is continuous at c, then we must have f”(¢) = 0. However, 
it is also possible that /"(c) may not exist at a point of inflection. Thus, 
to find points of inflection, we begin by finding the zeros of [' and the 
numbers at which f" does not exist. Each of these numbers is then tested 


to determine if it is an x-coordinate of a point of inflection. 
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(4.18) 


FIGURE 4.32 
Local maximum f(c) 


у 











FIGURE 4.33 
Local minimum f(c) 


у 

















The following test for local extrema is based on the second derivative. 


Suppose that / is differentiable on 
and that f'(c) = 0. 


an open interval containing c 


(i) If /"(c) «0, then f has a local maximum at c. 


(Н) If (с) > 0, then f has a local minimum at c. 


ROO! If f'(c) = 0, then the tangent line to the graph at P(c, f(c)) is 
horizontal. If, in addition, /"(c) < 0, then the graph is concave downward 
at c, and hence there is an interval (a, b) containing c such that the graph 
lies below the tangent lines. It follows that f(c) is a local maximum for 
f, as illustrated in Figure 4.32. This proves (i). A similar proof may be 


given for (ii), which is illustrated in Figure 4.33. om 


If f" (c) = 0, the second derivative test is not applicable. In such cases 
the first derivative test should be employed. 
EXAMPLE 3 If f(x) = 12 + 2x? — x* 


to find the local extrema of f. Discuss concavity, find the points of inflec- 
tion, and sketch the graph of / 


‚ use the second derivative test 


Nol Differentiating f(x) twice yields 


f(x) = 4x Ах” = 4x(1 x?) 


f"(x) 24 — 12x? = 4(1 — 3x7). 


he expression for f'(x) is used to find the critical numbers 0, 1, and — 1 
[he values of f" at these numbers are 


f" (024250, f"(1)2 8-0, and /f'"(—1) a cn. 


Hence, by the second derivative test. the function has a local minimum 
at 0 and local maxima at 1 and — 1. 
are f(0) = 12 and /(1)=13 = f(— 1). 
our discussion 


rhe corresponding function values 
The following table summarizes 


Critical Sign of 
number c То) f” Conclusion 
1 8 Local max: /(— 1) = 13 
0 4 - Г.оса! тїп: /(0) = 12 
| 8 Local max: /(1) = 13 


To locate the possible points of inflection, we solve the equation 
f"(x) = 0 (that is, 4(1 


4/3/3. We next examine the sign of f(x) in each of the intervals 


3х7) = 0), obtaining the solutions —4/3/3 and 


у 33 33 31/3 3/3. y 
( 3 3/3), v 3/2, 3/3), n . 


апа (4 








4.4 СОМСАМПҮ AND THE SECOND DERIVATIVE TEST 195 


Since f is continuous and has no zeros on each interval, we may use 
test values to determine the sign of f’(x). Let us arrange our work in 
tabular form as follows. The last row is a consequence of (4.16). 























— Interval (—5, -Sa | у: 638) | (3/3, oc) 
К -1 1 0 | | | 
Test value f"(Kk) fi-0sz-8 | 19-4 | 1701) --8 | 
Sign of f’’(x) 29 | чэн... | - 
Concavity downward upward downward 
| L E ` 





Since /7(х) changes sign at — „3/3 and ,/3/3, the corresponding 
points (443/3, 113/9) on the graph are points of inflection. These are 
the points at which the concavity changes. As shown in the table, the 


graph is concave upward on the open interval ( — 3/3, 43/3) and con- 


cave downward outside of [—./3/3. ,3/3]. The graph is sketched in 
Figure 4.34. 








‘AMPLE 4 |f f(x) = x5 — 5:3, find the local extrema of f. Discuss 
concavity, find the points of inflection, and sketch the graph of f. 
SOLUTION We begin by differentiating f(x) twice: 

Р(х) = 5x* — 15x? = 5x?(x? — 3) 
f(x) = 20:3 = 30х =н 10х(2х? = 3) 


Solving the equation / (х) = 0 gives us the critical numbers 0, =, 
and 4/3. As in Example 3, we obtain the following table (check each entry). 

















ў 
Critical | Sign of | 
number c FC) 1 Fe) Conclusion 
—/3 | -3043 - Local тах: /1--,/3) = 64/3 
0 0 none No conclusion _ Е 
43 30/3 + Local min: f(y3) = —64/3 





Since /7(0) = 0, the second derivative test is not applicable at 0, and 
so we apply the first derivative test. We can show, using test values, that 


if — y3 < x < 0, then f'(x) < 0, and if 0 < x < v3, then f'(x) «0. Since 
f (x) does not change sign, there is no extremum at x = 0). 

To find possible points of inflection, we consider the equation 
f" (x) = 0—that is, 10х(2х? — 3) = 0. The solutions of this equation, in 
order of magnitude, are —,/ 6/2, 0, and {/6/2. As in Example 3, we con- 
struct a table. 
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Interval | (— 00, — + 6/2) (—4/6/2, 0) (0, 46/2) ( У6/2, oc) 
Е 22 LP = 2 
| Test value f/"(k) — 100 | ю | -Ю | 100 
| Sign of f"(x) " гч " + 
| Concavity / downward upward downward upward 
FIGURE 4.35 





FIGURE 4.36 


AY 





The sign of f"(x) changes at —4/6/2, 0, and ,/6/2, so it follows that 
the points (0, 0), (—4/6/2, 214/6/8), and (,/6/2, —21,/6/8) are points of 
inflection. The graph is sketched in Figure 4.35, with different scales on 
the x- and y-axes. The x-intercepts are 0 and 4/5 = 2.2. 


In all of the preceding examples f” is continuous. It is also possible 
for (c, f(c)) to be a point of inflection if either / (с) or f (с) does not exist, 
as illustrated in the next example. 


EXAMPLE 5 If f(x) = 1 — x'?, find the local extrema, discuss con- 
cavity, find the points of inflection, and sketch the graph of f. 


SOLUTION Differentiating f(x) twice yields 


Е и = 1 
/ (х) = “Эр” од = 23x? 


» 
HS LL 42"”-ЭРЭ — 
PF" -3x 7-738 

The first derivative does not exist at x = 0, and 0 is the only critical 
number for f. Since /7(0) is undefined, the second derivative test is not 
applicable. However, if x 4 0, then x^? > 0 and f'(x) = — 1/(3x??) < 0, 
which means that f is decreasing throughout its domain. Consequently, 
f(0) is not a local extremum. 

Using test values gives us the following table. 








Interval | (-«,0) | (9,2) 
Sign of f"(x) | 5 + 
Concavity downward upward 
X 
ү! The concavity changes at x = 0 and / is continuous at 0, so the point 


(0, 1) is a point of inflection. 
The graph is sketched in Figure 4.36. Note that there is a vertical tan- 
gent line at (0, 1), since f is continuous at x = О and lim, .9 | /'(x)| = о. 
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GURE 





EXAMPLE 6 If f(x) = x^"(5 + х), find the local extrema, discuss 
concavity, find points of inflection, and sketch the graph of / 


Writing f(x) = 5x73 + x^? and differentiating twice gives 


us the following: 


Un 
Un 


w 


| (x)= x^ + \ 


Referring to f'(x) we see that the critical numbers for f are —2 and 0. We 
apply the second derivative test, as indicated in the following table. 


Critical number c 2 0 
Sign of (с) none 
Conclusion Local max: f(—2) = ( -2P ?(3) x 4.8 No conclusion 


Since the second derivative test is not applicable at с = 0, let us apply 
the first derivative test, Using test values, we see that the sign of f'(x) 


changes from to + at с = 0. Hence f has a local minimum at (0, 0). 
Го determine concavity, first we note that f(x) = Oat x = | and / (х) 
does not exist at x = 0. Next we examine the sign of /"(x) for the cases 
< 0.0 < x< l andx > 1. Using test values for f” leads to the following 
table 
1) 
Interval (— 2,0) (0. 1) (1, со) 
Sign of f"(x) і 
4 Concavity downward downward upward 
+ We see from the table that the graph of / has a point of inflection at 
Ї pis, „ (1.6), but not at (0, 0). The graph is sketched in Figure 4.37. Note that 
lim f (x) © and lim / (х) = 2 


Since f is continuous at x = 0), the graph has a cusp at (0, 0) by Detini- 
tion (3.10) 


EXAMPLE 7 If f(x) =2 sin x + cos 2x, find the local extrema and 


sketch the graph of f on the interval (0, 2л] 


U Г We differentiate f(x) twice: 
f(x) = 2 cos x — 2 sin 2x 


f"(x) = —2 sin x —4 cos 2x 


FIGURE 4.38 


1) 


EXERCISES 4.4 


Exer. 1-18: Find the local extrema of f, using the second 
derivative test whenever applicable. Find the intervals 





CHAPTER 4 
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In Example 7 of Section 4.1 we found that the critical numbers of / 


in the interval [0, 2л] are z/6, 57/6, л/2, and 37/2. Substituting these 
critical numbers for x in /"(x), we obtain 
[^ (1/6) 3. J"(5m/6) = —3, f"(a/2)=2, /7(3л/2)--6, 


Applying the second derivative test, we see that there are local maxima 


^4 


at л/6 and 5л/6 and local mimima at z/2 and 37/2. Thus, we have 


Local max: /(л/6) = 3/2 and /(5л/6) = 3/2 


Local min: | /(л/2) = 1 and /(3л/2)--43 


Using this information and plotting several more points gives us the sketch 
in Figure 4.38, 








Exer. 25—28: Use the second derivative test to find the 
local extrema of f on the given interval. (See Exercises 





on which the graph of / is concave upward ог is concave 29-32 of Section 4.3.) 
downward, and find the x-coordinates of the points of ›5 f(x) | | A 2] 
: : S › \ sec 5x; —m/ 2, 7/2 
inflection. Sketch the graph of f. 8 i 
. а 26 f(x) = cot^ x - 2cot x: (7/6,5л/6| 
f(x) = x 2X y +l й 
5 i 27 f(x) = 2tanx — (ап? x; | 3, л/3 
f(x) x" 10у” 254 50) 
j є 28 f(x) = tan x — 2 sec х: [ —7/4, 1/4] 
fix) ix^ 4x 6 f(x) = 8x Эх 
f(x) = 2x 6x f(x) YN 5x? 
f(x) = (a 1)? f(x) = x* — 4x 10 Exer. 29-30: Shown in the figure is a graph of the equa- 
| tion for —2z € x < 2л. (See Exercises 33—34 of Section 
9 f(x) | 9 fix)=2 ё : E ^ ` 
| \ S 4.3.) Use the second derivative test to find the local 
| f(x) N (3x 10) f (X) | x) extrema of f. 
f(x) X^(3x $)!/9 5 f(x) ix + 2 29 | X + COS X 1) 
f(x) = 8x'9 4. x*? 16 f(x) = 6x x 
f(x) eu9 x? 18 f(x) „4 \ | 
| 
ds 
Exer. 19-24: Use the second derivative test to find the 
local extrema of f on the interval [0, 2z]. (These exer- E 9 
cises are the same as Exercises 17-22 in Section 4.3, for | яаж яаж яам -— р +++} > 


which the method of solution involved the first deriva- x 
tive test.) 


I(x) 


f(x) = 


f(x) 


COS X 


X 


Эг 
2 COS 


\ 


sin x 


sin ^ 


COS X sin 
\ 2 COS X 
COS X COS 2x 
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Exer. 31-38: Sketch the graph of a continuous function 


f that satisfies all of the stated conditions. 


31 f(0)— 1; f(2) = 3; FO = /'(2) = 0; 
/'(х)<0(|х—1|>1;/'(х)>0 Н |х—1|<1; 
fios Nis 1: рх) <0ifx>1 


32 /(0) = 4; f(2) = 2; /(5) = 6; f'(0) = f'(2) = 0; 
/'(х\>0ї|х—1|[>1;/(х)\<0И|х—1|<1; 
Г) < 0 ifx <1 orif|x—4| <1; 
f'"(x)20if|x—-2| < 1 orif x 2 5 


33 f(0) = 2; f(2) = f(—2) = 1; f'(0) = 0; 
f'(x) > 0 if x «0; f'(x) «Ой x > 0; 
f" (x) « 0 if |x| <2; f"(x) > 0 if |x| 2 2 


34 f(1) «4; f'() > Oif x«1; f(x) «Oifx»1; 
f'(x) > 0 for every x #1 


35 f(—2) = f(6) = —2; fi0) = /(4) = 0; f(2) = f(8) = 3: 
J’ is undefined at 2 and 6; /'(0) = 1: 
f'(x) > 0 throughout ( — » , 2) and (6, >); 
f(x) «Ой |х-4|« 2; 
f(x) < 0 throughout ( — >. 0), (4, 6), and (6, 20); 
f(x) > 0 throughout (0, 2) and (2, 4) 


36 /(0) = 2; f(2) = 1; f(4) = f(10) = 0; /(6) = —4; 
f'2) = f'(6) = 0; 


37 
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f(x) < 0 throughout ( — æ, 2), (2, 4). (4, 6). and (10, 20); 
f(x) > 0 throughout (6. 10); 

f (4) and / (10) do not exist: 

f(x) > 0 throughout (— x, 2), (4, 10), and (10, =); 
I(x) < 0 throughout (2, 4) 


If n is an odd integer, then f(n) = 1 and f'(n) = 0: if n 
is an even integer, then /(п) = О and /"(n) does not exist: 
if n is any integer, then 

[а] f'(x) > 0 whenever 2n < x < 2n + 1 

15) f'(x) < 0 whenever 2n — 1 < x < 2n 

(9 f"(x) < 0 whenever 2n < x < 2n + 2 


I(x) =x ifx = —1,2, 4, or 8; 

f'(x) = 0 if x = —1,4,6, or 8; 

/'(х) < 0 throughout (— x, — 1), (4, 6). and (8, 20); 
ЛЭ (х) > 0 throughout ( — 1, 4) and (6, 8): 

f(x) > 0 throughout ( — æ, 0), (2, 3), and (5, 7); 
f(x) < 0 throughout (0, 2), (3, 5), and (7. x) 


Prove that the graph of a quadratic function has no 
point of inflection. State conditions for which the graph 
is always 


la] concave upward [b] concave downward 


Prove that the graph of a polynomial function of degree 
3 has exactly one point of inflection. 


[c] Exer. 41-42: Graph f on [—1, 1]. (8) Estimate where 
the graph of f is concave upward or is concave down- 
ward. [Ð] Estimate the x-coordinate of each point of 
inflection. 


41 f(x) = 4x5 + x* + 3x? — 2x +1 
42 f(x) = (x — 0.1? V 1.08 — 09x? 
[c] Exer. 43-44: Graph f” on (0, 3]. !&) Estimate where the 


graph of f is concave upward or is concave downward. 
15) Estimate the x-coordinate of each point of inflection. 


43 f"(x) = x* — $33 + 7.57 — 3.3x + 0.4356 


44 f"(x)— 2.1 sin zx + 1.4 cos x — 0.6 


4.5 SUMMARY OF GRAPHICAL METHODS 


Many applications of calculus are based on the behavior of the function 
values f(x) of a function f as x varies throughout a set of real numbers. 
One of the best ways to exhibit this behavior is to sketch the graph of f, 
because a graph displays properties of f that may otherwise be hidden or 
unclear. Up to this point in the text we have discussed a variety of topics 
that are useful for sketching graphs. These discussions have been scattered 
throughout the first four chapters, so we shall summarize this work here 
and consider several additional examples. 
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Guidelines for sketching the 
graph of y = f(x) (4.19) 








Domain of f Find the domain of f —that is, all real numbers x 
such that f(x) is defined. 
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FIGURE 4.39 


A’ 


[(X) 


2 Continuity of f Determine whether f is continuous on its do- 
main, and, if not, find and classify the discontinuities. 


3 x-andy-intercepts The x-intercepts are the solutions of the equa- 
tion f(x) = 0; the y-intercept is the function value f(0), if it exists. 


4 Symmetry If f is an even function, the graph is symmetric with 
respect to the y-axis. If f is an odd function, the graph is sym- 
metric with respect to the origin. 


5 Critical numbers and local extrema Find f'(x) and determine the 
critical numbers—that is, the values of x such that f'(x) = 0 or 
f'(x) does not exist. Use the first derivative test to help find local 
extrema. Employ the sign of f'(x) to find intervals on which f is 
increasing (/(х) > 0) or is decreasing (f(x) < 0). Determine 
whether there are corners or cusps on the graph. 


6 Concavity and points of inflection Find /"(x), and use the second 
derivative test whenever appropriate. If f"(x) > 0 on an open 
interval 1, the graph is concave upward. If f(x) < 0, the graph 
is concave downward. If f is continuous at c and if /"(x) changes 
sign at c, then P(c, f(c)) is a point of inflection. 


7 Asymptotes 
Horizontal: If lim... f(x) = L or lim, f(x) = L, then the 
line y = L is a horizontal asymptote. 
Vertical: If lim, .,. f(x) or lim,.,,- f(x) is either oc or — æ, then 
the line x = a is a vertical asymptote. 


Among the simplest functions to graph is a polynomial function /: 
however, if the degree of f(x) is large. it may take considerable effort to 
find the zeros of f. f’, and f”. Every derivative of f is continuous; therefore, 
the graph has a smooth appearance and possibly many high and low 
points, as illustrated in Figure 4.39. Each critical number c determines a 
local extremum f(c) or a point of inflection. We have considered graphs 
of polynomial functions previously in numerous examples and exercises. 
so we shall not give another example in this section. 

Recall that a function f is a rational function if f(x) = g(x)/h(x), where 
g and h are polynomial functions. If апа h have no common factors, then 
for every zero с of the denominator h(x), the line x = с is a vertical 
asymptote. In the next example we shall use Guidelines (4.19) to sketch 
the graph of a rational function. 


> 
2x* 


EXAMPLE 1 If f(x) = p = discuss and sketch the graph of /. 





SOLUTION Ме shall follow Guidelines (4.19). 

Guideline 1 The domain of f consists of all real numbers except —3 
and 3. 

Guideline 2 The function f has infinite discontinuities at — 3 and 3 and is 
continuous at all other real numbers. 
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FIGURE 4.40 





Guideline 3 To find the x-intercepts, we solve the equation f(x) = 0, ob- 
taining x = 0. The y-intercept is /(0) = 0. Therefore, the graph intersects 
both the x-axis and the y-axis at the origin. 

Guideline 4 Since /(—x) = f(x), f is an even function and the graph is 
symmetric with respect to the y-axis. 

Guideline 5 We differentiate f(x): 

| (9—x(4x)—-2x(—2x) — 36x 

Е (9.54 ~ (9 — х2)? 





L(x) 


Since f'(x) = 0 if x = 0, 0 is a critical number. The numbers — 3 and 3 are 
not critical numbers because they are not in the domain of /. 
Using test values gives us the following table. 


Interval (— 0, —3) (—3,0) (0, 3) (3, x) 

t } 
Sign of f(x) - + + 
-—— —— == + + — 
Conclusion f is decreasing Г is decreasing f is increasing f is increasing 


The sign of the derivative f'(x) changes from negative to positive at 
x = 0, so, by the first derivative test, /(0) = 0 is a local minimum for f. 
Guideline 6 We differentiate f'(x): 
(9 — xy 6) — (36x)(2)(9 — x? — 2x) е 108(х7 +3) 
(9 = хо) ome (9 = x?)3 





f(x) 2 


The numerator is always positive, so the sign of /"(x) is determined by 
(9 — x°)’. Using test values gives us the following. 


Interval (—90,—3) (—3,3) (3; 20) 
Sign of f"'(x) — * = 
Concavity downward upward downward 


Since f is not continuous at —3 or 3, there are no points of inflection. 
1, As a check on local extrema (see guideline 5), we note that /710) > 0, and 
hence, by the second derivative test, /(0) = 0 is a local minimum, 
Guideline 7 To find horizontal asymptotes. we use the methods in Sec- 
tion 2.4, obtaining 


2x? ix 
lim ———- —2 and lim ——= —2. 
жэл 9 — Хх? хэ-й9-Х” 
Thus, the line у = —2 is a horizontal asymptote. 
The vertical asymptotes correspond to the zeros of the denominator 
9 — x? and hence are x = —3 and x = 3. 


Using the results of the guidelines and referring to the table developed 
from guideline 5 to obtain the behavior of f near the vertical asymptotes 
(x = +3) gives us the sketch in Figure 4.40. 
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The graph of y = f(x) in the preceding example had no points of in- 
flection. It is often difficult to find the points of inflection, whenever they 
exist, for the graph of a rational function. The reason is that the quotient 
rule is used to find f'(x) and again to find /"(x). Hence finding the solu- 
tions of f"(x) = 0 may require solving a polynomial equation of degree 
greater than 2. Solutions of such equations are often approximated by 
using Newton's method or a computer program. Because of this difficulty, 
in the next example and in most of the exercises we shall not find the 
points of inflection or discuss concavity for graphs of rational functions. 


x 


EXAMPLE 2 If f(x) = э 


5+ discuss and sketch the graph of f. 
SOLUTION We again follow the guidelines. 

Guideline 1 The denominator equals (x — 2)(x + 1). so the domain of f 
consists of all numbers except — 1 and 2. 

Guideline 2 The function has infinite discontinuities at — 1 and 2 and is 
continuous at all other numbers. 

Guideline 3 То find the x-intercepts. we solve the equation f(x) = 0, ob- 
taining x = 0. The y-intercept is /(0) = 0. Hence, as in Example 1, the 
graph intersects the x-axis and y-axis at the origin. 

Guideline 4 Since f is neither even nor odd, the graph is not symmetric 
to the 1-axis or to the origin. 

Guideline 5 We differentiate f(x): 





(2-х-212Х)-212х-1) xxt4 
(x? — x — 2)? 7 (3-х-2р 





f'(x) = 


Solving f'(x) = 0 gives us the critical numbers 0 and — 4. The zeros of the 
denominator, — and 2, are not critical numbers since f(— 1) and /(2) 
do not exist. Using test values we obtain the following table. 

















Interval (— 20, —4) (—4, —1) | (-1,0) (0. 2) | (2, ©) 
fe | | P4 » 
Sign of f(x) - 1 + 4 |. е 2 
. Conclusion 1 is decreasing f is increasing f is increasing f is decreasing | f is decreasing 





By the first derivative test, / has a local minimum f(—4) = į and a 
local maximum /(0) = 0. 
Guideline 6 We will not discuss concavity or find points of inflection. You 
may wish to verify that 





To solve the equation f"(x) = 0, we must solve the cubic equation 
x3 + 6x7 +4 = 0. 


It can be shown that this equation has one real root r. To the nearest 
tenth, r z —6.1. The point of inflection is approximately (—6.1, 0.9), 
slightly higher than the low (minimum) point (—4, §). 
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Guideline 7 To find horizontal asymptotes, we consider 


2 2 
lim =1 and lim же, 
pee == 9 = ар 
Thus, the graph has а horizontal asymptote у = 1. 
FIGURE 4.41 The vertical asymptotes are obtained from the solutions of the equa- 
АУ tion x? — x — 2 = 0, so they are x = —1 and x = 2. 


Using the preceding results and referring to the table developed from 
guideline 5 to obtain the behavior of f near the vertical asymptotes leads 
to the sketch in Figure 4.41. 

The graph intersects the horizontal asymptote y = 1. To find the x- 
coordinate of the point of intersection, we solve the equation f(x) = 1 as 
follows: 











Hence the point of intersection is ( — 2, 1). 





If f(x) = g(x)/h(x) for polynomials g(x) and h(x) and if the degree of g(x) 
is 1 greater than the degree of h(x), then the graph of f has an oblique 
asymptote y = ax + b; that is, the vertical distance between the graph of 
Г and this line approaches 0 as x > oo or x > — x. To establish this 
fact, we may use long division to express f(x) in the form 

f(x) = ES (ах + b) + г), 

n(x h(x) 
where either r(x) = 0 or the degree of r(x) is less than the degree of h(x). 
It follows that lim, r(x)/h(x) = 0 and lim,- r(x)/h(x) = 0. Conse- 
quently, f(x) gets closer to ax + b as x approaches either oc or — оо. If the 
graph of f has an oblique asymptote, then it has no horizontal asymptote. 


d 
EXAMPLE 3 (х) = x, discuss and sketch the graph of f. 


SOLUTION 


Guidelines 1 and2 The domain of f consists of all real numbers except 
x — 2, where there is an infinite discontinuity. 


Guideline 3 The x-intercepts are — 3 and 3, and the y-intercept is /(0) = 3. 
Guideline 4 The graph is symmetric with respect to neither the y-axis nor 


the origin. 
Guidelines 5 and 6 You should verify that 
x!—4x 49 — 
Го) = у апа тА Ix) sz -a 


Since f'(x) 4 0 for every x # 2, there are no local extrema (see Cor- 
ollary (4.6)). 
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FIGURE 4.42 
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Since /"(x) > Oif x <2 and f"(x) < Oif x > 2, the graph of f is concave 
upward on ( — x, 2) and concave downward on (2, ж). There is no point 
of inflection. 

Guideline 7 The degree of the numerator x? — 9 is one greater than that 
of the denominator 2x — 4. so there is an oblique asymptote and we use 
long division to express /(х) as follows: 


x-9 T 5 
2x—4 (1 2x — 4 


From the discussion preceding this example, the line y =x + 1 is an 
oblique asymptote. 

Since the graph has an oblique asymptote, there is no horizontal 
asymptote. There is a vertical asymptote x — 2 corresponding to the zero 
of the denominator 2x — 4. 

Representing the asymptotes by dashed lines, plotting the intercepts, 
and using the other information obtained by following the guidelines gives 
us the sketch in Figure 4.42. 








In previous sections we considered expressions f(x) that contain ra- 
tional powers, such as x^? and (x? — 9)*?, or the equivalent form that 
contains radicals. In some cases the graph of f has a vertical tangent line 
at some point Р, with possibly a cusp at P (see Figures 4.23 and 4.24). 
The next example illustrates that horizontal tangent lines also may occur 
when radicals are involved. 


2x 


EXAMPLE 4 If f(x) = —=——=. discuss and sketch the graph of f. 


N x" $ 1 





SOLUTION 

Guidelines 1 and 2 The domain of f is R. and f is continuous at every real 
number. 

Guideline з The x-intercept is 0. and the y-intercept is /(0) = 0. 
Guideline 4 Since /(— х) = —f(x). the function f is odd, and hence the 
graph is symmetric with respect to the origin. 


4 


: "- 2x “ИМЖ: 
Guidelines 5 апа 6 Differentiating f(x) = ao re twice gives us 


(x? + 170) -QnQOQ?7 + 1) '7RQx 2 
4521 “(8397 





ДО) = 


—6x 


[w= @ + Dm 


Since f'(x) > 0 for every x, the function f is increasing on ( — ж, x) and 
there are no critical numbers. 

Since /"(x) > 0 for x < 0 and f"(x) < 0 for x > 0, the graph is concave 
upward on (— 2, 0) and concave downward on (0, ж), with a point of 
inflection (0, 0). 
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FIGURE 4.43 Guideline 7 You should check that 











There is a horizontal asymptote у = 2 (for the first-quadrant part of the 
graph) and a horizontal asymptote у = — 2 (for the third-quadrant part). 
There are no vertical asymptotes. 


Using the preceding results leads to the sketch in Figure 4.43. 








In the examples we have considered so far in this section, the numera- 
tor and denominator of a quotient have had no common factor. When 
there is a common factor, say p(x), the graph of f has a hole at each point 
that corresponds to a zero of p(x). To illustrate, if 

2x(x — 1) 
f(x) = ЖУ у? 
ух? + I(x — 1) 
then the graph of f would be the same as that in Figure 4.43, with one 
exception: there would be a hole at (1. 4/2). (See Exercises 25—28.) 
The next example involves absolute values. 


EXAMPLE 5 Sketch the graph of y = |4 — х? |. 


SOLUTION | The difficult way to proceed is to use the fact that | a | = уа? 
to write y = «(4 — x?), and then use the derivatives to find local extrema 
and points of inflection. A simpler method is to sketch the graph of 
у = 4 — x’, as shown in Figure 4.44(i). This graph is the same as that of 
y-2|4- x?|if —2 < x x 2. fx > 2 or x < —2,then4 — x? < 0, and the 
graph of y — |4 — x? | is the reflection of the graph of y — 4 — x? through 
the x-axis, as shown in Figure 4.44(ii). The extrema, concavity, and points 
of inflection should be self-evident. 


FIGURE 4.44 
! fii) 
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EXERCISES 4.5 

















Exer. 1-18: Find the extrema and sketch the graph of f. Exer. 35-38: Use the information given to sketch the 
: 2x—5 3-х graph of f. 
50-24 2 /(х)- rang "pw. -3 . 
9 "T Р. +х—6 iiin ах И x & (x + D(x = 1) 
IX) = х2-1 У “х —~ 4x43 гө) = 
с 4 Тый 1)? 
3х? — бх 
5 f(x) = 2 ~ : T f(x) =0 if x = 3 242 (approximately 5.83, 0.17): 
и = hes 34 rx) 2x? — 18x? + 6x — 6 
—2x + 184Х— x)= “БЕ 3 
x)= — ыи 1) 
6 fo) x? + 2x 


Г() =0 if x 2 24/2 + 24/4 + 3 = 8.69; 


























7 fix) = 2x /(5.83) = 0.09; f(0.17) = 2.91; f(8.69) = 0.08 
2741 юү x44 x+4 
x)= =- { 
8 ла! i x'—4 G- 
| + 1 т) = =p =—$х—4 
Р ГЭР a 4)2 
9 f(x) = EA 10 Дх) = —— е & = | 
Ух Ух? f'(x) 30 if x= —44+2,/3 (approximately — 0.54, — 7.46); 
E ju E^ 2x3 + 24x? + 24x + 32 
fi) лю = > 12 f(x) = ————— g a ^ 
- ух? +4 Vx +x+2 j Ра Ра 
А m Г) = 0 if x= —243—249—4x —11.04; 
13 f(x) = х = х-6 14 f(x) == mn =} 23 f( —0.54) x —0.93; Л — 7.46) = —0.07; 
1 х +1 х—2 /(— 11.04) — 0.06 
E =x ede 2x) —2x—4 2х-1їх-2) 
vuv 021 ЭРЭ mM CO Lo 37 Хх) = —; = 
1s уне г 1 16 f(x) x41 f(x) x + х = 12 (х + 40х — 3) 
, А-- х2 8. хэ "iA 4x? — 40x + 28. 
17 f(x) = * 3 18 fix) = aA — J (x) (x? 4-Х-- 12)? ? 


9 = 2 
Exer. 19—24: Find the extrema and points of inflection, Se= OE х= SE 34/2 (approximately 9-24, 0.76); 




















and sketch the graph of f. у") = — 8x? + 120x? — 168x + 424. 
3x 3x? | 67--х-12У 
9 f(x хийгээ 20 [=p f(x) =0 if x = 436 + 34/6 + 5 = 13.75; 
ii (9.24) = 1.79: /(0.76) = 0.41; f(13.75) = 1.82 
3x —4 
Ka Уо) = —; 22 f(x) == —— ' -3х2-3х-6  —3(x + 2)x— 1), 
"51 | + 38 f(x) = — R ; 
j x^ x^ T(x) =» G+ 3x —3) 
27 3 

23 f(x) = x – 5 24 f(x) = х? + va Se 4425-27 
x x D E = эр 

Exer. 25-28: Simplify f(x) and sketch the graph of f. f'()=0 if х= —7424/10 

axi. ix IG x2. IG (approximately —0.68. — 13.32); 
iE mE TE. lila m e гүүш TOR? — 1268 — 162х — 378. 
х—1 х+2 pn (x? — 9° 
а = ftà- = f(x) =0 if x = —24/20 — 24/50 — 7 = — 19.80; 
1(-0.68) ~ —0.78; f(—13.32) = —2.89; 

Exer. 29—34: Sketch the graph of f. /(— 19.80) ~ — 2.90 

29 f(x) = | x? — 6x + 5| 30 f(x) = |8 + 2x х? | 39 Coulomb's law in electricity asserts that the force of at- 
РЕТ 32 (0) = |228] traction F between two charged particles is directly pro- 


portional to the product of the charges and inversely 
33 f(x) = —|sin x 34 f(x) = |соѕх| +2 roportional to the square of the distance between the 
prop q 
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particles. Suppose a particle of charge +1 is placed on 
a coordinate line between two particles of charge — | (see 
figure). 
(a) Show that the net force acting on the particle of 
charge +1 is given by 
k k 
F(x) = ——; + тэ 
0) ХЭ (х—2)° 
where k is a positive constant. 
(6) Let К = 1 and sketch the graph of F for 0 < x < 2. 
EXERCISE 39 


ү ж 45 | 

MU RR AN 
ы e © $ 
(1 \ 2 1 


40 Biomathematicians have proposed many different func- 
tions for describing the effect of light on the rate at which 
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EXERCISE 40 
P 
(relative 
photosynthesis) 





10 1 
(light 
intensity) 


Exer. 41-42: Graph f on the given interval. (а) Estimate 
where the graph of f is concave upward or is concave 
downward. (6) Estimate the x-coordinate of each point 





of inflection. 
0.5х7 + 3x + 7.1 


photosynthesis can take place. If the function is to be 
realistic, then it must exhibit the photoinhibition effect: 


that is, the rate of production P of photosynthesis must 41 Лх) = ——— шшр [—2, 2] 
decrease to 0 аз the light intensity / reaches high levels | 

сай «у GHI 4 4 as ieee | х?+2х+1 

(see figure). Which of the following formulas for Р, where a2 fix) = X х Р [-6.6] 


a and b are constants. may be used? Give reasons for 0.7x? —x +1" 


your answer, 


al 
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In applications, a physical or geometric quantity Q is often described by 
means of some formula Q = f(x), where f is a function. Thus, Q might 
represent the temperature of a substance at time x, the current in an elec- 
trical circuit when the resistance is x, or the volume of gas in a spherical 
balloon of radius x. Of course, we often use other symbols for variables, 
such as T for temperature, t for time, | for current, R for resistance, V 
for volume, and r for radius. If Q — f(x) and f is differentiable, then the 
derivative D, Q — f'(x) can be used to help find the maximum or minimum 
values of Q. In applications, these extreme values are sometimes called 
optimal values, because they are, in a sense, the best or most favorable 
values of the quantity Q. The task of finding these values is called an 
optimization problem. 

If an optimization problem is stated in words, then it is often necessary 
to convert the statement into an appropriate formula such as Q = f(x) in 
order to find critical numbers. In most cases there will be only one critical 
number c. If, in addition, f is continuous on a closed interval [a, b] con- 
taining c, then, by Guidelines (4.9), the extrema of / are the largest and 
smallest of the values f(a), f(b), and f(c). Hence it is often unnecessary 
to apply a derivative test. However, if it is easy to calculate /"(х), we 
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FIGURE 4.45 





Guidelines for solving optimization 
problems (4.20) 





sometimes apply the second derivative test to verify an extremum, as illus- 
trated in the next example. 


EXAMPLE 1 Along rectangular sheet of metal, 12 inches wide, is to 
be made into a rain gutter by turning up two sides so that they are perpen- 
dicular to the sheet. How many inches should be turned up to give the 
gutter its greatest capacity? 


SOLUTION The gutter is illustrated in Figure 4.45, where x denotes 
the number of inches turned up on each side. The width of the base of 
the gutter is 12 — 2x inches. The capacity of the gutter will be greatest 
when the area of the rectangle with sides of lengths x and 12 — 2x has 
its greatest value. Letting /(x) denote this area, we obtain 


f(x) = x(12 — 2x) = 12x — 2x*. 
Since 0 < 2x < 12, the domain of f is 0x <6. If x 20 or x = 6, no 
gutter is formed (the area of the rectangle would be /(0) = 0 = f(6)). 
Differentiating yields 
f(x) = 12 — 4x = 4(3 — x), 
and hence the only critical number of f is 3. Since /"(x) = —4 < 0, f(3) 


is a local maximum for f. It follows that 3 inches should be turned up 
to achieve maximum capacity. 





Because the types of optimization problems are unlimited, it is difficult 
to state specific rules for finding solutions. However, we can develop a 
general strategy for attacking such problems. The following guidelines are 
often helpful. When using the guidelines, don't become discouraged if you 
are unable to solve a given problem quickly. It takes a great deal of effort 
and practice to become proficient in solving optimization problems. Keep 
trying! 


1 Read the problem carefully several times, and think about the 
given facts as well as the unknown quantities that are to be 
found. 

2 If possible. sketch a picture or diagram and label it appro- 
priately, introducing variables for unknown quantities. Words 
such as what, find, how much, how far. or when should alert you 
to the unknown quantities. 


3 Write down the known facts together with any relationships 
involving the variables. 


4 Determine which variable is to be maximized or minimized, and 
express this variable as a function of one of the other variables. 


5 Find thecritical numbers of the function obtained in guideline 4. 


Determine the extrema by using Guidelines (4.9) or the first or 
second derivative test. Check for endpoint extrema whenever 
appropriate. 
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The use of Guidelines (4.20) is illustrated in the neat охи. 


EXAMPLE 2 An open box with a rectangular base is n con- 
structed from a rectangular piece of cardboard 16 inches sido suid 21 
inches long by cutting a square from each corner and then юир 
the resulting sides. Find the size of the corner square that will pio ince a 
box having the largest possible volume. (Disregard the thi kas ~t the 


cardboard.) 


SOLUTION 
Guideline 1 Read the problem at least one more time 
Guideline 2 Sketch the cardboard, as in Figure 4.460), inii ucing a 
variable x for the length of the side of the square to be cut from cach 
corner. 

FIGURE 4.46 

(i) (ii) 


— L ъа 





A 
V X 
Guideline 3 If the cardboard is folded along the dashed linus i i ich 
(see Figure 4.46(ii)), the base of the resulting box has dimen. {'—— 3x 
and 16 — 2x. 
Guideline 4 The quantity to be maximized is the volume | slilo box, 


Referring to Figure 4.46(11), we express V as a function of x 
V = x(16 — 2х)(21 — 2x) = 2(168х — 373 + 24 
Since 0 < 2x < 16, the domain of V is 0 € x <8. 
Guideline 5 To find the critical numbers for the function in w ie 4, 
differentiate V with respect to x: 
D, V = 2(168 — 74x + 6х2) 
= 4(3x? — 37x + 84) 
= 4(3х — 28)(x — 3) 


Thus, the possible critical numbers are 27 and 3. Since с: l- the 
domain of V. the only critical number is 3. 

Guideline 6 Since V is continuous on [0, 8], we shall usc Ci (4.9) 
to determine the extrema. The endpoints x = 0 and x = #8 ol 1i main 
yield the minimum value V = 0. For the critical number e ob- 


tain V = 450, which is a maximum value. Consequently, a 3-4257 iare 


210 


FIGURE 4.47 
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should be cut from each corner of the cardboard in order to maximize 
the volume of the resulting box. 








In the remaining examples we shall not always point out the guidelines 
employed. You should be able to determine specific guidelines by studying 
the solutions. 


EXAMPLE 3 A circular cylindrical metal container, open at the top, 
is to have a capacity of 24z in.? The cost of the material used for the 
bottom of the container is 15 cents per in.?, and that of the material used 
for the curved part is 5 cents per in.? If there is no waste of material, find 
the dimensions that will minimize the cost of the material. 


SOLUTION We begin by sketching a typical container, as in Figure 
4.47, letting r denote the radius of the base and h the altitude (both in 
inches). The quantity we wish to minimize is the cost C of the material. 
Since the costs per square inch for the base and the curved part are 15 
cents and 5 cents, respectively, we have, in terms of cents, 


cost of container = 15(агса of base) + S(area of curved part). 
Thus, 
С = 15(ar?) + 5(2zrh) 
or С = 5n(3r? + 2rh). 


We can express C as a function of one variable r by expressing h in 
terms of r. Since the volume of the container is 24z in.?, we see that 


24 


лг?һ = 24л, or һ=—. 
a 


Substituting 24/r? for h in the last formula for С gives us 


24 ? 
C= ss(sr 42r: =) = ээг + =}. 


The domain of C is (0, x). 
Next we find critical numbers by differentiating C with respect to r: 


r ae 
BS. C= 8(8-2) - хи(! : "| 
Р” g 


Since D, C = 0 if r = 2, we see that 2 is the only critical number. Since 
D, C <Oifr <2 and D, C > Oif r > 2, it follows from the first derivative 
test that C has its minimum value if the radius of the cylinder is 2 inches. 
The corresponding value for the altitude (obtained from h = 24/r*) is 22, 
or 6 inches. 
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FIGURE 4.48 EXAMPLE 4 Find the maximum volume of a right circular cylinder 
iu that can be inscribed in a cone of altitude 12 centimeters, and base radius 
4 centimeters, if the axes of the cylinder and cone coincide. 


SOLUTION The problem is sketched in Figure 4.48, where (ii) repre- 

sents a cross section through the axes of the cone and cylinder. The quan- 

tity we wish to maximize is the volume V of the cylinder. From geometry, 
V —nrh. 

Next we express V in terms of one variable by finding a relationship 
between r and h. Referring to Figure 4.48(ii) and using similar triangles, 
we see that 

h 12. 


pl 4—r 4 





3, or їл34-0) 


Consequently, 
И = ar!h = ar? - 34 — r) = 3ar*(4 — r). 


The domain of V is 0 € r «x 4. 

If either r = 0 or r = 4, we see that V = 0, and hence the maximum 
volume is not an endpoint extremum. It is sufficient, therefore, to search 
for local maxima. Since V = 3z(4r? — r°). 


D, V = 3n(8r — 3r?) = 3nr(8 — 3r). 


Thus, the critical numbers for V are r = 0 and r = $. At r = Ў, we have 


8ү 256л А 
V= 43) (4) =- 55 89.4 cm?, 





which, by Guidelines (4.9), is a maximum value for the volume of the 
inscribed cylinder. 








EXAMPLE 5 А North-South highway intersects an East-West high- 
FIGURE 4.49 way at a point P. An automobile crosses P at 10:00 a.m., traveling east 
at a constant speed of 20 mi/hr. At that same instant another automobile 
is 2 miles north of P, traveling south at 50 mi/hr. Find the time at which 
they are closest to each other and approximate the minimum distance 
between the automobiles. 


SOLUTION Typical positions of the automobiles are illustrated in Fig- 
ure 4.49. If t denotes the number of hours after 10:00 a.m., then the slower 
automobile is 201 miles east of P. The faster automobile is 50r miles south 
of its position at 10:00 А.м., and hence its distance from P 15 2 — 50r. 
By the Pythagorean theorem, the distance d between the automobiles is 


d = 42 — 501)? + (20)? 
= 4/4 — 200: + 25001? + 400? 
= 4/4 — 200г + 29007. 











FIGURE 4.50 
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We wish to find the time t at which d has its smallest value. This will occur 
when the expression under the radical is minimal because d increases if 
and only if 4 — 200r + 2900r? increases. Thus, we may simplify our work 
by letting 


f(t) = 4 — 200г + 290017 
and finding the value of t for which f has a minimum. Since 
f'(t) = —200 + 5800r. 

the only critical number for / is 

(201 

75800 29° 

Moreover, /7(1) = 5800, so the second derivative is always positive. There- 
fore, f has a local minimum at t = 345, and /155) = 1$. Since the domain 
of t is [0, >) and since /(0) = 4, there is no endpoint extremum. Conse- 


quently, the automobiles will be closest at 35 hour (or approximately 2.07 
minutes) after 10:00 A.M. The minimal distance is 


Jf ds) = 4/15 = 0.74 mi. 


EXAMPLE 6 А person in a rowboat 2 miles from the nearest point 
on a straight shoreline wishes to reach a house 6 miles farther down the 
shore. If the person can row at a rate of 3 mi/hr and walk at a rate of 
5 mi/hr, find the least amount of time required to reach the house. 


SOLUTION Figure 4.50 illustrates the problem: A denotes the position 
of the boat, B the nearest point on shore, C the house, D the point at 
which the boat reaches shore, and x the distance between B and D. By 
the Pythagorean theorem, the distance between A and D is yx? + 4, 
where 0 € x < 6. Using the formula 


1 distance 
time = ———— 
rate 


we obtain 


distance from A toD yx? +4 


time to row from A to D = тта 
rowing rate 3 


distance from D to C Шы: 


time to walk from D to С = : 
walking rate 5 





Hence the total time T for the trip is 





or. equivalently, Tei c4 -$—1x 


We wish to find the minimum value for T. Note that x = 0 corresponds 
to the extreme situation in which the person rows directly to B and then 
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walks the entire distance from B to С. If x = 6, then the person rows 
directly from A to C. These numbers may be considered as endpoints of 
the domain of T. If x = 0, then, from the formula for T, 

4 6 28 


Te За: Те 


which is | hour 52 minutes. If x = 6, then 
j 6 6 2,/10 
= N — = N Ае ? 
3 + p 3 2.11, 
ог approximately 2 hours 7 minutes. 
Differentiating the general formula for Т, we see that 
D, T =4-4(x? +A (2x) — {, 
x 1 
Oot Sees 
Б CT NSE4 5 


In order to find the critical numbers, we let D, T — 0, obtaining the fol- 
lowing equations: 


5х = 3(x? + 4)? 
25x? = 9(x? + 4) 
x? = 38 
x=$=} 


Thus, $ is the only critical number. The time T that corresponds to x = } 
is 


- 24-2Р5-41-00 fs 


or, equivalently, 1 hour 44 minutes. 

We have already examined the values of T at the endpoints of the 
domain, obtaining | hour 52 minutes and approximately 2 hours 7 min- 
utes, respectively. Hence the minimum time of | hour 44 minutes occurs 
at x = 3. Therefore, the boat should land at D, 14 miles from B. in order 
to minimize T. For a similar problem, but one in which the endpoints of 
the domain lead to minimum time, see Exercise 6. 





EXAMPLE 7 A wire 60 inches long is to be cut into two pieces. One 
of the pieces will be bent into the shape of a circle and the other into the 
shape of an equilateral triangle. Where should the wire be cut so that the 
sum of the areas of the circle and triangle is minimized? maximized? 


SOLUTION Их denotes the length of one of the cut pieces of wire, then 
the length of the other piece is 60 — x. Let the piece of length x be bent 
to form a circle of radius r so that 2zr = x, or r = x/(2z) (see Figure 4.51). 
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FIGURE 4.51 
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If the remaining piece is bent into an equilateral triangle of side s, then 
3s = 60 — x, or s = (60 — х)/3. We wish to minimize and maximize the sum 
A of the areas of the circle and the triangle. Referring to Figure 4.51, we 
see that 





arca of circle = ar? = 2-] = E x? 
UM C Ma] "dx 
o енш ыңыз ГЕ " 
area of triangle — 4 5 = ( 3 иг (60 — x)*. 


Hence the sum А of the areas is 


beta +3 6o — y. 
4л 


We now find the critical numbers. ааа we obtain 


DA = -УЗ =» 


Foon 
2л 
_ 1043 
= 
Thus, D, A = 0 if and only if 


104/3/3 


= —— ————— » 22.61. 
1/(2л) + (4/3/18) 


The second derivative of A with respect to х is 


А i 43 
D А = — + =, 

55265718 
which is positive. Hence the critical number yields a minimum value for 
A, and the wire should be cut (approximately) 22.61 inches from one end. 
The minimum value of A is approximated by 


Aw l (22.61)? + v3 (60 — 22.61)? = 107.94 in.? 
| 4$ —— 36 == 


Since there are no other critical numbers, the maximum value of A 
must be an endpoint extremum. If x = 0, then all the wire is used to form 
a triangle and 


43 ? . 2 
= + * 22173.21 іп. 
36 (60) 173.21 in 
If х = 60, then all the wire is used for the circle, and 


1 " Р 
А = — (60)? = 286.48 in.? 
4л 
Thus, the maximum value of A occurs if the wire is not cut and the entire 
length of wire is bent into the shape of a circle. 


EXERCISES 4.6 
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FIGURE 4.52 
(1 





“x 





EXAMPLE 8 A billboard 20 feet tall is located on top of a building, 
with its lower edge 60 feet above the level of a viewer's eye, as shown in 
Figure 4.52(1). How far from a point directly below the sign should a 
viewer stand to maximize the angle 0 between the lines of sight of the top 
and bottom of the billboard? (This angle should result in the best view 
of the billboard.) 


SOLUTION The problem is sketched in Figure 4.52(ii), using right 
triangles 40C and BOC having common side OC of (variable) length x. 
We see that 


0 6 
tana = 8 and їап/- A 
х х 


The angle 0 = x — $ is a function of x and 


tan x — tan f 


an 0 = te — В) = c. 
- айай) 1 + tan x tan f 


Substituting for tan x and tan fj and simplifying, we obtain 








(ii) 
4 80 60 
= ИР х x 20х 
3 ап 0 2———— —2L———ÀÁ. 
W 80\/60 x? + 4800 
жээ -Y 1-51-41-- 
В x X 
Р, The extrema of 0 occur if D, 0 = 0. Differentiating implicitly with respect 
oto x and using the quotient rule gives us 
: (x^ + 4800)(20) — 20x(2x) 96,000 — 20x? 
ѕес 0D, 0 = 5 5 =—, =. 
” __ ү (x^ + 4800) (x^ + 4800)” 
| K Since sec? 0 > 0, it follows that D, 6 = 0 if and only if 
! 
гч шах хани 96.000 — 20x? 20, or x? = 4800. 
Thus, the only critical number of 0 is 
x = 4/4800 = 404/3. 
We may verify that the sign of D, 0 changes from positive to negative at 
44800. and hence a maximum value of 0 occurs at x = 40/3 ft = 69.3 ft. 
EXERCISES 4.6 
[iE a box with a square base and open top is to have a 4 If the circular base of the container in Exercise 3 is cut 
volume of 4 ft*, find the dimensions that require the least from a square sheet and the remaining metal is dis- 
material. (Disregard the thickness of the material and carded, find the dimensions that require the least amount 


waste in construction.) 


X... 2 Work Exercise 1 if the box has a closed top. 


of material. 


$ 5 One thousand feet of chain link fence will be used to 
3А metal cylindrical container with an open top is to hold construct six cages for a zoo exhibit, as shown in the 
‘one cubic foot. If there is no waste in construction, find figure on the following page. Find the dimensions that 
the dimensions that require the least amount of material. maximize the enclosed area A. (Hint: First express y as 


(Compare with Example 3.) 


a function of x, and then express A as a function of x.) 
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EXERCISE 5 





© Refer to Example 6. If the person is in a motorboat that 


can travel at an average rate of 15 mi/hr, what route 
should be taken to arrive at the house in the least amount 
of time? 

At 1:00 p.m. ship A is 30 miles due south of ship B and 
is sailing north at a rate of 15 mi/hr. If ship B is sailing 
west at a rate of 10 mi/hr, find the time at which the dis- 
tance d between the ships is minimal (see figure). 
EXERCISE 7 


ГА 
РБА ее 


A window has the shape of a rectangle surmounted by a 
semicircle. If the perimeter of the window is 15 feet, find 
the dimensions that will allow the maximum amount of 
light to enter. 


A fence 8 feet tall stands on level ground and runs paral- 
lel to a tall building (see figure). If the fence is | foot from 


EXERCISE 9 
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the building, find the length of the shortest ladder that 
will extend from the ground over the fence to the wall of 
the building. (Hint: Use similar triangles.) 


A page of a book is to have an area of 90 in.?, with 1-їпсһ 
margins at the bottom and sides and a 4-inch margin at 
the top. Find the dimensions of the page that will allow 
the largest printed area. 


A builder intends to construct a storage shed having a 
volume of 900 ft?, a flat roof, and a rectangular base 
whose width is three-fourths the length. The cost per 
square foot of the materials is $4 for the floor, $6 for the 
sides, and $3 for the roof. What dimensions will mini- 
mize the cost? 


A water cup in the shape of a right circular cone is to be 
constructed by removing a circular sector from a cir- 
cular sheet of paper of radius a and then joining the two 
straight edges of the remaining paper (see figure). Find 
the volume of the largest cup that can be constructed. 


EXERCISE 12 


13 A farmer has 500 feet of fencing to enclose a rectangular 


field. A barn will be used as part of one side of the field 
(see figure). Prove that the area of the field is greatest 
when the rectangle is a square. 


EXERCISE 13 





14 Refer to Exercise 13. Suppose the farmer wants the area 


15 


of the rectangular field to be A ft*. Prove that the least 
amount of fencing is required when the rectangle is a 
square. 


A hotel that charges $80 per day for a room gives special 
rates to organizations that reserve between 30 and 60 
rooms. If more than 30 rooms are reserved, the charge 
per room is decreased by $1 times the number of rooms 
over 30. Under these conditions. how many rooms must 
be rented if the hotel is to receive the maximum income 
per day? 

Refer to Exercise 15. Suppose that for each room rented 
it costs the hotel $6 per day for cleaning and mainte- 
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17 


19 
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nance. In this case, how many rooms must be rented to 
obtain the greatest net income? 


A steel storage tank for propane gas is to be constructed 
in the shape of a right circular cylinder with a hemisphere 
at each end (see figure). The construction cost per square 
foot for the end pieces is twice that for the cylindrical 
piece. If the desired capacity is 10л ft^, what dimensions 
will minimize the cost of construction? 


EXERCISE 17 


| -—! 


ч, з 


A pipeline for transporting oil will connect two points 4 
and B that are 3 miles apart and on opposite banks of a 
straight river 1 mile wide (see figure). Part of the pipeline 
will run under water from A to a point C on the opposite 
bank, and then above ground from C to B. If the cost per 
mile of running the pipeline under water is four times the 
cost per mile of running it above ground. find the loca- 
tion of C that will minimize the cost (disregard the slope 
of the river bed). 

EXERCISE 18 





Find the dimensions of the rectangle of maximum area 
that can be inscribed in a semicircle of radius a, if two 
vertices lie on the diameter (see figure). 


EXERCISE 19 


péi 


21 


22 


23 


24 


25 


27 


28 


29 


Find the dimensions of the rectangle of maximum area 
that can be inscribed in an equilateral triangle of side a, 
if two vertices of the rectangle lie on one of the sides of 
the triangle. 


Of all possible right circular cones that can be inscribed 
in a sphere of radius a, find the volume of the one that 
has maximum volume. 


Find the dimensions of the right circular cylinder of 
maximum volume that can be inscribed in a sphere of 
radius a. 


Find the point on the graph of y = x? + 1 that is closest 
to the point (3, 1). 


Find the point on the graph of y — x? that is closest to 
the point (4, 0). 


The strength of a rectangular beam is directly propor- 
tional to the product of its width and the square of the 
depth of a cross section. Find the dimensions of the 
strongest beam that can be cut from a cylindrical log of 
radius a (see figure). 





EXERCISE 25 
Depth 1 
7 
wid 
Rectangular 
beam 


The illumination from a light source is directly propor- 
tional to the strength of the source and inversely propor- 
tional to the square of the distance from the source. If 
two light sources of strengths S, and 5, are d units apart, 
at what point on the line segment joining the two sources 
is the illumination minimal? 


A wholesaler sells running shoes at $20 per pair if less 
than 50 pairs are ordered. If 50 or more pairs are ordered 
(up to 600), the price per pair is reduced by 2 cents times 
the number ordered. What size order will produce the 
maximum amount of money for the wholesaler? 


A paper cup is to be constructed in the shape of a right 
circular cone. If the volume desired is 36z in.?, find the 
dimensions that require the least amount of paper. (Dis- 
regard any waste that may occur in the construction.) 


А wire 36 centimeters long is to be cut into two pieces. 
One of the pieces will be bent into the shape of an equi- 
lateral triangle and the other into the shape of a rectangle 
whose length is twice its width. Where should the wire 
be cut if the combined area of the triangle and rectangle 
is to be (ај minimized? [b] maximized? 
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31 


35 


37 


An isosceles triangle has base b and equal sides of length 
a. Find the dimensions of the rectangle of maximum area 
that can be inscribed in the triangle if one side of the 
rectangle lies on the base of the triangle. 


A window has the shape of a rectangle surmounted by 
an equilateral triangle. If the perimeter of the window is 
12 feet, find the dimensions of the rectangle that will pro- 
duce the largest area for the window. 


Two vertical poles of lengths 6 feet and 8 feet stand on 
level ground, with their bases 10 feet apart. Approximate 
the minimal length of cable that can reach from the top 
of one pole to some point on the ground between the 
poles and then to the top of the other pole. 


Prove that the rectangle of largest area having a given 
perimeter p is a square. 


A right circular cylinder is generated by rotating a rec- 
tangle of perimeter p about one of its sides. What di- 
mensions of the rectangle will generate the cylinder of 
maximum volume? 


The owner of an apple orchard estimates that if 24 trees 
are planted per acre, then each mature tree will yield 
600 apples per year. For each additional tree planted 
per acre, the number of apples produced by each tree 
decreases by 12 per year. How many trees should be 
planted per acre to obtain the most apples per year? 


A real estate company owns 180 efficiency apartments, 
which are fully occupied when the rent is $300 per 
month. The company estimates that for each $10 in- 
crease in rent, 5 apartments will become unoccupied. 
What rent should be charged in order to obtain the 
largest gross income? 


A package can be sent by parcel post only if the sum of 
its length and girth (the perimeter of the base) is not more 
than 108 inches. Find the dimensions of the box of maxi- 
mum volume that can be sent, if the base of the box is a 
square, 


A North-South highway A and an East-West highway B 
intersect at a point Р. At 10:00 Ам. an automobile 
crosses P traveling north on highway A at a speed of 
50 mi/hr. At that same instant, an airplane flying east 
at a speed of 200 mi/hr and an altitude of 26,400 feet is 
directly above the point on highway B that is 100 miles 
west of P. If the automobile and the airplane maintain 
the same speeds and directions, at what time will they 
be closest to each other? 


Two factories A and B that are 4 miles apart emit par- 
ticles in smoke that pollute the area between the fac- 
tories. Suppose that the number of particles emitted from 
each factory is directly proportional to the amount of 
smoke and inversely proportional to the cube of the dis- 
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tance from the factory. If factory A emits twice as much 
smoke as factory B, at what point between A and B is the 
pollution minimal? 


An oil field contains 8 wells, which produce a total of 
1600 barrels of oil per day. For each additional well that 
is drilled, the average production per well decreases by 
10 barrels per day. How many additional wells should be 
drilled to obtain the maximum amount of oil per day? 


A canvas tent is to be constructed in the shape of a py- 
ramid with a square base. A steel pole, placed in the 
center of the tent, will form the support (see figure). If 
S ft? of canvas is available for the four sides and x is the 
length of the base, show that 

(a) the volume V of the tent is V = 4x./S? — x* 


(5) V has its maximum value when x equals /2 times 
the length of the pole 


EXERCISE 41 
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A boat must travel 100 miles upstream against a 10 mi/hr 
current. When the boat’s velocity is v mi/hr, the number 
of gallons of gasoline consumed each hour is directly 
proportional to v?. 


[a] If a constant velocity of р mi/hr is maintained, show 
that the total number y of gallons of gasoline con- 
sumed is given by y = 100kc?/(v — 10) for > 10 and 
for some positive constant К. 

(bj Find the speed that minimizes the number of gallons 
of gasoline consumed during the trip. 


Cars are crossing a bridge that is 1 mile long. Each car 
is 12 feet long and is required to stay a distance of at 
least d feet from the car in front of it (see figure). 

(a) Show that the largest number of cars that can be on 
the bridge at one time is [5280/(12 + d)], where | 
denotes the greatest integer function. 

(5) If the velocity of each car is v mi/hr, show that the 
maximum traffic flow rate F (in cars/hr) is given by 
F = [5280v/(12 + d)]. 

{c) The stopping distance (in feet) of a car traveling 
v mi/hr is approximately 0.0512. If d = 0.025v’, find 
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the speed that maximizes the traffic flow across the 
bridge. 


EXERCISE 43 





Prove that the shortest distance from a point (хү, y,) to 
the graph of a differentiable function / is measured along 
a normal line to the graph—that is, a line perpendicular 
to the tangent line. 


A railroad route is to be constructed from town A to 
town C, branching out from a point B toward C at an 
angle of @ degrees (see figure). Because of the mountains 
between A and C, the branching point B must be at least 
20 miles east of A. If the construction costs are $50,000 
per mile between A and B and $100,000 per mile between 
В and С, find the branching angle 0 that minimizes the 
total construction cost. 


EXERCISE 45 
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A long rectangular sheet of metal, 12 inches wide, is to 
be made into a rain gutter by turning up two sides at 
angles of 120° to the sheet. How many inches should be 
turned up to give the gutter its greatest capacity? 


Refer to Exercise 12. Find the central angle of the sector 
that will maximize the volume of the cup. 


A square picture having sides 2 feet long is hung on a 
wall such that the base is 6 feet above the floor. If a per- 
son whose eye level is 5 feet above the floor looks at the 
picture and if 0 is the angle between the line of sight and 
the top and bottom of the picture, find the person's dis- 
tance from the wall at which 0 has its maximum value. 


A rectangle made of elastic material will be made into 
a cylinder by joining edges AD and BC (see figure). To 
support the structure, a wire of fixed length L is placed 
along the diagonal of the rectangle. Find the angle 0 that 
will result in the cylinder of maximum volume. 


EXERCISE 49 
D C 
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When a person is walking, the magnitude F of the ver- 
tical force of one foot on the ground (see figure) can be 
approximated by F = A(cos bt — a cos 3bt) for time t (in 
seconds), with A > 0, b > 0, and 0 « a < 1. 

(a) Show that F = 0 when t = —z/(2b) and t = x/(2b). 
(The time t = —z/(2b) corresponds to the instant 
when the foot first touches the ground and the weight 
of the body is being supported by the other foot.) 


15) Show that the maximum force occurs when t = 0 or 
when sin? bt = (9a — 1)/(12a). 


(с) If a = 4, express the maximum force in terms of A. 


(a) If 0 < a € 3, express the maximum force in terms 
of A. 


EXERCISE 50 





А battery having fixed voltage V and fixed internal re- 
sistance r is connected to a circuit that has variable 
resistance R (see figure). By Ohm's law, the current / in 
the circuit is Г = V/(R + r). If the power output P is 
given by P = I?R, show that the maximum power occurs 
if R = ғ. 


EXERCISE 51 
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The power output P of an automobile battery is given Бу 
Р = VI — I’r for voltage V, current I, and internal resis- 
tance r of the battery, What current corresponds to the 
maximum power? 


Two corridors 3 feet and 4 feet wide, respectively. meet 
at a right angle. Find the length of the longest nonbend- 
able rod that can be carried horizontally around the 
corner, as shown in the figure. (Disregard the thickness 
of the rod.) 


EXERCISE 53 





Light travels from one point to another along the path 
that requires the least amount of time. Suppose that light 
has velocity v, in air and v, in water, where г, > vs. If 
light travels from a point P in air to a point Q in water 
(see figure), show that the path requires the least amount 
of time if 


siny t 


1 
яп0, vy 
(This is an example of Snell's law of refraction.) 


EXERCISE 54 
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56 


A circular cylinder of fixed radius R is surmounted by a 
cone (see figure). The ends of the cylinder are open, and 
the total volume is to be a specified constant V. 


(a) Show that the total surface area 5 is given by 
2V В 2 
5 = Ж B aR (es 0- 3 со! o) 


15) Show that S is minimized when 0 x 48.2°. 
EXERCISE 55 





In the classic honeycomb-structure problem, a hexag- 
onal prism of fixed radius (and side) R is surmounted by 
adding three identical rhombuses that meet in a common 
vertex (see figure). The bottom of the prism is open, and 
the total volume is to be a specified constant V. A more 
elaborate geometric argument than that in Exercise 55 
establishes that the total surface area S is given Бу 

; ЕС ;R cot 0+ 23 Rè exe 0, 
Show that 5 is minimized when 0 = 54.7°. (Remarkably, 
bees construct their honeycombs so that the amount of 
wax $ is minimized.) 


EXERCISE 56 
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4.7 RECTILINEAR MOTION AND OTHER APPLICATIONS 


In this section we use derivatives to describe several important types of 
motion that occur in physical situations. We also discuss how derivatives 
may be applied to problems in economics. 





4.7 RECTILINEAR MOTION AND OTHER APPLICATIONS 221 





FIGURE 4.53 
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Definition (4.21) 


Recall that if a point P is moving along a line /, its motion is rectilinear 
(see Section 3.1). Moreover, if / is a coordinate line and if the coordinate 
of P at time t is s(t), as illustrated in Figure 4.53, then s is the position 
function of P. By Definition (3.3), the velocity of P at time t —that is, the 
rate of change of P with respect to t—is the derivative s'(t). 

The acceleration а(1) of P at time t is defined as the rate of change of 
velocity with respect to time: a(t) = v(t). Thus, the acceleration is the 
second derivative D, [s'(t)] = s"(r). The next definition summarizes this 
discussion and also introduces the notion of the speed of P. 


Let s(t) be the coordinate of a point P оп a coordinate line Г at 
time t. 
(i) The velocity of P is v(t) = s'(t). 
(н) The speed of P is | v(t)|. 
(ii) The acceleration of P is a(t) = v'(t) --5 1). 


We shall call v the velocity function of P and а the acceleration function 
of P. We sometimes use the notation 


ds dv 
1 di and а= dr 


If t is in seconds and s(t) is in centimeters, then r(r) is in cm/sec and a(t) 
is in cm/sec? (centimeters per second per second). If t is in hours and s(t) 
is in miles, then v(t) is in mi/hr and a(t) is in mi/hr? (miles per hour per 
hour). 

If v(t) is positive in a time interval, then s'(t) > 0, and, by Theo- 
rem (4.13), s(t) is increasing: that is, the point P is moving in the positive 
direction on l. If v(t) is negative, the motion is in the negative direction. 
The velocity is zero at a point where P changes direction. If the accelera- 
tion a(t) = v(t) is positive, the velocity is increasing. If a(t) is negative, the 
velocity is decreasing. 


EXAMPLE 1 The position function s of a point P on a coordinate line 
is given by 

s(t) = t? — 12t? + 361 — 20, 
with t in seconds and s(t) in centimeters. Describe the motion of P during 


the time interval [ —1, 9]. 


SOLUTION Differentiating, we obtain 


> 


v(t) = s(t) = 3t^ — 24t + 36 = 3(t — 2)(t — 6) 


a(t) = v'(t) = 6t — 24 = 6(t — 4). 


Let us determine when r(t) > 0 and when p(t) < 0, since this will tell us 
when P is moving to the right and to the left, respectively. Since r(t) = 0 
at = 2 and ! = 6, we examine the following time subintervals of [ — 1. 9]: 


(-1,2). (2,6) and (6,9) 














122 2 CHAPTER 4 APPLICATIONS OF THE DERIVATIVE 


We may determine the sign of v(t) by using test values, as indicated in the 
table (check each entry): 


Time interval (—1, 2) (2, 6) (6, 9) 
k | 0 3 7 
Test value v(k) | 36 -9 15 
Sign of v(t) E + 
Direction of motion | right left | right 


The next table lists the values of the position, velocity, and acceleration 
functions at the endpoints of the time interval [—1, 9] and the times at 
which the velocity or acceleration is zero. 


t «p 2 4 6 9 
s(t) 69 12 4 —20 6l 
v(t) 63 0 —12 0 63 
at | —30 —12 0 12 3 


It is convenient to represent the motion of P schematically, as in Fig- 
ure 4.54. The curve above the coordinate line is not the path of the point, but 
rather a scheme for showing the manner in which P moves on the line /. 


FIGURE 4.54 


+++ tt ot 
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As indicated by the tables and Figure 4.54, at t = —1 the point is 
69 centimeters to the left of the origin and is moving to the right with a 
velocity of 63 cm/sec. The negative acceleration — 30 cm/sec? indicates 
that the velocity is decreasing at a rate of 30 cm/sec, each second. The 
point continues to move to the right, slowing down until it has zero veloc- 
ity at t = 2, 12 centimeters to the right of the origin. The point P then 
reverses direction and moves until, at t = 6, it is 20 centimeters to the left 
of the origin. It then again reverses direction and moves to the right for 
the remainder of the time interval, with increasing velocity. The direction 
of motion is indicated by the arrows on the curve in Figure 4.54. 


EXAMPLE 2 A projectile is fired straight upward with a velocity of 
400 ft/sec. From physics. its distance above the ground after г seconds is 
s(t) = — 16t? + 4001. 

(a) Find the time and the velocity at which the projectile hits the ground. 
(b) Find the maximum altitude achieved by the projectile. 


(c) Find the acceleration at any time t. 
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FIGURE 4.55 
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Definition (4.22) 





SOLUTION 
[a] Let us represent the path of the projectile on a vertical coordinate line 
l with origin at ground level and positive direction upward, as illustrated 
in Figure 4.55. The projectile is оп the ground when — 16r? + 400; = 0 
that is, when — l6r(t — 25) = 0. This gives us t = 0 and г = 25. Hence the 
projectile hits the ground after 25 seconds. The velocity at time ( is 
v(t) = s(t) = —32t + 400. 

In particular, at t — 25, we obtain the impact velocity: 

v(25) = — 32(25) + 400 = — 400 ft/sec 
The negative velocity indicates that the projectile is moving in the negative 
direction on / (downward) at the instant that it strikes the ground. Note 
that the speed at this time is 


|v(25)| = | — 400| = 400 ft/sec. 


15) The maximum altitude occurs when the velocity is 2его- that is, when 
s(t) = — 32t + 400 = 0. Solving for t gives us t = 400 = 34, and hence the 
maximum altitude is 


5(22) = — 16(22)? + 400(25) = 2500 ft. 
(с) The acceleration at any time ( is 
a(t) = v'(r) = —32 ft/sec’. 


This constant acceleration is caused by the force of gravity. 


The following type of motion involves trigonometric functions. 





| A point P moving on a coordinate line / is in simple harmonic motion 
if its distance s(t) from the origin at time t is given by either 


slt) = k cos (wt + b) or s(t) = k sin (cot + b), 


| where К, w, and аге constants, with w > 0. 





Simple harmonic motion may also be defined by requiring that the 
acceleration a(t) satisfy the condition 


a(t) = —w*s(t) 


for every t. It can be shown that this condition is equivalent to Defini- 
tion (4.22). 

In simple harmonic motion the point P oscillates between the points 
on Í with coordinates —K and k. The amplitude of the motion is the maxi- 
mum displacement | К | of the point from the origin. The period is the time 
2z/ required for one complete oscillation. The frequency сэ/2л is the 
number of oscillations per unit of time. 

Simple harmonic motion takes place in many different types of waves, 
such as water waves, sound waves, radio waves, light waves, and distor- 
tional waves present in vibrating bodies. Functions of the type defined in 
(4.22) also occur in the analysis of electrical circuits that contain an alter- 
nating electromotive force and current. 
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FIGURE 4.56 
1 





(6, 9) 


As another example of simple harmonic motion, consider a spring with 
an attached weight, which is oscillating vertically relative to a coordinate 
line, as illustrated in Figure 4.56. The number s(t) represents the coordi- 
nate of a fixed point P in the weight, and we assume that the amplitude 
к of the motion is constant. In this case, there is no frictional force re- 
tarding the motion. If friction is present, then the amplitude decreases 
with time, and the motion is damped. 


EXAMPLE 3 Suppose the weight shown in Figure 4.56 is oscillating 
and 


s(t) = 10 cos— t, 


ол 


where t is in seconds and s(f) is in centimeters. Discuss the motion of the 
weight. 


SOLUTION Comparing the given equation with s(t) = k cos (wt + b) 
in Definition (4.22). we obtain К = 10, о = 2/6, and b = 0. This gives us 
the following: 


amplitude: k = 10 cm 


: 2л 2 
period: = = 12 sec 
€ 7/6 
0) 1 [ху s 
frequency: = — oscillation/sec 
2л 12 


Let us examine the motion during the time interval [0, 12]. The усїос- 
ity and acceleration functions are given by the following: 


v(t) (1) = 10 in 2 са Es 
j = = —$ . = — 
8 6 6 3 sin < 


" 5n “т л 5r? п 
a(t) = v(t) = (em $): Bi 008721 

The velocity is 0 at t = 0, t = 6, and г = 12, since sin [(7/6)t] = 0 for 
these values of t. The acceleration is 0 at t = 3 and t = 9, since in these 
cases cos [(z/6)r] = 0. The times at which the velocity and acceleration are 
zero lead us to examine the time intervals (0, 3), (3. 6). (6. 9), and (9, 12). 
The following table displays the main characteristics of the motion. The 
signs of v(t) and a(f) in the intervals can be determined using test values 
(verify each entry). 


T T 


Time Sign of Direction | Sign of Variation | Speed 





interval 000) ofmotion | 40) ощ) 10001 
(0. 3) = downward — decreasing increasing 
(3, 6) - downward + increasing decreasing 

+ upward + increasing increasing 
(9.12) + upward — decreasing decreasing 
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Note that if 0 < г < 3, the velocity r(t) is negative and decreasing: that 
is, u(t) becomes more negative. Hence the absolute value | r(t) |. the speed, 
is increasing. If 3 <t < 6, the velocity is negative and increasing (v(t) 
becomes less negative): that is, the speed of P is decreasing in the time 
interval (3, 6). Similar remarks can be made for the intervals (6, 9) and 
(9, 12). 

We may summarize the motion of P as follows: At t = 0, s(0) = 10 and 
the point P is 10 centimeters above the origin О. It then moves downward, 
gaining speed until it reaches the origin O at t = 3. It then slows down until 
it reaches a point 10 centimeters below О at the end of 6 seconds. The direc- 
tion of motion is then reversed, and the weight moves upward, gaining 
speed until it reaches О at = 9, after which it slows down until it returns 
to its original position at the end of 12 seconds. The direction of motion 
is then reversed again, and the same pattern is repeated indefinitely. 





Calculus has become an important tool for solving problems that occur 
in economics. If a function / is used to describe some economic entity, the 
adjective marginal is employed to specify the derivative f’. 

If x is the number of units of a commodity, economists often use the 
functions C, c, К, and P, defined as follows: 


Cost function: C(x) = cost of producing x units 
C(x) 
х 


Average cost function: сх) = 


= average cost of producing one unit 
Revenue function: R(x) = revenue received for selling x units 
Profit function: P(x) = R(x) — C(x) = profit in selling x units 


To use the techniques of calculus, we regard x as a real number, even 
though this variable may take on only integer values. We always assume 
that x > 0, since the production of a negative number of units has no 
practical significance. 


EXAMPLE 4 A manufacturer of miniature tape decks has a monthly 
fixed cost of $10,000, a production cost of $12 per unit, and a selling price 
of $20 per unit. 


(a) Find C(x), c(x). R(x), and Р(х). 
(6) Find the function values in part (a) if x = 1000. 
(c) How many units must be manufactured in order to break even? 


SOLUTION 


(a) The production costs of manufacturing x units is 12x. Since there is 
also a fixed monthly cost of $10,000, the total monthly cost of manufac- 
turing x units is 


C(x) = 12x + 10.000. 
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The remaining functions are given by 
C(x) 10.000 
= 4 — 
Х X 


12 


с(х) = 


К(х) = 20х 
P(x) = R(x) — C(x) = 8x — 10,000. 
(b) Substituting x = 1000 in part (a) gives us the following values: 
С(1000) = 22,000 (сом of manufacturing 1000 units) 
с(1000) = 22 (average cost of manufacturing one unit) 
R(1000) = 20,000 (total revenue received for 1000 units) 
P(1000) 2 —2000 (profit in manufacturing 1000 units) 


Note that the manufacturer incurs a loss of $2000 per month if only 1000 
units are produced and sold. 
(c) The break-even point corresponds to zero profit—that is, when we 
have 8x — 10,000 = 0, This gives us 

8x = 10,000, or х= 1250. 


Thus, to break even it is necessary to produce and sell 1250 units per 
month. 





The derivatives C’, c', А’, and Р” are called the marginal cost function, 
the marginal average cost function, the marginal revenue function, and the 
marginal profit function, respectively. The number C'(x) is referred to as 
the marginal cost associated with the production of x units. If we interpret 
the derivative as a rate of change, then C'(x) is the rate at which the cost 
changes with respect to the number x of units produced. Similar state- 
ments сап be made for c'(x). Кх). and P'(x). 

If C is a cost function and n is a positive integer, then, by Defini- 
tion (3.5). 


C'(n) — lim Cin + h) - Cm 
н-0 h 
Hence, if h is small, then 


Cin + А) — Cin) 


Сїп) x h 


If the number n of units produced is large, economists often let h = 1 in 
the last formula to approximate the marginal cost, obtaining 

C'(n) x C(n + 1) — С\(п). 
In this context, the marginal cost associated with the production of n units 
is (approximately) the cost of producing one more unit. 


Some companies find that the cost C(x) of producing x units of a com- 
modity is given by a formula such as 


C(x) = a + bx + dx? + kx?. 


The constant а represents a fixed overhead charge for items like rent, 
heat, and light that are independent of the number of units produced. If 
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the cost of producing one unit were b dollars and no other factors were 
involved, then the second term bx in the formula would represent the cost 
of producing x units. If x becomes very large, then the terms dx? and 
kx? may significantly affect production costs. 


EXAMPLE 5 An electronics company estimates that the cost (in dol- 
lars) of producing x components used in electronic toys is given by 


C(x) = 200 + 0.05х + 0.000 1x7. 


(a) Find the cost, the average cost, and the marginal cost of producing 
500 units, 1000 units, and 5000 units. 

(b) Compare the marginal cost of producing 1000 units with the cost of 
producing the 1001st unit. 


SOLUTION 
(a) The average cost of producing x components is 
C(x) 200 
ex) = Ax = =~ + 005 + 0000015, 


The marginal cost is 
C'(x) = 0.05 + 0.0002x. 


You should verify the entries in the following table, where numbers in 
the last three columns represent dollars. 


Units Cost Average cost | Marginal cost 
x | Cx) . с(ї)- za C'(x) 
500 250.00 0.50 0.15 
1000 350.00 0.35 0.25 
5000 2950.00 0.59 1.05 


(b) Using the cost function yields 
С(1001) = 200 + 0.05(1001) + (0.0001)(1001)? = 350.25. 
Hence the cost of producing the 100151 unit is 
C(1001) — C(1000) = 350.25 — 350.00 = 0.25, 


which is approximately the same as the marginal cost С (1000). 


EXAMPLE 6 A furniture company estimates that the weekly 
cost (in dollars) of manufacturing x hand-finished reproductions of a 
colonial desk is given by C(x) = х? — 3x? — 80x + 500. Each desk pro- 
duced is sold for $2800. What weekly production rate will maximize the 
profit? What is the largest possible profit per week? 


SOLUTION Since the income obtained from selling x desks is 2800x, 
the revenue function R is given by R(x) = 2800x. The profit function P 
is the difference between the revenue function R and the cost function 
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C —that is, 
P(x) = Rix) — C(x) = 2800x — (x? — 3x? — 80x + 500), 
ог P(x) = — x? + 3x? + 2880x — 500. 
То find the maximum profit, we differentiate, obtaining 
Р(х) = —3x? + 6x + 2880 = —3(x? — 2x — 960). 
The critical numbers of P are found by solving 
x? — 2x —960=0, ог (х — 32)(x + 30) = 0, 


which yields x = 32 or x = — 30. Since the negative solution is extraneous, 
it suffices to check x = 32. 
The second derivative of the profit function P is 


Р") = —6x-- 6. 
Consequently, 
P"(32) = —6(32) + 6 = —186 < 0. 


Thus, by the second derivative test, a maximum profit occurs if 32 desks 
per week are manufactured and sold. The maximum weekly profit is 


Р(32) = —(32)° + 332) + 2880/32) — 500 = $61,964. 


A company must consider many factors in order to determine a selling 
price for each product. In addition to the cost of production and the profit 
desired, the company should be aware of the manner in which consumer 
demand will vary if the price increases. For some products there is a con- 
stant demand, and changes in price have little effect on sales. For items 
that are not necessities of life, a price increase will probably lead to a 
decrease in the number of units sold. Suppose a company knows from 
past experience that it can sell x units when the price per unit is given by 
p(x) for some function p. We sometimes say that p(x) is the price per unit 
when there is a demand for x units, and we refer to p as the demand 
function for the commodity. The total income, or revenue, is the number 
of units sold times the price per unit—that is, x * p(x). Thus, 


R(x) = хр(х). 


The derivative p' is called the marginal demand function. 

If S = p(x), then S is the selling price per unit associated with a de- 
mand of x units. Since a decrease in 5 would ordinarily be associated 
with an increase in x, a demand function p is usually decreasing; that is, 
р'(х) < 0 for every x. Demand functions are sometimes defined implicitly 
by an equation involving $ and x, as in the next example. 


EXAMPLE 7 The demand for x units of a product is related to a 
selling price of S dollars per unit by the equation 2x + S? — 12,000 = 0. 


(a) Find the demand function, the marginal demand function, the revenue 
function, and the marginal revenue function. 
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EXERCISES 4.7 


(b) Find the number of units and the price per unit that yield the maxi- 
mum revenue. 


(с) Find the maximum revenue. 


SOLUTION 

(a) Since S? = 12.000 — 2x and S is positive, we see that the demand func- 
tion p is given by 

S = р(х) =~ 12,000 — 2х. 

The domain of р consists of every х such that 12,000 — 2x > 0, or, equi- 
valently, 2x < 12.000. Thus, 0 € x < 6000. The graph of p is sketched in 
Figure 4.57. In theory, there are no sales if the selling price is , 12,000, 
or approximately $109.54, and when the selling price is close to $0 the 


demand is close to 6000. 
The marginal demand function p' is given by 





The negative sign indicates that a decrease in price is associated with an 
increase in demand. 
The revenue function R is given by 
R(x) = xp(x) = x4/12,000 — 2x. 

Differentiating and simplifying gives us the marginal revenue function R’: 

12,000 — 3x 
\/12,000 — 2x 
(b) A critical number for the revenue function R is x — 12,000/3 — 4000. 
Since R'(x) is positive if 0 € x « 4000 and negative if 4000 « x « 6000, 


the maximum revenue occurs when 4000 units are produced and sold. 
This corresponds to a selling price per unit of 


R'(x) = 





p(4000) = 4/12.000 — 2(4000) = $63.25. 


(c) The maximum revenue, obtained from selling 4000 units at $63.25 per 
unit, 18 


4000(63.25) — $253,000. 





Exer. 1-8: A point moving on a coordinate line has po- 
sition function s. Find the velocity and acceleration at 
time г, and describe the motion of the point during the 
indicated time interval. Illustrate the motion by means 5 s(t) = —2n + 1512 — 24t — 6; 
of a diagram of the type shown in Figure 4.54. 


т s(t) = 37 — 12r - 1: [0,5] 


231) -4-3-06  [-2.2] 


з S(t) = t? —9r4- 1; 
4 s(t) = 24+ 6t — £9; 


6 s(t) = 20 — 121? + 6; 
7 s(t) = 2t* — 617; [-2.2] 
8 


Ү-1:1| 


s(t) = 213 — 62°: 
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Exer. 9-10: An automobile rolls down an incline, trav- 
eling s(1) feet in ¢ seconds. (а) Find its velocity at t = 3. 
(5) After how many seconds will the velocity be k ft/sec? 


9 5(0) = 52 +2; k=28 
10 (0) = 3? + 7; К = 88 


Exer. 11-12: A projectile is fired directly upward with 
an initial velocity of v, ft/sec, and its height (in feet) 
above the ground after / seconds is given by s(t). Find 
(a) the velocity and acceleration after / seconds, [b] the 
maximum height, and |с) the duration of the flight. 

11 vg = 144; s(t) = 144: — 16? 

12 p, = 192; s(t) = 100 + 192: — 16? 

Exer. 13-16: A particle in simple harmonic motion has 


position function s, and ¢ is the time in seconds. Find 
the amplitude, period, and frequency. 


s Л 
13 эж 5 $ — 
(130 cos 2 t 


2-20 
15 s(t) = 6 sin- t 


14 s(t) 2 4 sin zt 


16 s(t) = 3cos 2t 


17 The electromotive force V and current / in an alternating- 
current circuit are given by 


V = 220 sin 360л! 


I = 20 sin (300 = z), 


Find the rates of change of V and / with respect to time 
att=1. 


18 The annual variation in temperature T (in °C) in Van- 
couver, B.C., may be approximated by the formula 


T= 148 sin E (t— 7 +10, 


where г is in months, with т = 0 corresponding to Jan- 
uary 1. Approximate the rate at which the temperature 
is changing at time t = 3 (April 1) and at time t = 10 
(November 1), At what time of the year is the tempera- 
ture changing most rapidly? 


19 The graph in the figure shows the rise and fall of the 
water level in Boston Harbor during a particular 24- 
hour period. 


[a] Approximate the water level y by means of an ex- 
pression of the form 
› = asin (bt + c) + d, 


with t = 0 corresponding to midnight. 


[b] Approximately how fast is the water level rising at 
12 noon? 
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EXERCISE 19 
y (height of water in feet) 





4 8 12 4 8 t 


АМ. Noon РМ. (hours) 


20 A tsunami is a tidal wave caused by an earthquake 
beneath the sea. These waves can be more than a hun- 
dred feet in height and can travel at great speeds. En- 
gineers sometimes represent tsunamis by an equation of 
the form y = a cos bt. Suppose that a wave has height 
h = 25 ft and period 30 minutes and is traveling at the 
rate of 180 ft/sec. 


[3] Let (x, у) be a point on the wave represented in the 
figure. Express y as a function of t if y = 25 ft when 
1-0. 

[b] How fast is the wave rising (or falling) when 
y — 10 ft? 


EXERCISE 20 





Sea wall 





Sea 
level 


21 A cork bobs up and down in a lake. The distance from 
the bottom of the lake to the center of the cork at time 
t > Ois given by s(t) = cos mt + 12, where s(t) is in inches 
and r is in seconds. (See figure on page 231.) 
(a) Find the velocity of the cork at r= 0, 4, 1, 3, and 2. 


15) During what time intervals is the cork rising? 


EXERCISES 4.7 


EXERCISE 21 





s(t) 


22 A particle in a vibrating spring is moving vertically such 
that its distance s(t) from a fixed point on the line of 
vibration is given by s(t) = 4 + у sin 10077, where s(t) 
is in centimeters and r is in seconds 


{ај How long does it take the particle to make one com- 
plete vibration? 


[b] Find the velocity of the particle at т = 1, 1.005, 1.01, 
and 1.015 
Ехег. 23-24: Show that s’’(1) = —w?s(1), 
23 s(t) = К cos (cot + b) 
24 s(t) =k sin (wt + b) 
25 A point P(x, y) is moving at a constant rate around the 
circle x? + y? =a?. Prove that the projection Q(x. 0) of 
P onto the x-axis is in simple harmonic motion 
26 Ifa point P moves on a coordinate line such that 
s(t) = а cos wt + h sin wt, 
show that P is in simple harmonic motion by 
{а} using the remark following Definition (4.22) 
[b] using only trigonometric methods (Hint: Show that 


s(t) = А cos (wt — c) for some constants A and c.) 


Exer. 27-28: A point moving on a coordinate line has 
position function s. (а) Graph y = s(t) for 0 € ż < S. (5) 
Approximate the point's position, velocity, and accel- 
eration at t = 0, 1, 2, 3, 4, and 5. 


10 sin ¢ 
27 s(t) = — 

15 + 1 
" 5 tan (1t) 
28 s(t) 

2t + 1 


Exer. 29-32: If C is the cost function for a particular 
product, find (а) the cost of producing 100 units and 
[d] the average and marginal cost functions and their 
values at x — 100. 


29 C(x) = 800 + 0.04x + 0.0002? 
30 C(x) = 6400 + 6.5x + 0.003 


31 C(x) = 250 + 100x + 0.001x? 
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100 


X 


32 C(x) = 200 + 0.01х + 


33 А manufacturer of small motors estimates that the cost 
(in dollars) of producing x motors per day is given by 
C(x) = 100 + 50x + (100/x). Compare the marginal cost 
of producing five motors with the cost of producing the 
sixth motor. 


34 A company conducts a pilot test for production of a 
new industrial solvent and finds that the cost of pro- 
ducing х liters of each pilot run is given by the formula 
C(x) = 3 + x + (10x). Compare the marginal cost of 
producing 10 liters with the cost of producing the 11th 
liter. 


Exer. 35-36: For the given demand and cost functions, 

find (а) the marginal demand function, (5) the revenue 

sunction, |<) the profit function, [d] the marginal profit 

function, [е) the maximum profit, and |f] the marginal 

cost when the demand is 10 units. 

35 р(х) = 50 — 0.1х; C(x) = 10 + 2x 

36 р(х) = 80 —/x—1; С(х) = 75x + 24x — 1 

37 A travel agency estimates that. in order to sell x 
package-deal vacations, it must charge a price per vaca- 
tion of 1800 — 2x dollars for 1 < x < 100. If the cost to 
the agency for x vacations is 1000 + x + 0.01 x? dollars. 
find 


[a] the revenue function 
(5) the profit function 
(5) the number of vacations that will maximize the profit 
(d) the maximum profit 
38 A manufacturer determines that x units of a product will 


be sold if the selling price is 400 — 0.05x dollars for each 
unit. If the production cost for x units is 500 + 10x, find 


[3] the revenue function 
(b) the profit function 
{с} the number of units that will maximize the profit 
197 the price per unit when the marginal revenue is 300 
39 A kitchen specialty company determines that the cost of 
manufacturing and packaging x pepper mills per day is 
500 + 0.02x + 0.001x^. If each mill is sold for $8.00, find 
[3] the rate of production that will maximize the profit 
[b] the maximum daily profit 
40 A company that conducts bus tours found that when 
the price was $9.00 per person, the average number of 
customers was 1000 per week. When the company re- 
duced the price to $7.00 per person, the average num- 
ber of customers increased to 1500 per week. Assuming 
that the demand function is linear, what price should 
be charged to obtain the greatest weekly revenue? 





232 CHAPTER 4 APPLICATIONS OF THE DERIVATIVE 








4.8 NEWTON'S METHOD 


In this section we show how derivatives can be used to approximate a 
real zero of a differentiable function /. To use the method, we begin by 
making a first approximation x, to the zero r. Since f(r) = 0. the number 
r is an x-intercept of the graph of f. and the approximation x, can some- 
times be made by referring to a rough sketch of the graph. If we consider 
the tangent line / to the graph of f at the point (x4. f(x,)) and if x, is 

FIGURE 4.58 sufficiently close to r, then, as illustrated in Figure 4.58, the x-intercept 

AY x, of | should be a better approximation to r. 
Since the slope of / is /'(x,). an equation of the tangent line is 


f(x1) 2 f (xix — x4). 
The x-intercept x, of / corresponds to the point (x+, 0) on /, so 
pt х; Ї | 
0 f(x) = f (X4)(x5 X1). 


If f'(x) #0, the preceding equation is equivalent to 








[ (x1) 





fixi) 


If we take x, as a second approximation to r, then the process may be re- 
peated by using the tangent line at (x5, f(x5)). If f'(x) #0, a third ap- 
proximation x, is given by 


The process is continued until the desired degree of accuracy is obtained. 
This technique of successive approximations of real zeros is referred to as 
Newton's method, which we state as follows 


Newton's method (4.23) A : : | 
Let / be a differentiable function, and suppose r is a real zero of 


f. If x, is an approximation to r, then the next approximation х, ; 
is given by 


п+ 1 Xn , 


provided /'(x,) 4 0. 


FIGURE 4.59 


1 Newtons method does not guarantee that x,,, is a better approxima- 
4 tion to r than x, for every n. In particular, we must be careful in choosing 
the first approximation x,. If x, is not sufficiently close to r, it is possible 
for the second approximation x, to be worse than x,, as illustrated in 
Figure 4.59. It is evident that we should not choose a number x, such 
that /'(x,) is close to 0, for then the tangent line / is almost horizontal. 


It can be shown that if x, сг and if f” is continuous near r and if 





v f'(r) z 0, then the approximations x5, хз... . approach r rapidly, with the 


РЕ ш number of decimal places of accuracy nearly doubling with each successive 
approximation. If f(x) has a factor (x — r) with k > 1 and if x, 3 r for each 





п. then the approximations approach r more slowly. because f'(r) = О. 


4.8 NEWTON'S METHOD 


FIGURE 4.60 


= 


She 








FIGURE 4.61 
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We shall use the following rule when applying Newton’s method: If an 
approximation to k decimal places is required, we shall approximate each of 
the numbers Xz, X4, .. . to k decimal places, continuing the process until two 
consecutive approximations are the same. This process is illustrated in the 
following examples. 


EXAMPLE 1 Use Newton's method to approximate 4/7 to five deci- 
mal places. 


SOLUTION The stated problem is equivalent to that of approximating 
the positive real zero r of f(x) = x? — 7. The graph of f is sketched in 
Figure 4.60. Since /(2) = —3 and /(3) = 2, it follows from the continuity 
of f that 2 < г < 3. Moreover, since f is increasing, there can be only one 
zero in the open interval (2, 3). 

If x, is any approximation to r, then, by (4.23), the next approxima- 
tion x,., is given by 








x fx) wt ES xi -1 
^п+1 х, ['(х„) кы. 2x, ч 


Let us choose x, = 2.5 as a first approximation. Using the formula for 
X,+, With n = 1 gives us 


—- (2.5)? –7 _ 
х = 2.5 208) ^ 2.65000. 
Again using the formula (with n — 2), we obtain the next approximation, 
(2.65000)? — 7 
22: -= aR i 
Хз 65000 2(2.65000) 2.64575 


Repeating the procedure (with л = 3) yields 


(2.64575)? — 7 


D EE дар 


z 2.64575. 

Since two consecutive values of x, are the same (to the desired degree of 
accuracy), we have 4/7 = 2.64575. It can be shown that, to nine decimal 
places, 4/7 ж 2.645751311. 





EXAMPLE 2 Find the largest positive real root of x? —3x + 1 = 0 
to four decimal places. 


SOLUTION — If we let f(x) = x? — 3x + 1, then the problem is equivalent 
to finding the largest positive real zero of f. The graph of f is sketched in 
Figure 4.61. Note that f has three real zeros. We wish to find the zero that 
lies between 1 and 2. Since f'(x) = 3x? — 3, the formula for x,,, in 
Newton's method is 


x? — 3x, +1 
3x2 – 3 


Xn+1 = XQ — 
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FIGURE 4.62 








EXERCISES 4.8 


CHAPTER 4 APPLICATIONS OF THE DERIVATIVE 


Referring to the graph, we take x, = 1.5 as a first approximation and pro- 
ceed as follows: 


(1.5)? — 3(1.5) + 1 
3(1.5)? — 3 


(1.5333? — 3(1.5333) + 1 


22 (1.5321)? — 3(1.5321) +1 _ 
xq = 1.5321 ГҮСЭН adi 


yas x 1.5333 





Thus, the desired approximation is 1.5321. The remaining two real roots 
can be approximated in similar fashion (see Exercise 17). 





EXAMPLE 3 Approximate the real root of x — cos x = 0 to three 
decimal places. 


SOLUTION We wish to find a value of x such that cos x = x. This 
coincides with the x-coordinate of the point of intersection of the graphs 
of y = cos x and y = x. It appears, from Figure 4.62, that x, = 0.8 is a 
reasonable first approximation. (Note that the figure also indicates that 
there is only one real root of the given equation.) 

If we let f(x) = x — cos x, then f'(x)= 1 + sin x and the formula in 
Newton’s method is 


X, — COS X, 


X17 X4— ——., 
es ЕГ ЕУ 


Following the usual procedure, we obtain 





0.8 — cos 0.8 
0.740 — cos 0.740 
0.739 — cos 0.739 
3s. 7:0: ——————— ж 0.739. 
ВИЕ Т7 Р 


Hence 0.739 is the desired approximation. 





(с| Use Newton’s method for Exercises 1—24. 4 x*— 5х2 + 2х — 5 = 0; [2,3] 


5x*-x-9x-3-20; [-2,-1] 


Exer. 1-2: Approximate to four decimal places. 


1 42 2 45 


Exer. 3-6: Approximate, to four decimal places, the 


6 sin x + x cos x = cos x; [0,1] 


Exer. 7-8: Approximate the largest zero of f(x) to four 
decimal places. 


root of the equation that lies in the interval. 7 f(x) = х^ — 11x? — 44x — 24 


3x*4-28—-589 4120; [1,2] 


в f(x) = x? — 36x — 84 
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Exer. 9-12: Approximate the real root to two decimal EXERCISE 27 
places. 


9 The root of x? + 5x 3 = 0 

то The largest root of 2x? — 4x? — 3x + 1 = 0 
11 The positive root of 2x — 3 sin x = 0 

12 The root of cos x + x = 2 


Exer. 13-20: Approximate all real roots of the equation 
to two decimal places. 





13 x* = 125 14 103? – 1 =0 

15 x* - x -220 16 х? — 2x7+4=0 

17 х – 3х 4120 18 х? + 2x? – 8х – 3 = 0 
19 2х-5-88х-0 20 x? —cos 2х = 0 


f(x) lóx^ 24x + 12x 1 


Ехег. 21-24: Approximate, to two decimal places, the 
x-coordinates of the points of intersection of the graphs 


ai Мара 28 If f(x) = x!?, show that Newton’s method fails for any 


first approximation x, #0. 


21 у= x5 у= үх + 3 

н 4 [c] Exer. 29-30: The functions f and у have a zero at x = 1. 
у=  petr-s (а) Let x, = 1.1 in (4.23) and find x,, x,, and x, for each 
23 у=соз3х; y29- х? function. (pj Why are the approximations for the zero 


of g more accurate than those for the zero of f? 


29 f(x) = (x — 1G? — 3x + 7); 
g(x) = (x — 1)(x? — 3x + 7) 


24 y ^sin2x; y=6x—6 
25 Approximations to x may be obtained by applying 


Newton's method to f(x) — sin x and letting x, — 3. ч , 
(а| Find the first five approximations to л. зо f(x) = (x — U vx +7; g(x) = (x — рух +7 


[b] What happens to the approximations if x, = 6? [c] Exer. 31-32: If it is difficult to calculate f'(x), the for- 


26 A dramatic example of the phenomenon of resonance mula in (4.23) may be replaced by 





occurs when a singer adjusts the pitch of her voice to fx) 
shatter a wine glass. Functions given by f(x) = ax cos bx Xati = XQ — тэ 
occur in the mathematical analysis of such vibrations. 

Shown in the figure is a graph of f(x) = x cos 2x. Use where m LIO -Sn х f'(x). 
Newton’s method to approximate, to three decimal XQ — Xn-1 


places, the critical number of f that lies between 1 and 2. Two initial values, x, and x,, are required to use this 


EXERCISE 26 y method (called the secant method). Use the secant 
method to approximate, to three decimal places, the 
zero of f that is in [0, 1]. 


31 f(x) = tan? (cos? x — x + 0.25) — 0.5х; 
хі = 0.5, х, = 0.55 


1 г- 
32 f(x) = — -5үх: хүэ04, х,-05 
cos? x — x 


[c] Exer. 33-34: Graph f and g on the same coordinate 
axes. (а) Estimate, to one decimal place, the x- 
coordinate x, of the point of intersection of the graphs. 
{b) Use Newton's method (4.23) to approximate the x- 
coordinate in (a) to two decimal places. 





WIS гсн к m 
27 The graph of a function f is shown. Explain why New- зз fo)m- ix +х—1; glx) = sin" x 


ton’s method fails to approximate the zero of f if 34 f()2 x- xà) +x l; 
X05. g(x) = =x? — l1xX?—x — 1.9 
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4.9 REVIEW EXERCISES 


Ехег, 1-2: Find the extrema of f on the given interval. 
1 f(x) = —x? + 6x—8: [1,6] 
2 f(x) = 3x3 + х2; (—1, 0] 
Exer. 3-4: Find the critical numbers of /. 
3 f(x) = (x + 2)%(3х — 1)* 
4 fix) = /х — 1 (x — 2)? 
Ехег. 5—8: Use the first derivative test to find the local 


extrema of f. Find the intervals on which f is increasing 
or is decreasing, and sketch the graph of f. 


5 f(x) = –4х° + 9x? + 12x 


1 
үй Цаа тэ 


7 /(х)=(4— х)х!/® 
в fix) = yx? —9 


Exer. 9-12: Use the second derivative test (whenever 
applicable) to find the local extrema of /. Find the їп- 
tervals on which the graph of / is concave upward or is 
concave downward, and find the x-coordinates of the 
points of inflection. Sketch the graph of f. 


9 f(x) = 4/8 — x? 


то f(x) = —x? + 4x? — 3x 


"SET EET 


12 f(x) = 40x? — x* 


13 If f(x) = 2sin x — cos 2x, find the local extrema, and 
sketch the graph of f for 0 € x < 2л. 


14 If f(x) = 2 sin x — cos 2x, find equations of the tangent 
and normal lines to the graph of f at the point (л/6, 1/2). 


Exer. 15-16: Sketch the graph of a continuous function 
f that satisfies all of the stated conditions. 


15 f(0) 22; f(—2) = f(2) = 0; /'(—2) = f'(0) = f'(2) = 0; 
f(x) 201-2 <х < 0; f(x) <0 if x< —2 or x > 0; 
f(x) >O0ifx<—-lorl<x<2; 
f'(x)«0if -1«x«lorx»2 


16 f(0)—4; f(—3) = f(3) = 0; f/'( —3) = 0; / (0) is undefined; 
Г) > Oif —3<x <0; f'(x) < 0 if x< —3 or x > 0; 
f'x»Oifx«Oor0«x«2; f(x) «0ifx^2 


Exer. 17-22: Find the extrema and sketch the graph 
of f. 


2 2 


a? x 
17 Јо) = 5:3 —35 18 fo) ту 





2 c E 
19 f(x) DM 20 f(x) = = 
21 f(x) = 2 „ч =_= 
х? + 2х – 8 4х-4 
23 If f(x) = x? +x? + x + 1, find a number c that satisfies 


24 


25 


26 


27 


28 


29 


the conclusion of the mean value theorem on the interval 
[0, 4]. 


The posted speed limit on a 125-mile toll highway is 
65 mi/hr. When an automobile enters the toll road, the 
driver is issued a ticket on which is printed the exact 
time. If the driver completes the trip in 1 hour 40 minutes 
or less, a speeding citation is issued when the toll is paid. 
Use the mean value theorem to explain why this citation 
is justified. 


A man wishes to put a fence around a rectangular field 
and then subdivide this field into three smaller rectan- 
gular plots by placing two fences parallel to one of the 
sides. If he can afford only 1000 yards of fencing, what 
dimensions will give him the maximum area? 


An open rectangular storage shelter 4 feet deep, consis- 
ting of two vertical sides and a flat roof, is to be attached 
to an existing structure, as illustrated in the figure. The 
flat roof is made of tin and costs $5 per ft^. The two sides 
are made of plywood costing $2 per ft?. If $400 is avail- 
able for construction, what dimensions will maximize 
the volume of the shelter? 


EXERCISE 26 





4 ft 


А V-shaped water gutter is to be constructed from two 
rectangular sheets of metal 10 inches wide. Find the 
angle between the sheets that will maximize the carrying 
capacity of the gutter. 


Find the altitude of the right circular cylinder of maxi- 
mum curved surface area that can be inscribed in a 
sphere of radius a. 


The interior of a half-mile race track consists of a rect- 
angle with semicircles at two opposite ends. Find the 
dimensions that will maximize the area of the rectangle. 
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30 


31 


32 


33 


35 


A cable television firm presently serves 5000 households 
and charges $20 per month. A marketing survey indi- 
cates that each decrease of $1 in monthly charge will 
result in 500 new customers. Find the monthly charge 
that will result in maximum monthly revenue. 


A wire 5 feet long is to be cut into two pieces. One piece 
is to be bent into the shape of a circle and the other into 
the shape of a square. Where should the wire be cut so 
that the sum of the areas of the circle and square is 


(a) a maximum 
[b] a minimum 


In biochemistry, the general threshold-response curve is 
given by К = KS"/(S" + а"), where R is the chemical re- 
sponse that corresponds to a concentration $ of a sub- 
stance for positive constants К, n, and a. An example is 
the rate R at which the liver removes alcohol from the 
bloodstream when the concentration of alcohol is S. 
Show that R is an increasing function of $ and that 
R = К 15 а horizontal asymptote for the curve. 


The position function of a point moving on a coordinate 
line is given by s(t) = (t? + 3t + 1)/(t? + 1). Find the 
velocity and acceleration at time t, and describe the 
motion of the point during the time interval [ —2, 2]. 


The position of a moving point on a coordinate line is 
given by 


s(t) = a sin (kt + m) + b cos (kt + m) 


for constants a, b, К, and m. Prove that the magnitude of 
the acceleration is directly proportional to the distance 
from the origin. 


А manufacturer of microwave ovens determines that the 
cost of producing x units is given by 


C(x) = 4000 + 100x + 0.05x? + 0.0002x°. 


Compare the marginal cost of producing 100 ovens with 
the cost of producing the 10141 oven. 


36 


37 
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The cost function for producing a microprocessor com- 
ponent is given by C(x) = 1000 + 2x + 0.005x?. If 2000 
units are produced, find the cost, the average cost, the 
marginal cost, and the marginal average cost. 


An electronics company estimates that the cost of pro- 
ducing x calculators рег day is C(x)=500+6x+0.02x?. 
If each calculator is sold for $18, find 


{ај the revenue function 

[b] the profit function 

[c] the daily production that will maximize the profit 
14) the maximum daily profit 

A small office building is to contain 500 ft? of floor space. 
Simplified floor plans are shown in the figure. If the walls 


cost $100 per running foot and if the wall space above 
the doors is disregarded, 


(а) show that the cost C(x) of the walls is 
C(x) = 100[3x — 6 + (1000/x)] 
15) find the vertical and oblique asymptotes, and sketch 
the graph of C(x) for x > 0 


(с) find the design that minimizes the cost 
EXERCISE 38 


Use Newton's method to approximate the root of the 
equation sin x — x cos х = 0 between л and 3z/2 to 
three decimal places. 


Use Newton's method to approximate 1/5 to three deci- 
mal places. 





CHAPTER 


INTEGRALS 


INTRODUCTION 


The two most important tools in calculus are the 
derivative, considered in previous chapters, and the 
definite integral, defined in Section 5.4. The derivative 
was motivated by the problems of finding the slope 
of a tangent line and defining velocity. The definite 
integral arises naturally when we consider the prob- 
lem of finding the area of a region in the xy-plane. 
However, this is merely one application. As we shall 
see in later chapters, the uses for definite integrals are 
as abundant and varied as those for derivatives. 

The principal result in this chapter is the funda- 
mental theorem of calculus, proved in Section 5.6. This 
outstanding theorem enables us to find exact values 
of definite integrals by using an antiderivative or indef- 
inite integral. Each of these concepts is defined in Sec- 
tion 5.1; the procedure may be regarded as a reverse 
procedure to finding the derivative of a function. Thus, 
in addition to providing an important evaluation 
process, the fundamental theorem shows that there is 
a relationship between derivatives and integrals—a 
key result in calculus. 

The chapter closes with a discussion of methods 
of numerical integration, used for approximating def- 
inite integrals that cannot be evaluated by means of 
the fundamental theorem. These methods are readily 
programmable for use with calculators and computers 
and are employed in a wide variety of applied fields. 
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ANTIDERIVATIVES AND INDEFINITE INTEGRALS 


Definition (5.1) 


FIGURE 5.1 





ILLUSTRATION 


Theorem (5.2) 


In our previous work we solved problems of the following type: Given 
a function f , find the derivative f'. We shall now consider a related problem: 
Given a function f , find a function F such that F' = f. In the next definition 
we give F a special name. 





| A function Р is ап antiderivative of f on an interval I if F'(x) = f(x) 
| for every x in I. 





We shall also call F(x) an antiderivative of f(x). The process of finding 
F, or F(x), is called antidifferentiation. 
To illustrate, Р(х) = x? is an antiderivative of f(x) = 2x, because 


F'(x) = D, (x?) = 2x = f(x). 


There are many other antiderivatives of 2x, such as x? + 2, x? — $, and 


x? + 4/3. In general, if C is any constant, then x? + C is an antiderivative 
of 2x, because 


D, (x? + C) = 2х + 0 = 2x. 


Thus, there is a family of antiderivatives of 2x of the form F(x) = x? + C, 
where С is any constant. Graphs of several members of this family are 
sketched in Figure 5.1. 

The next illustration contains other examples of antiderivatives, where 
C is a constant. 


ТО) ANTIDERIVATIVES ОР f(x) 
ни y? p), 4х7-48, іх +C 
ша 8x3 253, 2585-4477, 2x* -C 
NH cos X sinx, ѕіпх+ $, 8пх-0 


As in the preceding illustration, if F(x) is an antiderivative of f(x), 
then so is F(x) + C for any constant C. The next theorem states that every 
antiderivative is of this form. 








Let F be an antiderivative of f on an interval J. If G is any anti- 
derivative of f on I, then 


G(x) = F(x) + € 


for some constant C and every x in 1. 





PROOF 
by 


If F and G are antiderivatives of f, let H be the function defined 


Н(х) = G(x) — F(x) 
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Definition (5.3) 





for every x in Z. We will show that H is a constant function on /: that is, 
G(x) — F(x) = С for some С, or, equivalently, G(x) = F(x) + C. 

Let a and h be any numbers in / such that a < b. To show that H is 
constant on 1, it suffices to prove that H(a) = H(b). Since F and G are 
antiderivatives of f. 


H'(x) = G'(x) — F(x) = f(x) — fix) = 


for every x in Z. Since H(x) is differentiable, H is continuous, by Theorem 
(3.11). Applying the mean value theorem (4.12) to H on the interval [a, b]. 
there exists a number c in (a. Б) such that 


Н(Б) — 
Не) = 0) Ша). 
b—a 


Since c is in J, H'(c) = 0. and thus 
H(b) —H(a) = 0. or Н(а) = H(b). 


which is what we wished to prove. шш 


We refer to the constant C in Theorem (5.2) as an arbitrary constant. 
If F(x) is an antiderivative of f(x), then all antiderivatives of f(x) can be 
obtained from F(x) + C by letting C range through the set of real numbers. 
We shall employ the following notation for a family of antiderivatives of 
this type. 


The notation 
| fix) dx = Fix) + С, 


where F'(x) = f(x) and C is an arbitrary constant, denotes the family 
of all antiderivatives of f(x) on an interval /. 


The symbol | used in Definition (5.3) is an integral sign. We call 
[ f(x) dx the indefinite integral of f(x). The expression. f(x) is the integrand, 
and C is the constant of integration. The process of finding F(x) + C, when 
given | f(x) dx, is referred to as indefinite integration, evaluating the inte- 
gral, or integrating f(x). The adjective indefinite is used because Ї 1 (х) dx 
represents a family of antiderivatives, not any specific function. Later in 
the chapter. when we discuss definite integrals, we shall give reasons for 
using the integral sign and the differential dx that appears to the right of 
the integrand f(x). At present we shall not interpret f(x) dx as the product 
of f(x) and the differential dx. We shall regard dx merely as a symbol 
that specifies the independent variable x, which we refer to as the variable 
of integration. If we use a different variable of integration, such as г, we 
write 


fro dt = F(t) + C, 


where F'(t) = f(t). 
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ILLUSTRATION 





Brief table of indefinite 
integrals (5.4) 


ILLUSTRATION 


че Té dx = іх? + C because D, (1х5) = х“. 
- jo --173-0 because D,(—1t^?)- 1:7 *. 


- feos udu = sinu-- C because D, sin и = cos u. 


Note that, in general, 
([D. fb] dx = fix) + С 


because f'(x) = D, f(x). This allows us to use any derivative formula to 
obtain a corresponding formula for an indefinite integral, as illustrated 
in the next table. As shown in Formula (1). it is customary to abbreviate 








J 1 dx by f dx. pd ү} хәл, w 
- : d 
DERIVATIVE INDEFINITE INTEGRAL 
DIF) [ D. LfG9] dx = f(x) + С 
р, (х) = 1 (1) fi dx = fax ext 
х"? 1 ) х" 1 
| =x (r#-1 X dx = (4 
AT x (г &# ) (2) f dx тсе 1) 


D, (sin x) = cos х 


(3) [sos xdx —sinx4- C 


D,(—cos x) = sin x (4) [sin xdx = —cosx +С 


D, (tan x) = sec? x (5) [se xdx = іапх+ C 


D, (—cot x) = csc? x —cot x + C 


(6) foe xdx- 


D, (sec х) = sec x tan x (7) [sec x tan x dx = ѕесх + C 


D,(—csc х) = csc x cot x (8) Їес xcotx dx = —csex + C 


_ — | 


Formula (2) is called the power rule for indefinite integration. As in the 
following illustration, it is often necessary to rewrite an integrand before 
applying the power rule or one of the trigonometric formulas. 


5 8-1 1 
= |? v dx= |x" dx = =X + C 
8-1 9 
341 1 
m (ux [da -——À— 4t 
J хэ? i -341 АХ 
2/3 +1 
y“ 3 
= ух dx = [x dx => = x73 + ¢ 
|$ d 3-1 5 
tan x sin x : й 
-/[ dx = feos x dx = (sin x dx = —cosx + С 
sec x COS X J 





5.1 


ANTIDERIVATIVES AND INDEFINITE INTEGRALS 243 


Theorem (5.5) 


Theorem (5.6) 





It is a good idea to check indefinite integrations (such as those in the 
preceding illustration) by differentiating the final expression to see if either 
the integrand or an equivalent form of the integrand is obtained. 

The next theorem indicates that differentiation and indefinite integra- 
tion are inverse processes, because each, in a sense, undoes the other. In 
statement (i) it is assumed that / is differentiable, and in (ii) that / has an 
antiderivative on some interval. 


m Гр, о] dx = foo) + С 


(ii) D, | [лу a| = f(x) 


PROOF We have already proved (i). To prove (ii), let F be an anti- 
derivative of f and write 


D, | Ї fix) a| = р, [F(x) + С] = F'(x) + 0 = f(x). шш 


EXAMPLE 1 Verify Theorem (5.5) for the special case f(x) = х2. 


SOLUTION 
(i) If we first differentiate x^ and then integrate, 


Їр, (x?) dx - [x dx = x? 4 б. 
(ii) If we first integrate x^ and then differentiate, 


A x А 
р, | x лу! Ж (5 + c) zs. 





The next theorem is useful for evaluating many types of indefinite in- 
tegrals. In the statements we assume that f(x) and g(x) have antiderivatives 
on an interval 1. 


(i) [оо dx=c [о dx for any constant с 
fii) [ло + g(x)] dx = [ле ах + Їнэ 4х 
(iii) ft (x) — g(x)] dx = fr (x) dx — fato dx 





PROOF We shall prove (ii). The proofs of (i) and (iii) are similar. If F 
and G are antiderivatives of f and g, respectively, 


D, [F(x) + G(x)] = F'(x) + G(x) = fix) + gl). 
Hence, by Definition (5.3), 


[tio + g(x)] dx = F(x) + G(x) + C, 
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where C is an arbitrary constant. Similarly, 
frw dx + [s dx = F(x) + C, + G(x) + С, 


for arbitrary constants C, and C,. These give us the same family of anti- 
derivatives, since for any special case we can choose values of the constants 
such that C = C, + C,. This proves (ii). шш 


EXAMPLE 2 Evaluate fee + 2 cos x) dx. 


SOLUTION We first use (ii) and (i) of Theorem (5.6) and then formulas 
from (5.4): 


foe + 2 соѕ x) dx = fsx’ dx + f? cos x dx 
5 IE dx +2 [сов х dx 


/ 4 
3 " 2 + Asin х + С) 


3x* + 5C, + 2sin x + 2C, 
2х* + 2sinx 4 C 


where С = 5C, + 2С,. 


In Example 2 we added the two constants 5С, and 2C, to obtain one 
arbitrary constant C. We can always manipulate arbitrary constants in 
this way, so it is not necessary to introduce a constant for each indefinite 
integration as we did in Example 2. Instead, if an integrand is a sum, we 
integrate each term of the sum without introducing constants and then add 
one arbitrary constant C after the last integration. We also often bypass 
the step | с/(х) dx = c { f(x) dx. as in the next example. 


EXAMPLE 3 Evaluate Ї (s: — 6t + п). 


SOLUTION First we find an antiderivative for each of the three terms 
in the integrand and then add an arbitrary constant C. We rewrite \/t 
as 1^? and 17 as (^? and then use the power rule for integration: 


/ = | | 
f (se — 6t +з) = [ar — 60? + 173) dt 


Il 
һә 
< 

+ 
| 
4 
= 
t2 
| 
v 
+ 
Су 


EXAMPLE 4 Evaluate | ^—; B de 


X 
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SOLUTION First we change the form of the integrand, because the 
degree of the numerator is greater than or equal to the degree of the de- 
nominator. We then find an antiderivative for each term, adding an arbi- 
trary constant C after the last integration: 


JE, [ERA 


2.-.2-x-^)dk 


ll 
-- 
* 


x 1 
EVI MES. : 
ах, 2x + ж +C 
a, ee 
3 » 
1 
EXAMPLE 5 Evaluate | — du 


cos исо u 


SOLUTION We use trigonometric identities to change the integrand 
and then apply formula (7) from Table (5.4): 





1 
Ї du = | sec u tan u du 
cos и сої и « 


=secu+C 


An applied problem may be stated in terms of a differential 
equation — that is. an equation that involves derivatives or differentials of 
an unknown function. A function / is a solution of a differential equation 
if it satisfies the equation that is. if substitution of f for the unknown 
function produces a true statement. To solve a differential equation means 
to find all solutions. Sometimes, in addition to the differential equation, 
we may know certain values of f or f’. called initial conditions. 

Indefinite integrals are useful for solving certain differential equations. 
because if we are given a derivative / (х) we can integrate and use Theorem 
(5.5)) to obtain an equation involving the unknown function f: 


[лоза = rta С 
If we are also given an initial condition for f, it may be possible to find 
f(x) explicitly, as in the next example. 
EXAMPLE 6 Solve the differential equation 
fix) = 6x? + х—5 
subject to the initial condition /(0) — 2. 


SOLUTION Ме proceed as follows: 
f(x) 26x?--x—5 


ee, 
~h 
$ 
Ф 
5 
i 


| (6x? + х — 5) ах 


f(x) = 2x3 + 4x? — 5x + C 
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for some number C. (It is unnecessary to add a constant of integration to 
each side of the equation.) Letting x = 0 and using the given initial con- 
dition f(0) = 2 gives us 


/0)=0+0—0-+С, or 2=С. 


Hence the solution / of the differential equation with the initial condition 
/(0) = 2 is 


f(x) = 2x3 + ix? — 5x + 2. 


The given equation can also be stated in terms of the differentials of 
у = f(x) by writing 


ly . 
2 = 6хХ?+х—5, or dy =(6x? + x — 5) dx. 


In this case we integrate as follows: 
fay = [x + х— 5)dx 


у= 2x? + іх? – 5х + С 





The constant С may be found by letting x = 0 and using у = /(0) = 2. 





If we are given a second derivative f"(x), then we must employ two 
successive indefinite integrals to find f(x). First we use Theorem (5.5)(1) 
as follows: 


[ro dx= Їр, /'(х)] dx = f'(x) + С 


After finding f'(x). we proceed as in Example 6. 


EXAMPLE 7 Solve the differential equation 
f'"(xX) = 5cos x + 2sinx 


subject to the initial conditions /(0) = 3 and f'(0) = 4. 


SOLUTION We proceed as follows: 
f"(x) = 5cos x + 2sin x 
frw dx = fo cos X + 2 sin x) dx 
f(x) = 5sinx —2cosx+C 
Letting x = 0 and using the initial condition /'(0) = 4 gives us 
F'O) = 5sin0—2cos0+C 
4=0—2.1+С, or C=6. 
Hence 


f'(x) = 5 sin x — 2 cos x + 6. 
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We integrate а second time: 
fre dx = fis sin x — 2 cos x + 6) dx 
f(x) = —5 cos x — 2 sin x + 6x + D 
Letting x = 0 and using the initial condition /(0) = 3, we find that 
ГО) = —ScosQ0—2sin0+6:04+D 
3=-5-0+0+0D, or D=8. 


Therefore, the solution of the differential equation with the given initial 
conditions is 


f(x) = —Scos x —2sinx + 6x + 8. 





Suppose a point P is moving on a coordinate line with an acceleration 
alt) at time t, and the corresponding velocity is 111). By Definition (4.21). 
a(t) = v(t) and hence 


faw dt = few dt = v(t) + C 


for some constant С. 

Similarly, if we know v(t), then since v(t) = s(t), where s is the position 
function of Р, we can find a formula that involves s(t) by indefinite 
integration: 


Їнд dt = [sto dt = stt) + D 


for some constant D. In the next example we shall use this technique to 
find the position function for an object that is moving under the influence 
of gravity. Understanding the problem requires knowledge of a fact from 
physics: An object on or near the surface of the earth is acted upon by a 
force — gravit y—that produces a constant acceleration, denoted by g. The 
FIGLIRE 52 арргойшапов to у that is employed for most problems is 32 ft/sec?. or 

980 cm/sec*. 


А! 


EXAMPLE 8 A stone is thrown vertically upward from a position 
144 feet above the ground with an initial velocity of 96 ft/sec. Disregarding 
air resistance, find 


(a) the stone's distance above the ground after г seconds 
15) the length of time that the stone rises 


eiusd 50) (c) when and with what velocity the stone strikes the ground 
144 ft SOLUTION The motion of the stone may be represented by a point 
(att = 0) moving on a vertical coordinate line | with origin at ground level and 


positive direction upward (see Figure 5.2). 








(a) The stone's distance above the ground at time t is s(t), and the initial 
conditions are s(0) = 144 and r(0) = 96. Since the velocity is decreasing. 
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Г) < 0; that is, the acceleration is negative. Hence, by the remarks pre- 
ceding this example: 


a(t) = v'(t) = — 32 
few dt = f-32 4! 
o(t) = —32t + C 


for some number C. Substituting 0 for г and using the fact that r(0) = 96 
gives us 96 = 0 + C = C and, consequently, 


u(t) = —32t + 96. 
Since s'(t) = v(t), we obtain | 


s'(t) = —32 + 96 
fso dt = Ї — 32t + 96) dt 


s(t) = — 16t? + 96t + D 


for some number D. Letting t — 0 and using the fact that s(0) — 144 leads 
to 144 — 0 +0 + D. or D = 144. It follows that the distance from the 
ground to the stone at time t is given by 


s(t) = — 161? + 96t + 144, 
15) The stone will rise until v(r) = 0— that is, until 
—32t--96—0, or t3. 
(c) The stone will strike the ground when s(t) = 0 —that is, when 
— 1617 + 96 + 144 = 0. 
An equivalent equation is 12 — 6: — 9 = 0. Applying the quadratic for- 
mula, we obtain г = 3 + 342. The solution 3 — 34/2 is extraneous, since 
t is nonnegative. Hence the stone strikes the ground after 3 + 34/2 sec. 
The velocity at that time is 
v(3 + 34/2) = — 32(3 + 34/2) +96 
= —09642 = — 135.8 ft/sec. 


In economic applications, if a marginal function is known (see page 
226), then we can use indefinite integration to find the function. as illus- 
trated in the next example. 


EXAMPLE 9 A manufacturer finds that the marginal cost (in dollars) 
associated with the production of x units of a photocopier component is 
given by 30 — 0.02x. If the cost of producing one unit is S35. find the cost 
function and the cost of producing 100 units. 


SOLUTION ШС is the cost function, then the marginal cost is the rate 
of change of C with respect to x — that is. 


C'(x) = 30 — 0.02x. 
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Hence 


and 


[| C'(x) dx = Ї (30 — 0.02х) dx 


C(x) = 30x — O01 + К 


for some K. Letting x = 1 and using С(1) = 35. we obtain 


Consequently, 


35= 30—001 + К, ог К = 5.01. 


C(x) = 30x — 0.01х° + 5.01. 


In particular, the cost of producing 100 units is 


C(100) = 3000 — 100 + 5.01 = $2905.01. 





Exer. 1-42: Evaluate. 
1 Ї (4х + 3 dx 


3 for —4t + 3) dt 
5 Ї (5 - ie 

10 TL 
э [00% +6 


11 fax — 1) dx 


3 [хох + 3) dx 








— dx, 





ЯГ "e —9x—2 


gr" + 3? y 


5 
21 fi cos u du 


23 m хан dx 


25 [бл + cos t) dt 





104 4. 3p7*) de 


2 [ех — 8x + 1) dx 


4 fer — p 43r 7) dt 


6 [(®-5+-)® 
8 [сле — łu °? + 5) du 
10 [ee - v?3) de 

= [(х- 


14 [ох — 5)(3х + 1)4х 


у dx 





2x7 —x+3 
16 | 4х 


vx 


x#2 


~ [EY t+ 2)? 
| : 


~ 


22 | —} sin u du 





1 
аз J 4 sec x fx 


26 [ivr -sin t) di 





m t | 
= 4 28 Ї a dt 
яг 


Өс r cot v sec г) de 


30 [a + 4 tan? t) de 





sec w sin w esc w cos w 
dw 3 ( ——— dw 
cos w E sin w 
(1 + eot? 2) cot z tan т 
3E 4— dz Ї 4: 
562 cos 2 


35 fr, Vx? + 4 dx 36 fo: д —8 dx 


— 


«ma 4- 
38 | (s tan x) dx 
dx 


40 D, [е Ух? + 9) dx 


4 [x 
[cos үх! + 1 dx 
dx s 


1 = 
37 1] 2 (sin <x) dx 
39 р, [xt vx — 4) dx 
а ifara 42 
dx | a 


Ехег, 43-48: Evaluate the integral if a and b are 
constants. 


43 Їе dx 45 fia + b) dt 


„үа 
46 | (5 | dt 


Exer. 49-56: Solve the differential equation subject to 
the given conditions. 


44 fab dx 


47 [ta + b) du 48 fto — a°) du 


49 f(x) = 12х*—6х+1: Л) = 5 

50 f(x) 9х*+х—8; =) 21 

51 d qun y=21ifx=4 
dx 
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dy _ 55-13: у= 70ifx = 27 
dx | 
53 /"(х) = 4—1: /(2)--2: /()-3 
54 f"(x)=6x—4; fQ)-5 (0)-4 
4? , 
55 = =3sinx—4cosx; y=7and у =2ifx=0 
43, 


jg? = 2608х-5ы х: y=2+6nandy =3ifx=zx 
dx? 


Exer. 57-58: If a point is moving on a coordinate line 
with the given acceleration а(/) and initial conditions, 
find s(r). 


57 a(t) = 2 — 6t; 
58 a(t) = 312; 


v(0) = —5; 
(0) = 20: 


(0) = 4 

5(0) = 5 

59 A projectile is fired vertically upward from ground level 
with a velocity of 1600 ft/sec. Disregarding air resistance, 
find 
(а) its distance s(t) above ground at time 1 
[b] its maximum height 

60 An object is dropped from a height of 1000 feet. Disre- 
garding air resistance, find 
(a) the distance it falls in | seconds 
[b] its velocity at the end of 3 seconds 
(<) when it strikes the ground 

61 A stone is thrown directly downward from a height of 
96 feet with an initial velocity of 16 ft/sec. Find 
(а) its distance above the ground after t seconds 
[b] when it strikes the ground 
[c] the velocity at which it strikes the ground 

52 A gravitational constant for objects near the surface of 
the moon is 5.3 ft/sec?. 


[a] If an astronaut on the moon throws a stone directly 
upward with an initial velocity of 60 ft/sec, find its 
maximum altitude. 


63 


67 


69 








Ib) If, after returning to Earth, the astronaut throws the 
same stone directly upward with the same initial ve- 
locity, find the maximum altitude. 


If a projectile is fired vertically upward from a height 
of sọ feet above the ground with a velocity of v, ft/sec. 
prove that if air resistance is disregarded, its distance sir) 
above the ground after г seconds is given by s(n) = 
—Syt + vot + So, where g is à gravitational constant. 


A ball rolls down an inclined plane with an acceleration 

of 2 ft/sec?. 

(а) If the Бай is given no initial velocity, how far will it 
roll in t seconds? 


15) What initial velocity must be given for the ball to roll 
100 feet in 5 seconds? 


If an automobile starts from rest. what constant ассс!- 
eration will enable it to travel 500 feet in 10 seconds”? 


If a car is traveling at a speed of 60 mi/hr. what constant 
(negative) acceleration will enable it to stop in 9 seconds? 


A small country has natural gas reserves of 100 billion 
ft*. If A(t) denotes the total amount of natural gas con- 
sumed after г years, then dA dt is the rate of consumption. 
If the rate of consumption is predicted to be 5 + 0.01Ir 
billion ft? /уеаг, in approximately how many vears will 
the country's natural gas reserves be depleted? 


Refer to Exercise 67. Based on L.S. Department of En- 
ergy statistics, the rate of consumption of gasoline in the 
United States (in billions of gallons per year) is approxi- 
mated by dA/dt = 2.74 — 0.111 — 0.0117, with г = 0 cor- 
responding to the year 1980. Estimate the number of 
gallons of gasoline consumed in the United States be- 
tween 1980 and 1984. 


A sportswear manufacturer determines that the marginal 
cost in dollars of producing х warm-up suits is given by 
20 — 0.01 5x. If the cost of producing one suit is $25, find 
the cost function and the cost of producing 50 suits. 

If the marginal cost function of a product is given by 
2/x'* and if the cost of producing 8 units is $20. find 
the cost function and the cost of producing 64 units. 


5.2 CHANGE OF VARIABLES IN INDEFINITE INTEGRALS 


The formulas for indefinite integrals in Table (5.4) are limited in scope, 
because we cannot use them directly to evaluate integrals such as 


[ /5x +7dx or feos 4x dx. 


In this section we shall develop a simple but powerful method for changing 
the variable of integration so that these integrals (and many others) can 
be evaluated by using the formulas in Table (5.4). 
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Method of substitution (5.7) 





To justify this method, we shall apply formula (i) of Theorem (5.5) to 
a composite function. We intend to consider several functions f. g, and 
F, so it will simplify our work if we state the formula in terms of a function 
h as follows: 


Їр, h(x)] dx = h(x) + € 


Suppose that F is an antiderivative of a function f and that g is a 
differentiable function such that g(x) is in the domain of F for every x 
in some interval. If we let h denote the composite function F - g, then 
h(x) = F(g(x)) and hence 


Їр, F(g(x))] dx = Figix)) + C. 


Applying the chain rule (3.33) to the integrand D, F(g(x)) and using the 
fact that F' = f, we obtain 


D, F(g(x)) = Ех) х) = flx) ig’). 
Substitution in the preceding indefinite integral gives us 
(+) J flavors) dx = Рио) + С. 
We can employ the following device to help remember this formula: 
Let и = (х) and 4и = д(х) dx. 


Note that once we have introduced the variable u = g(x), the differential 
du of u is determined by using (ii) of Definition (3.28). If we formally sub- 
stitute into the last integration formula, we obtain 


frw йи = F(u) + С. 


This has the same form as the integral in Definition (5.3); however, и rep- 
resents a function, not an independent variable x, as before. This indicates 
that g'(x) dx in (ж) may be regarded as the product of g'(x) and dx. Since 
the variable x has been replaced by a new variable и. finding indefinite 
integrals in this way is referred to as a change of variable, or as the method 
of substitution. We may summarize our discussion as follows, where we 
assume that f and у have the properties described previously. 


If F is an antiderivative ef f, then 
Їл ах = F(g(x)) + С. | 
If u = g(x) and du = g'(x) dx, then 
frw du = F(u) + C. 





After making the substitution u = g(x) as indicated in (5.7), it may be 
necessary to insert a constant factor k into the integrand in order to arrive 
at the proper form | f(u) du. We must then also multiply by 1/k to main- 
tain equality, as illustrated in the following examples. 
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EXAMPLE 1 Evaluate [,/5х + 7 dx. 


` 


SOLUTION We let u = 5x + 7 and calculate du: 
u=5x+7, 4:-454х 


Since du contains the factor 5, the integral is not in the proper form 
ї flu) du required by (5.7). However, we can introduce the factor 5 into 
the integrand, provided we also multiply by 1. Doing this and using (1) 
of Theorem (5.6) gives us 


ЇР 5х + 7 4х = f. 5x + 7(1)5 dx 
={ » 5x + 75@х. 
We now substitute and use the power rule for integration: 
f 5x+7dx=} ! udu 
i fe > du 


I 


3 
y? 
=4—-+C€ 
= 5012 c 
= (5x + 7)%? + с 


In the future. after inserting a factor k into an integrand, as in Exam- 
ple 1. we shall simply multiply the integral by LK. skipping the interme- 
diate steps of first writing (1/k)k and then bringing 1/k outside —that is, 
to the left of —the integral sign. 


EXAMPLE 2 Evaluate Ї cos 4x dx. 


SOLUTION We make the substitution 
и = 4х. іи = 4 1х. 


Since du contains the factor 4. we adjust the integrand by multiplying by 
4 and compensate by multiplying the integral by 1 before substituting: 


cos 4х dx =} ficos 4x)4 dx 


. 


1 | сох udu 
J 


=4sinu+C 
=tsin4dx+C 





It is not always easy to decide what substitution и = (х) is needed to 
transform an indefinite integral into a form that can be readily evaluated. 
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Guidelines for changing variables 
in indefinite integrals (5.8) 





It may be necessary to try several different possibilities before finding a 
suitable substitution. In most cases no substitution will simplify the inte- 
grand properly. The following guidelines may be helpful. 


т Decide on a reasonable substitution u = g(x). 
Calculate du = g'(x) dx. 

3 Using 1 and 2, try to transform the integral into a form that 
involves only the variable u. If necessary, introduce a constant 
factor k into the integrand and compensate by multiplying the 
integral by 1/k. If any part of the resulting integrand contains 
the variable x, use a different substitution in 1. 

4 Evaluate the integral obtained in 3, obtaining an antiderivative 
involving u. 

5 Replace и in the antiderivative obtained in guideline 4 by g(x). 
The final result should contain only the variable x. 


The following examples illustrate the use of the guidelines. 


EXAMPLE 3 Evaluate fax + 1)7x? dx. 


SOLUTION Ifan integrand involves an expression raised to a power. 
such as (2x* + 1)", we often substitute u for the expression. Thus, we let 


u=2x3+1, du = бх? dx. 
Comparing du = 6x? dx with x? dx in the integral suggests that we intro- 


duce the factor 6 into the integrand. Doing this and compensating by 
multiplying the integral by 7. we obtain the following: 


[ех + 1)’x? 4х =} [xe + 16x? dx 


1 fu du 
J 


`, 


1 fae | 
= (ж) + 


= AQ) + 1) + С 


A substitution in an indefinite integral сап sometimes Бе made in sev- 
eral diflerent ways. To illustrate, another method for evaluating the inte- 
gral in Example 3 is to consider 


u-2x--1, du-6x?dx, bdu=x? dx. 


We then substitute 1 du for x? dx. 


fee + yx dx = furs du=} fw du, 


and integrate as before. 
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EXAMPLE 4 Evaluate [xà 7 — 6x? dx. 


SOLUTION | Note that the integrand contains the term x dx. If the factor 
x were missing or if x were raised to a higher power, the problem would 
be more complicated. For integrands that involve a radical, we often sub- 
stitute for the expression under the radical sign. Thus, we let 


и= 7— К 6х?, du= —12x dx. 


Next we introduce the actor — 12 into the integrand, compensate by mul- 
tiplying the integral by — 15, and proceed as follows: 


fx y1 — 6x? dx = — 8 [v1- 6х2(— 12)х dx 
– 5 [а= —15 | ul’? du 


1 fat Е l ad 
DET с-а, ue 


= —Бе qc 


We could also have written 
u=7— 6x? du=—12xdx, — у йи = хіх 
and substituted directly for х dx. Thus, 
fa 7 —6x?xdx = К -15) du = —4. ЕС йи. 


The remainder of the solution would proceed exactly as before. 








x? =1 
EXAMPLE 5 Evaluate Їнэ S [ipm 
SOLUTION Let 
и=х?—3х +1, du = (3х? — 3) dx = 3(x? — 1) dx 


and proceed as follows: 








xx 2_ 1) 
[з D + 165 ix =з [ас 3Х-4- 1) ds 


=f- pins fo ° du 


ражат" © 


EXAMPLE 6 Evaluate = dx. 


vV х 


EXERCISES 5.2 
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EXERCISES 5.2 


SOLUTION We wish to use the formula | cos и du = sin u + C, so let 
us make the substitution 


1 
и= үх =x"? du2-x 2 dx =—— dx. 


If we introduce the factor 3 into the integrand and compensate by multi- 
plying the integral by 2, we obtain 


EXAMPLE 7 


cos yx rfl 1 ) 
——— dx 22 [x| =z" = |d: 
Ї Te x ов, (s 2 x 


=2 foosudu=2sinu+C 


=2sin yx + C. 





Evaluate feos? 5x sin 5x dx. 


SOLUTION The form of the integrand suggests that we use the power 
rule f и? du = ju* + C. Thus, we let 


и = cos 5x, du = —Ssin 5x dx. 


The form of du indicates that we should introduce the factor — 5 into the 
integrand, multiply the integral by —4, and then integrate as follows: 


[so 5x sin 5x dx = —1 [соз 5х(—5 sin 5x) dx 


Exer. 1-8: Evaluate the integral using the given substi- 
tution, and express the answer in terms of x. 


1 [sov + 3)! dy: 


x 


2 Ї Gasp dx; 


3 [x V3e8 + 7 ах: 


5x 





4 Ї == dx: 


С\З 
5 f= т Чэн dx; 


NX 

РЕ 
PF гуту a 
4 (59—410 


1х; 


и = 2x? + 3 
и = х? + 5 
и= 3х +7 
и= х – 3 
и= 1+ ух 
и = 5х — 4 


-4 Ге йи 


1 fut 
Ae 


— 3, cos* 5x + C 





7 [ vx cos x? dx; uz x? 
8 fran x sec? хіх; u=tanx 


Exer. 9-48: Evaluate the integral. 








9 [V3x—2dx 10 [32x85 ах 
— 1 
11:14851-54 12 —— dt 
h ! 4 = 5 

13 fa + 0 dz 14 [ог — 3): dz 
СУ? 48-14 ү 16 foo - e dv 
17 -= dx 18 [э —x*)*x* dx 





ES 


sin 4x 
34 Ї 235525 i 
со 
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2 + 1)? ds 3 — sy sds “(ух +3)? ЙҮ ТЭД 
"m fen a zo fi — 55 | = dx 56 (ii 5 dx 
= 5 4 Y х” 
(Nx + 3f à I\ | ЫЫ / 
га [ax 22 {|1+ (Jax hi NR ET, кийе Ве 
Vx J x ue 57 ^ charged particle is moving on a coordinate line in a 
magnetic field such that its velocity (in cm/sec) at time т 
t—2 i LI is given by v(t) = 5 sin (3r — 1л), Show that the motion 
23/| — — —— dt 24 dt N venu Aem Vt — IR). | 
(t^ —4r + 3)? | (4 — 3r — 2py* is simple harmonic (see page 223). 
25 [з sin 4x dx 26 [4 cos dx dx 58 The acceleration of a particle that is moving on a co- 
5 ordinate line is given by a(r) = k cos (wt + ф) for con- 
27 [sos (Ax — 3) dx 28 | sin (1 + 6x) dx stants А. œ. and ф and time t (in seconds). Show that 
“ the motion is simple harmonic (see page 223). 
. 2 / соз + г . . . 
29) fe sin (7) dr 30 | = de 59 A reservoir supplies water to a community. In summer 
"OA the demand A for water (in дау) changes according 
: -  sin2x to the formula d4 dr = 4000 + 2000 sin (4,л1) for time 
31 [sos Зх уіп 3x dx 32 | = ux г (in days), with ¢ = 0 corresponding to the beginning of 


“ v1— cos 2x 


33 [in х + соз NX) dx. (Hint: sin 20 = 2 sin () cos 0) 


(Hint: sin 20 = 2 sin 0 cos 0) 





8 2x 
35 | яа Х(1 + cos xy? dx 36 | ча? x cos х dx 
/ * 
sin x : е 
37 ү з dx зв | sin 2x sec? 2x dx 
cos* x ! 
cost " = : 
39 fet 40 [о + 5 cost)" sin r dr 
(l — sin t) J 
. ~ ese 2x 
41 [se (3x — 4) dx 42 | Ed 
~ sin 2x 
43 2 3x tan 3x d mf 1 
sec^ 3x tan 3x dx — х 
! ‘ J tan 4x sin 4x | 
1 > х 
—3; Ix 46 555. dx 
е ! sin 5x‘ J cos“ (x^) я 
Я . бх! х 
47 fx cot (x^) ese (x7) dx 48 [sec 1 ) їап 3 dx 


Exer. 49—52: Solve the differential equation subject to 
the given conditions. 


49 f(x) = 43x 2: (2) =9 
ly — | 
50 2 = ху + 5: у= 121 = 2 
dx 
«51 f(x) = 16 cos 2x—3sinx: (0) = —2: (10) =4 
52 f'(X) = 4sin2x + 16 cos 4x: (0) = 6; f) = 1 


Exer. 53-56: Evaluate the integral by (a) the method of 
substitution and (р) expanding the integrand. In what 
way do the constants of integration differ? 


53 fo + 4) dx 54 f(x? + 4024 


summer. Estimate the total water consumption during 
90 days of summer 


60 The pumping action of the heart consists of the systolic 
phase. in which blood rushes from the left ventricle into 
the aorta, and the diastolic phase, during which the 
heart muscle relaxes. The graph shown in the figure is 
sometimes used to model one complete cycle of the pro- 
cess. For a particular individual, the systolic phase lasts 
4 second and has a maximum flow rate dV/dt of 8 L min. 
where V is the volume of blood in the heart at time r. 


[a] Show that dV/dt = 8 sin (24071) L/min. 

[b] Estimate the total amount of blood pumped into the 
aorta during a systolic phase. 

EXERCISE 60 


АР іп) 
di Iter/min 





ау 


= asin br 
di 1 51 






1 (seconds) 





Systolic Diastolic Systolic 
phase phase — phase 


61 The rhythmic process of breathing consists of alternating 
periods of inhaling and exhaling. For an adult. one com- 
plete cycle normally takes place every 5 seconds. If V. 
denotes the volume of air in the lungs at time t. then 
dV/dt is the flow rate. 
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(ај If the maximum flow rate is 0.6 L sec. find a formula population after 5 years is estimated to be 3000 rabbits. 
dV/dt = a sin bt that fits the given information. find a formula for N at time гапа estimate the maximum 


(5) Use part (a) to estimate the amount of air inhaled 


during one cycle. 


population. 


63 Show. by evaluating in three different ways, that 


62 Many animal populations fluctuate over [0-year cycles. [зп xcos x dx = 3 sin? x + С 


Suppose that the rate of growth of a rabbit population 
is given by dN/dt = 1000 cos (1z1) rabbits уг, where N 
denotes the number in the population at time / (in years) 


—icosx- D 
= —1с052х4 E. 


and г = 0 corresponds to the beginning of a cycle. If the How can all three answers be correct? 


5.3 SUMMATION NOTATION AND AREA 


Summation notation (5.9) 


In this section we shall lay the foundation for the definition of the definite 
integral. At the outset, it is virtually impossible to see any connection be- 
tween definite integrals and indefinite integrals. In Section 5.6, however, 
we show that there is a very close relationship: Indefinite integrals can be 
used to evaluate definite integrals. 

In our development of the definite integral we shall employ sums of 
many numbers. To express such sums compactly, it is convenient to use 
summation notation. Given a collection of numbers (0ү. a2... .. а„}. the 
symbol V7. , a, represents their sum as follows. 


ZA 


" 
У а=а,+а;›+а,++а, 


к=| 


The Greek capital letter X (sigma) indicates a sum, and a, represents 
the kth term of the sum. The letter k is the index of summation, or the 
summation variable. and assumes successive integer values. The integers 1 
and п indicate the extreme values of the summation variable. 


4 
EXAMPLE 1 Evaluate У КК — 3). 
k=l 


SOLUTION Comparing the sum with (5.9). we see that a, = K*(k — 3) 
and n = 4. To find the sum, we substitute 1. 2. 3, and 4 for k and add the 
resulting terms. Thus, 


4 
Y kk — 3) = (1 — 3) + 22 — 3) + 353 — 3) + 474 — 3) 
к= 1 


I 


(—2) + (—4) + 0 + 16 = 10. 








Letters other than К can be used for the summation variable. To 
illustrate, 


- 2 
Y Wk – 3) = 
k=l 


ime 


4 
00 3) = Y 1} — 3) = 10. 
j=1 
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If a, = c for every k, then 


Me 
a 
x 
11 
% 
+ 
5 
N 


? 
=с+с= 2с = Hy c 
к=1 


> 


IMa [] 


- 


3 
a =a, +а +аз=с+с+с= 3 = Y c. 
1 За 


- 


In general, the following result is true for every positive integer n. 


Theorem (5.10) 


n 
2 ¢= a 
k=1 


The domain of the summation variable does not have to begin at 1. For 
example, 


8 
Y а = ag + ds + dg - d; + dg. 


3 
EXAMPLE 2 Evatuate У v. —. 
k 


SOLUTION 
3 2k 2° 2! 2? 93 














If л is any positive integer and {a,,a2,...,a,} and (b,, b. ..., bp} 
are sets of real numbers, then 


Theorem (5.11) 


(i) Y (a, —b)2 Y a,— у b, 
k=1 k=1 рэн 


k=1 











PROOF To prove (i), we begin with 


(а, + b,) = (a, + bi) T (a, + bh) + (az + 54) Sheet (а, + b,). 


Тэн 


Rearranging terms on the right we obtain 


У (a, + by) = (ay +a, + às +++ a) + (b, + by + b + +) 
к=1 
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For (ii), 
п 
x (cay) = ca, + са, + са+ + ca, 
к= 


n 
—c(d, +a; +a; 9 +а,) = ( Y a). 


k=1 


/ 


To prove (iii), write a, — b, = a, + (— 1)b, and use (i) and (ii). шш 


The formulas in the following theorem will be useful later in this sec- 
tion. They may be proved by mathematical induction (see Appendix I). 








Theorem (5.12) m Е 


| ti) TERE Mant pe л. 
| к=1 5 
| 





ш ўер МУ ee 


С 2 
Mil Pe er eae baad 


$ 





100 20 
EXAMPLE З Evaluate Y kand У К?. 
k kr 


eA - 
SOLUTION Using (i) and (ii) of Theorem (5.12). we obtain 


эн - _ 1000101) 
P, Km pede + 100 = 2 


= 5050 
and 


30 20(2 
у к= 22 40+ 20 = PEDD L 2870, 








EXAMPLE 4 Express Y (k^ — 4k + 3) in terms of n. 
k=1 


SOLUTION Ме use Theorems (5.11), (5.12), and (5.10): 


Y G-4432YP-4AYkeY3 
к=1 к= к= 


k=1 


ә 
| | _ nn + = +1) 4 =e 1) sila 





3 2413 
= іи? — Зи? + in 





The definition of the definite integral (to be given in Section 5.4) is 
closely related to the areas of certain regions in a coordinate plane. We 
can easily calculate the area if the region is bounded by lines. For example. 
the area of a rectangle is the product of its length and width. The area 
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of a triangle is one-half the product of an altitude and the corresponding 
base. The area of any polygon can be found by subdividing it into triangles. 

In order to find areas of regions whose boundaries involve graphs of 
functions, however. we utilize a limiting process and then use methods of 
calculus. In particular, let us consider a region R in a coordinate plane, 
bounded by the vertical lines x = a and x = b. by the x-axis, and by the 
graph of a function / that is continuous and nonnegative on the closed 
interval [a,b]. A region of this type is illustrated in Figure 5.3. Since 
f(x) 2 0 for every x in [a,b], no part of the graph lies below the x-axis. 
For convenience, we shall refer to R as the region under the graph of f from 
a to b. We wish to define the arca A of R, 


FIGURE 53 Region under the graph of f FIGURE 54 An inscribed rectangular polygon 


y 





To arrive at a satisfactory definition of 4, we shall consider many rect- 
angles of equal width such that cach rectangle lies completely under the 
graph of f and intersects the graph in at least one point, as illustrated in 
Figure 5.4. The boundary of the region formed by the totality of these 
rectangles is called an inseribed rectangular polygon. We shall use the fol- 
lowing notation: 


Ap = area of an inscribed rectangular polygon 
If the width of the rectangles in Figure 5.4 is small, then it appears that 
Ay x A. 


This suggests that we let the width of the rectangles approach zero and 
define A as a limiting value of the areas 4, of the corresponding inscribed 
rectangular polygons. The notation discussed next will allow us to carry 
out this procedure rigorously, 

If nis any positive integer, divide the interval [a, h] into n subintervals, 
all having the same length Ax = (b — a)/n. We can do this by choosing 


numbers xo; Xis 53954539 Ху, With a = Хо, b = x,, and 
b—a 
Xk — Хр р = = Ах 
п 
fori П.Д sis п, as indicated in Figure 5.5. Note that 


Xo d, HH РАХ, Хїэат2АХ, XH ae Дх, 


X, atk Ax, ..., Xp=a+nAx = b. 
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FIGURE 5.5 





The function f is continuous on each subinterval | хү ,. x,]. and 
hence. by the extreme value theorem (4.3). / takes on a minimum value at 
some number u, in [x,— ,.x,]. For each k, let us construct a rectangle of 
width Ax = x, — x, , and height equal to the minimum distance /(u,) 
from the x-axis to the graph of f (see Figure 5.5). The area of the kth 
rectangle is /(u,) Ax. The area Ap of the resulting inscribed rectangular 
polygon is the sum of the areas of the i rectangles: that is, 


Ap = f(u,) Ax + f(u5) Ах +++ flun) Ax. 


Using summation notation, we may write 


n 


Ap = Y. f(u,) Ax. 
k=1 


where /(u,) is the minimum value of f on [х.х]. 

If п is very large, or. equivalently, if Ax is very small, then the sum 
Ay of the rectangular areas should approximate the area of the region К. 
Intuitively we know that if there exists a number 4 such that У” =1 f(t) Ах 
gets closer to A ах Ax gets closer to 0 (but Ax 3 0), we can сай A the area 
of R and write 


п 
А = lim Ap — lim У /щ) Ax. 
Ax> 0 Ах-0 4-1 
The meaning of this limit of sums is not the same as that of the limit of a 
function, introduced in Chapter 2. To eliminate the word closer and arrive 
at a satisfactory definition of A, let us take a slightly different point of view. 
If A denotes the area of the region R. then the difference 


n 


A Ў; f(t) Ax 
к=1 


is the area of the portion in Figure 5.5 that lies under the graph of f and 
over the inscribed rectangular polygon. This number may be regarded as 
the error in using the area of the inscribed rectangular polygon to approxi- 
mate 4. We should be able to make this error as small as desired by 
choosing the width Ax of the rectangles sufficiently small. This is the mo- 
tivation for the following definition of the area A of R. The notation is the 
same as that used in the preceding discussion, 
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Definition (5.13) 


Let f be continuous and nonnegative on [a,b]. Let A be a real 
number, and let /(и,) be the minimum value of f on [x,_,, x,]. The 
notation 





A- lim Y f(u)Ax 
Ax—0 k=1 


means that for every є > 0 there is a 6 > 0 such that if 0 < Ax « 6, 
then 


А- ў f(u,) Ax < є. 
к= 1 








If A is the indicated limit and we let є = 107°, then Definition (5.13) 
states that by using rectangles of sufficiently small width Ax, we can make 
the difference between A and the area of the inscribed polygon less than 
onc-billionth of a square unit. Similarly, if e = 10~'?, we can make this 
difference less than one-trillionth of a square unit. In general, the difference 
can be made less than any preassigned є. 

If f is continuous on [a, b], it is shown in more advanced texts that a 
number А satisfying Definition (5.13) actually exists. We shall call A the 
area under the graph of f from a to b. 

The area А may also be obtained by means of circumscribed rectan- 
gular polygons of the type illustrated in Figure 5.6. In this case we select 
the number v, in each interval [x,..,, ху] such that f(v,) is the maximum 
value of f on | хүү, x,]. 


FIGURE 5.6 A circumscribed rectangular polygon 





Let 
Acp = area of a circumscribed rectangular polygon. 


Using summation notation, we have 
n 
Ace = Y, Јо) Ax, 
k=1 
where f(v,) is the maximum value of f on | хүү, x,]. Note that 


Y flu) Ax <A < У f(v,) Ax. 
k=1 k=1 





5.3 SUMMATION NOTATION AND AREA 








263 





FIGURE 5.7 
y 


l6 


FIGURE 5.8 
1 


16 





















The limit of Ac, as Ax = 0 is defined as in (5.13). The only change is that 
we use 


s До) Ax — A < e, 


since we want this difference to be nonnegative. It can be proved that the 
same number 4 is obtained using either inscribed or circumscribed 
rectangles. 


Let f(x) = 16 — x?, and let R be thé region under the 
rom 0 to 3. Approximate the area А of R using 


tal an inscribed rectangular polygon with Ax =} 
(Ы) а circumscribed rectangular polygon with Ax = 4 


SOLUTION 

(a) The graph of f and the inscribed rectangular polygon with Ax = 3 are 
sketched in Figure 5.7 (with different scales on the x- and y-axes). Note 
that f is decreasing on (0, 3]. and hence the minimum value f(u,) on the 
kth subinterval occurs at the right-hand endpoint of the subinterval. Since 
there are six rectangles to consider. the formula for Ajp is 


6 
А\ь = > flu) Ах 
к=1 


= f()-44+ (ЮУ f-44+ 2-44 18-44 /(3)-% 
= 6:1 15-44 3-44 12-44 0°447+4 


(b) The graph of f and the circumscribed rectangular polygon are 
sketched in Figure 5.8. Since / is decreasing on [0, 3], the maximum value 
fiep) occurs at the left-hand endpoint of the kth subinterval. Hence 


6 
Acp = X fita) Ax 
к=1 
-0(0):1-4-10):1-10):14-10):14:/02):3-4-/03)-3 
= de 1 9-14 15-24 55.54 12-44 32-1 


It follows that 36.625 < A < 41.125. In the next example we prove that 
A = 39. 


EXAMPLE 6 If f(x) = 16 — x’, find the area of the region under the 
graph of f from 0 to 3. 


SOLUTION The region was considered in Example 5 and is resketched 
in Figure 5.9, on the following page. If the interval [0, 3] is divided into 
n equal subintervals, then the length Ax of each subinterval is 3/n. Em- 
ploying the notation used in Figure 5.5, with a = 0 and 5 = 3, we have 


m=O хүзэДх, х= Ах ue) y ДХ: ws х= Ад ==3 





aam 
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Since Ax = 3/п, 
3 ЗК 


x=kAx = к = 
л п 


Since f is decreasing оп [0,3], the number и, in [x, ,. х, | at which f 
takes on its minimum value is always the right-hand endpoint x, of the 
subinterval; that is, и, = x, = 3k/n. Thus. 


А (3 3k\2 9k? 
Ли) = f| — |= 16 -|—) 216——-, 
п n. п? 


` 
M 


and the summation in Definition (5.13) is 


n n Г I 3 
Y flu) Ax = У (16 - Lud ) | 
k=1 k=1 n" n 


| 
A 





Il 
29) 
"pas 
— 
a 
| 
© 
> 
i 
М 


where the last equality follows from (ii) of Theorem (5.11). (Note that 3/n 
does not contain the summation variable k.) We next use Theorems (5.11). 
(5.10), and (5.12) to obtain 


п 3 n 9 n 5 
f(uj) Ax = Y e k^ 
1 ёс E 





к= п -1 n" кең 
Р 3 |^ k 9 п(п + к” 
п п? 6 
_4 20 Ba + ) 
2 nm 


To find the area of the region, we let Ax approach 0. Since Ax = 3/n, 
we can accomplish this by letting i increase without bound. Although our 
discussion of limits involving infinity in Section 2.4 was concerned with a 
real variable x. a similar discussion can be given if the variable is an in- 
teger n. Assuming that this is true and that we can replace Ax — 0 by 
n — x, we obtain 


E E 2 
Э n? 


lim Y. f(u,) Ax = lim |a 


Ах-0К-1 nota 


= 48 —3.2- 39. 


9 (n + 12n + "| 


Thus, the area of the region is 39 square units. 


The area in the preceding example may also be found by using circum- 
scribed rectangular polygons. In this case we select, in each subinterval 
| Хүү. X]. the number r, = (k — 1)(3/n) at which f takes on its maximum 
value. 

The next example illustrates the use of circumscribed rectangles in 
finding an area. 


EXAMPLE 7 If f(x) = x°. find the area under the graph of f from 0 
to b for any b > 0. 
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SOLUTION = Subdividing the interval [0, b] into n equal parts (see 
Figure 5.10), we obtain a circumscribed rectangular polygon such that 
Ax = b/n and x, = k Ax. 


FIGURE 5.10 





Since f is an increasing function, the maximum value /(r,) in the inter- 
val | хүү. хү | occurs at the right-hand endpoint; that is, 


b bk 
пье kare Е ач 


The sum of the areas of the circumscribed rectangles is 


й. 2. п bk 3 b n b? Р 
Soa EIC а 
bt a b* [n(n + 1)? 

яаг” el m | 5 | 


FIGURE 5.11 _b* mn + dy 

4 n* 
where we have used Theorem (5.12)(iii). If we let Ах approach 0, then n 
increases without bound and the expression involving n approaches 1. It 
follows that the area under the graph is 


У 


п 4 


lim у, flv, Ах = T 


Ax>0 k= 


EXAMPLE 8 If f(x) = x^, find the area A of the region under the 
graph of f from 4 to 2. 








SOLUTION The region is sketched in Figure 5.11. 


Гүл чиа = ————————н^_ ———— —  — еее е eee 
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If we let A, = area under the graph of f from 0 to 4 
and A, = area under the graph of f from 0 to 2, 


the area А сап be found by subtracting A, from А,: 
А= А, – А, 


In Example 7 we found that the area under the graph of у = х? from 0 
to b is 195, Hence, using b = + for A, and b = 2 for A, yields 

















2: (pt 1 
А =— ——— = 4 — — x 3.98. 
4 4 64 
EXERCISES 5.3 
Exer. 1-8: Evaluate the sum. \' | > Ехег. 19—22: Let A Бе the area under the graph of the 
Р бл 4 given function f from a to b. Approximate A by dividing 
uM 2, (1-1) 2 Y (7-1) |а, b] into subintervals of equal length Ax and using 
= ж. (a) Ap and [b] Acp 
5 4 2 
3 Y kk — 1) 4 Уу (к — 2i(k — 3) (2-1-3--, = —2, b=% Ax-1 
к-0 к-0 
10 4 1 20 /(х) = х + 2; a=-l, b=4: Ax= ] 
— TY 6 |у" 
А 3, Ese p P» 1) () Дх) ==; ae 1, ВБэ-3) Ах=1 
©! ue А 2 (22) fix) 24 - х, а-0, b=2; Ax=} 
i=1 AC [c] 23 f(x) = уіп x; a=0, b= 15; Ax — 015 
Exer. 9-12: Express the sum in terms of n (see Exam- __ | 
[e] 24 f(x) 2 — ; 4-90, b=} Ах- 03 
x Vx? +1 
10 Y (3k? —2k +1) Exer. 25-30: Refer to Examples 6 and 7. Find the area 
= under the graph of the given function / from 0 to 9 using 
Y 08 + 2k? — k + 4) < У (3k? +k) _ 1а inscribed rectangles and (5) circumscribed rectangles. 
кз i s 25\ f(x) 22x -3; Б=4 
Exer. 13-18: E i ti tation. 
xer xpress in summation notation G. fi)  8— 3x: -— 
513 1T 549-13 + 17 


27 f()29—x5; 5-3 
14 2-5-8-11-14 a — 
i5icitben 29 (х) -х7-1: 5-2 
16 e$ + ds 30 f(x)=4x 4+; b=2 


1$ 1 — E + x E х” og ip Exer. 31-32: Refer to Example 7. Find the area under | 
2 4 6 2n the graph of f corresponding to the interval (а) [1, 3] 
ТЭЭР” с" and (0! [a, b]. 
18 2 MN ОРЕ Sad 4 
1+х+ 3 + 3 + = 31 у(х) =? 3 у= 2 
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In Section 5.3 we defined the area under the graph of a function / from 
а 10 basa limit of the form 
п 
lim У f(w,) Ax. 


Ax>0 k=] 





5.4 THE DEFINITE INTEGRAL AY, 


In our discussion we restricted / and Ax as follows: 


1. The function f is continuous on the closed interval [a, b]. 

2. f(x) is nonnegative for every x in [а,Ь]. 

3. All the subintervals (Хүү, x,] have the same length Ax. 

4. The number уу, is chosen such that f(w,) is always the minimum 
(or maximum) value of f on | х, ,. ху]. 


There are many applications involving this type of limit in which one or 
more of these conditions is not satisfied. Thus, it is desirable to allow the 
following changes in 1—4: 

1’. The function f may be discontinuous at some numbers in [a, b]. 

2'. f(x) may be negative for some x іп [а, Б]. 

3’. The lengths of the subintervals | х, ү, x,] may be different. 

4'. The number уу, may be any number in [x,. ,, Ху]. 
Note that if 2' is true, part of the graph lies under the x-axis, and therefore 
the limit is no longer the area under the graph of f. 

Let us introduce some new terminology and notation. A partition P 


of a closed interval [a, b] is any decomposition of [a, b] into subintervals 
of the form 


web Duxab [tals cou Decus 
for a positive integer n and numbers x, such that 
ü-—Xgy €«XQ;«X,; XQ «XX рх, =, 
The length of the kth subinterval хүү, ху] will be denoted by Ax,; that is, 
Ax, = Xk — X&—-1- 


A typical partition of [a, b] is illustrated in Figure 5.12. The largest of the 
numbers Ax,, Ax5, ..., Ax, is the norm of the partition P and is denoted 
by [|P || 


FIGURE 5.12 A partition of [a, b] 


Ax, Ax Ax Ах Ах, 
= e “ж > в--Эч зы 
1 1 ' 
oe ee ee ee ee ЧЫНЕ ee eS J—— 
a= x x x x х х x үсээ БОХ 
0 1 2 ^3 R-i ^k Үр ^n 


EXAMPLE 1 The numbers (1, 1.7, 2.2, 3.3, 4.1, 4.5, 5, 6} determine a 
partition P of the interval [1,6]. Find the lengths Ах,, Ax,,..., Ax, of 
the subintervals in P and the norm of the partition. 


SOLUTION The lengths Ax, of the subintervals are found by subtract- 
ing successive numbers in P. Thus, 


Ax, = 0.7, Ах, = 0.5, Ах,-14, Ах, = 0.8, Ax, = 04, 
Axg = 0.5, Ах; = 1.0. 
The norm of Р is the largest of these numbers. Hence 
|| P || = Ах; = 1.1. 
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FIGURE 5.13 
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The following concept, named after the mathematician G. F. B. 
Riemann (1826—1866), is fundamental to the definition of the definite 
integral. 





Let f be defined on a closed interval [а, b], and let P be a partition 
of [a. b]. A Riemann sum of f (or f(x)) for P is any expression Rp 
of the form 


К,- 2 Люу Ax,, 
51 


where уу, is in [x,-,,X,] and k= 1, 2,..., п. 


In Definition (5.14), f/(w,) is not necessarily a maximum or minimum 
value of f on | ху үх, |, If we construct a rectangle of length | f(w,)| and 
width Ax,, as illustrated in Figure 5.13, the rectangle may be neither in- 


' scribed nor circumscribed. Moreover, since f(x) may be negative, certain 


terms of the Riemann sum Rp may be negative. Consequently, Rp does not 
always represent a sum of areas of rectangles. 

We may interpret the Riemann sum Rp in (5.14) geometrically, as fol- 
lows. For each subinterval | хүү. x, |, construct a horizontal line segment 
through the point (w,. f(w,)). thereby obtaining a collection of rectangles. 
If f(w,) is positive, the rectangle lies above the x-axis, as illustrated by 
the lighter rectangles in Figure 5.14, and the product f(w,) Ax, is the area 
of this rectangle. If f(w,) is negative, then the rectangle lies below the 
x-axis, as illustrated by the darker rectangles in Figure 5.14. In this case 
the product f(w,) Ax, is the negative of the area of a rectangle. It follows 
that R, is the sum of the areas of the rectangles that lie above the x-axis 
and the negatives of the areas of the rectangles that lie below the x-axis. 


FIGURE 5.14 





EXAMPLE 2 Let f(x) = 8 — іх?, and let P be the partition of [0, 6] 
into the five subintervals determined by 


Xo 70, x,213, х= 2.5, х= 4.5. х = 5, X520. 


Find the norm of the partition and the Riemann sum Rp if 


=], w422, we=3.5, w,25, we 53, 
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FIGURE 5.15 
У 





Definition (5.15) 


SOLUTION The graph of f is sketched in Figure 5.15, where we have 
also shown the points that correspond to w, and the rectangles of lengths 
fiwa | for k = 1, 2, 3. 4, and 5. Thus, 
Ах, = ES: Ах, = Ly Ax, = 2, Ах, = 0.5. Ах; = 1. 


The norm | P | of the partition is Ах,, or 2. 
Using Definition (5.14) with n = 5, we have 


Rp = Y fiw) Ах, 
К-1 


= f(w,) Ax, + fiw) Ax, + f(w4) Ах, + f(w4) Ax, + f'(ws) Ах, 
= f(1(1.5) + AD) + /(3.5)(2) + /(5)(0.5) + f(5.5)(1) 

= (7.5)(1.5) + (6)(1) + (1.875)(2) + ( —4.5)(0.5) + (—7.125)(1) 
= 11,625. 








We shall not always specify the number n of subintervals in a partition 
P of [a, b]. A Riemann sum (5.14) will then be written 


Rp = У f(w,) Ах, 
К 


and we will assume that terms of the form f(w,) Ax, are to be summed over 
all subintervals [x, .. ,. x, | of the partition P. 
Using the same approach as in Definition (5.13), we next define 
lim Y fiw) Ax, =L 
|[|Р\|—0 k 


for a real number L. 





Let f be defined on a closed interval [a, b], and let L be a real num- 
ber. The statement 


lim Y fiw) Ax, = L 


l| PI|-*0. k 


means that for every є > 0 there is a д > O such that if P is a partition 
of [a, b] with || P|| < à. then 


«€ 


ул Ax, — L 
k 





for any choice of numbers w, in the subintervals х, үх, | of P. 
The number L is a limit of (Riemann) sums. 





For every 6 > 0 there are infinitely many partitions P of [a. b] with 
|| P|| < д. Moreover, for each such partition P there are infinitely many 
ways of choosing the number w, in [ху |. x,]. Consequently, an infinite 
number of different Riemann sums may be associated with each partition 
P. However. if the limit L exists. then for any є > 0, every Riemann sum 
is within є units of L. provided a small enough norm is chosen. Although 
Definition (5.15) differs from the definition of the limit of a function, we 
may use a proof similar to that given for the uniqueness theorem in 
Appendix II to show that if the limit L exists, then it is unique. 
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We next define the definite integral as a limit of a sum, where w, and 
Ax, have the same meanings as in Definition (5.15). 





Let f be defined on a closed interval [a,b]. The definite integral 
of f from a to b, denoted Бу f} f(x) dx, is 


Ї ^ f(x) дх- lim Y fiw) Ах, 


I| P120 


provided the limit exists. | 





If the limit in Definition (5.16) exists, then f is integrable оп [a, b], 
and we say that the definite integral f} f(x) dx exists. The process of finding 
the limit is called evaluating the integral. Note that the value of a definite 
integral is a real number, not a family of antiderivatives, as was the case 
for indefinite integrals. 

The integral sign in Definition (5.16), which may be thought of as an 
elongated letter S (the first letter of the word sum), is used to indicate the 
connection between definite integrals and Riemann sums. The numbers 
a and b are the limits of integration. a being the lower limit and b the upper 
limit. In this context limit refers to the smallest or largest number in the 
interval [a,b] and is not related to definitions of limits given earlier in the 
text. The expression f(x), which appears to the right of the integral sign, 
is the integrand, as it is with indefinite integrals. The differential symbol dx 
that follows f(x) may be associated with the increment Ax, of a Riemann 
sum of f. This association will be useful in later applications. 


EXAMPLE 3 Express the following limit of sums as a definite integral 
on the interval [3,8]: 


n 
lim Y (5wj + Jw, — 4 sin wy) Ах, 
ПР 0 451 


where w, and Ax, are as in Definition (5.15). 


SOLUTION The given limit of sums has the form stated in Defini- 
tion (5.16), with 


f(x) = 58? + Jx —4sin x. 
Hence the limit can be expressed as the definite integral 


г. uo я 
Ї (5x3 + уух — 4 sin x) dx. 


Letters other than x may be used in the notation for the definite inte- 
gral. If f is integrable on [a, b], then 


Ї fix) dx = ү f(s) ds = feno dt 


and so on. For this reason the letter x in Definition (5.16) is called а dummy 
variable. 


5.4 THE DEFINITE INTEGRAL 


FIGURE 5.16 


Definition (5.17) 


Definition (5.18) 


Theorem (5.19) 
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Whenever an interval [a, b] is employed, we assume that a < b. Con- 
sequently, Definition (5.16) does not take into account the cases in which 
the lower limit of integration is greater than or equal to the upper limit. 
The definition may be extended to include the case where the lower limit 
is greater than the upper limit, as follows. 


If c > d, then f" f(x) dx = — f; f(x) dx. 


Definition (5.17) may be phrased as follows: Interchanging the limits of 
integration changes the sign of the integral. 

The case in which the lower and upper limits of integration are equal 
is covered by the next definition. 


If f(a) exists, then р f(x) ах = 0. 


If f is integrable, then the limit in Definition (5.16) exists for every 
choice of w, in | Хүү, x,]. This allows us to specialize w, if we wish to do 
so. For example, we could always choose w, as the smallest number x,_, 
in the subinterval or as the largest number x, or as the midpoint of the 
subinterval or as the number that always produces the minimum or maxi- 
mum value in [ху |. x,]. Moreover, since the limit is independent of the 
partition P of [a,b] (provided that | Р || is sufficiently small), we may 
specialize the partitions to the case in which all the subintervals [х . x,] 
have the same length Ax. A partition of this type is a regular partition. 

If a regular partition of [а,Ь] contains n subintervals, then Ax = 
(b — а)/п. In this case the symbol || Р || + 0 is equivalent to Ax > 0 or 
n — x, and Definition (5.16) takes on the form 


Ї f(x) dx = lim Y, f(w,) Ax. 
Ы n- x КЕ 1 

The following theorem is a first application of these special Riemann 
sums. Many other applications will be discussed in Chapter 6. 


If f is integrable and f(x) > 0 for every x in [а,Ь], then the area A 
of the region under the graph of f from a to b is 


A= [^ fs) dx. 


PROOF From the preceding section we know that the area A is a limit 
of sums Y, f(u,) Ax, where f(u,) is the minimum value of f on [x,. 1; ху]. 
Since these are Riemann sums, the conclusion follows from Defini- 
tion (5.16). mm 


Theorem (5.19) is illustrated in Figure 5.16. It is important to keep in 
mind that area is merely our first application of the definite integral. There 
are many instances where R f(x) dx does not represent the area of a region. 
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FIGURE 5.17 


FIGURE 5.18 
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In fact, if f(x) < 0 for some x in [а, b], then the definite integral may be 
negative or zero. 

If / is continuous and f(x) > 0 on [a,b], then Theorem (5.19) can be 
used to evaluate [7 f(x) dx, provided we can find the area of the region 
under the graph of f from a to b. This will be true if the graph is a line or 
part of a circle, as in the following examples. (We consider more compli- 
cated definite integrals later in this chapter.) When evaluating a definite 
integral using this empirical technique. remember that the area of the 
region and the value of the integral are numerically equal; that is, if the 
area is 4 square units, the value of the integral is the real number 4. 


EXAMPLE 4 Evaluate f. (5х + 3) dx. 


SOLUTION If f(x) = 4x + 3, then the graph of f is the line sketched in 
Figure 5.17. By Theorem (5.19), the value of the integral is numerically 
equal to the area of the region under this line from x = —2 to x = 4. The 
region is a trapezoid with bases parallel to the y-axis of length 2 and 5 
and altitude on the x-axis of length 6. Using the formula for the area of 
a trapezoid, we obtain 





EXAMPLE 5 / Evaluate I. /16 — x? dx. 


SOLUTION If f(x) = /16 — x?, then the graph of f is the semicircle 
shown in Figure 5.18. By Theorem (5.19), the value of the integral is nu- 
merically equal to the area of the region under this semicircle from x = —4 
to x — 4. Hence 


T. Ч 16 — x? dx = $- л(4)? = 8л. 





EXAMPLE 6 Evaluate 
(а) i^ 416 — x? dx (Ы Ls V/16 — x? dx 
SOLUTION 
(а) Using Definition (5.17) and Example 5. we have 
i 4 ту" РВ. - 416 — х? dx = — 8л. 
(5) By Definition (5.18), 
LE V16 — x? dx = 0. 





The next theorem states that functions that are continuous on closed 
intervals are integrable. This fact will play a crucial role in the proof of the 
fundamental theorem of calculus in Section 5.6. 





EXERCISES 5.4 273 





Тһеогет (5.20) к ч — 
If f is continuous on [a, b]. then f is integrable on [а,Ь]. 


A proof of Theorem (5.20) may be found in texts on advanced calculus. 

Definite integrals of discontinuous functions may or may not exist, de- 
pending on the types of discontinuities. In particular, functions that have 
infinite discontinuities on a closed interval are not integrable on that interval. 
To illustrate, consider the piecewise-defined function f with domain [0, 2] 
such that 


FIGURE 5.19 
Nonintegrable discontinuous function 


0: эс 0 
=s « à 
J = i0cx:2 

х 


The graph of f is sketched in Figure 5.19. Note that lim... f(x) = x. 
If M is any (large) positive number, then in the first subinterval [xo. Х | 
of any partition P of [a,b], we can find a number w, such that 
fiw) > М/Ах,, ог, equivalently, f(w,) Ax, > M. It follows that there are 
Riemann sums Y, f(w,) Ax, that are arbitrarily large, and hence the limit 





dia l * | in Definition (5.16) cannot exist. Thus, / is not integrable. A similar argu- 

ment can be given for any function that has an infinite discontinuity in 

FIGURE 5.20 [a. b]. Consequently, if a function f is integrable on [a. b]. then it is bounded 
Integrable discontinuous function on [a. b]: that is, there is a real number M such that | /\х)| < M for every 


x in [а. Б]. 
As an illustration of a discontinuous function that is integrable, con- 
sider the piecewise-defined function / with domain [0. 2] such that 


т = 4 ifx=0 
МЭ18 focx? 


The graph of / is sketched in Figure 5.20. Note that f has a jump discon- 
tinuity at x = 0. From Example 7 of Section 5.3. the area under the graph 
of y = x? from 0 to 2 is 24/4 = 4. Thus, by Theorem (5.19), [5 X? dx = 4. 
We can also show that {5 f(x) dx = 4. Hence f is integrable. 

We have shown that a function that is discontinuous on a closed in- 
terval may or may not be integrable. However, by Theorem (5.20), func- 
tions that are continuous on a closed interval are always integrable. 





EXERCISES 5.4 





Exer. 1-4: The given numbers determine a partition Р right-hand endpoint, (Ы) the left-hand endpoint, and 
of an interval. ja) Find the length of each subinterval of ic) the midpoint. 
P.(b) Find the norm || P|| of the partition. 


1 (0, 1.1, 2.6, 3.7, 4.1, 5} 
(2,3, 37, 4, 52, 6] 


5 f(x) = 2x -3 
6 f(x) = 3— 4x 


2 7 If f(x) = 8 — $x? and P is the regular partition of [0, 6] 
3 (—3, —2.7, —1,04, 0.9; 1] into six subintervals, find a Riemann sum Rp of f by 
а (1, 16,2, 3.5. 4] choosing the midpoint of each subinterval. 


8 If f(x) 2 8 — 1 and Р is the partition of [0, 6] deter- 
Exer. 5-6: Let P be the partition of [1, 5] determined by mined by (0, 1.5, 3, 4.5, 6]. find a Riemann sum R, of 
11, 3,4, 5}. Find a Riemann sum A, for the given func- f by choosing the numbers 1, 2,4, and 5 in the subinter- 
tion f by choosing, in each subinterval of Р, {а} the vals of P. 
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9 If f(x) = х? and P is the partition of [—2,4] deter- 
mined by | —2,0, 1. 3,4}, find a Riemann sum Rp of f 
by choosing the numbers — 1, 1, 2, and 4 in the subin- 
tervals of P. 


10 If f(x) = үх and P is the partition of [1, 16] determined 
by {1, 3,5, 7.9, 16}, find a Riemann sum Rp of f by 
choosing the numbers 1, 4. 5. 9, and 9 in the subintervals 
of P. 

[e] ! 1. If f(x) = x^q'cos x and P is the regular partition of [0. 1] 
Г into ten subintervals, find а Riemann sum Rp of / by 
choosing the midpoint of each subinterval of P. 

[c] 12 If f(x) = sin (cos x) and P is the partition of [—1. 1] 
determined by | — 1. —0.65, — 0.23, 0.51, 0.85, 1}, find a 
Riemann sum R, of / by choosing the numbers —0.75, 
— 0.5, 0, 0.6, 0.9 in the subintervals of P. 


Exer. 13-16: Use Definition (5.16) to express each limit 
as a definite integral on the given interval [a, 5]. 


з lim Y (349 – 20, + 5) Ах; [-1.2] 


II P| о к= 1 
п 
14 lim У лм — 4) Ах; [2,3] 
ПРЦ-- Оке 1 
15 lim Y 2zw,1 + wi) Ax; [0. 4] 
Plo K=1 
416 lim Y (iy, +4) Ax;  [—4,—3] 


ЇЇР1 x71 


Ехег. 17-22: Given [*\xdx= 5, evaluate the 
! 


integral. 


1 
7 ” a 
1 Л Vx dx 
4) 
19 Ї yt dt 


4 г 1 ра 
21 Ї vx dx + T \/х dx 


4 3 
18 f NS ds 

pa 1 r 
20 IL үх dx + Ї Vx dx 


22 4 a dx 
Ї үх ах 


Exer. 23-26: Express the area of the region in the figure 


as a definite integral. 
23 





“1.29 Тех + 6) dx 


24 





25 





26 





Exer. 27—36: Evaluate the definite integral by regarding 
it as the area under the graph of a function. 


27 ЇГ, 6 dx 28 [Га 
30 12 (7 — 3х)ах 


31 [^ Ix — 1| dx 32 Lr |x| dx 


(X 49 — x? dx 


34 I" уа? — x? dx, а»0 
35 (° (3+ Ja xà)dx 


36 Ре №4 — х?) ах 
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FIGURE 5.21 





Theorem (5.21) 





This section contains some fundamental properties of the definite integral. 
Most of the proofs are difficult and have been placed in Appendix II. 





If c is a real number, then 


Ї c dx = c(b — a). 


PROOF Let f be the constant function defined by f(x) = c for every х 
in [a, b]. If P is a partition of [a, ^]. then for every Riemann sum of f, 


У fiw) Ax, = У c Ax, = сУ Ax, = c(b — а). 
k k k 


(The last equality is true because the sum Y, Ах, is the length of the inter- 
val [a, b].) Consequently, 


У Дэ) Ax, — e(b — а) | = |e(b — a) — c(b — a)| = 0, 
k 
which is less than any positive number є regardless of the size of | Р ||. 
Thus. by Definition (5.15). with L = c(b — a), 
lim Y f(w,)Ax, = lim Y cAx, = c(b — a). 
I| P110 Ik 1211-0 ^R 


By Definition (5.16), this means that 
Ї f(x) dx = Ї edx =c(b—a). am 
Note that if ¢ > 0, then Theorem (5.21) agrees with Theorem (5.19): 
As illustrated in Figure 5.21, the graph of f is the horizontal line y = c, 


and the region under the graph from a to b is a rectangle with sides of 
lengths c and b — a. Hence the area E f(x) dx of the rectangle 15 c(b — a). 


EXAMPLE 1 Evaluate Ё, 7 dx. 


SOLUTION Using Theorem (5.21) yields 
f°, 7x = - (—2)] = 715) = 35. 





If c = 1 in Theorem (5.21), we shall abbreviate the integrand as follows: 
b 
Ї dx —-b-—a 


If a function f is integrable on [a, b] and c is a real number, then, by 
Theorem (5.11)(1), a Riemann sum of the function cf may be written 


Y cfi wk) Ax, = с Y fiw) Ах}. 
К k 
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We can prove that the limit of the sums on the left of the last equation 
is equal to c times the limit of the sums on the right. This gives us the 
next theorem. A proof may be found in Appendix II. 


Theorem (5.22) 
If f is integrable on [a,b] and c is any real number, then cf is 
integrable on [a. ^] and 


I cf(x) dx = c [ T(x) dx. 


Theorem (5.22) is sometimes stated as follows: A constant factor in 
the integrand may be taken outside the integral sign. It is not permissible 
to take expressions involving variables outside the integral sign in this 
manner. 

If two functions f and g are defined on [a,b], then, by Theorem 
(5.11)(i). a Riemann sum of f + g may be written 


£ [ fy) + giw] Ах, = 2, Люу Ах, + У. gw) Ах,. 


We can show that if f and g are integrable, then the limit of the sums on 
the left may be found by adding the limits of the two sums on the right. 
This fact is stated in integral form in (i) of the next theorem. A proof of 
(i) may be found in Appendix II. The analogous result for differences is 
stated in (ii) of the theorem. 





Theorem (5.23) - ан | 
If f and g are integrable on [а, b], then f + g and f — g are integra- 
ble on [а,Ь] and 

т SELO + gil] dx = f foo dx + f° ata dx 


ту f^ [/х)— aeg] dx = f^ foo dx — f’ g) ах 


Theorem (5.23)(i) may be extended to any finite number of functions. 
THUS E Jos fees css f, are integrable on [a, b], then so is their sum and 


Ї [Д\(х) + fat) +**+ + fly] dx 
= f Лх) dx + Ї fx) ах +-+ Ї f(x) dx. 


EXAMPLE 2 It will follow from the results in Section 5.6 that 
i x!dx —4 and i Hale = 3. 
Use these facts to evaluate D (5x? — 3x 4- 6) dx. 
SOLUTION We may proceed as follows: 
Ї (5x* — 3x + 6) dx = і» 5х? dx — (л 3x dx + м 6 dx 


-5| x8 dx —3 xax + 62 —0 
— 5(4) — 32) + 12 = 26 
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Theorem (5.24) 


Theorem (5.25} 





If f is continuous on [а,Ь] and f(x) > 0 for every x in [a. b], then, 
by Theorem (5.19), the integral |! f(x) dx is the area under the graph of 
1 from a to b. Similarly, if a < c < b, then the integrals (5 f(x) dx and 
f? f(x) dx are the areas under the graph of f from a to c and from c to 
b, respectively, as illustrated in Figure 5.22. Since the area from a to b 15 
the sum of the two smaller areas, we have 


[лах = fF foo de + f’ foo de. 


The next theorem shows that the preceding equality is true under a more 
general hypothesis. The proof is given in Appendix II. 


FIGURE 5.22 
y 





If à < c € b and if f is integrable on both [a, c] and [с, ^], then f 
is integrable on [a. b] and 


fe foo dx = fF feo dx + [ren dx. 





The following result is a generalization of Theorem (5.24) to the case 
where c is not necessarily between a and b. 


If f is integrable on a closed interval and if a, b, and c are any three 
numbers in the interval, then 


E f(x) dx = T f(x) dx + L f(x) dx. 


PROOF Ifa, b, and c are all different, then there are six possible ways 
of arranging these three numbers. The theorem should be verified for each 
of these cases and also for the cases in which two or all three of the num- 
bers are equal. We shall verify one case. Suppose c са « b. By Theo- 
rem (5.24). 


|» fix) dx = [ f(x) dx + Ї f(x) dx, 
which, in turn, may be written 
Ї f(x) dx = -Ї f(x) dx + P T(x) dx. 


The conclusion of the theorem now follows from the fact that interchang- 
ing the limits of integration changes the sign of the integral (see Defini- 
tion (5.17)). шш 
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Ineorem (5.26) 


Corollary (5.27) 





EXAMPLE 3 Express as one integral: 
7 
Ї f(x) dx — E f(x) dx 


SOLUTION First we interchange the limits of the second integral using 
Definition (5.17), and then we use Theorem (5.25) with a — 2, b — 5, and 
Gam] 


E f(x) dx — 18 f(x) dx = E f(x) dx + b f(x) dx 
= |; ло) ах 


If f and g are continuous оп [а,Ь] and f(x) > g(x) > 0 for every x in 
[а, Б], then the area under the graph of f from a to b is greater than or 
equal to the area under the graph of g from a to b. The corollary to the 
next theorem is a generalization of this fact to arbitrary integrable func- 
tions. The proof of the theorem is given in Appendix П. 


If f is integrable on [а,Ь] and f(x) > 0 for every x in [a, b], then 
fe feo dx > 0. 


If f and g are integrable on [а,Ь] and f(x) > g(x) for every x in 
[а, b], then 


Ї £00) dx > | g(x) dx. 


PROOF By Theorem (5.23), f —g is integrable. Moreover, since 
f(x) = g(x), f(x) — g(x) > О for every x in [a, b]. Hence, by Theorem (5.26), 


Ї [ f(x) — g(x)] dx > 0. 


Applying Theorem (5.23)(11) leads to the desired conclusion. жш 


EXAMPLE 4 Show that ^, (x? +2)dx> f^, (x — 1) dx. 


SOLUTION The graphs of y = x? +2 and у= x — 1 are sketched in 
Figure 5.23. Since 


x^--22x—1 


for every x in [ — 1, 2], the conclusion follows from Corollary (5.27). 


Suppose, in Theorem (5.26), that f is continuous and that, in addition 
to the condition f(x) > 0, we have f(c) > 0 for some c in [а,Ь]. In this 
case limpe f(x) > 0, and, by Theorem (2.6), there is a subinterval [a', Ь'] 
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Mean value theorem 
for definite integrals (5.28) 


FIGURE 5.24 





К) = MrE------- 








Ки) = т 


FIGURE 5.26 





of [a, b] throughout which f(x) is positive. If f(u) is the minimum value 
of f on [a’, b’] (see Figure 5.24), then the area under the graph of f from 
a to b is at least as large as the area f(u)(b' — a’) of the pictured rectangle. 
Consequently, f? f(x) dx > 0. It now follows, as in the proof of (5.27), 
that if f and g are continuous on [a, b], if f(x) > g(x) throughout [а,Ь], 
and if f(x) > g(x) for some x in [а,Ь], then f° f(x) dx > | g(x) dx. This 
fact will be used in the proof of the next theorem. 


If f is continuous on a closed interval (а, Р], then there is а number 
z in the open interval (a, b) such that 


| feo dx = flab — а). 


PROOF If f is a constant function, then f(x) = c for some number с, 
and by Theorem (5.21), 


[оа = | сах = eb а) = r6 о) 


for every number z in (a, b). 

Next assume that f is not a constant function and suppose that m 
and M are the minimum and maximum values of f, respectively, on [а, b]. 
Let f(u) = m and f(v) = M for some и and v in [а,Ь]. This is illustrated 
in Figure 5.25 for the case in which /(x) is positive throughout [а,Ь]. 
Since f is not a constant function, m « f(x) « M for some x in [а,Ь]. 
Hence, by the remark immediately preceding this theorem, 


Ї т ах < T f(x) dx < L M dx. 
Applying Theorem (5.21) yields 
m(b — a) < Ї f(x) dx < M(b — a). 


Dividing by b — a and recalling that m = f(u) and M = f(v) gives us 
1 b 5 
flu) < — | лод dx < fio. 


Since [1/(b — а)] ft f(x) dx is a number between /(u) and f(v), it follows 
from the intermediate value theorem (2.26) that there is a number z, with 
u <z < v, such that 


1 b 
f(z) = tue ji f(x) dx. 


Multiplying both sides by b — a gives us the conclusion of the theorem. 
= 


The number z of Theorem (5.28) is not necessarily unique; however, 
the theorem guarantees that at least one number z will produce the desired 
result. 

The mean value theorem has an interesting geometric interpretation 
if f(x) 2 0 on [а, Б]. In this case [7 f(x) dx is the area under the graph 
of f from a to b. If, as in Figure 5.26, a horizontal line is drawn through 
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the point P(z, f(z)). then the area of the rectangular region bounded by 
this line, the x-axis, and the lines x = a and x = b is f(z)(b — a), which, 
according to Theorem (5.28), is the same as the area under the graph of 
f from a to b. 


EXAMPLE 5 [t will follow from the results of Section 5.6 that 
Jj x? dx = 9. Find a number z that satisfies the conclusion of the mean 
value theorem (5.28) for this definite integral. 


SOLUTION The graph of f(x) = x? for 0 € x € 3 is sketched in Fig- 
ure 5.27, By the mean value theorem, there is a number z between 0 and 
3 such that 


А x? dx = f(z)(3 — 0) = 22(3). 
This implies that 
S=32*, or 22-43. 


The solutions of the last equation are z = + 4/3; however, — 4/3 is not in 
[0. 3]. The number z = \/3 satisfies the conclusion of the theorem. 

If we consider the horizontal line through Р(,/3, 3), then the area of 
the rectangle bounded by this line, the x-axis, and the lines x = 0 and 
x = 3 is equal to the area under the graph of f from x = 0 to x = 3 (see 
Figure 5.27). 


In statistics the term arithmetic mean is used for the average of a set of 
numbers. Thus, the arithmetic mean of two numbers a and b is (a + by2, 
the arithmetic mean of three numbers а, b, and c is (a + b + c)/3, and so 
on. To see the relationship between arithmetic means and the word mean 
used in mean value theorem, let us rewrite the conclusion of (5.28) as 


5 l b , 
fia = ,— [fonds 


and express the definite integral as a limit of sums. If we specialize Defini- 
tion (5.16) by using a regular partition P with n subintervals, then 


А 1 : п | . n : Ax 
fem tm $ fopa- im È [yo] 





for any number w, in the kth subinterval of P and Ax = (b — a)/n. Since 
Ax/(b — a) = l/n, we obtain 


| я п Ах - n 1 
f(z) = lim Y [2 = lim 2, Е |. 


nx k=1 





or f(z) = lim 


п 


Siwi) + f(w3) +++ f(w,) 

n i 
This shows that we may regard the number f(z) in the mean value theo- 
rem (5.28) as a limit of the arithmetic means (averages) of the function 
values f(w,), f(w3), ..., J(w,) as n increases without bound. This is the 
motivation for the next definition. 


EXERCISES 5.5 


Definition (5.29) 
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Let f be continuous on [a,b] The average value f,, of f оп [а,Ь] 
is 


: 1 b 
1. р |р од dx. 








Note that, by the mean value theorem for definite integrals, if f is 
continuous on [a, b], then 


f = f(z) for some z in [а,Ь]. 


EXAMPLE 6 Given I» x? dx = 9, find the average value of f on 
[0. 3]. 


SOLUTION By Definition (5.29), with a = 0, b = 3, and f(x) = x?, 


l Y ox 
аў ХЭйхээ 


Їн A E E 


"ээ 


In the interval (0, 3], the function values f(x) = х? range from /(0) = 0 
to /(3) = 9. Note that the function f takes on its average value 3 at the 
number z = 4/3. 


EXERCISES 5.5 


Ехег, 1-6: Evaluate the integral. 
1 не 5 dx 2 L 42 dx 


4 ЇГ 4х 5 ын 4х 


Exer. 7-10: It will follow from the results in Section 5.6 
that 


3 NETS 
^ 


6 n 100 dx 


| х®ах = 21 апа [хах =з. 
1 1 
Use these facts to evaluate the integral. 


7 Ї өс + 5)ах 8 ЇГ -1) dx 


9 L (2—9x — 4x?) dx 


Exer. 11—16: Verify the inequality without evaluating 
the integrals. 


n [ (3x? + 4) dx > h (2x? + S) dx 


10 [ (3x + 2)? dx 


4 4 

12 1 (2х + 2)dx « f. (3x + 1) dx 
та ffo- 6x + 8) dx <0 

14 fi (x? — x + Idx >0 

15 [^а + sin x)dx > 0 


3 
16 |. , (see x—2)dxx 0 
“Ris 


Exer. 17—22: Express as one integral. 


17 D fix) dx + p fix) dx 


18 Ї f(x) dx + Ї + f(x) dx 

19 Ї f(x) dx + Ї f(x) dx 

20 i fix) dx — n Гох) dx 

21 ий fix) dx — {5 f(x) dx 

22 |" f(x) dx -Ї f(x) dx 

Exer. 23-30: The given integral |? f(x) dx may be veri- 
fied using the results in Section 5.6. {а} Find a number 


z that satisfies the conclusion of the mean value theo- 
rem (5.28). (5) Find the average value of f on [а, b]. 


9 


3 
23 (° 3х2 dx = 27 24 f dx= 
J0 4-74 x^ 
25 le e Ddx- 6 


26 f? (3х2 - 2x + 3)dx = 32 





8 
27 fd 54 28, ad= —3 


2 à ж 
29 Ї (4x3 — 1) dx = 14 зо f. (2 + 3x) dx = 20 
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|с | Exer. 31-32: The given integral may be verified using 33 Let f and g be integrable on [a, b]. If c and d are any 
| results in Section 5.6. Use Newton's method to approx- real numbers, prove that 
imate, to three decimal places, a number : that satisfies b НГ” LS b osa 
the conclusion of the mean value theorem (5.28). Ї [900 + dg] dx = с [ fog dx + af qo dx. 


34 If f is continuous on [a, b]. prove that 
р f(x) dx| < N | flx)| dx. 
(Hint: —| f(x)| € f(x) < | /(х)|.) 


зт [? (8x? + 3x — 1) dx = 1325 








л 


4 
32 T (1 — cos 4x) dx = 12 


n 
8 


5.6 THE FUNDAMENTAL THEOREM OF CALCULUS 


This section contains one of the most important theorems in calculus. In 
addition to being useful in evaluating definite integrals, the theorem also 
exhibits the relationship between derivatives and definite integrals. This 
theorem, aptly called the fundamental theorem of calculus, was discovered 
independently by Sir Isaac Newton (1642-1727) in England and by 
Gottfried Wilhelm Leibniz (1646-1716) in Germany. It is primarily be- 
cause of this discovery that both men are credited with the invention of 
calculus. 
To avoid confusion in the following discussion, we shall use t as the 
independent variable and denote the definite integral of f from a to b by 
FIGURE 5.28 |, f(t) dt. If f is continuous on [a, b] and a < x < b, then f is continuous 
on [a, x]: therefore, by Theorem (5.20), f is integrable on [a, x]. Conse- 
quently, the formula 


Glix) = [^ fto à 


determines a function G with domain [a, Р], since for each x in [a, b] there 
corresponds a unique number G(x). 

To obtain a geometric interpretation of G(x), suppose that /(1) > 0 for 
every t in [a, b]. In this case we see from Theorem (5.19) that G(x) is the 
area of the region under the graph of f from a to x (see Figure 5.28). 

: As a specific illustration, consider f(t) = t? with a = 0 and b > 0 (see 
FIGURE 5,29 Figure 5.29). In Example 7 of Section 5.3 we proved that the area under 
AY the graph of f from 0 to b is 195. Hence the area from 0 to x is 





G(x) = Ї Ü dt = }х%. 


This gives us an explicit form for the function G if f(t) = t?. Note that in 
this illustration, 


G(x) = D, Gx$) = х? = f(x). 


Thus, by Definition (5.1), G is an antiderivative of f. This result is not an 
accident. Part I of the next theorem brings out the remarkable fact that if 
f is any continuous function and G(x) — 8 f(t) dt, then С is ап antideriva- 
tive of f. Part П of the theorem shows how any antiderivative may be used 
to find the value of f} f(x) dx. 
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Fundamental theorem „© . 
of calculus (5.30) Suppose f is continuous on a closed interval (а, b]. 


Part! If the function С is defined by 
G(x) = ЇЇ * f(r) dt 
for every x in [a, b], then G is an antiderivative of f on [а,Ь]. 


Parti! If F is any antiderivative of f on [a, b], then 


[feo dx = Ft) — F(a). 


PROOF To establish Part I, we must show that if x is in [а,Ь], then 
G'(x) = f(x); that is. 


G(x + h) - G(x) И 





iim h f(x). 
FIGURE 5.30 Before giving a formal proof, let us consider some geometric aspects of 
y this limit. If f(x) > 0 throughout [а, Б], then G(x) is the area under the 


graph of f from a to x, as illustrated in Figure 5.30. If h > 0, then the dif- 
ference G(x + Л) — G(x) is the area under the graph of f from x to x + h, 
and the number h is the length of the interval [x. x + h]. We shall show 
that 


G(x + h) — G(x) 


G(x + h) — G(x) Е 
һ 





f(z) 





for some number z between x and x + h. Apparently, if h — 0, then z > x 
and /(2)-» f(x), which is what we wish to prove. 

Let us now give a rigorous proof that G'(x) = f(x). If x and x + hare 
in [a, b], then using the definition of G together with Definition (5.17) and 
Theorem (5.24) yields 


x+h 


G(x +h) — G(x) = ["*" fey at — Ї а) dt 


= Ї "^ fr) dt + ftt) dt 
= EU f(t) dt. 


Consequently, if h 4 0, 
G(x + h)— G(x) _ 1 үхэн 
нанг" сна f. f(t) dt. 


If h > 0, then, by the mean value theorem (5.28), there is a number z in 
the open interval (x, x + h) such that 


[^ ™ (0) dt = fiz)h 


G(x + h) — G(x) Е 


| f(z). 


and, therefore, 


Since x < z < x +h, it follows from the continuity of f that 


lim f(z) = lim f(z) = f(x) 


| hoor 275° 





284 





Сого!агу (5.31) 
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G(x + h) — G(x 
and hence lim OEF M = SOR = lim f(z) = f(x). 
h-0* h h-0* 


If h < 0, then we may prove in similar fashion that 
G(x + h) — G(x 
һ-0- h 
The two preceding one-sided limits imply that 
G(x + h) — GC 
G'(x) = lim (х a Bed z ix). 
h-0 h 


This completes the proof of Part I. 

To prove Part II, let F be any antiderivative of f and let G be the spe- 
cial antiderivative defined in Part 1. From Theorem (5.2) we know that 
there is a constant C such that 


G(x) = Fix) + C 
for every x in [a. b]. Hence, from the definition of G, 


r f(t) dt = F(x) + € 


for every x in [a, b]. If we let x = a and use the fact that [7 f(t) dr = 0, we 
obtain 0 = F(a) + C. or С = — F(a). Consequently, 


Ї f(t) dt = F(x) — F(a). 


This is an identity for every x in [a,b], so we may substitute b for x, 
obtaining 
ffir dt = Fib) — Fla. 


Replacing the variable г by x gives us the conclusion of Part II. =a 
We often denote the difference F(b) — F(a) either by Е(х)| or by 


[Fix)]. Part П of the fundamental theorem may then be expressed as 
follows. 





If f is continuous on [а,Ь] and Р is any antiderivative of f, then 


Г fen dx = Fea] = Fb) — Fia. 


The formula in Corollary (5.31) is also valid if a > b. If a > b, then, by 
Definition (5.17). 
p 
Ї f(x) dx 


— T f(x) dx 
—[Fta) — F(b)] 

= F(b) — F(a). 
If a = b, then, by Definition (5.18), 


Ї fix) dx = 0 = Fla) — F(a). 


Corollary (5.31) allows us to evaluate a definite integral very easily if 
we can find an antiderivative of the integrand. For example, since an anti- 
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FIGURE 5.31 





Theorem (5.32) 





derivative of x? is 1x*, we have 
LONG 1.4]? ара ayaa — ipa 
Ж dx =4x Е = ab" —4(0)* = 40°. 


Those who doubt the importance of the fundamental theorem should 
compare this simple computation with the limit of sums calculation dis- 
cussed in Example 7 of Section 5.3. 


EXAMPLE Т Evaluate f^, (6x? — 5) dx. 


SOLUTION An antiderivative of 6x? — 5 is F(x) = 2x? — 5x. Applying 
Corollary (5.31), we get 


Р, (6x? — 5) dx = [2° - | . 
= [2(3)3 — 5(3)] — [2( 2)? — 5(— 2)] 
= [54 — 15] — [—16 + 10] = 45. 


Note that if F(x) + C is used in place of F(x) in Corollary (5.31), the 
same result is obtained, since 


[Fe + c] = ri + С]— [Ка + C] 
= F(b) — F(a) = [ноо]. 
In particular, since 
Ї f(x) dx = F(x) + C, 


where F'(x) = f(x), we obtain the following theorem. 


Ї f(x) dx = [frw ax] 


Theorem (5.32) states that a definite integral can be evaluated by evalu- 
ating the corresponding indefinite integral. As with previous cases, when 
using Theorem (5.32) it is unnecessary to include the constant of integra- 
tion C for the indefinite integral. 


EXAMPLE 2 Find the area A of the region between the graph of 
y = sin x and the x-axis from x = 0 to x = л. 


SOLUTION The region is sketched in Figure 5.31. Applying Theo- 
rems (5.19) and (5.32) gives us the following: 


Ин Ё sin x dx = ЇЕ x “| 
[cos x]; 


—cos л — (—cos 0) 
-(-1)-1-2 


л 


0 


ll 
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By Theorem (5.32), we can use any formula for indefinite integration 
to obtain a formula for definite integrals. To illustrate, using Table (5.4), 
we obtain 
+1 T 


E dis — x . 
Ta 8-| | ifr #— i1 


b. b 
Ї sin x dx = | -сов x] 
a a 


E 5 b 
Ї sec^ x dx = [tan Х| " 
а а 





EXAMPLE З Evaluate ine (x? + 1)? dx. 


SOLUTION We first square the integrand and then apply the power 
rule to each term as follows: 


P» (x? + 1)? dx = Т, (xf + 222 + 1) dx 


x? x* 2 
-[®+2 Sat, 

27 2 —1)’ —1)* 
[722 Zaa- [GP ee eoo] 
= 405 
7 14 


4 =: 38 
EXAMPLE 4 Evaluate f^ (5x – 2х +; ) dx. 


SOLUTION Ус begin by changing the form of the integrand so that 
the power rule may be applied to each term. Thus, 


2 „3/2 208 
ЇГ Gx — 2x"? + 32х73) dx = [5(®) - 55) B (© )| 








Bos на: 16 5 4 
=|3® -39 «| E 3 i| 
2259 
= 259, 





The method of substitution developed for indefinite integrals may also 
be used to evaluate a definite integral. We could use (5.7) to find an in- 
definite integral (that is, an antiderivative) and then apply the fundamental 
theorem of calculus. Another method, which is sometimes shorter, is to 
change the limits of integration, Using (5.7) together with the fundamental 
theorem gives us the following formula, with F' = f: 

Lin Figix)g'(x) dx = Р(х) n 
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Theorem (5.33) 


The number on the right may be written 


gib) 9(9) 


F(g(b)) — Еш) = Еи] flu) du. 


9а) gta) 


This gives us the following result, provided f and g’ are integrable. 


If u = g(x), then Ї T(g(x))g'(x) dx = 


gib) 


иг f(u) du. 


Theorem (5.33) states that after making the substitution и = g(x) and 
du = g'(x) dx, we may use the values of g that correspond to x = a and 
x = Ь, respectively, as the limits of the integral involving и. It is then 
unnecessary to return to the variable x after integrating. This technique 
is illustrated in the next example. 


3 
EXAMPLE 5 Evaluate |, —— — dx. 
N Sx — 1 


SOLUTION Let us begin by writing the integral as 


Trea 8 
2 А/5Х-1 





The expression {/5х — 1 in the integrand suggests the following substitu- 
tion: 


u=5x— 1, du=5dx 


The form of du indicates that we should introduce the factor 5 into the 
integrand and then compensate by multiplying the integral by 4, as follows: 





10 1 3 pio 1 
3 -dx =- — 5 dx 
! 2 5-1 5 1 4/5к:-1 


We next calculate the values of u = 5x — 1 that correspond to the limits 
of integration x = 2 and x = 10: 


(i) If x = 2, then u = 5(2) – 1 = 9. 
(ii) If x = 10, then u = 5(10) — 1 = 49. 


Substituting in the integrand and changing the limits of integration as in 
Theorem (5.33) gives us 


10 1 3 ро 1 
3 ——— dx =- ———— 5 dx 
1 4/5х-1 5 js 5x —1 


SR E dioses eran 04 
410) zl a ung ur. 
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Theorem (5.34) 


EXAMPLE 6 Evaluate [ча + sin 2x)? cos 2x dx. 


SOLUTION The integrand suggests the power rule fh и? du = [40]. 
Thus, we let 


u=1+sin2x, du=2cos 2x dx. 


The form of du indicates that we should introduce the factor 2 into the 
integrand and multiply the integral by 4, as follows: 


n4 : 4 1 
Ї (1 + sin 2x)? cos 2x dx =1 р (1 + sin 2x)? 2 cos 2x dx 


We next calculate the values of u = 1 + sin 2x that correspond to the 
limits of integration x = 0 and x = 7/4: 


(i) If x 20, thenu- 1 +5іп0 = 1+0 = 1. 


л Qu 
(Ш) Ifx =-~, then u = 1+sin—=1+1=2. 
4 2 
Substituting in the integrand and changing the limits of integration gives 
us 


0 


nit & 2 
Ї (1 + sin 2х)? cos 2x dx = Mf u? du 


I 
кәе 
zi 
си" 
e—a 





The following theorem illustrates a useful technique for evaluating cer- 
tain definite integrals. 

Let f be continuous on [—a, a]. 

[i If f is an even function, 


p. f(x) dx 2 2 р f(x) dx. 
(ii) If f is an odd function, 


rÍ f(x) dx = 0. 


PROOF We shall prove (i). If f is an even function, then the graph of 
J is symmetric with respect to the y-axis. As a special case. if f(x) > 0 
for every x in [0. а]. we have a situation similar to that in Figure 5.32, 
and hence the area under the graph of f from x = —a to x = a is twice 
that from x = 0 to x = a. This gives us the formula in (i). 

To show that the formula is true if /(x) < 0 for some x, we may 
proceed as follows. Using, successively, Theorem (5.24), Definition (5.17). 








5.6 THE FUNDAMENTAL THEOREM ОР CALCULUS 289 


and Theorem (5.22), we have 

f°, foo de = | roo ax + [P ron dx 
-f feo dx + |, ло) ах 
| f(x) — dx) + [ f(x) dx. 


Since f is even, f( —x) = f(x). and the last equality may be written 


[лах = | fca + | feo dx. 


If, in the first integral on the right, we substitute и = —x, du = —dx and 
Observe that u — a when x — — à, we obtain 


f. f(x) dx = р Гиш) du + k f(x) dx. 


The last two integrals on the right are equal, since the variables are dummy 
variables, and, therefore, 


f. f(x) dx 22 E f(x)dx. ав 


EXAMPLE 7 Evaluate 
(а) E. (х* 3х2 + Ddx (b) T (х5 + 3x? + x) dx 
[c) Г. (2x? + 3x? + 7x) dx 


SOLUTION 


(a) Since the integrand determines an even function, we may apply Theo- 
rem (5.34)(1): 


L (x* + 3x? + 1) dx 22 kh (x* + 3x? + 1) dx 
=i о 


(6) The integrand is odd, so we apply Theorem (5.34)(11): 
f. (х5 + 3x3 + x)dx = 0 


(c) The function given by 2х° + 7x is odd but the function given by 3x? 
is even, so we apply Theorem (5.34)(ii) and (1): 
T (2x3 + 3x? + 7х) dx = a (2x3 + 7x) dx + Ё, 3x? dx 
“ЭМЭН 
-042| 3x? dx 


- 251, - 250 


The technique of defining a function by means of a definite integral, 
as in Part I of the fundamental theorem of calculus (5.30), will have a 
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Фї 


Theorem (5.35) 


very important application in Chapter 7, when we consider logarithmic 
functions. Recall, from (5.30), that if f is continuous on [a,b] and 
G(x) = fà f(t) dt for a € x < b, then G is an antiderivative of f; that is, 
D, G(x) = f(x). This may be stated in integral form as follows: 


D, (^ fi) dt = Јо) 


The preceding formula is generalized in the next theorem. 


Let f be continuous on [a,b]. If a € c € b, then for every x in 


[a, b]. 
р, [^ fi) dt = Јо). 


PROOF ЕЕ is an antiderivative of f, then 


р, Ї х f(t) dt = D, [F(x) — Flo] 
= D, F(x) — D, F(c) 
= f(x)— 0 = f(x). wm 


EXAMPLE 8 If G(x) = I r dt and x > 0, find G'(x). 


SOLUTION We shall apply Theorem (5.35) with c = 1 and f(x) = 1/x. 
If we choose a and b such that 0 < a < 1 < b, then f is continuous on 
[a, b]. Hence, by Theorem (5.35), for every x in [а,Ь], 
" si, 1 
G(x) = D, f = dt = =. 


In (5.29) we defined the average value f,, of a function f on [а,Ь] as 
follows: 


: 1 b 
fum р h $0 dx 


The next example indicates why this terminology is appropriate in 
applications. 


EXAMPLE 9 Suppose a point P moving оп a coordinate line has a 
continuous velocity function v. Show that the average value of v on [а,Ь] 
equals the average velocity during the time interval [a, b]. 


SOLUTION Ву Definition (5.29) with f = v, 


1 b 
„= ^ --—- S Ї v(t) dt. 


EXERCISES 5.6 


EXERCISES 5.6 





If s is the position function of P, then s'(r) = 


291] 


v(t); that is, s(r) is an antideriv- 


ative of v(t). Hence, by the fundamental theorem of calculus, 


Ї v(t) dt = Ї s(t) dt = st, = s(b) — s(a). 


Substituting in the formula for v,, gives us 


| _ s(b) — s(a) 
о Вэй ^ 


which is the average velocity of P оп [a, b] (see (3.2)). 


Results similar to that in Example 9 occur in discussions of average 
acceleration, average marginal cost, average marginal revenue, and many 
other applications of the derivative (see Exercises 45—50). 





Exer. 1-36: Evaluate the integral. 


1 Ї (x? — 4x — 3) dx 


3 „АЁ — ы 
3 [e + 32 — 1) dz 


s [ах 


7 Pas 


i 


б M 


13 f (0х +3) dx 


22-1 
(з); а 
v (4х2 — 5)! dx 
19 дэв Аз" Зз 


eT, bein 
25 L 


Quum (3 — 2x)? 25° 


s | A = 











dx 








2 fè, 6 +x- 6x7) dx 
4 r (2* — 22) dz 

6 L 8 dx 

8 Ї E V 16x5 dx 
10 sy 2t 
12 | 80-96 
14 L (4x75 — 5x*) dx 


8 
” (. Ч. 














5 3/4 = 
if Ja x5 41 dx 


DEN 


22 |” |2х—3|4х 





8 x 
24 Ї 4/2х — 1 ах 





E баа (ил v J dv 








28 Ї e = dx 
» fte 


— x*y хэ dx 


31 Їл cos (4x) dx 32 |; * 3 sin (3x) dx 
33 pe (4 sin 20 + 6 cos 30) 40 
34 L. (1 — cos 40) 40 


36 L^ sin х 
cos? 29 


35 ("7 (x + sin 5х) dx 





Exer. 37-40: [a] Find a number z that satisfies the con- 
clusion of the mean value theorem (5.28) for the given 
integral (7 f(x) dx. [b] Find the average value of f on 
la, 51. 


4 2 д 2... 
37 6 JU. dx 38 um ух + 1 dx 
Vix + 4 


S quU 2 =н 
39 [, Jx + 4ах 40 f? v6- хах 


a 41-44: Find the derivative without integrating. 


41 D, 18 Vx? + 16 dx 42 D, L х\/х? +4 dx 


43 р, prea 





5 |Х| 51 


45 A point Р is mele on a coordinate line with a con- 
tinuous acceleration function a. If v is the velocity func- 
tion, then the arerage acceleration on a time interval 
Їл, t2] is 

v(t.) — v(t,) 
t-t ` 
Show that the average acceleration is equal to the aver- 
age value of a on [t,. t3]. 
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46 If a function f has a continuous derivative on [a, b], 
show that the average rate of change of f(x) with respect 
to x on [а. Б] (see Definition (3.4)) is equal to the aver- 
age value of f" on [а,Ь], 


47 The vertical distribution of velocity of the water in a 
river may be approximated by r = c(d — y)! ^. where г 
is the velocity (in m/sec) at a depth of y meters below 
the water surface, d is the depth of the river, and c is a 
positive constant, 


(a) Find a formula for the average velocity r,, in terms 
of d and c. 


[b] If v is the velocity at the surface, show that v,, = го. 


48 In the electrical circuit shown in the figure, the alter- 
nating current / is given by J = Jy sin wt, where t is the 
time and /,, is the maximum current, The rate P at which 
heat is being produced in the resistor of R ohms is given 
by P = PR. Compute the average rate of production 
of heat over one complete cycle (from t = 0 to г = 27:0). 
(Hint: Use the half-angle formula for the sine.) 


EXERCISE 48 
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49 If a ball is dropped from a height of sọ feet above the 
ground and air resistance is negligible, then the distance 
it falls in t seconds is 16:2 feet. Use Definition (5.29) to 
show that the average velocity for the ball's journey to 
the ground is 44/s, ft/sec. 

so A meteorologist determines that the temperature T (in 

F) on a cold winter day is given by 
T = tlt — 12)(t — 24), 
where г is time (in hours) and г = 0 corresponds to mid- 


night. Find the average temperature between 6 A.M. and 
12 noon. 


51 If g is differentiable and f 15 continuous for every x, 
prove that 


р, E" 10) dt = 11775317 (х). 
52 Extend the formula in Exercise 51 to 
D, (Z^ ft) dt = f) — КСК С). 


Exer. 53-56: Use Exercises 51 and 52 to find the 
derivative. 





54 D, |, dat 
t 


55 D, [+19 dt 56 D. [^s ++ 4 dt 


To evaluate a definite integral {2 f(x) dx by means of the fundamental 
theorem of calculus, we need an antiderivative of f. If an antiderivative 
cannot be found, then we may use numerical methods to approximate the 
integral to any desired degree of accuracy. For example, if the norm of a 
partition of [a, b] is small, then, by Definition (5.16). the definite integral 
can be approximated by any Riemann sum of f. In particular, if we use 
a regular partition with Ax = (b — a)/n, then 


Ї fon а х Y JW) Ax, 
Р к= 1 


where w, is any number in the kth subinterval | хүү, х, | of the partition. 
Of course, the accuracy of the approximation depends on the nature of f 
and the magnitude of Ax. It may be necessary to make Ax very small to 
obtain a desired degree of accuracy. This, in turn, means that n is large, 
and hence the preceding sum contains many terms. Figure 5.5 illustrates 
the case in which f(w,) is the minimum value of f on [x,. ,. x,]. In this 
case the error involved in the approximation is numerically the same as 
the area of the region that lies under the graph of / and over the inscribed 


rectangles. 
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Trapezoidal rule (5.36) 





293 


If we let w, = x,_, (that is, if f is evaluated at the left-hand endpoint 
of each subinterval | хү ү, x, ]). then 


Ї fede x У S) Ax. 
=1 


If we let w, = x, (that is, if f is evaluated at the right-hand endpoint of 
[x,- 15 Х, 1), then 


Ї fix) dx = У fix) Ax. 
к=1 


Another and usually more accurate approximation сап be obtained by 
using the average of the last two approximations—that is, 


Р fo 21) Ах + 2 fix) м] 
= =} 


With the exception of f(x 9) and f(x,), each function value /(x,) appears 
twice, and hence we may write the last expression as 


Ax 1 | И Р 
= |) + Pa 2f(x,) + л 


Since Ax = (b — a)/n. this gives us the following rule. 


Let f be continuous on [а,Ь]. If a regular partition of [a,b] is 
determined by а = Xo, Xis- -s X, = b, then 





Б-- 
[ах о + flo) + AEH +2/х„-,) + fos]. 


The term trapezoidal comes from the case in which f(x) is nonnegative 
on [a. b]. As illustrated in Figure 5.33, if P, is the point with x-coordinate 
x, on the graph of y = f(x), then for each k = 1,2,.... n, the points on 
the x-axis with x-coordinates x, _ ; and x,, together with P, | and P,. are 
vertices of a trapezoid having area 


Ах 
UE [ f(x, e 1) nr fix]. 


FIGURE 5.33 
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trapezoidal rule (5.37) 
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The sum of the areas of these trapezoids is the same as the sum in 
Rule (5.36). Hence, in geometric terms, the trapezoidal rule gives us an 
approximation to the area under the graph of f from a to b by means of 
trapezoids instead of the rectangles associated with Riemann sums. 

The next result provides information about the maximum error that 
can occur if the trapezoidal rule is used to approximate a definite integral. 
The proof is omitted. 


If f" is continuous and if M is a positive real number such that 
| f"(x)| € M for every x in [a, b], then the error involved in using 
the trapezoidal rule (5.36) is not greater than 
M(b — а)? 
12n^ | 


EXAMPLE 1 Use the trapezoidal rule with n — 10 to approximate 


21 : : ; ; z 
n — dx. Estimate the maximum error in the approximation. 
x 


SOLUTION Itis convenient to arrange our work as follows. Each f(x,) 
was obtained with a calculator and is accurate to nine decimal places. The 
column labeled m contains the coefficient of f(x,) in the trapezoidal rule 
(5.36). Thus, m = 1 for f(xọ) or f(x,), and m = 2 for the remaining f(x,). 


k х, УС т т/(хк) 
0 1.0 1.000000000 1 1.000000000 
1 1,1 0.909090909 2 1.818181818 
2 1.2 0.833333333 2 1.666666666 
3 1.3 0.769230769 2 1.538461538 
4 1.4 0.714285714 2 1.428571428 
5 15 0.666666667 2 1.333333334 
6 1.6 0,625000000 2 1.250000000 
7 1.7 0.588235294 2 1.176470588 
8 1.8 0.555555556 2 1.111111112 
9 1.9 0.526315789 2 1.052631578 
10 2.0 0.500000000 1 0.500000000 


The sum of the numbers in the last column is 13.875428062. 
Since 


b=@ 2-1 1 
2n — 200) 20 
it follows from (5.36) that 


] | 
Ї 22 dx zg (13875428062) ~ 0.693771403. 


1х 








5.7 NUMERICAL INTEGRATION 


FIGURE 5.34 


Simpson's rule (5.38) 
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The error in the approximation may be estimated by means of (5.37). 
Since f(x) = 1/х, we have f'(x) = —1/x? and f"(x) = 2/x?. The maximum 
value of f(x) on the interval [1, 2] occurs at x = 1 because f” is a de- 
creasing function. Hence 


2 
"x| € —-2. 
| f"(x)| «ар 
Applying (5.37) with M = 2, we see that the maximum error is not greater 
than 
2(2 — 1)3 4 


Ar ы 0008. 
12108. 600 < 





In Chapter 7 we shall see that the integral in Example | equals the 
natural logarithm of 2, denoted by In 2, which to nine decimal places is 
0.693147181. To obtain this approximation by means of the trapezoidal 
rule, it is necessary to use a very large value of n. 

The following rule is often more accurate than the trapezoidal rule. 


Let f be continuous on [a, b], and let n be an even integer. If a 
regular partition is determined by a = Xo, x,,..., x, = b, then 


| fee) dx = P=" Eris) + afe) 2f) afe) +: 
«алх, ЭЭ Aft 9) fis] 


The idea behind the proof of Simpson's rule is that instead of using 
trapezoids to approximate the graph of /, we use portions of graphs of 
equations of the form y = cx? + dx + e for constants c, d, and e; that is, 
we use portions of parabolas or lines. If Po(xo. yo). P;(x;. y,). and 
P(X, уз) are points on the parabola such that Ху < x, < x,, then sub- 
stituting the coordinates of Py, Р,, and P;, respectively, into the equa- 
tion y = cx? + dx + e gives us three equations that may be solved for c, 
d, and e. As a special case, suppose Л, yo. уу. and у, are positive, and 
consider the points Po( —h, yo). P,(0. y), and Ps(/i, y2), as illustrated in 
Figure 5.34. 

The area A under the graph of the equation from -/ to h is 

cx? dx? 


A= ie (cx? + dx + е) dx = | + 





3 2 


Since the coordinates of Po(—h, yo). P,(0, у,), and P,(h, y2) are solutions 
of y = cx? + dx + e, we have, by substitution, 


* h 2 
+ ех = = (2ch* + бе). 


yo = ch? —dh+e 
уус 
yi = ch? + аһ + е. 
Thus, 
Yo + 4у + y2 = 2ch? + бе 
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FIGURE 5.35 





and d 1 (Yo + 4); + У). 

If the points Р. Р,. and Р, are translated horizontally, as illustrated 
in Figure 5.35, then the area under the graph remains the same. Conse- 
quently, the preceding formula for A is true for any points Po, Р,, and 
Р,, provided x, — x; — X; — X4. 

If f(x) > 0 on [a, b], then Simpson’s rule is obtained by regarding the 
definite integral as the area under the graph of f from a to b. Thus, suppose 
n is an even integer and h = (b — a)/n. We divide [a, b] into n subinter- 
vals, each of length h, by choosing numbers а = Xo, X;...., X, = b. Let 
P,(x,. уу) be the point on the graph of f with x-coordinate х,, as illustrated 
in Figure 5.36. 


FIGURE 5.36 





If the arc through Po, P,, and Р, is approximated by the graph of an 
equation y = cx? + dx + e, then, as we have seen, the area under the 
graph of f from x, to х, is approximated by 


h 
3 (Yo + 4¥1 + y3). 


If we use the arc through P,, P}, and P,, then the area under the graph 
of f from x, to ху is approximately 


h 


3 (у; + 4y3 + YA). 


We continue in this manner until we reach the last triple of points P,,_ 5, 
P, ү. P, and the corresponding approximation to the area under the 
graph: 


h 


3 (Ya-2 + 434-1 + Ya) 


Summing these approximations give us 


b. h 
Ї fix) dx = 3 (Vo + 4y,  2ya + 4ya +" 29 + Aui YA). 
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Error estimate for 
Simpson's rule (5.39) 


2937 





which is the same as the sum in (5.38). If f is negative for some x in [а, b]. 
then negatives of areas may be used to establish Simpson's rule. 
The following result is analogous to (5.37). 


If /'*' is continuous and if M is a positive real number such that 
| f! (x)| < M for every x in [a. b], then the error involved in using 
Simpson's rule (5.38) is not greater than 
M(b — ap 
180n* ` 


: : е : 21 
EXAMPLE 2 Use Simpson’s rule with п = 10 to approximate Ї — dx. 
х 
Estimate the maximum error in the approximation. 
SOLUTION This is the same integral considered in Example 1. We ar- 


range our work as follows. The column labeled m contains the coefficient 
of f(x,) in Simpson's rule (5.38). 


k Xk | fy) | m | mf (x,) 
0 10 1.000000000 1 1000000000 
1 ti 0.909090909 4 3.636363636 
2 12 0,833333333 2 1.666666666 
3 1.3 0.769230769 4 3.076923076 
4 1.4 0.714285714 2 1.428571428 
5 1.5 0.666666667 4 2.666666668 
6 1.6 0.625000000 2 1.250000000 
7 1:7 0.588235294 4 2.352941176 
8 1.8 0.555555556 2 1.111111112 
9 1.9 0,526315789 4 2.105263156 
10 2.0 0.500000000 1 0.500000000 


The sum of the numbers in the last column is 20.7945069 18. Since 
b a _ 2-1 
3n 30 


it follows from (5.38) that 


21 1 
T dx x (20.794506918) = 0.693150231. 
Ux 30 


We shall use (5.39) to estimate the error in the approximation. If 
f(x) = 1/x, we can verify that f(x) = 24/x5. The maximum value of /'*'(x) 
on the interval [1. 2] occurs at x = 1, and hence 


| f"(x)| € — = 24. 
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Applying (5.39) with M = 24, we see that the maximum error in the ap- 
proximation is not greater than 
24(2 — 1) 2 
180(10)* — 150,000 


Note that this estimated error is much less than that obtained using the 
trapezoidal rule in Example 1. 


« 0.00002. 





Ап important aspect of numerical integration is that it can be used to 
approximate the definite integral of a function that is described by means 
of a table or graph. To illustrate, suppose it is found experimentally that 
two physical variables x and y are related as shown in the following table. 


x i15 15 20 25 30 35 АВ 
y | 31 40 42 38 29 28 27 
FIGURE 5.37 - 


The points (x. y) are plotted in Figure 5.37. If we regard v as a function 
of x, say y = f(x) with f continuous, then the definite integral fi f(x) dx 
may represent a physical quantity. In the present illustration, the integral 
may be approximated without knowing an explicit form for f(x). In partic- 
ular, if the trapezoidal rule (5.36) is used, with n — 6 and (b — a)/(2n) — 
(4 — 1)/12 = 0.25, then 


Ї fe) dx ж 0.25[3.1 + 040) + 24.2) + 2:8) + 229) + 20:8) + 2.7], 
Ёс 
ог Ї f(x) dx z 10.3. 


The number of subdivisions is even, so we could also approximate the 
integral by means of Simpson's rule. 























EXERCISES 5.7 

Ехег, 1-12: Approximate the definite integral for the c! 6 | EE - dx: n=8 

stated value of n by using (а) the trapezoidal rule and — шил pq 

ib] Simpson's rule. (Approximate each f(x,) to four — si 1 

decimal places, and round off answers to two decimal €| 7 lo age dx; п=4 
у 4 


places, whenever appropriate.) 


1 Ї (х2-1)4х: л-4 











А [с] 9 ” ; dx n=6 
2 Ї х? ах: п=4 = f. 4+ 
1.6 ж... P 2 0.6 1 Е -3 
3 Ї (2x —l)dx: п-6 [c] 10 E Л -— dx; n=6 
3.2 io 2 = a 
ч 1, GET DES me [c] 11 h vsin х dx; n=6 








— 1 gis Ж 
с| 5 н х dx; n=6 [c] 12 P sin yx dx; n=4 


` 
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Exer. 13-16: Estimate the maximum error in approxi- 
mating the definite integral for the stated value of n when 
using (а) the trapezoidal rule and (5) Simpson’s rule. 


3 
13 Г, Ghax + bx) dx; п=4 


14 IN (txt + 2х3) dx; п=4 


51 
15 Ї 32 4 
16 ih 4x"? dx; 
Exer. 17-20: Find the least integer л such that the error 


in approximating the definite integral is less than E when 
using (а) the trapezoidal rule and (5) Simpson's rule. 


17 ! 81x9? dx: Е = 0.001 


18 x; Е = 0.001 
47 120: © 
1 
19 Ё -dx E = 0.0001 
1/2 x 
3 1] 
0 f. zI” E = 0.001 


Exer. 21-24: Suppose the table of values for x and y was 
obtained empirically. Assuming that y = f(x) and f is 
continuous, approximate j f(x) dx by means of (а) the 
trapezoidal rule and (5) Simpson's rule. 


21| x | 20 25 30 35 40 
1-1 88 = 
ele 2 & & 8 








2. 20 3 3.0 44 0. 
“fate «3 
Ж с] 24| х | y 

2.00 4.12 20: | 121 
2.25 3.76 2.2 114 
2.50 3.21 24 9.7 
2.75 3.58 2.6 84 
3.00 3.94 2.8 6.3 
3.25 4.15 3.0 6.2 
3.50 4.69 3:2 5.8 
3.75 5.44 3.4 5.4 
4.00 1532. 3.6 5.1 

3.8 5.9 

4.0 5.6 
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с 25 Use the trapezoidal rule with (b — a)/n = 0.1 to show 
that 


Use this fact and Simpson's rule with n = 8 to approxi- 
mate z to four decimal places. 


27 If f(x) is a polynomial of degree less than 4, prove that 
Simpson’s rule gives the exact value of f} f(x) dx. 


28 Suppose that f is continuous and that both f and f" are 
nonnegative throughout [a, b]. Prove that (7 f(x) dx is 
less than the approximation given by the trapezoidal 
rule. 


29 The graph in the figure was recorded by an instrument 
used to measure a physical quantity. Estimate у- 
coordinates of points on the graph, and approximate the 
area of the shaded region by using (with n = 6) {a} the 
trapezoidal rule and (pj Simpson's rule. 


EXERCISE 29 


40 
30 
20 
10 








30 A man-made lake has the shape illustrated in the figure, 
with adjacent measurements 20 feet apart. Use the tra- 
pezoidal rule to estimate the surface area of the lake. 


EXERCISE 30 





An important aspect of water management is the pro- 
duction of reliable data on streamflow, the number of 
cubic meters of water passing through a cross section of 
a stream or river per second. A first step in this com- 
putation is the determination of the average velocity v, 
at a distance x meters from the river bank. If k is the 
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depth of the stream at a point x meters from the bank 
and (у) is the velocity (in m/sec) at a depth of y meters 


(see figure), then 


1 
= x L cy) dy 


(see Definition ( 


5.29)). With the six-point method, ve- 
locity readings are taken at the surface: at depths 0.2k, 
0.4k, 0.6k, and 0.8k; and near the river bottom. The 
trapezoidal rule is then used to estimate T, 


data in the following table, estimate r,. 





y (m) О 02k O4k 06К 08К k 
v( y) (m/sec) 0.28 0.23 0.19 0.17 0.13 0.02 
EXERCISE 31 

-X— Lm 








[c] 32 Refer to Exercise 31. The streamflow F (in т? sec) can 


> 
! 
! 
! 
! 
! 


be approximated using the formula 


вај, 


г, h(x) dx, 


5.8 REVIEW EXERCISES 


Exer. 1—42: Evaluate. 


2 4х 


; (= ЭР +5 


3 [100 dx 
5 [ох +1) dx 


fa — 2х2) x dx 


9 [ —— dx 


/х(1 + xy 


11 (из — 2x — 5x3) dx 


13 Ї (Ax + (4x2 + 2x — 7)? dx 


л - (17) 
14 Р 5 4х 


X^ 


16 [oe Tx de 


2 fae 42x? 


4 ЇР 5 (2x — x) dx 
6 [sx + 14х 


(тх)? 
| Y dx 


n 37. 


AN 


10 foe + 4)? dx 


12 fos х 15): 


15 [ох 3 — 3x?) idx 


17 [ ; 4/8х7 dx 


. Given the 


— x) dx 


[n 


where h(x) is the depth of the stream at a distance x 
meters from the bank and L is the length of the cross 
section. Given the data in the following table, use Simp- 
son's rule to estimate F. 


x (m) 0 3 6 9 r 
h(x)(m) 0 051 073 1861 2.11 
“#(mjsec) 0 0.09 0.18 021 036 
x (m) 15 18 21 24 
h(x)(m) | 202 153 064 0 
б, (т/вес) 032 019 011 0 


Exer. 33-34: Use Simpson's rule with л = 8 to approxi- 


mate the average value of f on the given interval. 


33 


34 





fix) 2 [0.4] 


[1,1] 


5:1 


fix) = vecos 


[c | Exer. 35-36: If f is determined by the given differential 
equation and initial condition f (0), approximate f(1) 
using the trapezoidal rule with n = 10. 


35 


36 


18 


20 


22 


24 


26 


28 


29 


31 


33 








” ух x 
(X) 2- = =l 
f 51 f 
у(х) = уап х: Л0)-2 
ix^—x—46 1 x? 
Ї x4 2 5 dx 19 Р (1 +e dx 
r9 л б Жер] 
fra ax 21 | — dx 
1 x? + 2x 
pax? + 2 : 52-13 5 
1 x dx 23 Ё x^4Jx? + 1 dx 
Ux И = к " 
Ї 3x VA + х dx 25 Г (2x — 3)(5х + 1) dx 
mi > 3 4 m Тал 
| i (X^ + 1)? dx 27 1, /3х(/х + V3) dx 


MI Dx + 2)x + 3) dx 





| sin (3 — 5x) dx 30 [x cos (2x?) dx 
А sin (1/х) 
[ео 3x ѕіп 3x dx 2 Ї fie 
x 
* cos 3x 
| —z- dx 
4 sin? 3x 
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34 [з cos 2л! — 5 sin Ant) dt 
“2 — 
35 Ї cos X4/3 + 5 ѕіп x dx 
36 Г " (sin x + cos x)? dx 
m 
(fafa. 
37 h sin 2x cos? 2x dx 
(лаа А 
38 | = (sec x + tan x)(1 — sin x) dx 
T. 
39 | D,A/x* + 2x? + 1 dx 


40 i А D, (x sin? x) dx 
0 


B 


41 D; [, GP E — 3) dx 


42 D, fie 4-1)? dt 
Exer. 43-44: Solve the differential equation subject to 
the given conditions. 
12 › 
43 ? -бх-4 y=4andy=Sifx=2 
ах? 
44 /(х)-х!9-5, 701) = 2; Д1) = —8 


Ехег. 45-46: Let f(x) = 9 — x? for -2< x < 3, and 
let Р be the regular partition of [—2, 3] into буе sub- 
intervals. 


45 Find the Riemann sum Rp if f is evaluated at the mid- 
point of each subinterval of P. 


46 Find (a) Ар and [b] Аср. 


Exer. 47-48: Verify the inequality without evaluating 
the integrals. 

47 ji- xdxz 5 х? dx 48 A x dx < Ї % x? ах 
Ехег. 49-50: Express as one integral. 


49 | fe dx + P fix) dx — Ї pae f fe) = 


D a 


4 Р - b » ЭРРЭ.. Р " 
50 IL f(x) dx f I(x) dx Ї m 
" f. fix) dx + | * f(x) dx 
51 A stone is thrown directly downward from a height of 
900 feet with an initial velocity of 30 ft/sec. 


(а| Determine the stone's distance above ground after 
t seconds. 


(5) Find its velocity after 5 seconds. 
{с} Determine when it strikes the ground. 


52 Given Ї A (x? + 2x — 5) dx, find 


{a} a number z that satisfies the conclusion of the mean 
value theorem for integrals (5.28) 


[b] the average value of x? + 2x — 5 on [1, 4] 


[c] 53 Evaluate L v1 х dx by using 


(a) the trapezoidal rule, with n = 5 

[b] Simpson's rule, with n = 8 

(Use approximations to four decimal places for f(x,). 
and round off answers to two decimal places.) 


[c] 54 To monitor the thermal pollution of a river, a biologist 


takes hourly temperature readings (in F) from 9 a.m. 
to 5 p.m. The results are shown in the following table. 


Timeofday | 9 10 11 12 1 


Temperature 75.3 77.0 831 848 86.5 
. Time of day 2 3 4 5 
Temperature 864 811 786 75.1 


Use Simpson's rule and Definition (5.29) to estimate the 
average water temperature between 9 A.M. and 5 Р.м. 
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INTRODUCTION 


In this chapter we discuss some of the uses for the 
definite integral. We begin by reconsidering the ap- 
plication that motivated the definition of this mathe- 
matical concept — determining the area of a region in 
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the xy-plane. Then, in turn, we use definite integrals purae 
5 mh tat 
to find volumes, lengths of graphs, surface areas of БН 


solids, work done by a variable force, and moments 
and the center of mass (the balance point) of a flat 
plate. The reason definite integrals are applicable is 
that each of these quantities is expressible as a limit 
of sums. Moreover, because of the multitude of other 
quantities that can be similarly expressed, there is no 
end to the types of applications. In the last section we 
further illustrate the versatility of the definite integral 
by considering a variety of uses that include the fol- 
lowing: finding the force exerted by oil on one end of 
a storage tank, measuring cardiac output and blood 
flow in arteries, estimating the future wealth of a cor- 
poration, calculating the thickness of the ozone layer, 
determining the amount of radon gas in a home, and 
finding the number of calories burned during a work- 
out on an exercise bicycle. 

As you proceed through this chapter and whenever 
you encounter definite integrals in applied courses, 
keep the following nine words in mind: limit of sums, 
limit of sums, limit of sums. 
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6.1 AREA 


FIGURE 6.1 
» 











CHAPTER 6 APPLICATIONS OF THE DEFINITE INTEGRAL 


If a function f is continuous and f(x) 2 0 on [a,b], then. by Theo- 
rem (5.19), the area of the region under the graph of f from a to b is given 
by the definite integral f} f(x) dx. In this section we shall consider the 
region that lies between the graphs of two functions. 

If f and g are continuous and f(x) > g(x) > 0 for every x in [а,Ь], 
then the area A of the region R bounded by the graphs of f. g. x — a, and 
x — b (see Figure 6.1) can be found by subtracting the area of the region 
under the graph of g (the lower boundary of R) from the area of the region 
under the graph of f (the upper boundary of R). as follows: 


A- fi f(x) dx — P g(x) dx = is [ f(x) — gtx)] dx 


This formula for A is also true if f or g is negative for some x in [a, b]. 
To verify this fact, choose a negative number d that is less than the mini- 
mum value of g on [a. b], as illustrated in Figure 6.2(1). Next, consider 
the functions /, and g,. defined as follows: 


fix) = fix) -4- f(x) + 4| 
g(x) = g(x) — d = glx) + |d] 


, 


FIGURE 6.2 
(i) ИШ 


\ hix) 











The graphs of f, and g, can be obtained by vertically shifting the graphs 
of f and g a distance |d|. If A is the area of the region in Figure 6.2(ii), 
then 





= 
ll 


Р LA) — g(x] dx 
Ї (fe) — 4] — [90) — d]} dx 
= Ї [f/(x) — g(x)] dx. 


We may summarize our discussion as follows. 
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Theorem (6.1) 


FIGURE 6.3 





Corollary (6.2) 


If f and g are continuous and f(x) > g(x) for every x in [a, b], then 
the area A of the region bounded by the graphs of f. g. x = a. and 
X =P 18 


A= l^ [f(x) — g(x)] dx. 


We may interpret the formula for 4 in Theorem (6.1) as a limit of 
sums. If we let A(x) = f(x) — g(x) and if w is in [a, b], then h(w) is the 
vertical distance between the graphs of f and g for x = w (see Figure 6.3). 
As in our discussion of Riemann sums in Chapter 5, let P denote a par- 
tition of [a,b] determined by а= xo. Хү... x, — b. For each К, let 
Ax, = X, — X, ,. and let w, be any number in the Ath subinterval 
| хүү. х, | of P. By the definition of h. 


h(w,) Ax, = [ fiw) — 40841 Ах. 


which is the area of the rectangle of length /(w,) — g(w;) and width Ax, 
shown in Figure 6.4. 


FIGURE 6.4 
y 


fiw) — gw.) 





а = XQ XQ X3 


The Riemann sum 


2, hw) Ax; = X [Fiwd — gov] Ах, 


is the sum of the areas of the rectangles in Figure 6.4 and is therefore an 
approximation to the area of the region between the graphs of f and g 
from a to b. By the definition of the definite integral, 


lim Y hiw) Ax, = ж h(x) dx. 


||P\|-0 k 
Since h(x) = f(x) — g(x). we obtain the following corollary of Theo- 
rem (6.1). 


A= lim Y [ftw) gw] Ах, = |? [/(х) — 909] dx 


IIP||~0 k 
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FIGURE 6.5 
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We may employ the following intuitive method for remembering this 
limit of sums formula (see Figure 6.5): 


1. Use dx for the width Ax, of a typical vertical rectangle. 
2. Use f(x) — g(x) for the length f(w,) — g(w,) of the rectangle. 


3. Regard the symbol [7 as an operator that takes a limit of sums of 
the rectangular areas [ f(x) — g(x)] dx. 


This method allows us to interpret the area formula in Theorem (6.1) 
as follows: 


A= [^ [flx) — a9] ae 


limit of length ofa width ofa 
sums rectangle rectangle 


When using this technique, we visualize summing areas of vertical 
rectangles by moving through the region from left to right. Later in this 
section we consider different types of regions, finding areas by using hori- 
zontal rectangles and integrating with respect to y. 

Let us call a region an R, region (for integration with respect to x) if 
it lies between the graphs of two equations у = f(x) and у = g(x), with f 
and g continuous, and f(x) > g(x) for every x in [a, b], where a and b are 
the smallest and largest x-coordinates, respectively, of the points (x, y) in 
the region. The regions in Figures 6.1 through 6.5 are R, regions. Several 
others are sketched in Figure 6.6. Note that the graphs of у = f(x) and 
y = g(x) may intersect one or more times; however, f(x) > g(x) through- 
out the interval. 


FIGURE 6.6 R, regions 





The following guidelines may be helpful when working problems. 
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Guidelines for finding the area of . : 
ап R, region (6.3) 1 Sketch the region, labeling the upper boundary y = f(x) and 


the lower boundary y — g(x). Find the smallest value x — a and 
the largest value x — b for points (x, y) in the region. 


2 Sketch a typical vertical rectangle and label its width dx. 
3 Express the area of the rectangle in guideline 2 as [ f(x)— g(x)] dx. 


4 Apply the limit of sums operator [7 to the expression in guideline 
3 and evaluate the integral. 


EXAMPLE 1 Find the area of the region bounded by the graphs of 
the equations y = x? and y = үх. 


FIGURE 6.7 SOLUTION Following guidelines 1-3, we sketch and label the region 
and show a typical vertical rectangle (see Figure 6.7). The points (0, 0) 
and (1, 1) at which the graphs intersect can be found by solving the equa- 


tions у = x? and y= Vx simultaneously. Referring to the figure, we 
obtain the following facts: 
upper boundary: у = үх 
lower boundary: у = х? 
width of rectangle: dx 
length of rectangle: 4x — x? 
area of rectangle: (yx — x?) dx 
Next, we follow guideline 4 with a = 0 and b = 1, remembering that 


applying få to the expression (vx — x?) dx represents taking a limit of 
sums of areas of vertical rectangles. This gives us 


A= ux — x?) dx = [t2 — x2) dx 
x3 2 1 


[a5 sP 2 11 
т dh ни. 








EXAMPLE 2 Find the area of the region bounded by the graphs of 
VIN qu чу ул: уны сз 

FIGURE 68 у+х? =6and у + 2х – 3 = 0. 

SOLUTION The region and a typical rectangle are sketched in Figure 
6.8. The points of intersection (—1, 5) and (3, —3) of the two graphs may 
be found by solving the two given equations simultaneously. To apply 
guideline 1 we must label the upper and lower boundaries у = f(x) and 
y = g(x), respectively, and hence we solve each of the given equations for 
y in terms of x, as shown in Figure 6.8. This gives us the following: 


3 


upper boundary: y 26— x^ 
lower boundary: у=3—2х 

width of rectangle: dx 

length of rectangle: (6 — x?) — (3 — 2x) 





area of rectangle: [(6 — x?) — (3 — 2x)] dx 
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FIGURE 6.9 





FIGURE 6.10 
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We next use guideline 4, with a= — 1 and b = 3, regarding f^, as an 
operator that takes a limit of sums of areas of rectangles. Thus, 


A= f? [(6— х2) – (3 — 23)] dx 


= T (3 — x? 4- 2x) dx 


x zT 
- | з= 3 ++ |. 


= [9 —– 22 +9] -—[-3-(-) + 1] = X. 


The following example illustrates that it is sometimes necessary to 
subdivide a region into several R, regions and then use more than one 
definite integral to find the area. 


EXAMPLE 3 Find the area of the region R bounded by the graphs 
ofy-x26,y—x*-0,and2y + x = 0). 


SOLUTION The graphs and region are sketched in Figure 6.9. Each 
equation has been solved for y in terms of x, and the boundaries have 
been labeled as in guideline 1. Typical vertical rectangles are shown ex- 
tending from the lower boundary to the upper boundary of R. Since the 
lower boundary consists of portions of two different graphs, the area 
cannot be found by using only one definite integral. However, if R is 
divided into two R, regions, Кү and А,, as shown in Figure 6.10, then 
we can determine the area of each and add them together. Let us arrange 
our work as follows. 


REGION R, REGION R, 
upper boundary: y=x +6 y=x+6 
lower boundary: у = —ix у= х? 
width of rectangle: ах dx 
length of rectangle: (х + 6) — (—ix) (x +6) — х? 
area of rectangle: [(x + 6) — (—3x)] dx [(x + 6) — x°] dx 


Applying guideline 4, we find the areas A, and A, of R, and R3: 
E es [ [(х + 6) — (—1х)] dx 
3 a x? 0 
= ги (5х + s) dx = E (7) + в | 
= -\- -4 
= () —(12 — 24) = 12 
А = L [(x + 6) — x°] dx 


2 4 12 
х х 
=|—+6х—— 
Ë А 


-(2-12-4)-0-10 
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The area A of the entire region R is 


A =A, + 4,= 12+ 10 = 22. 


We have now evaluated many integrals similar to those in Example 3. 
For this reason we sometimes merely set up an integral; that is, we express 
it in the proper form but do not find its numerical value. 

If we consider an equation of the form x = f(y), where f is continuous 
forc € у € d. then we reverse the roles of x and y in the previous discussion, 
treating y as the independent variable and x as the dependent variable. A 
typical graph of x = f(y) is sketched in Figure 6.11. Note that if a value 
w is assigned to y, then f(w) is an x-coordinate of the corresponding point 
on the graph. 

An R, region is a region that lies between the graphs of two equa- 
tions of the form x = f(y) and x = g(y). with f and g continuous, and 
fly) > gty) for every y in [c. d ]. where c and d are the smallest and largest 
y-coordinates, respectively, of points in the region. One such region is 
illustrated in Figure 6.12. We call the graph of f the right boundary of 
the region and the graph of g the left boundary. For any y, the number 
f(y) = giv) is the horizontal distance between these boundaries, as shown 
in Figure 6.12. 

We can use limits of sums to find the area A of an R, region. We 
begin by selecting points on the y-axis with y-coordinates с = yo. 14... .. 
y, = d, obtaining a partition of the interval [c. d] into subintervals of 
width Ay, = y, — Yk- ,. For each К we choose a number wp in | y, |. | 
and consider horizontal rectangles that have areas | f(w,) — g(w,)] Ayk 
as illustrated in Figure 6.13. This leads to 


A= lim Y [fiw — gw] Ay, = Ї [ fly) — giy)] dy. 


||Р\|—0 k 


The last equality follows from the definition of the definite integral. 


FIGURE 6.13 
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Guidelines for finding the area of 
an R, region (6.4) 





FIGURE 6.14 





FIGURE 6.15 
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Using notation similar to that for R, regions, we represent the width 
Ay, of a horizontal rectangle by dy and the length f(w,) — g(w,) of the 
rectangle by f(y) — g(y) in the following guidelines. 


1 Sketch the region, labeling the right boundary x = f(y) and the 
left boundary x = g(y). Find the smallest value у = c and the 
largest value y = d for points (x, y) in the region. 


Sketch a typical horizontal rectangle and label its width dy. 
3 Express the area of the rectangle in guideline 2 as [ f(y) — g(y)] dy. 


4 Apply the limit of sums operator Ї 4 to the expression in guideline 
3 and evaluate the integral. 


In guideline 4, we visualize summing areas of horizontal rectangles by 
moving from the lowest point of the region to the highest point. 


EXAMPLE 4 ` Find the area of the region bounded by the graphs of 
the equations 2y? = x + 4 and y? = х. 


SOLUTION The region is sketched in Figures 6.14 and 6.15. Figure 
6.14 illustrates the use of vertical rectangles (integration with respect to x), 
and Figure 6.15 illustrates the use of horizontal rectangles (integration 
with respect to у). Referring to Figure 6.14, we see that several integrations 
with respect to x are required to find the area. However, for Figure 6.15, 
we need only one integration with respect to y. Thus we apply Guidelines 
(6.4), solving each equation for x in terms of y. Referring to Figure 6.15, 
we obtain the following: 


right boundary: х = у 
left boundary: x =2y?—4 
width of rectangle: dy 
length of rectangle: y? — (2y? — 4) 
area of rectangle: [y? — (2y? — 4)] dy 


We could now use guideline 4 with c — —2 and d — 2, finding A by apply- 
ing the operator f? ; to [y? — (2y? — 4)] dy. Another method is to use the 
symmetry of the region with respect to the x-axis and find А by doubling 
the area of the part that lies above the x-axis. Thus, 


m [ : ,U? - (у – 4] dy 
2 (4 — у?) ау 


! 
t2 
o6 

| 
мас 

ll 
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FIGURE 6.16 





FIGURE 6.17 
Stress-strain diagram 
for an elastic material 


Stress (kg) 





500 
Strain (percent) 
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Throughout this section we have assumed that the graphs of the func- 
tions (or equations) do not cross one another in the interval under dis- 
cussion. If the graphs of f and g cross at one point P(c, d), with a < c < b. 
and we wish to find the area bounded by the graphs from x = a to x = b, 
then the methods developed in this section may still be used: however. 
two integrations are required, one corresponding to the interval [a. c] 
and the other to [c, b]. This is illustrated in Figure 6.16, with f(x) > g(x) 
on [a, c] and g(x) > f(x) on [c, b]. The area A is given by 


А=А,+А,= T [ f(x) — g(x)] dx + r [a(x) — f(x)] dx. 


If the graphs cross several times, then several integrals may be necessary. 
Problems in which graphs cross one or more times appear in Exercises 
31-36. 

In scientific investigations, a physical quantity is often interpreted as 
an area. One illustration of this occurs in the theory of elasticity. To test 
the strength of a material, an investigator records values of strain that 
correspond to different loads (stresses). The sketch in Figure 6.17 is a 
typical stress-strain diagram for a sample of an elastic material. such as 
vulcanized rubber. (Note that stress values are assigned in the vertical 
direction.) Referring to the figure, we see that as the load applied to the 
material (the stress) increases, the strain (indicated by the arrows on the 
red graph) increases until the material is stretched to six times its original 
length. As the load decreases, the elastic material returns to its original 
length; however, the same graph is not retraced. Instead, the graph shown 
in blue is obtained. This phenomenon is called elastic hysteresis. (А similar 
occurrence takes place in the study of magnetic materials, where it is called 
magnetic hysteresis.) The two curves in the figure make up a hysteresis loop 
for the material. The area of the region enclosed by this loop is numerically 
equal to the energy dissipated within the elastic (or magnetic) material 
during the test. In the case of vulcanized rubber, the larger the area, the 
better the material is for absorbing vibrations. 


Exer. 1—4: Set up an integral that can be used to find 


the area of the shaded region. 
1 
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У. 


ЕСТЕ 





Exer. 5-22: Sketch the region bounded by the graphs 
of the equations and find its area. 


5)у = х, 
6 x+y=3 
7 y=x +1 
8 y=4-— х? 
9 у= 1/х? 
19 у:= х? 
Wy? = -х 
12 x = y^ 


13 y^ 24 x; 


y=4x 









“л 


ll 
„ә 


Ехег. 23-24: Find the area of the region between the 
graphs of the two equations from x = 0 to x = л. 


23 y=sin 4x; y= 1+ cos Ix 
24 y=4+cos2x; y=3sin ix 
Exer. 25—26: Set up sums of integrals that can be used 


to find the area of the shaded region by integrating with 
respect to (a) x and {5 y. 


25 AY 
1 





26 








Ехег. 27-30: Set up sums of integrals that can be used 
to find the area of the region bounded by the graphs 
of the equations by integrating with respect to (а) x and 
[b] у. 


27 у= јх; ya х=1; x24 
28 y=1—x7; у=х—1 

29 у-х-3, x=—y?43 

30 х= у?; х = 2у2 —4 


Ехег. 31-36: Find the area of the region between the 
graphs of f and g if x is restricted to the given interval. 


31 f(x) = 6 — 3х2; g(x) = 3x; [0. 2] 
32 f(x) 2x'—-4; gx) 2x *2: [1,4] 
33 f(x) 2 х? - 4x +2; g(x) = 2; [71.3] 


34 f(x)2 x*: g(x) = x*: [-1.2] 


6.2 SOLIDS OF REVOLUTION 


35 f(x)=sin х; g(x)=cosx: [0,27] 


36 f(x) = ѕіп x; g(x) 2 5 10, 2/2] 


Ехег. 37-38: Let R be the region bounded Бу the graph 
of f and the x-axis, from x = a to x = b. Set up a sum 
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Estimate y-coordinates and approximate the area of the 
region enclosed by the hysteresis loop using, with n = 6, 


(а| the trapezoidal rule 
[b] Simpson's rule 






of integrals, not containing the absolute value symbol, 40 Suppose the function values of f and g in the table below 
that can be used to find the area of R. were obtained empirically. Assuming that / and g are 
37 fix)=|x? -6éx - 5; a =0, Bi continuous, approximate the area between their graphs 
| from x = 1 to x = 5 using, with n = 8, 
п=— 2 Эх 3 ч = — 3 =á . 
за fo) = |-x +2х+3|; а Sa бе (а| the trapezoidal rule 
39 The shape of a particular stress-strain diagram is shown 15) Simpson's rule 
in the figure (see the last paragraph of this section). 
EXERCISE 39 x 1 15 2 25 3 35 4 45 4 
Stress f(x) 35 25 3 4 35 25 2 2 3 
g(x) L5 2 2 L5 
5 
[c] ^! Graph f(x) = | х? — 07x? — 0.8x/+ 
4 Set up а sum of integrals not 
à value symbol that can be use 
2 


1 2 3 4 5 


6.2 SOUDS OF REVOLUYION 


7^ 


д С 






[с] 42 


6 Strain 









he volume of an object play$ an important role in many problems in the 
physical sciences, such as Anding centers of/mass and moments of inertia. 
(These concepts will be/discussed later in/the text.) Since it is difficult to 
determine the volume'o' an irregularly shaped object, we shall begin with 
objàcts that have, simple shapes. Included in this category are the solids 
of rdvolution giScussed here and in (Ие next section. 
Ia regioif in a piane is revolved/ibout a line in the plane, the resulting 
“Solid sa Solid of revolution, and We say that the solid is generated by the 
region. Theine is an axis of fevolution. In particular, if the А, region 
shown in Figure^&,18(i), on/the following page. is revolved about the 
x-axis, we obtain the Selid illustrated in (ii) of the figure. As a special case, 
if f is a constant Гипсполжау /(x) = k, then the region is rectangular and 
the solid generated is a r&htxircular cylinder. If the graph of f is a semi- 
circle with endpoints ofa diameger at the points (a, 0) and (b, 0), then the 


solid of revolutionés@ sphere. 1f {6 гобїоп № a right triangle with base on 
the x-ayis ‘two мо at thà points (4..0) and (b, 0) with the right 
angle at One of these points, then/a right circular cone is generated. 


If а апе perpendicular to yhe x-axis/intersects the solid shown in 
igure 6.18(ii), a circulay cross séction is obtained. If, as indicated in the 
the plané passes threuglf the point on the axis with x-coordinate w, 
the radius of the circles hyd hence its area is л| f/(w)]". We 
shall arrive at a definition fgr the voluffe of such a solid of revolution by 
using Riemann sums. 







FIGURE 6.18 
n 


lii) 








Definition (6.5) 
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Let us partition the interval [a, b], as we did for areas in the preceding 
section, and consider the rectangles in Figure 6.19(1). The solid of revolu- 
tion generated by these rectangles has the shape indicated in (ii) of the 
figure. Beginning with Figure 6.23, we shall remove, or cut out, parts of 
solids of revolution to help us visualize portions generated by typical 
rectangles. When referring to such figures, remember that the entire solid 
is obtained by one complete revolution about an axis, not a partial one. 

Observe that the kth rectangle generates a circular disk (a flat right 
circular cylinder) of base radius f(w,) and altitude (thickness) Ax, — 
Xk — X,-,. The volume of this disk is the area of the base times thc 
altitude —that is, z[ f(w,)]? Ax,. The volume of the solid shown in Fig- 
ure 6.19(ii) is the sum of the volumes of all such disks: 


x л[ ft wp Ax, 

k 
This sum may be regarded as a Riemann sum for n[ f(x). If the norm 
|| P || of the partition is close to zero, then the sum should be close to the 
volume of the solid. Hence we define the volume of the solid of revolution 
as a limit of these sums. 


FIGURE 6.19 
(i) (Hi) 





Xo Xi 74 wa 


Xk-1 Xy 





Let f be continuous on [a, b]. and let R be the region bounded by 
the graph of f, the x-axis, and the vertical lines x = a and x = b. 
The volume V of the solid of revolution generated by revolving R 
about the x-axis is 


| p T8... 
V= lim Y aL fiw]? Ax, = (а л| f(x)]? dx. 


ЇЇР1 0 k 


The fact that the limit of sums in this definition equals f; z[ /(х)| dx 
follows from the definition of the definite integral. We shall not ordinarily 
specify the units of measure for volume. If the linear measurement is 
inches, the volume is in cubic inches (in.?). If x is measured in centimeters, 
then V is in cubic centimeters (cm?), and so on. 
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6.2 SOLIDS OF REVOLUTION 


FIGURE 6.20 
i) 








Definition (6.6) 


Volume V of a 
circular disk (6.7] 


The requirement that f(x) > 0 was omitted intentionally in Defini- 
tion (6.5). If f is negative for some x, as in Figure 6.20(1), and if the region 
bounded by the graphs of f, x — a, x — b, and the x-axis is revolved about 
the x-axis, we obtain the solid shown in (ii) of the figure. This solid is the 
same as that generated by revolving the region under the graph of 
y = | f(x)| from a to b about the x-axis. Since | f(x) |? = [/œ)]?, the limit 
in Definition (6.5) gives us the volume. 

Let us interchange the roles of x and y and revolve the R, region in 
Figure 6.21(i) about the y-axis, obtaining the solid illustrated in (ii) of the 
figure. If we partition the y-interval [c, d ] and use horizontal rectangles 
of width Ay, and length g(w,), the same type of reasoning that gave us 
(6.5) leads to the following definition. 


FIGURE 6.21 
(i) (i) 








X ла) 
у= lim Ул НО An = | ОР dy 
ЇР) 0: k 


Since we may revolve a region about the x-axis, the y-axis, ог some 
other line, it is not advisable to merely memorize the formulas in (6.5) and 
(6.6), It is better to remember the following general rule for finding the 
volume of a circular disk (see Figure 6.22). 


FIGURE 6.22 


—> He Thickness 


“Ин 


Radius 









V = n(radius)? : (thickness) 
Axis of 
revolution 
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Guidelines for finding the 
volume of a solid of revolution 
using disks (6.8) 


FIGURE 6.23 
(i) 


у=х? +1 





dx 


| | 
n 
| 





(ii) 





When working problems we shall use the intuitive method developed 
in Section 6.1, replacing Ax, or Ay, by dx or dy, and so on. The following 
guidelines may be helpful. 


- 


Sketch the region R to be revolved, and label the boundaries. 
Show a typical vertical rectangle of width dx or a horizontal 
rectangle of width dy. 

2 Sketch the solid generated by R and the disk generated by the 
rectangle in guideline 1. 


3 Express the radius of the disk in terms of x or y, depending on 
whether its thickness is dx or dy. 


Use (6.7) to find a formula for the volume of the disk. 


5 Apply the limit of sums operator |? or [4 to the expression in 
guideline 4 and evaluate the integral. 


EXAMPLE 1 The region bounded by the x-axis, the graph of the 
equation y = х? + 1, and the lines x = —1 and x = 1 is revolved about 
the x-axis. Find the volume of the resulting solid. 


SOLUTION As specified in guideline 1, we sketch the region and show 
a vertical rectangle of width dx (see Figure 6.23(i)). Following guideline 2, 
we sketch the solid generated by R and the disk generated by the rectan- 
gle (see Figure 6.23(ii)). As specified in guidelines 3 and 4, we note the 
following: 
thickness of disk: dx 
radius of disk: х2 + 1 


volume of disk: л(х> + 1)? dx 

We could next apply guideline 5 with а= —1 and b= 1. finding the 
volume V by regarding |! , as an operator that takes a limit of sums of 
volumes of disks. Another method is to use the symmetry of the region 
with respect to the y-axis and find V by applying få to n(x? + 1)? dx and 
doubling the result. Thus, 


- = n(x? + 1)? dx 


5 . 
-2 1, n(x* + 2x? + 1) dx 


! 
t 
а 
ашай | 
uu K^ 
+ 
һә 
as 
us] ЫЯ 
ыла 
+ 
~ 
таа: 





6.2 SOLIDS OF REVOLUTION 





FIGURE 6.24 





FIGURE 6.25 
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EXAMPLE 2 The region bounded by the y-axis and the graphs of 
y= х^, у = l, and y = 8 is revolved about the y-axis. Find the volume 
of the resulting solid. 


SOLUTION The region and the solid are sketched in Figure 6.24, to- 
gether with a disk generated by a typical horizontal rectangle. Since we 
plan to integrate with respect to y, we solve the equation y — x? for x in 
terms of у. obtaining x = y! ?. We note the following facts (see guide- 
lines 3 and 4): 

thickness of disk: dy 


radius of disk: у? 
volume of disk: z(y”)? dy 


Finally, we apply guideline 5, with c = 1 and d = 8, regarding (1 as an 
operator that takes a limit of sums of disks: 


, ys 
y- ls niyy dy =n p yp? dy = “| A l 


2 in| 4! = 3n(32— 1] = Žr 584 


1 3 





Let us next consider an R, region ofthe type illustrated in Figure 6.25(1). 
If this region is revolved about the x-axis, we obtain the solid illustrated 
in (ii) of the figure. Note that if g(x) > 0 for every x in [a, b], there is a 
hole through the solid. 

The volume V of the solid may be found by subtracting the volume of 
the solid generated by the smaller region from the volume of the solid 
generated by the larger region. Using Definition (6.5) gives us 


ys ( л /(хэ| dx (“л[и(х)]? AN = Ч пі ех) — [ote] | dx 
The last integral has an interesting interpretation as a limit of sums. As 


illustrated in Figure 6.25(iii), a vertical rectangle extending from the graph 


(1) (iii) 
AY 





— H A, 
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Volume V of a washer (6.9) 


FIGURE 6.26 
(i) 
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of g to the graph of f, through the points with x-coordinate м. generates 
a washer-shaped solid whose volume is 


[Л] Ax, — r[g(w)? Ax, = TLAWD — [gw] Ах, 


Summing the volumes of all such washers and taking the limit gives us the 
desired definite integral. When working problems of this type it is con- 
venient to use the following general rule. 





V = n[(outer radius)? — (inner radius)?] - (thickness) 


In applying (6.9), a common error is to use the square of the difference 
of the radii instead of the difference of the squares. Note that 


volume of a washer # z[(outer radius) — (inner radius)? - (thickness). 


Guidelines similar to (6.8) can be stated Гог problems involving washers. 
The principal differences are that in guideline 3 we find expressions for the 
outer radius and inner radius of a typical washer, and in guideline 4 we 
use (6.9) to find a formula for the volume of the washer. 


EXAMPLE 3 The region bounded by the graphs of the equations 
x? = у – 2 and 2y—x—2=Oand by the vertical lines x = 0 and x = 1 
is revolved about the x-axis. Find the volume of the resulting solid. 


SOLUTION The region and a typical vertical rectangle are sketched in 
Figure 6.26(1). Since we wish to integrate with respect to x, we solve 
the first two equations for y in terms of x, obtaining y = x? + 2 and 
y = ix + 1. The solid and a washer generated by the rectangle are illus- 
trated in (ii) of the figure. Using (6.9), we obtain the following: 


thickness of washer: dx 
outer radius: х2 +2 
inner radius: ix + | 
volume: z[(x?^ + 2)? — (4x + 1)?] dx 
We take a limit of sums of volumes of washers by applying fj: 

1 

ЗЭР Ад дүз ns 21.5. 

V= ІА п[(х? + 2)? — (4x + 1?] dx 


1 2 
=л f (x* + 48x? — x + 3) dx 


x Dy + ' 79r 
- stepie шла 
|) 2" | 20 


EXAMPLE 4 Find the volume of the solid generated by revolving the 
region described in Example 3 about the line y — 3. 








6.2 SOLIDS OF REVOLUTION 


FIGURE 6.28 
(i) 
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SOLUTION The region and a typical vertical rectangle are resketched 
in Figure 6.27(i), together with the axis of revolution y = 3. The solid and 
a washer generated by the rectangle are illustrated in (ii) of the figure. We 
note the following: 
thickness of washer: dx 
outer radius: 3 — ($x + 1) = 2— іх 
inner radius: 3 — (x? + 2) = 1 – х2 


volume: z[(2 — 4x)? — (1 — x?)?] dx 


FIGURE 6.27 
(i) [ii] 





Applying the limit of sums operator fh gives us the volume: 


y- Ч ир — $x)? — (1 — х?)?] dx 


3 — 2x + 2x? — xt) dx 


х3 | 51л 
Ле» + al) -| = 50 z 8.01 


EXAMPLE 5 The region in the first quadrant bounded by the graphs 
of у = 4x3 and у = 2x is revolved about the y-axis. Find the volume of 
the resulting solid. 





SOLUTION The region and a typical horizontal rectangle are shown 
in Figure 6.28(i). We wish to integrate with respect to y, so we solve the 
given equations for x in terms of у, obtaining 


x=dy and х=2ў 
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FIGURE 6.28 Figure 6.28(ii) illustrates the volume generated by the region and the 
(1) washer generated by the rectangle. We note the following: 


thickness of washer: dy 
outer radius: 2у 

inner radius: $y 
volume: z[(2y!?y — Gy)?] dy = n(4y?? — 1у?) dy 


Applying the limit of sums operator [б gives us the volume: 


som " 4 
y = 1, л(4у27-1у2) dy 








EXERCISES 6.2 





Exer. 1-4: Set up an integral that can be used to find 
the volume of the solid obtained by revolving the shaded 
region about the indicated axis. 


1 








EXERCISES 6.2 


Exer. 5—24: Sketch the region R bounded by the graphs 
of the equations, and find the volume of the solid gen- 
erated if R is revolved about the indicated axis. 


СС» = Ї/Х, х= 1, x=3, у=0 x-axis 
6 у= у х. х=4, у= 0; х-ахіѕ 
Су =x? — 4x, y= 0]; x-axis 
8 pax’, x= — 3) ў=0; x-axis 
=x; p= 2; y-axis 
10 у= 1/х, y=1, y=3, x=0; y-axis 
11 х=4у—}у?, х=0; y-axis 
12 y=x yz3 ab y-axis 
їй yes" у=4— х; x-axis 
14 х= y, х +у=0: x-axis 
15 у= х, х+у= 4. х= 0; х-ахіѕ 
16 у= (х= I? +1, у= -(x— 1)? + 3; x-axis 
17 y=x, у=; y-axis 
18 y= 2х, y= 4x: y-axis 
19 х= y?, х-у=2; y-axis 
20 x+y=1, Х-уз-41,Х-2 y-axis 
21 y= sin 2x, x = 0, Хэл, ў=0; x-axis 
(Hint; Use a half-angle formula.) 
22 у--1-4-0083Х, Х--0, x=2n, y=0; x-axis 
(Hint: Use a half-angle formula.) 
23 y=sinx, y=cosx, х=0, x=7/4; x-axis 
(Hint: Use a double angle formula.) 
24 y=sec x, y=sin x, x20, x=7/4; x-axis 


Exer. 25-26: Sketch the region R bounded by the graphs 
of the equations, and find the volume of the solid gen- 
erated if R is revolved about the given line. 

25 y=x7, y=4 
[ај у=4 (Юу 
()x-2 (0х-3 

26 у-ух, у= 0. х=4 
[а х=4 [bp x=6 
(i) у=2 (d у=4 


Il 
27 


Ехег, 27-28: Set up ап integral that can be used to find 
the volume of the solid generated by revolving the 
shaded region about the line (2) у = —2, [b] у=5, 
(c) x = 7, and (dj) x = —4. 


27 


28 
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Exer. 29-34: Sketch the region R bounded by the graphs 
of the equations, and set up integrals that can be used 
to find the volume of the solid generated if R is revolved 
about the given line. 


29 
30 
31 
32 


34 


їг, у = 4х: y=8 
y=", y= 4х; x= 4 
r+ y=3, ya x*ed3 2 


3 


y=l—xs, х-у-Ї у=3 


xt + y= 1; xc 


у= ЭЭ, y ex у= –1 


Ехег. 35-40: Use a definite integral to derive a formula 
for the volume of the indicated solid. 


35 
36 


37 


A right circular cylinder of altitude and radius r 


A cylindrical shell of altitude /i, outer radius R, and in- 
ner radius r 


A right circular cone of altitude Л and base radius г 
A sphere of radius r 


A frustum of a right circular cone of altitude h, lower 
base radius К, and upper base radius г 


A spherical segment of altitude h in a sphere of radius r 
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41 If the region shown in the figure is revolved about the EXERCISE 42 
x-axis, use the trapezoidal rule with n = 6 to approxi- : 
mate the volume of the resulting solid. 


EXERCISE 41 





гс | Exer. 43-44: Graph f and g on the same coordinate 
axes for 0 € x € л. (a) Estimate the x-coordinates of the 
points of intersection of the graphs. (5) If the region 
bounded by the graphs of f and g is revolved about the 
x-axis, use Simpson's rule with n — 4 to approximate the 
volume of the resulting solid. 





i sin x 
42 If the region shown in the figure is revolved about the 43 (х) = ise = g(x) = 0.3 
x-axis, use Simpson's rule with п = 8 to approximate : $ 
the volume of the resulting solid. 44 f(x) = | япх|, g(x) = 0.2x + 0.7 


In the preceding section we found volumes of solids of revolution by using 

circular disks or washers. For certain types of solids it is convenient to 

use hollow circular cylinders—that is, thin cylindrical shells of the type 

FIGURE 6.29 illustrated in Figure 6.29, where r, is the outer radius, r is the inner radius, 
e= =a h is the altitude, and Ar = r, — r, is the thickness of the shell. The average 

| | radius of the shell is r = 4(r, + ғ). We can find the volume of the shell 

by subtracting the volume zr3h of the inner cylinder from the volume 
nr?h of the outer cylinder. If we do this and change the form of the re- 
sulting expression, we obtain 


nrih — nr3h = n(r1 — r3)h 

= n(r,- rjr — rj)h 

= 2л (гу t rih(ir, — гу) 
= 2лгһ Ar, 





which gives us the following general rule. 





Volume V of a : à | 
cylindrical shell (6.10) V = 2n(average radius)(altitude)(thickness) 





If the R, region in Figure 6.30(i) is revolved about the y-axis, we obtain 
the solid illustrated in (ii) of the figure. 








6.3 VOLUMES BY CYLINDRICAL SHELLS 


Definition (6.11) 
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FIGURE 6.30 
(i) (1) 





(iii) (ім) 





Let P be a partition of [а. b], and consider the typical vertical rectangle 
in Figure 6.30(iii), where w, is the midpoint of [x,_,.x,]. If we revolve 
this rectangle about the y-axis, we obtain a cylindrical shell of average 
radius му, altitude f(w,), and thickness Ax,. Hence, by (6.10), the volume 
of the shell is 


2nw, f(w,) Ax,. 


Revolving the rectangular polygon formed by all the rectangles deter- 
mined by P gives us the solid illustrated in Figure 6.30(iv). The volume 
of this solid is a Riemann sum: 


2nw, fiw) Ах, 


The smaller the norm | P || of the partition, the better the sum approxi- 
mates the volume И of the solid shown in (ii) of the figure. This is the 
motivation for the following definition. 
Let f be continuous and suppose f(x) > 0 on [a, b]. where 0 < a < b. 
Let R be the region under the graph of f from a to b. The volume 


V of the solid of revolution generated by revolving R about the 
y-axis is 





V= lim У 2zw,f(w,) Ax, = E 2лх/(х) dx. 


1ЇР1-00: k 





It can be proved that if the methods of Section 6.2 are also applicable, 
then both methods lead to the same answer. 
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Guidelines for finding the volume 
of a solid of revolution using 
cylindrical shells (6.12) 
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We may also consider solids obtained by revolving a region about the 
y-axis or some other line. The following guidelines may be useful. 


1 Sketch the region R to be revolved, and label the boundaries. 
Show a typical vertical rectangle of width dx or a horizontal 
rectangle of width dy. 

2 Sketch the cylindrical shell generated by the rectangle in guide- 
line 1. 

3 Express the average radius of the shell in terms of x or у, de- 
pending on whether its thickness is dx or dy. Remember that x 
represents a distance from the y-axis to a vertical rectangle, and y 
represents a distance from the x-axis to a horizontal rectangle. 

4 Express the altitude of the shell in terms of x or y, depending 
on whether its thickness is dx or dy. 


5 Use (6.10) to find a formula for the volume of the shell. 


6 Apply the limit of sums operator [7 ог ff to the expression in 
guideline 5 and evaluate the integral. 


EXAMPLE 1 The region bounded by the graph of y = 2x — х? and 
the x-axis is revolved about the y-axis. Find the volume of the resulting 
solid. 


SOLUTION The region to be revolved is sketched in Figure 6.31(i). 
together with a typical vertical rectangle of width dx. Figure 6.3 (і) shows 
the cylindrical shell generated by revolving the rectangle about the y-axis. 
Note that x represents the distance from the y-axis to the midpoint of the 
rectangle (the average radius of the shell). Referring to the figure and using 
(6.10) gives us the following: 
thickness of shell: dx 
average radius: х 
altitude: 2x — x? 


volume: 2zx(2x — x?) dx 


FIGURE 6.31 
li) (ii) 








6.3 VOLUMES BY CYLINDRICAL SHELLS 


FIGURE 6.32 
(i) 
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To sum all such shells, we move from left to right through the region from 
а= 0 to b = 2 (do not sum from —2 to 2). Hence the limit of sums is 


V 


2 AURI x que РОС NR E 
[ 2nx(2x — x^) dx = 2л T (2x x*) dx 


. 


4 3^ 412 
x" xt 8л 
2л| 2 – — | =-—4 8.4. 
| | 74 ji 3 
The volume V can also be found using washers; however, the calculations 


would be much more involved, since the equation y = 2x — x? would have 
to be solved for x in terms of y. 


EXAMPLE 2 The region bounded by the graphs of y = x^ and 
у =x + 2 is revolved about the line x = 3. Set up the integral for the 
volume of the resulting solid. 


SOLUTION The region is sketched in Figure 6.32(i), together with a 
typical vertical rectangle extending from the lower boundary y — x? to the 
upper boundary y = x + 2. Also shown is the axis of revolution x = 3. 
In (ii) of the figure we have illustrated both the cylindrical shell and the 
solid that are generated by revolving the rectangle and the region about 
the line x — 3. It is important to note that since x is the distance from the 
y-axis to the rectangle, the radius of the shell is 3 — x. Referring to Fig- 
ure 6.32 and using (6.10) gives us the following: 
thickness of shell: dx 
average radius: 3—x 
altitude: (x +2)— х? 
volume: 2л(3— x)(x 4-2 — x?) dx 


To sum all such shells, we move from left to right through the region from 
а = —1 to b = 2. Hence the limit of sums is 


yz Г 2n(3 — x)(x + 2 — x?) dx. 


EXAMPLE 3 The region in the first quadrant bounded by the graph 
of the equation x = 2y* — y* and the y-axis is revolved about the x-axis. 
Set up the integral for the volume of the resulting solid. 


SOLUTION The region is sketched in Figure 6.33(i) on the following 
page. together with a typical horizontal rectangle. Part (ii) of the figure 
shows the cylindrical shell and the solid that are generated by the revolu- 
tion about the x-axis. Referring to the figure and using (6.10) gives the 
following: 


thickness of shell: dy 
average radius: у 
altitude: 2j? — y* 


volume: 2лу(2у? — y*) dv 


326 


EXERCISES 6.3 


Use cylindrical shells for each exercise. 
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FIGURE 6.33 
(1) (ii) 





To sum all such shells, we move upward through the region from c = 0 
to d = 2. Hence the limit of sums is 


2 
V= | 2ny(2y? — y?) dy. 





It is worth noting that in the preceding example we were forced to use 
shells and to integrate with respect to y, since the use of washers and in- 
tegration with respect to x would require that we solve the equation 
x — 2y? — y* for y in terms of x, a rather formidable task. 


Exer. 1—4: Set up an integral that can be used to find 
the volume of the solid obtained by revolving the shaded 


region about the indicated axis. 





y 








EXERCISES 6.3 


Exer. 5-18: Sketch the region R bounded by the graphs 
of the equations, and find the volume of the solid gen- 





erated if R is revolved about the indicated axis. 


у= үх, 
1/х, 
О ysext, 
в 16у = х?, 
9 2х у= 12, 


10 Y 2 x* ^ f, 


27 х? = 4у, 

la yx 
15 y = 2х 
16 2y —x 





х= 4, 
х= ], 
у? = 8х 
у? = 2х; 
х-2у-3 
х+2у=2, 


у= 0; 
х=2, 
xe 
х= | 
у = 0; 
х = 0) 
х= 0; 
х= 1 
x = 0; 
у = 0; 


у= 0; 


y-axis 
y-axis 
y-axis 
y-axis 
y-axis 
y-axis 
y-axis 
y-axis 
x-axis 
x-axis 
хгахіѕ 
х-ахіѕ 
х-ахіѕ 


x-axis 
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Exer. 19-26: Let R be the region bounded by the graphs 
of the equations. Set up an integral that can be used to 
find the volume of the solid generated if R is revolved 
about the given line. 


19 y=x? +1, 


fa) х= 3 
20 у=4— х2, 
{ај х = 2 
21 у= 

(ај у= 4 
22 у= үх, 

fa) X= 
23 x+y=3 
24 y=1-x? 
25 х +y? = 1; 
26 у= х??, 


х= 0, 


|b) x = –1 


y=0 


Ы х= —3 


r= 3 
I) x =2 
x24 
igy-2 
x2 
y= 3 
x= 5 
y= —1 


y=0 


(| х 


(4) У 


Ехег, 27-30: Let R be the region bounded by the graphs 
of the equations. Set up integrals that can be used to 
find the volume of the solid generated if R is revolved 
about the given axis using ja) cylindrical shells and 
(5) disks or washers. 


22 у= Mx, 
28 y 29 — x?, 
29 y2x* 42, 
30 y2x- 1, 


x21, 
x = 0, 
х = 0, 
х= 0, 


х=4, у= 0; 
х= 2, у= 0; 
х= 1, у= 0; 
х= 1, yz0; 


x-axis 


x-axis 


y-axis 


y-axis 


31 Ifthe region shown in the figure is revolved about the 
y-axis, use the trapezoidal rule, with n = 6, to approxi- 


mate the volume of the resulting solid. 


EXERCISE 31 





32 If the region shown in the figure on the following page 
is revolved about the y-axis, use Simpson’s rule, with 
n = 8, to approximate the volume of the resulting solid. 
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EXERCISE 32 
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15) Ifthe region bounded by the graph of f and the x-axis 
is revolved about the y-axis, set up an integral that 
can be used to approximate the volume of the re- 
sulting solid. 

[c] за Graph, on the same coordinate axes, f(x) = ese x and 

g(x) =x+1 for0<x<z, 

[a] Use Newton’s method to approximate, to two dec- 
imal places, the x-coordinates of the points of in- 
tersection of the graphs. 

{Б} If the region bounded by the graphs is revolved about 
the y-axis, use the trapezoidal rule with л = 6 to ap- 


[<] 33 Graph f(x) = —x* + 2.21х° — 321x? + 442x — 2. proximate the volume of the resulting solid. 
{а} Estimate the x-intercepts of the graph. 


6.4 VOLUMES BY CROSS SECTIONS 


FIGURE 6.35 
A(a) 





If a plane intersects a solid. then the region common to the plane and 
the solid is a cross section of the solid. In Section 6.2 we used circular 
and washer-shaped cross sections to find volumes of solids of revolution. 
Let us now consider a solid that has the following property (see Fig- 
ure 6.34): For every x in [a, b], the plane perpendicular to the x-axis at 
x intersects the solid in a cross section whose area is A(x), where A is a 
continuous function on [a, b]. 


FIGURE 6.34 





The solid is called a cylinder if, as illustrated in Figure 6.35, a line 
parallel to the x-axis that traces the boundary of the cross section corre- 
sponding to а also traces the boundary of the cross section corresponding 
to every x in [a, b]. The cross sections determined by the planes through 
x = a and x = b are the bases of the cylinder. The distance between the 
bases is the altitude of the cylinder. By definition, the volume of the cylin- 
der is the area of a base multiplied by the altitude. Thus, the volume of 
the solid in Figure 6.35 is A(a) (Б — а). 

To find the volume of a noncylindrical solid of the type illustrated in 
Figure 6.36, we begin with a partition P of [a,b]. Planes perpendicular 





6.4 VOLUMES BY CROSS SECTIONS 


FIGURE 6,36 





Volumes by cross sections (6.13) 
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to the x-axis at each x, in the partition slice the solid into smaller pieces. 
If we choose any number w, in | Хүү. x,]. the volume of a typical slice 
can be approximated by the volume A(w;,) Ax, of the red cylinder shown 
in Figure 6.36. If V is the volume of the solid and if the norm ||P || is 
small, then 


Vz 3, Alw) AX,. 


Since this approximation improves as | Р | gets smaller, we define the 
volume of the solid by 


V= lim Y A(w,) Ax, = Р A(x) dx. 
\|Pil+o E un 


where the last equality follows from the definition of the definite integral. 
We may summarize our discussion as follows. 


Let 5 be a solid bounded by planes that are perpendicular to the 
x-axis at a and b. If, for every x in [a, b], the cross-sectional area 
of S is given by A(x), where A is continuous on [a,b], then the 
volume of S is 


V= Ї А(х) ах. 


An analogous result can be stated for a y-interval [c. d] and a cross- 
sectional area A(y). 


EXAMPLE 1 Find the volume of a right pyramid with a square base 
of side a and altitude Л. 


SOLUTION Аар Figure 6.37(i), let us take the vertex of the pyramid 
at the origin, with the x-axis passing through the center of the square 
base, a distance h from О. Cross sections by planes perpendicular to the 
x-axis are squares. Figure 6.37(ii) is a side view of the pyramid. Since 2y 
is the length of the side of the square cross section corresponding to x. 
the cross-sectional area A(x) is 


A(x) & (2у)* -4y*. 


FIGURE 6.37 
(i) [ii) 
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Using similar triangles in Figure 6.37(ii), we have 


Э ЭРЭ 
x h' y 
4a*x? а? 
Hence Aig) Ара А. ЖШ. ug 
imos 42 12“ 


Applying (6.13) yields 
ye [is A(x) dx — E (ж) 4х 
few? ak 1 2) 
"ash $3 397 


EXAMPLE 2 A solid has, as its base, the circular region in the xy- 
plane bounded by the graph of x? + y? = a? with a > 0. Find the volume 
of the solid if every cross section by a plane perpendicular to the x-axis 
is an equilateral triangle with one side in the base. 


SOLUTION A triangular cross section by a plane x units from the origin 
is illustrated in Figure 6.38(i). If the point P(x, y) is on the circle and 
y > 0, then the lengths of the sides of this equilateral triangle are 2y. 
Referring to (ii) of the figure, we see, by the Pythagorean theorem, that 
the altitude of the triangle is 





Ja? a = VF = 30. 


FIGURE 6.38 
(i) (1) 





Hence the area A(x) of the cross section is 
A(x) = 129)4/3y) = V3 y? = V/3(a? — х2). 
Applying (6.13) gives us 
V= ий А(х) ах = "ul Ja? — x?) dx 
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EXERCISES 6.4 





Exer. 1—8: Let R be the region bounded by the graphs 
of x = y? and x = 9. Find the volume of the solid that 
has R as its base if every cross section by a plane per- 
pendicular to the x-axis has the given shape. 


| A square 5 An equilateral triangle 











2 A rectangle of height 2 


6 A triangle with height equal to } the length of the base 


y 
x 
3 A semicircle 
x 


7 A trapezoid with lower base in the xy-plane, upper base 
s equal to 4 the length of the lower base, and height equal 
to 2 the length of the lower base 


4 A quartercircle 
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9 


10 


11 


12 
13 


14 


16 


A parallelogram with base in the xy-plane and height 
equal to twice the length of the base 





A solid has as its base the circular region in the xy-plane 
bounded by the graph of x? + y? = a? with a > 0. Find 
the volume of the solid if every cross section by a plane 
perpendicular to the x-axis is a square. 


Work Exercise 9 if every cross section is an isosceles tri- 
angle with base on the xy-plane and altitude equal to 
the length of the base. 


A solid has as its base the region in the xy-plane bounded 
by the graphs of v = 4 and у = х2. Find the volume of 
the solid if every cross section by a plane perpendicular 
to the x-axis is an isosceles right triangle with hypo- 
tenuse on the xy-plane. 


Work Exercise 11 if every cross section is a square, 


Find the volume of a pyramid of the type illustrated in 
Figure 6.37 if the altitude is Л and the base is a rectangle 
of dimensions à and 2a. 


A solid has as its base the region in the ху-рїапе bounded 
by the graphs of y = x and у? = x. Find the volume of 
the solid if every cross section by a plane perpendicular 
to the x-axis is a semicircle with diameter in the x y-plane. 


A solid has as its base the region in the x1-plane bounded 
by the graphs of y? = 4x and x = 4. If every cross sec- 
tion by a plane perpendicular to the y-axis is a semi- 
circle, find the volume of the solid. 


A solid has as its base the region in the xy-plane bounded 
by the graphs of x? = 16y and y = 2. Every cross sec- 
tion by a plane perpendicular to the )-axis is a rectangle 
whose height is twice that of the side in the xy-plane. 
Find the volume of the solid. 





17 


19 


20 


2 


22 
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A log having the shape of a right circular cylinder of 
radius a is lying on its side. А wedge is removed from 
the log by making a vertical cut and another cut at an 
angle of 45^, both cuts intersecting at the center of the 
log (see figure). Find the volume of the wedge. 


EXERCISE 17 





The axes of two right circular cylinders of radius a inter- 
sect at right angles. Find the volume of the solid bounded 
by the cylinders. 


The base of a solid is the circular region in the xy-plane 
bounded by the graph of x? + y? = à? with a > 0. Find 
the volume of the solid if every cross section by a plane 
perpendicular to the x-axis is an isosceles triangle of 
constant altitude Л. (Hint: Interpret {© , ya? — x? dx as 
an area.) 


Cross sections of a horn-shaped solid by planes perpen- 
dicular to its axis are circles. If a cross section that is 
s inches from the smaller end of the solid has diameter 
6 + Js? inches and if the length of the solid is 2 feet, 
find its volume. 


A tetrahedron has three mutually perpendicular faces 
and three mutually perpendicular edges of lengths 2, 3, 
and 4 centimeters, respectively. Find its volume. 


Cavalieri's theorem states that if two solids have equal 
altitudes and if all cross sections by planes parallel to 
their bases and at the same distances from their bases 
have equal areas, then the solids have the same volume 
(see figure), Prove Cavalieri’s theorem. 


EXERCISE 22 


0000000 
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23 


24 


25 


The base of a solid is an isosceles right triangle whose 
equal sides have length a. Find the volume if cross sec- 
tions that are perpendicular to the base and to one of 
the equal sides are semicircular. 


Work Exercise 23 if the cross sections are regular hexa- 
gons with one side in the base. 


Show that the disk and washer methods discussed in 
Section 6.2 are special cases of (6.13). 


A circular swimming pool has diameter 28 feet. The 
depth of the water changes slowly from 3 feet at a point 
А оп one side of the pool to 9 feet at a point В diametri- 
cally opposite A (see figure). Depth readings h(x) (in feet) 
taken along the diameter AB are given in the following 
table, where x is the distance (in feet) from A. 
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X 0 4 S8 I2 16 20 24 28 
- T 
h(x) 3 35 4 5 65 8 85 9 


Use the trapezoidal rule, with n — 7, to estimate the vol- 
ume of water in the pool. Approximate the number of 
gallons of water contained in the pool (1 gal = 0.134 ft?). 


EXERCISE 26 


6.5 ARC LENGTH AND SURFACES OF REVOLUTION 


FIGURE 6.39 Twisted wire 


О, | 


о, 


o. 





For some applications we must determine the length of the graph of a 
function. To obtain a suitable formula, we shall employ a process similar 
to one that could be used to approximate the length of a twisted wire. 
Let us imagine dividing the wire into many small pieces by placing dots 
at Qo, Qis Q5. ..., О. as illustrated in Figure 6.39. We may then approxi- 
mate the length of the wire between Q,- , and О, (for each К) by measuring 
the distance d(Q, _,. Q,) with a ruler. The sum of all these distances is an 
approximation for the total length of the wire. Evidently, the closer to- 
gether we place the dots, the better the approximation. The process we 
shall use for the graph of a function is similar; however, we shall find the 
exact length by taking a limit of sums of lengths of line segments. This 
process leads to a definite integral. To guarantee that the integral exists, 
we must place restrictions on the function, as indicated in the following 
discussion. Кү | 

A function f is smooth on an interval if it has a derivative f’ that is 
continuous throughout the interval. Intuitively, this means that a small 
change in x produces a small change in the slope f'(x) of the tangent line 
to the graph of f. Thus, the graph has no corners or cusps. We shall define 
the length of arc between two points 4 and B on the graph of a smooth 
function. 

If 18 smooth on a closed interval [a,b], the points A(a, f(a)) and 
Bib, f (b)) are called the endpoints of the graph of f. Let P be the partition 
of [a, b] determined by a = Хо, Хү, X3, ..., x, = b, and let О, denote the 
point with coordinates (х,, f(x,)) on the graph of f, as illustrated in 
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FIGURE 6.40 
y 





Figure 6.40. If we connect each О, | , to О, by a line segment of length 
d(Q, ..,. Q,), the length Lp of the resulting broken line is 


Lp = X AQ, - 1, О). 
Using the distance formula, we get 
d(Q, - ,. О) = Vix, — х,-,)* + [/\х,) = fix, JI. 
By the mean value theorem (4.12), 
fixi) — feu -1) = FOO — x,- 1) 


for some number w, in the open interval (x, ,. x,). Substituting for 
Гох) — хү.) in the preceding formula and letting Ax, = x, — хуу. we 
obtain 





d(Q, 1.0) = AAxx? + [fw Ax, 
= yI E [Aw Ах,. 
Consequently, 


Lp= Y Jt PvP Axi. 
kei 


Observe that Lp is a Riemann sum for у(х) = v1 + [ /(х)|. Moreover, 
g is continuous on [a, b], since f” is continuous. If the norm || P || is small. 
then the length Lp of the broken line approximates the length of the graph 
of f from A to B. This approximation should improve as || P || decreases, 
so we define the length (also called the arc length) of the graph of f from 
A to B as the limit of sums Lp. Since g = 4/1 + (77)? is a continuous func- 
tion, the limit exists and equals the definite integral |! 1 + [fo]? dx. 
This arc length will be denoted by L/. 





Let f be smooth on [a, b]. The are length of the graph of f from 
A(a, f(a)) to B(b, f(b)) is 


5 [^ / 
b = 


, VM [f£ (5) dx. 
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FIGURE 6.41 
AY 











FIGURE 6.42 
À^ 


(gld). d) 


х = gty) 





(410). €) 


-—— 


Definition (6.15) 





Definition (6.14) will be extended to more general graphs in Chap- 
ter 13, Ifa function f is defined implicitly by an equation in x and y, then 
we shall also refer to the arc length of the graph of the equation. 


EXAMPLE 1 If f(x) = 3x?? — 10, find the arc length of the graph of 


f from the point A(8, 2) to B(27, 17). 


SOLUTION The graph of f is sketched in Figure 6.41. Since 
. 2 
f(xj2e2x 15- 715 


we have, by Definition (6.14), 


ч 7 (= ) 4 
f=" у +( a ) ax fe H+ nile 
-je Exe 


| 1 
= / 3:213 5 
= i үх +4 x dx. 


To evaluate this integral, we make the substitution 


u=x +4, du= : x cH = T3 dx. 
3 3x 


The integral can be expressed in a suitable form for integration by intro- 
ducing the factor 2 in the integrand and compensating by multiplying the 
integral by 3: 


We next calculate the values of u = x^? + 4 that correspond to the limits 
of integration x — 8 and x — 27: 


(i) If x = 8, then u = 87° +4 = 8. 
(1) If x = 27, then u = 277? + 4 = 13. 


Substituting in the integrand and changing the limits of integration gives 
us the arc length: 


187-3 L vu du = pap = 133/2 — 83/2 ~ 24.2 





Interchanging the roles of x and y in Definition (6.14) gives us the fol- 
lowing formula for integration with respect to y. 





Let x = g(y) with g smooth on the interval [c, d]. The arc length 
of the graph of g from (g(c), c) to (g(d), d) (see Figure 6.42) is 


= [1+ WOOF ay. 








FIGURE 6.43 
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The integrands 4 1 + [ /'(x)]? and y1 + [g'(y)]? in formulas (6.14) and 
(6.15) often result in expressions that have no obvious antiderivatives. In 
such cases, numerical integration may be used to approximate arc length, 
as illustrated in the next example. 


EXAMPLE 2 

(а) Set up an integral for finding the arc length of the graph of the equa- 
tion y? — y = x = 0 from A(0, — 1) to B(6, 2). 

(b) Approximate the integral in (a) by using Simpson's rule (5.38). with 
n — 6, and round the answer to one decimal place. 


SOLUTION 

[a] Since the equation is not of the form y = f(x), Definition (6.14) cannot 
be applied directly. However, if we write x — y? — y, then we can employ 
(6.15) with g(y) = y? — y. The graph of the equation is sketched in Fig- 
ure 6.43. Using (6.15) with c = —1 and d = 2 yields 


2,-ГГ VIFO 10) dy 


gen 


N 


= [2 By 8573 dy. 


[b) To use Simpson’s rule, we let f(v) = 4 9y* — бу? + 2 and arrange our 
work as we did in Section 5.6, obtaining the following table. 


k Ук fi) m mf (Yy) 
0 1.0 2.2361 1 2.2361 
1 0.5 1.0308 4 4.1232 
2 0.0 1.4142 2 2.8284 
3 0.5 1.0308 4 4.1232 
4 1.0 2.2361 2 4.4722 
5 1:5 5.8363 4 23.3452 
6 20 11.0454 1 11.0454 


The sum of the numbers in the last column is 52.1737, Applying Simpson's 
rule with a = —1, b = 2, and n = 6 gives us 


2b. 


[^ V9 — 6)? +2 ду = еу 021737) 87. 


р 


A function f is piecewise smooth on its domain if the graph of f can 
be decomposed into a finite number of parts, each of which is the graph 
of a smooth function. The are length of the graph is defined as the sum 
of the are lengths of the individual graphs. 

To avoid any misunderstanding in the following discussion, we shall 
denote the variable of integration by t. In this case the arc length formula 





6.5 ARC LENGTH AND SURFACES OF REVOLUTION 337 





FIGURE 6.44 in Definition (6.14) is written 

12 = I 41-00 dt. 
If f is smooth on [a. b], then f is smooth on [a, x] for every number x 
in [a, b], and the length of the graph from the point А(а, f(a)) to the point 
Q(x, f(x) 15 


ц-| 1+ POP at. 





If we change the notation and use the symbol s(x) in place of L7, ther s 
may be regarded as a function with domain [a. b], since to cach x in [a. b] 
there corresponds a unique number s(x). As shown in Figure 6.44, s(x) is 
the length of arc of the graph of f from A(a, f(a)) to Q(x, f(x)). We shall 
call s the arc length function for the graph of f. as in the next definition. 


Definition (6.16) 


Let f be smooth on [a, b]. The are length function s for the graph 
of f on [а. b] is defined by 


ях) = f^ Vr DPF a 


fora<x<hb. 


If s is the arc length function, the differential ds = s'(x) dx is called the 
differential of arc length. The next theorem specifies formulas for finding 
ds. 


Theorem (6.17) 
Let f be smooth on [a, b], and let s be the arc length function for 
the graph of y = f(x) on [a. b]. If dx and dy are the differentials of 
x and y, then 
1) ds = 1 + [fo]? dx 


[ii] (ds)? = (dx)? + (ду)? 


PROOF Ву Definition (6.16) and Theorem (5.35). 
s'(x) = D, [s(x)] = р, | [ Л + [ор “| = + [ЛЮ]? 


Applying Definition (3.28) yields 
ds = s'(x) dx = V1 + [7 dx. 
This proves (i). 


To prove (ii), we square both sides of (i). obtaining 


2 


(ds) = {1 + [F] Hdx) 
= (dx)? + [f(x)dx]? 
= (dx)? + (dy)’. 


The last equality follows from Definition (3.28). к= 





FIGURE 6.45 
n 





FIGURE 6.46 


y JU) 





FIGURE 6.47 
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Theorem (6.17)(ii) has an interesting and useful geometric interpreta- 
tion. Consider y — f(x), and let Ax be an increment of x. Let Ay denote 
the change in y, and let As denote the change in arc length corresponding 
to Ax. Typical increments are illustrated in Figure 6.45, where | is the 
tangent line at (x, y) (compare with Figure 3.27). Since (ds)? = (dx)? + (dy). 
we may regard |ds| as the length of the hypotenuse of a right triangle 
that has sides |dx | and |dy |, as illustrated in the figure. Note that if Ax 
is small, then ds may be used to approximate the increment As of arc 
length. 





[i 





EXAMPLE 3 Use differentials to approximate the arc length of the 
graph of y = x? + 2x from A(1, 3) to В(1.2, 4.128). 


SOLUTION If we let f(x) = x? + 2x, then, by Theorem (6.17)(i), 
ds = 4/1 + (3x? + 2)? dx. 


An approximation may be obtained by letting x = 1 and dx — 0.2: 





ds = 4/1 + 52 (0.2) = \/26(0.2) = 1.02 


Let f be a function that is nonnegative throughout a closed interval 
[а, b]. If the graph of f is revolved about the x-axis, a surface of revolution 
is generated (see Figure 6.46). For example, if f(x) = yr? — x? for a posi- 
tive constant r, the graph of f on [—r.r] is the upper half of the circle 
x? + y? = r°, and a revolution about the x-axis produces a sphere of ra- 
dius г having surface area 4лг?. 

If the graph of f is the line segment shown in Figure 6.47, then the 
surface generated is a frustum of a cone having base radii r, and r, and 
slant height s. It can be shown that the surface area is 


mr, +r) = (25 2). 





5 


You may remember this formula as follows. 
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Surface area S of a frustum 
of a cone (6.18) 





| S = 2л (average radius)(slant height) 


We shall use this fact in the following discussion. 

Let f be a smooth function that is nonnegative on [a, b], and consider 
the surface generated by revolving the graph of f about the x-axis (see 
Figure 6.46). We wish to find a formula for the area 5 of this surface. Let 
P be a partition of [a. b] determined by a = Хо, х,.....: x, = b, and, for 
each k, let Q, denote the point (х,, /(х,)) on the graph of f (see Figure 6.48). 
If the norm || Р || is close to zero, then the broken line lp obtained by con- 
necting О,  , to О, for each k is an approximation to the graph of f. and 
hence the area of the surface generated by revolving lp about the x-axis 
should approximate S. The line segment 0, ,Q, generates a frustum of a 
cone having base radii f(x, |) and f(x,) and slant height d(Q,_ ,, Q,). By 
(6.18), its surface area is 


fe 1) + fix) 
2л E xui d(Q, .,. Qi). 


FIGURE 6.48 





Summing terms of this form from k — 1 to k — n gives us the area S, of 
the surface generated by the broken line lp. If we use the expression for 
d(Q, ,,0,) on page 334, then 


r= Ў 2л f(x,- „зс... 


2 


JE + 7% Ax 


where Хүү < иу < ху. We define the area S of the surface of revolution as 


S = lim Sp. 
[[Р\|—0 


From the form of Sp, it is reasonable to expect that the limit is given by 





ft эл А: + f(x) 


41-17 dx = Ї 2nf(x)V1 + [/(х)]? dx. 


The proof of this fact requires results from advanced calculus and is 
omitted. The following definition summarizes our discussion. 
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FIGURE 6.49 





FIGURE 6.50 
У 





FIGURE 6.51 
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Definition (6.19) 


If f 15 smooth and f(x) > 0 on [a, b]. then the area 5 of the surface 
generated by revolving the graph of f about the x-axis is 


S= f" лу) + [POOF dx. 


If f is negative for some x in (а, b], then the following extension of 
Definition (6.19) can be used to find the surface area S: 


= r 2n| fix)| V1 + [(х)]? dx 


We can use (6.18) to remember the formula for 5 in Definition (6.19). 
As in Figure 6.49, let (x, y) denote an arbitrary point on the graph of f 
and, as in Theorem (6.17)(i), consider the differential of arc length 


ds = Л + (х dx. 


Next, regard ds as the slant height of the frustum of a cone that has 
average radius у = f(x) (see Figure 6.49). Applying (6.18), the surface area 
of this frustum is given by 


2nf(x) ds = 2ту ds. 


As with our work in Sections 6.1 through 6.3, applying (7 may be regarded 
as taking a limit of sums of these areas of frustums. Thus, 


$ = Ї 2л/(х) ds = [М 2лу ds. 


EXAMPLE 4 The graph of y = Jx from (1, 1) to (4, 2) is revolved 
about the x-axis. Find the area of the resulting surface. 


SOLUTION The surface is illustrated in Figure 6.50. Using Defini- 
tion (6.19) or the previous discussion, we have 


S= Ї 2лу ds 


iat 
4 ‚ /4х-41 а, 
= f. 2nx! «X "m dx = п Ї V4x + 1 dx 





х (4х + 1)?? ЖЭ (172/2 — 5%?) = 30.85 square units. 
6 Зиг 4 


If we interchange the roles of х апа у in the preceding discussion, then 
a formula analogous to (6.19) can be obtained for integration with respect 
to y. Thus, if x = g(y) and g is smooth and nonnegative on [c, d], then 
the area 5 of the surface generated by revolving the graph of g about the 
y-axis (see Figure 6.51) is 


S= T 22g(y) 4/1 + («| 4у. 
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ЕХЕС!$Е$ 6.5 





Exer. 1-4: Set up an integral that сап be used to find (C 
the arc length of the graph from А to B by integrating 2” 
with respect to (ај x and (5) y. 








14 y 
х. 
803. 28) 
+ 
ds \ \ | 
3 1(1.:2) 
„= а аа pe Exer. 5-12: Find the arc length of the graph of the equa- 
Ld x tion from A to B. 
5) y = 5x7; A(1, 3). В(8, $) 
6 (y+ 1? 2(x—4)5 A(5,0), В(8. 7) 
7 y-5— {/х?; А(1.4),,. 80-43) 
2 8 у= 64? +1 A(—1.7) В(—8, 25) 
ы” S 1 
ке . 13 1 
к= ЫГ A(1,13, — B(2, 2) 
10 ү 1 5 0 А(2 82) BB 199) 
ах 3 Байх й 
un BUT. Ч) 11 30ху”-у"-15: AS. D 801,2) 
MS. 4 12 кг t» 40.-2, Bigs —1) 
| (} ) | i х= 16 ay Als. — 2). 165 
al. 4 1::4::1-41-44--1--1-54-ыл Exer. 13-14: Set up an integral for finding the arc length 
3 4 of the graph of the equation from A (о В. 
43 2y3 — 7 + 2х =8: 4(3.2). Bi4, 0) 
14 lix —4x* = 7y = —7; А(І, 2), BiO, 1) 
15 Find the are length of the graph of x?^? + y?? = 1. 
(Hint: Use symmetry with respect to the line y — x.) 
„8 


: 3х? + 5 
16 Find the arc length of the graph of у = REC from 
(1, 4) to (2, 223). 


Exer. 17-18: (a) Find s(x), where s is an arc length 
function for the graph of f. (5) If x increases from 1 to 
1.1, find 4s and ds. 


17 f(x)2 x 18 f(x) = yx? 


Exer. 19-20: Use differentials to approximate the arc 
length of the graph of the equation from 4 to B. 


19 у=х?: AQ, 4). B(2.1, 4.41) 
20 у+ х? = 0; A(l, 1) B(l.1, — 1.331) 
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Ехег, 21-22: Use differentials to approximate the arc 
length of the graph of the equation between the points 
with x-coordinates a and 5. 


21 y=cosx; a=n7/6, b= 317/180 


22 y=sinx; a=0, b = 7/90 





[с | Exer. 23-26: Use Simpson’s rule with л = 4 to approxi- 
mate the arc length of the graph of the equation from 
A to B. (Round the answer to two decimal places.) 


23 y=x?+x+4+3; A(—2,5), B(2,9) 
24 y= х": A(0.0. ^X B(2.8) 
25 у = sin x; A(0, 0), В(л/2, 1) 
26 y= tan x; А(0, 0), В(л/4, 1) 


[c] 27 [a] Approximate the arc length of the graph of f(x) — 
sin x from (0, 0) to (л, 0) by using Y а(0,-,. Qi). 
where Q, is the point (mk, fink). 

[b] If n is any positive integer, how does Y 4,0, 1, QU) 
compare to the exact arc length? , 


[c] 28 {а} Set up an integral for the arc length in Exercise 27(a). 


[b] Use the trapezoidal rule with n = 4 to approximate 
the integral in (a). 


Exer. 29-32: The graph of the equation from A to B is 
revolved about the x-axis. Find the area of the resulting 
surface. 


29\4х = у?; А(0, 0), B(1, 2) 
“зо ус” А(1, 1), 802, 8) 
31 8y22x* -x^*; A(1,3, B(2, 442) 
32 у= 24/х +1; А(0, 2), B(3,4) 


Exer. 33-34: The graph of the equation from A to Bis 
revolved about the y-axis, Find the area of the resulting 
surface. 


33 у»24х: А(1, 2), B(8, 4) 
34x=4,/y: A(4, 1). В(12, 9) 
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Exer. 35-36: If the smaller arc of the circle x? + y? = 25 
between the points ( — 3, 4) and (3, 4) is revolved about 
the given axis, find the area of the resulting surface. 


35 The y-axis 36 The x-axis 

Exer. 37—39: Use a definite integral to derive a formula 
for the surface area of the indicated solid. 

37 A right circular cone of altitude h and base radius г 

38 A spherical segment of altitude h in a sphere of radius г 
39 A sphere of radius r 


40 Show that the area of the surface of a sphere of radius 
a between two parallel planes depends only on the dis- 
tance between the planes. (Hint: Use Exercise 38.) 


41 If the graph in Figure 6.49 is revolved about the y-axis, 
show that the area of the resulting surface is given by 


Ї ^ 2nx/ 1 + [POOP dx. 
42 Use Exercise 41 to find the area of the surface generated 


by revolving the graph of y — 3 х/х from A(1, 3) to B(8, 6) 
about the y-axis. 


[с] 43 The graph of f(x) = 1 — x? from (0, 1) to (1,0) is re- 


volved about the x-axis. Approximate the area of the 
resulting surface by using 


4 хь) + fO 
X эд 08-1 + fix) n IO) 0,1,0), 


where О, is the point (1k, f(4k)). 


|c] 44 (a) Set up ап integral for the area of the surface generated 


in Exercise 43. 


[b] Use Simpson's rule with n — 4 to approximate the 
integral in (a). 


The concept of force may be considered as a push or a pull on an object. 
For example, a force is needed to push or pull furniture across a floor, 
to lift an object off the ground, to stretch or compress a spring, or to 
move a charged particle through an electromagnetic field. 

If an object weighs 10 pounds, then by definition the force required 
to lift it (or hold it off the ground) is 10 pounds. A force of this type is a 
constant force, since its magnitude does not change while it is applied to 


the object. 


6.6 WORK 
Definition (6.20) 
FIGURE 6.52 
Force = 90 Ib 
Ooo 
Al IB 
| | 
н 
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The concept of work is used when a force acts through a distance. The 
following definition covers the simplest case, in which the object moves 
along a line in the same direction as the applied force. 


If a constant force F acts on an object, moving it a distance d in 
the direction of the force, the work W done is 


W = Fd. 


The following table lists units of force and work in the British system 
and the International System (abbreviated SI, for the French Systeme 
International). In 51 units, 1 Newton is the force required to impart an 
acceleration of | m/sec? to a mass of | kilogram. 


Unit of Unit of Unit of 
System force distance work 
British pound (16) foot (ft) foot-pound (ft-lb) 
inch (in.) inch-pound (in.-Ib) 
International (SI) Newton (N) meter (m) Newton-meter (N-m) 


[d 


A Newton-meter is also called a joule (J). It can be shown that 
1 № = 0.225 1ь and 1 N-m x 0.74 ft-lb. 


For simplicity, in examples and most exercises we will use the British 
system, in which the magnitude of the force is the same as the weight, in 
pounds, of the object. In using SI units it is often necessary to consider 
a gravitational constant a (9.81 m/sec*) and use Newton’s second law of 
motion, F = ma, to change a mass m (in kilograms) to a force F (in 
Newtons). 


EXAMPLE 1 Find the work done in pushing an automobile a distance 
of 20 feet along a level road while exerting a constant force of 90 pounds. 


SOLUTION The problem is illustrated in Figure 6.52. Since the con- 
stant force is F — 90 Ib and the distance the automobile moves is d — 20 ft, 
it follows from Definition (6.20) that the work done is 


W = (90)(20) = 1800 ft-Ib. 


Anyone who has pushed an automobile (or some other object) is aware 
that the force applied is seldom constant. Thus, if an automobile is stalled. 
a larger force may be required to get it moving than to keep it in motion. 
The force may also vary because of friction, since part of the road may be 
smooth and another part rough. A force that is not constant is a variable 
force. We shall next develop a method for determining the work done by 
a variable force in moving an object rectilinearly in the same direction as 
the force. 
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Definition (6.21) 
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Suppose a force moves an object along the x-axis from x = ato x =b 
and that the force at x is given by f(x), where f is continuous on [a. b]. 
(The phrase force at x means the force acting at the point with coordinate 
X.) As shown in Figure 6.53, we begin by considering a partition P of 
[a. b] determined by 





а= Хе; Xp Хоу 2 Х,-0 with Ax,—x,— X, ,. 
FIGURE 6.53 
A 
\ n 
E" m a eS ea ee 
ü а= X) XX. Ху Mi qug X Gooey 4,5 


If AW, is the increment of work —that is, the amount of work done from 
Хүү to x,—then the work W done from a to b is the sum 
n 
W — AW, + AW, +: - AW, = У AM, 

к=1 
To approximate AW;, choose any number 2, in [х,—{. x,] and consider 
the force f(z,) at z,. If the norm | Р || is small, then intuitively we know 
that the function values change very little on (хүү, ху]; that is, / is almost 
constant on this interval. Applying Definition (6.20) gives us 


AW, = f(z) Ах, 


and hence 


W= Y AW, x Y fle) Ax. 
k=1 k=1 
Since this approximation should improve as || P || + 0, we define W as a 
limit of such sums. This limit leads to a definite integral. 


If f(x) is the force at x and if f is continuous on [a, b], then the 
work W done in moving an object along the x-axis from x — a to 
x=bis 


W= lim Y fi) Ax, = |” T(x) dx. 


I| Pl 0 k 


An analogous definition can be stated for an interval on the y-axis by 
replacing x with y throughout our discussion. 

Definition (6.21) can be used to find the work done in stretching or 
compressing a spring. To solve problems of this type, it is necessary to 
use the following law from physics: 

Hooke's Law: The force f(x) required to stretch a spring x units 

beyond its natural length is given by f(x) = kx, where k is a con- 

stant called the spring constant. 


EXAMPLE 7 A force of 9 pounds is required to stretch a spring from 
its natural length of 6 inches to a length of 8 inches. Find the work done 
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FIGURE 6.54 


me Natural length o» 


6 


7 8 9 10 in. 
01234 ! 





F&— Stretched à inches >| 
FIGURE 6.55 
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in stretching the spring 
(а) from its natural length to a length of 10 inches 
(b) from a length of 7 inches to a length of 9 inches 


SOLUTION 
(a) Let us introduce an x-axis as shown in Figure 6.54, with one end of 
the spring attached to a point to the left of the origin and the end to be 
pulled located at the origin. According to Hooke’s law, the force f(x) re- 
quired to stretch the spring x units beyond its natural length is f(x) = kx 
for some constant К. Since a 9-pound force is required to stretch the spring 
2 inches beyond its natural length. we have /(2) = 9. We let x = 2 in 
f(x) = kx: 

9zk-2, or К- 3 
Consequently, for this spring. Hooke's law has the form 

У) = x. 


Applying Definition (6.21) with a = 0 and b = 4, we can determine the 
work done in stretching the spring 4 inches: 


| 49 ors à 
W= Ї гах х, | 2 | = 36 їп.-1Ь 


(b) We again use the force /(х) = 3х obtained in part (a). By Defini- 
tion (6.21). the work done in stretching the spring from x = 1 tox = 3 is 


19 9 x? 3 
W = Ё 5* dx = 5 [5] = 18 in.-lb. 


1 





In some applications we wish to determine the work done in pumping 
out a tank containing a fluid or in lifting an object, such as a chain or a 
cable, that extends vertically between two points. A general situation is 
illustrated in Figure 6.55, which shows a solid that extends along the 
y-axis from y = c to y=d. We wish to vertically lift all particles con- 
tained in the solid to the level of point Q. Let us consider a partition P 
of [с.а] and imagine slicing the solid by means of planes perpendicular 
to the y-axis at each number y, in the partition. As shown in the figure, 
Ay, = yy — Yk- |. and S, represents the kth slice. We next introduce the 
following notation: 


z, = the (approximate) distance 5, is lifted 
AF, = the (approximate) force required to lift 5, 
If AW, is the work done in lifting 5,, then, by Definition (6.20). 
AW, SAF, ш = 2,* АБ. 
We define the work W done in lifting the entire solid as a limit of sums. 


Wz lim РЎ Zk^ AF, 


I| P]I-0 k 





FIGURE 6.56 





FIGURE 6.57 


30 


dy 
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The limit leads to a definite integral. Notice the difference between 
this type of problem and that in our earlier discussion. To obtain (6.21), 
we considered distance increments Ax, and the force /(2,) that acts through 
Ax,. In the present situation we consider force increments AF, and the 
distance z, through which АР, acts. The next two examples illustrate this 
technique. As in preceding sections, we shall use dy to represent a typical 
increment Ay, and y to denote a number in [c, d]. 


EXAMPLE 3 A uniform cable 30 feet long and weighing 60 pounds 
hangs vertically from a pulley system at the top of a building, as shown 
in Figure 6.56. A steel beam that weighs 500 pounds is attached to the 
end of the cable; find the work required to pull it to the top. 


SOLUTION Let W, denote the work required to pull the beam to the 
top, and let ИС denote the work required for the cable. Since the beam 
weighs 500 pounds and must move through a distance of 30 feet, we have, 
by Definition (6.20), 


"en 
CA 


Wg = 500.30 = 15,000 ft-lb. 


The work required to pull the cable to the top may be found by the 
method used to obtain (6.22). Consider a y-axis with the lower end of 
the cable at the origin and the upper end at y = 30, as in Figure 6.57. 
Let dy denote an increment of length of the cable. Since each foot of cable 
weighs 60/30 = 2 lb, the weight of the increment (and hence the force re- 
quired to lift it) is 2 dy. If y denotes the distance from O to a point in the 
increment, then we have the following: 


increment of force: 2 dy 
distance lifted: 30— y 
increment of work: (30 — y)2 dy 


Applying |д° takes a limit of sums of the increments of work. Hence 


Wo 


ll 


fi^ ao — y dy 


о 
2[ 30у = |, 
= 900 ft-lb. 


ll 


The total work required is 
W = Ир + We = 15,000 + 900 = 15,900 ft-lb. 


EXAMPLE 4 — Arightcircular conical tank of altitude 20 feet and radius 
of base 5 feet has its vertex at ground level and axis vertical. If the tank 
is full of water weighing 62.5 lb/ft*, find the work done in pumping all 
the water over the top of the tank. 


SOLUTION We begin by introducing a coordinate system, as shown 
in Figure 6.58. The cone intersects the xy-plane along the line of slope 4 
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FIGURE 6.58 
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through the origin. An equation for this line is 
y=4x, or x=dy. 


Let us imagine subdividing the water into slices, using planes perpen- 
dicular to the y-axis, from y = 0 to y = 20. If dy represents the width of 
a typical slice, then its volume may be approximated by the circular disk 
shown in Figure 6.58. As we did in our work with volumes of revolution 
in Section 6.2, we obtain 


volume of disk = zx? dy = z(1y)? dy. 


Since water weighs 62.5 Ib/ft?, the weight of the disk, and hence the force 
required to lift it, is 62.5л(1у)/ dy. Thus, we have 


increment of force: 62.5z(,ky?) dy 
distance lifted: 20 — y 
increment of work: (20--у)62.55(,5у2) dy 


Applying (29 takes a limit of sums of the increments of work. Hence 


W = I (20 — 62.516353?) dy 


62.5 20 ж 4 
- 16 7 f (20) == )dy 
62.5 y? y* 20 
- 2017-1-7 
16 al ( 3 ) 4 | 


The next example is another illustration of how work may be calcu- 
lated by means of a limit of sums—that is, by a definite integral. 


EXAMPLE 5 A confined gas has pressure р (Ib/in.?) and volume v 
(in.*). If the gas expands from v = a to v = b, show that the work done 
(in.-Ib) is given by 


W = [? ae. 


SOLUTION Since the work done is independent of the shape of the 
container, we may assume that the gas is enclosed in a right circular cylin- 
der of radius r and that the expansion takes place against a piston head, 
as illustrated in Figure 6.59 on the following page. As in the figure, let dv 
denote the change in volume that corresponds to a change of Л inches 
in the position of the piston head. Thus, 


1 
dv=arh, or В=—у@. 
дг? 
If р denotes the pressure at some point іп the volume increment shown 


in Figure 6.59, then the force against the piston head is the product of p 
and the area лғ? of the piston head. Thus, we have the following for the 
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FIGURE 6.59 
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dv = change in volume 






| 
—À р- 


Л 


| | 
Y 


change in position 
of piston head 


indicated volume increment: dv 


force against piston head:  p(xr?) 


distance piston head moves: Л 


3 2 1 
increment of work: | (рл) = (pzr?) mm dv = p dv 


Applying [7 to the increments of work gives us the work done as the gas 
expands from r = a to v = b: 


EXERCISES 6.6 


W= LM p dr 





if 1 A 400-pound gorilla climbs a vertical tree 15 feet high. 
.. "Find the work done if the gorilla reaches the top in 
{ај 10 seconds (Ы) 5 seconds 


í “2 Find the work done in lifting an 80-pound sandbag a 
height of 4 feet. 


( 3 A spring of natural length 10 inches stretches 1.5 inches 
-7/ under a weight of 8 pounds. Find the work done in 
stretching the spring 


[a] from its natural length to a length of 14 inches 
[b] from a length of 11 inches to a length of 13 inches 


A force of 25 pounds is required to compress a spring 
of natural length 0.80 foot to a length of 0.75 foot. Find 
the work done in compressing the spring from its nat- 
ural length to a length of 0.70 foot. 


If a spring is 12 inches long, compare the work W, done 
in stretching it from 12 inches to 13 inches with the work 
И, done in stretching it from 13 inches to 14 inches. 


It requires 60 in.-Ib of work to stretch a certain spring 
from a length of 6 inches to 7 inches and another 120 
in.-lb of work to stretch it from 7 inches to 8 inches. 
Find the spring constant and the natural length of the 
spring. 





7 


11 


12 


A freight elevator weighing 3000 pounds is supported 
by a 12-foot-long cable that weighs 14 pounds per linear 
foot, Approximate the work required to lift the elevator 
9 feet by winding the cable onto a winch, 


A construction worker pulls a 50-pound motor from 
ground level to the top of a 60-foot-high building using 
a rope that weighs } Ib/ft. Find the work done. 


A bucket containing water is lifted vertically at a con- 
маш rate of 1.5 ft/sec by means of a rope of negligible 
weight. As the bucket rises, water leaks out at the rate 
of 0.25 Ib/sec. If the bucket weighs 4 pounds when empty 
and if it contained 20 pounds of water at the instant that 
the lifting began. determine the work done in raising the 
bucket 12 feet. 


In Exercise 9, find the work required to raise the bucket 
until half the water has leaked out. 


A fishtank has a rectangular base of width 2 feet and 
length 4 feet, and rectangular sides of height 3 feet. If 
the tank is filled with water weighing 62.5 Ib/ft^, find the 
work required to pump all the water over the top of the 
tank. 


Generalize Example 4 of this section to the case of a 
conical tank of altitude / feet and radius of base а feet 
that is filled with a liquid weighing p БТ, 


6.7 MOMENTS AND CENTERS OF MASS 


13 А vertical cylindrical tank of diameter 3 feet and height 
6 feet is full of water. Find the work required to pump 
all the water 


[a] over the top of the tank 


1) through a pipe that rises to a height of 4 feet above 
the top of the tank 


14 Work Exercise 13 if the tank is only half-full of water. 


15 The ends of an 8-foot-long water trough are equilateral 
triangles having sides of length 2 feet. If the trough is 
full of water, find the work required to pump all of it 
over the top. 


16 A cistern has the shape of the lower half of a sphere of 

radius 5 feet. If the cistern is full of water, find the work 
| required to pump all the water to a point 4 feet above 
the top of the cistern. 


17 Referto Example 5 in this section. The volume and pres- 
sure of a certain gas vary in accordance with the law 
pv? = 115, where the units of measurement are inches 
and pounds. Find the work done if the gas expands from 
32 in? to 40 in.? 


18 Refer to Example 5. The pressure and volume of a 
quantity of enclosed steam are related by the formula 
ро! = c, where c is a constant. If the initial pressure 
and volume are pp and гу, respectively, find a formula 
for the work done if the steam expands to twice its 
volume. 


19 Newton's law of gravitation states that the force F of 
attraction between two particles having masses m, and 
m; is given by F = Gm,m;/s?, where G is a gravitational 
constant and s is the distance between the particles. If 


Y 





EXERCISE 19 





6.7 
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the mass m, of the earth is regarded as concentrated at 
the center of the earth and a rocket of mass m; is on the 
surface (a distance 4000 miles from the center), find a 
general formula for the work done in firing the rocket 
vertically upward to an altitude h (see figure). 


20 In the study of electricity, the formula F = kq/r?, where 
k is a constant, is used to find the force (in Newtons) 
with which a positive charge Q of strength q units repels 
a unit positive charge located r meters from Q. Find the 
work done in moving a unit charge from a point d cen- 
timeters from О to a point 14 centimeters from О. 


[c| Exer. 21-22: Suppose the table was obtained experi- 
mentally for a force f(x) acting at the point with co- 
ordinate x on a coordinate line. Use the trapezoidal rule 
to approximate the work done on the interval [a, 5], 
where a and b are the smallest and largest values of х, 
respectively. 





21 x (ft) 0 95 10 L5 20 23 
f(x) (Ib) 74 8&1 84 78 63 71 
x (ft) 30 35 40 45 50 
F(x) (Ib) 59 68 7.0 80 9.2 

22 | x(m) 1 2 3 4 5 
f(x) (№) 125 120 130 146 165 
x (m) 6 7 8 9 

157 150 143 140 


| F(x) (N) 


23 The force (in Newtons) with which two electrons repel 
each other is inversely proportional to the square of the 
distance (in meters) between them. 

(a) If one electron is held fixed at the point (5, 0), find 
the work done in moving a second electron along 
the x-axis from the origin to the point (3, 0). 


ib) If two electrons are held fixed at the points (5, 0) and 
(—5, 0), respectively. find the work done in moving 
a third electron from the origin to (3, 0). 


24 If the force function is constant. show that Defini- 
tion (6.21) reduces to Definition (6.20). 


MOMENTS AND CENTERS OF MASS 


In this section we consider some topics involving the mass of an object. 
The terms mass and weight are sometimes confused with each other. 
Weight is determined by the force of gravity. For example. the weight of 
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an object on the moon is approximately one-sixth its weight on earth, 
because the force of gravity is weaker. However, the mass is the same. 
Newton used the term mass synonymously with quantity of matter and 
related it to force by his second law of motion, F = ma, where F denotes 
the force acting on an object of mass m that has acceleration a. In the 
British system, we often approximate a by 32 ft/sec? and use the slug as the 
unit of mass. In SI units, а = 9.81 m/sec”, and the kilogram is the unit of 
mass. It can be shown that 
1 slug x 14.6 Ке апа 1kg = 0.07 slug. 

In applications we usually assume that the mass of an object is con- 
centrated at a point, and we refer to the object as a point-mass, regardless 
of its size. For example, using the earth as a frame of reference, we may 
regard a human being, an automobile, or a building as a point-mass. 

In an elementary physics experiment we consider two point-masses 
m, and m, attached to the ends of a thin rod, as illustrated in Figure 6.60, 
and then locate the point P at which a fulcrum should be placed so that 
the rod balances. (This situation is similar to balancing a seesaw with а 
person sitting at each end.) If the distances from m, and m, to P are d, 
and d,, respectively, then it can be shown experimentally that Р is the 
balance point if 

mid, = md). 


In order to generalize this concept, let us introduce an x-axis, as illus- 
trated in Figure 6.61, with m, and m, located at points with coordinates 
x, and x,. If the coordinate of the balance point P is X, then using the 
formula m;d, = mad, yields 


mi(X — ху) = т,(х — X) 


тух тэх 


mx, + тх 


mx, + тх 
m, +m, 


d 


This gives us a formula for locating the balance point P. 

If a mass m is located at a point on the axis with coordinate x, then the 
product mx is called the moment M of the mass about the origin. Our 
formula for x states that to find the coordinate of the balance point, we 
may divide the sum of the moments about the origin by the total mass. The 
point with coordinate x is called the center of mass (or center of gravity) 
of the two point-masses. The next definition extends this discussion to 
many point-masses located on an axis, as shown in Figure 6.62. 


Let S denote a system of point-masses тү, т,,..., т, located at 
n 

Xis X5... +, X, Оп а coordinate line, and let m= У m, denote the 
к=1 


total mass. 


[i] The moment of S about the origin is My = У m,x,. 
k=1 


M 
(ii) The center of mass (or center of gravity) of S is given by x = 22 
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The point with coordinate Х is the balance point of the system S in the 
same sense as in our seesaw illustration. 


EXAMPLE 1 Three point-masses of 40, 60, and 100 kilograms are 
located at — 2, 3, and 7, respectively, on an x-axis. Find the center of mass. 


SOLUTION If we denote the three masses by тү, тэ, and m3, we have 
the situation illustrated in Figure 6.63, with x, = —2,x, = 3, and x, = 7. 
Applying Definition (6.23) gives us the coordinate X of the center of mass: 





Ba 40(—2) + 60(3) + 100(7) _800_ 4 
ан 40 + 60 + 100 7200 — 





Let us next consider a point-mass m located at P(x, y) in a coordinate 
plane (see Figure 6.64). We define the moments М, and М, of m about the 
coordinate axes as follows: 


moment about the x-axis: M, = ту 


moment about the y-axis: M, = mx 


In words, to find M, we multiply m by the y-coordinate of P, and to find 
M, we multiply m by the x-coordinate. To find M, and M, for a system 
of point-masses, we add the individual moments, as in (i) and (ii) of the 
next definition. 


Let S denote a system of point-masses т;, т;,..., т, located at 
(Xi, у), (%2, у2),..., (х, Yn) in a coordinate plane, and let 


m, denote the total mass. 
1 


m = 
k 


i= 


(li) The moment of S about the x-axis is M, = У туу. 


[i] The moment of 5 about the y-axis is M, = У ух, 
k 


(11) The center of mass (or center of gravity) of S is the point (X, y) 
such that 





From (iii) of this definition, 
mx = M, and ту-М, 


Since mx and my are the moments about the y-axis and x-axis, respec- 
tively. of a single point-mass m located at (X, y). we may interpret the 
center of mass as the point at which the total mass can be concentrated 
to obtain the moments M, and M, of S. 
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FIGURE 6.65 








FIGURE 6.66 
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We might think of the n point-masses in (6.24) as being fastened to the 
center of mass P by weightless rods, as spokes of a wheel are attached to 
the center of the wheel. The system 5 would balance if supported by a 
cord attached to P. as illustrated in Figure 6.65. The appearance would 
be similar to that of a mobile having all its objects in the same horizontal 
plane. 


EXAMPLE 2 Point-masses of 4, 8, 3. and 2 kilograms are located at 
(—2, 3). (2. —6). (7. — 3). and (5. 1), respectively. Find М,, M,. and the 
center of mass of the system. 


SOLUTION The masses are illustrated in Figure 6.66, in which we have 
also anticipated the position of (X. F). Applying Definition (6.24) gives us 


М, = (4\(3) + (8(— 6) + (3)(—3) + (2)(1) = — 43 
M, = (4)( — 2) + (8)(2) + (3)(7) + (25) = 39. 


Since m=4+8+3+2=17, 


Thus, the center of mass is (12. — 1). 


Later in the text we shall consider solid objects that are homogeneous 
in the sense that the mass is uniformly distributed throughout the solid. 
In physics, the density p (rho) of a homogeneous solid of mass m and vol- 
ume V is defined by p = m. V. Thus. density is mass per unit volume. The 
SI unit for density is kg m^: however, g/cm? is also used. The British unit 
is Ib/ft? or Ib/in.* 

In this section we shall restrict our discussion to homogeneous laminas 
(thin flat plates) that have area density (mass per unit area) p. Area density 
is measured in kg/m", Ib/ft?, and so on. If the area of one face of a lamina 
is А and the area density is p, then its mass m is given by m = pA. We wish 
to define the center of mass P such that if the tip of a sharp pencil were 
placed at P, as illustrated in Figure 6.67. the lamina would balance in 


FIGURE 6.67 
(0 (ii) 
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a horizontal position. As in (ii) of the figure, we shall assume that the cen- 
ter of mass of a rectangular lamina is the point C at which the diagonals 
intersect. We call C the center of the rectangle. Thus, for problems in- 
volving mass, we may assume that a rectangular lamina is a point-mass 
located at the center of the rectangle. This assumption is the key to our 
definition of the center of mass of a lamina. 

Consider a lamina that has area density р and the shape of the К, 
region in Figure 6.68. Since we have had ample experience using limits of 
Riemann sums for definitions in Sections 6.1 through 6.6, let us proceed 
directly to the method of representing the width of the rectangle in the 
figure by dx (instead of Ax,), obtaining 


area of rectangle: | f(x) — g(x)] dx. 


FIGURE 6.68 t 
A 











Ife) + gv] 





Since the area density of the lamina is р, we may write 


mass of rectangular lamina:  p[ f(x) — g(x)] dx. 


If, as in previous sections, we regard |! as an operator that takes limits 
of sums, we arrive at the following definition for the mass m of the lamina: 


b à 
m= i pL f(x) — gix)] dx 

We next assume that the rectangular lamina in Figure 6.68 is a point- 
mass located at the center C of the rectangle. Since, by the midpoint 
formula (1.5), the distance from the x-axis to C is 3 [ f(x) + g(x)]. we obtain 
the following result for the rectangular lamina: 

moment about the x-axis: 4[ f(x) + g(x)] > eLf(x) — ах) dx 

Similarly. since the distance from the y-axis to C is x, 


moment about the y-axis: x + p| f(x) — g(x)] dx. 


Taking limits of sums by applying (^ leads to the next definition. 
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FIGURE 6.69 








CHAPTER 6 APPLICATIONS OF THE DEFINITE INTEGRAL 


Let a lamina L of area density p have the shape of the R, region in 
Figure 6.68. 


li) The mass of L ism = Ї ” aL f(x) — gix] dx. 

(ii) The moments of L about the x-axis and y-axis are 
м, = |709 + 969] PLA) — 909] dx 
M, = T x: pL f(x) — g(x)] dx. 


(1) The center of mass (or center of gravity) of L is the point (X, y) 
such that 


and 


An analogous definition can be stated if L has the shape of an R, region 
and the integrations are with respect to y. We could also obtain formulas 
for moments with respect to lines other than the x-axis or y-axis; how- 
ever, it is advisable to remember the technique for finding moments— 
multiplying a mass by a distance from an ахіѕ instead of memorizing 
formulas that cover all possible cases. 


EXAMPLE 3 A lamina of area density p has the shape of the region 
bounded by the graphs of y = x? + 1, x = 0. x = 1, and у = 0. Find the 
center of mass. 


SOLUTION The region and a typical rectangle of width dx and height 
y are sketched in Figure 6.69. As indicated in the figure, the distance from 
the x-axis to the center C of the rectangle is }y, and the distance from the 
y-axis to C is x. Hence, for the rectangular lamina, we have the following: 


mass: py dx = p(x? 1) dx 
moment about x-axis: iy: py dx = р(х? + 1)? dx 
moment about y-axis: х · py dx = px(x? + 1) dx 
We now take a limit of sums of these expressions by applying the operator 
i 
9 1 
n= Ї p(x? + 1)dx = ЛЭ + xL, = 1p 
4 1 > 
M, = Ї їр(х2 + 1)? dx = 3p р (x* + 2x? + I) dx 
» 1 
= bofis + be + x], = Нр 
1 
M, = f рх(х? + 1) 4х = p k (х? + x) dx 


1 
= ЛЭ 4 be] = 3p 
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To find the center of mass (x. y), we use (iii) of Definition (6.25): 


M, i 9 M, # 7 
х-М..29.9 md „М. Р. 
m ip 16 m ip 10 


When we found (x. y) in Example 3, the constant p in the numerator 
and denominator canceled. This will always be the case for a homogeneous 
lamina. Hence the center of mass is independent of the area density p; 
that is, Х and y depend only on the shape of the lamina. For this reason, 
the point (X, F) is sometimes referred to as the center of mass of a region 
in the plane, or as the centroid of the region. We can obtain formulas for 
moments of centroids by letting p = 1 and m = A (the area of the region) 
in our previous work. 


EXAMPLE 4 Find the centroid of the region bounded by the graphs 
of y= 6— х? and y 23— 2x. 


FIGURE 6.70 SOLUTION The region is the same as that considered in Example 2 of 

у Section 6.1 and is resketched in Figure 6.70. To find the moments and the 
centroid, we take p = | and m = A. Referring to the typical rectangle with 
center C shown in Figure 6.70, we obtain the following: 


area of rectangle: [06 — x^) — (3 — 2x)] dx 
distance from x-axis to С: 3[(6 — x?) + (3 — 2x)] 
moment about x-axis: 4[(6 — х?) + (3 — 2x)] - [(6 — x?) — (3 — 2x)] dx 
distance from y-axis to С: х 


_ 3, moment about y-axis: x[(6 — x?)—(3— 2х)| dx 





| We now take a limit of sums by applying the operator [? ;: 

М, = ie. 4[(6 — x?) + (3 — 2x)] - [(6 — x?) — (3 — 2x)] dx 
i ee __ д2 2 
2 aa [(6 — x^? — (3 — 2xy] dx 


› wi (x* — 16x? + 12x + 27) dx = 438 


M 


‚= f? 6 — х2) - 8 – 23)] 4x 
3 B А 
= Ї ‚ Өх+2х°— x3) dx = 2 


Using A = ¥ and (iii) of Definition (6.25), we determine the centroid: 





. м, 2 . M, UR 13 
X-2— —i4,;—-1l and y2— —4;-- 
m cy m yf 5 


We could have found the centroid by using Definition (6.25) with 
f(x) = 6 — х2, g(x) = 3 — 2x. a = — 1, and b = 3, but that would merely 
teach you how to substitute and not how to think. 
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FIGURE 6.71 
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If a homogeneous lamina has the shape of a region that has an axis of 
symmetry, then the center of mass must lie on that axis. This fact is used 
in the next example. 


EXAMPLE 5 Find the centroid of the semicircular region bounded by 
the x-axis and the graph of y = Ja? — x? with a> 0. 





SOLUTION The region is sketched in Figure 6.71. By symmetry, the 
centroid is on the y-axis; that is, X = 0. Hence we need find only y. Re- 
ferring to the rectangle in the figure and using р = 1 gives us the following 
result. 


moment about x-axis: Jy: y dx = 1y? dx = 1(a? — x?) dx 


We now take a limit of sums by applying the operator [^ ,: 
M,- ir Ne x?) dx =2 f la? — x?) dx 


а 
= [а?х - ber = 4@° 


Using m = A = іла? gives us 


4 
Thus. the centroid is the point | 0, — г) 


We shall conclude this section by stating a useful theorem about solids 
of revolution. To illustrate a special case of the theorem, consider an R, 
region R of the type shown in Figure 6.68. Using р = 1 and m = A (the 
area of R). we find that the moment of R about the y-axis is given by 


М,- L x[ f(x) — g(x)] dx. 


If R is revolved about the y-axis, then using cylindrical shells, we find that 
the volume V of the resulting solid is given by 


yes Ї 2nx[ fix) — g(x)] dx. 
Comparing these two equations, we see that 
муы. 
М, = 5. 
If (X. F) is the centroid of R, then, by Definition (6.25)(iii), 
= My Uv 
i m A 2nA 
and hence 
V = 2nxA. 
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Theorem of Pappus (6.26) 


FIGURE 6.72 





EXERCISES 6.7 


Since x is the distance from the y-axis to the centroid of R, the last formula 
states that the volume V of the solid of revolution may be found by multi- 
plying the area A of R by the distance 2лх that the centroid travels when 
К is revolved once about the y-axis. A similar statement is true if R is re- 
volved about the x-axis. In Chapter 17 we shall prove the following more 
general theorem. named after the mathematician Pappus of Alexandria 
(ca. 300 А.р.). 


| Let R be a region in a plane that lies entirely on one side of a line l 
| in the plane. If R is revolved once about /, the volume of the resulting 

solid is the product of the area of R and the distance traveled by the 
| centroid of R. 





EXAMPLE 6 The region bounded by a circle of radius a is revolved 
about a line /, ia the рїаге of the circle, that is a distance b from the center 
of the circle. where b > a (see Figure 6.72). Find the volume V of the re- 
sulting solid. (The surface of this doughnut-shaped solid is called a torus.) 


SOLUTION The region bounded by the circle has area ла”, and the 
distance traveled by the centroid is 2л9. Hence, by the theorem of Pappus, 


V = (2nb)(xa?) = 2z?«?b. 











Exer. 1—2: The table lists point-masses (in kilograms) Exer. 5-14: Sketch the region bounded by the graphs 
and their coordinates (in meters) on an x-axis. Find m, of the equations, and find m, M,, M,, and the centroid. 
M, and the center of mass. 5 ух. Ун! Faj 

/A^) mass 6 у=\/х, p=, x=9 







100 80 70 


9/2 


coordinate -3 2 4 


coordinate 









Exer. 3-4: The table lists point-masses (in kilograms) 


8 2х+3у=6. y=0 хээ 
9 j =X, 2y =x 
10 y=x?, y= x5 


and their locations (in meters) in an xy-plane. Find m, 
M,, M,, and the center of mass of the system. 13 х= у", ъ= үче 


14 х-9-4), х+у=3 


15 Find the centroid of the region in the first quadrant 


(4. —1) (-2.0) (—8, – 5) bounded by the circle x? + y* = а? and the coordinate 











axes. 





4 16 Let R be the region in the first quadrant bounded by 

part of the parabola у? = cx with c > 0, the x-axis, and 

| mass | 10 3 4 l 8 the vertical line through the point (a, b) on the parabola, 

location |(—5,—2) (3,7) (0,—3) (—8,—3) (0,0) as shown in the figure on the following page. Find the 
| " centroid of R. 
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17 


18 





EXERCISE 16 





A region has the shape of a square of side 2a surmounted 
by a semicircle of radius a. Find the centroid. (Hint: Use 
Example 5 and the fact that the moment of the region is 
the sum of the moments of the square and the semicircle.) 


Let the points P, О. R, and 5 have coordinates (—b, 0), 
(—a, 0), (a, 0), and (b, 0), respectively, with 0 < a < b. 
Find the centroid of the region bounded by the graphs 
of у = Vb? — x7, у = va? — х2, and the line segments 
PQ and RS. (Hint: Use Example 5.) 


Prove that the centroid of a triangle coincides with the 
intersection of the medians. (Hint: Take the vertices 
at the points (0, 0), (a, ^), and (0, c), with a, b, and c 
positive.) 


6.8 OTHER APPLICATIONS ` 
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A region has the shape of a square of side a surmounted 
by an equilateral triangle of side a. Find the centroid. 
(Hint: See Exercise 19 and the hint given for Exercise 17.) 


Exer. 21—24: Use the theorem of Pappus. 


21 


22 


23 


24 


Let R be the rectangular region with vertices (1, 2), (2, 1), 
(5. 4). and (4, 5). Find the volume of the solid generated 
by revolving R about the y-axis. 


Let R be the triangular region with vertices (1, 1), (2, 2), 
and (3, 1). Find the volume of the solid generated by 
revolving R about the y-axis. 


Find the centroid of the region in the first quadrant 
bounded by the graph of y = ya? — x? and the coordi- 
nate axes. 


Find the centroid of the triangular region with vertices 
O(0,0), A(0.a), and B(b,0) for positive numbers a 
and b. 


A lamina of area density p has the shape of the region 

bounded by the graphs of f(x) = у |соѕ x | and g(x) = х2. 

Graph f and g on the same coordinate axes. 

(а| Set up an integral that can be used to approximate 
the mass of the lamina. 

(5) Use Simpson's rule with n = 4 to approximate the 
integral in (a). 


Use Simpson's rule with n — 4 to approximate the cen- 
troid of the region bounded by the graphs of y — 0, 
yz (sin x)/X, += 1, and x= 2. 


It should be evident from our work in this chapter that if a quantity can 
be approximated by a sum of many terms, then it is a candidate for rep- 
resentation as a definite integral. The main requirement is that as the 
number of terms increases, the sums approach a limit. In this section we 
consider several miscellaneous applications of the definite integral. Let us 
begin with the force exerted by a liquid on a submerged object. 

In physics, the pressure p at a depth Л in a fluid is defined as the weight 
of fluid contained in a column that has a cross-sectional area of one square 
unit and an altitude Л. Pressure may also be regarded as the force per 
unit area exerted by the fluid. If a fluid has density p, then the pressure 
p at depth h is given by 


р = ph. 


The following illustration is for water, with p = 62.5 Ib/ft?. 
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DENSITY р [Ib/ft") DEPTH А (ft) PRESSURE p = ph (lb/ft?) 
= 62.5 2 125 
= 62.5 4 250 
= 62.5 6 375 


Pascal's principle in physics states that the pressure at a depth h in a 
fluid is the same in every direction. Thus, if a flat plate is submerged in 
a fluid, then the pressure on one side of the plate at a point that is А units 
below the surface is ph, regardless of whether the plate is submerged ver- 
tically, horizontally, or obliquely (see Figure 6.73, where the pressure at 
points A, B, and C is ph). 

If a rectangular tank, such as a fish aquarium. is filled with water (see 
Figure 6.74), the total force exerted by the water on the base may be cal- 
culated as follows: 


force on base = (pressure at base): (area of base) 
For the tank in Figure 6.74, we use p = 62.5 lb/ft? and h = 2 ft to obtain 
force on base = (125 Ib/ft?) · (12 ft?) = 1500 Ib. 


This corresponds to 12 columns of water, each having cross-sectional area 
1 ft? and each weighing 125 pounds. 

It is more complicated to find the force exerted on one of the sides of 
the aquarium, since the pressure is not constant there but increases as 
the depth increases. Instead of investigating this particular problem. let 
us consider the following more general situation. 

Suppose a flat plate is submerged in a fluid of density p such that the 
face of the plate is perpendicular to the surface of the fluid. Let us intro- 
duce a coordinate system as shown in Figure 6.75, where the width of the 
plate extends over the interval [c. 4] on the y-axis. Assume that for each 
y in [c,d], the corresponding depth of the fluid is h(y) and the length of 
the plate is L(y), where h and L are continuous functions. 

We shall employ our standard technique of considering a typical 
horizontal rectangle of width dy and length L(y), as illustrated in Fig- 
ure 6.75. If dy is small, then the pressure at any point in the rectangle is 
approximately ph(y). Thus, the force on one side of the rectangle can be 
approximated by 


force on rectangle x (pressure) (area of rectangle). 
ог force on rectangle = ph(y)- L(y) dy. 


Taking a limit of sums of these forces by applying the operator [7 leads 
to the following definition. 


The force F exerted by a fluid of constant density p on one side of 
a submerged region of the type illustrated in Figure 6.75 is 


F- jis оһ(у) L(y) dy. 
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FIGURE 6.76 





FIGURE 6,77 
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If a more complicated region is divided into subregions of the type 
illustrated in Figure 6.75, we apply Definition (6.27) to each subregion 
and add the resulting forces. The coordinate system may be introduced 
in various ways: In Example 2 we choose the x-axis along the surface of 
the liquid and the positive direction of the y-axis downward. 


EXAMPLE 1 The ends of a water trough 8 feet long have the shape 
of isosceles trapezoids of lower base 4 feet, upper base 6 feet, and height 
4 feet. Find the total force on one end if the trough is full of water. 


SOLUTION Figure 6.76 illustrates one end of the trough superimposed 
on a rectangular coordinate system. An equation of the line through the 
points (2, 0) and (3, 4) is у = 4x — 8. or, equivalently, x = 1(y + 8). Refer- 
ring to Figure 6.76 gives us the following. for a horizontal rectangle of 
width dy: 
length: 2x 22- i(y + 8) = iy + 8) 
area: 4(y + 8) dy 
depth: 4—y) 
pressure: 62.5(4 — ү) 
force: 62.5(4 — y) - y + 8) dv 
Taking a limit of sums by applying the operator f$. we obtain, as in Defi- 
nition (6.27). 


F. 


(^ 62.514 — y)- Hy + 8) dy 


31.25 Ї * (32 —4у— y?) dy = = 2333 Ib. 





In the preceding example, the length of the water trough was irrelevant 
when we considered the force on one end. The same is true for the oil 
tank in the next example. 


EXAMPLE 2 A cylindrical oil storage tank 6 feet in diameter and 
10 feet long is lying on its side. If the tank is half full of oil that weighs 
58 Ib/ft?, set up an integral for the force exerted by the oil on one end of 
the tank. 


SOLUTION Let us introduce a coordinate system such that the end of 
the tank is a circle of radius 3 feet with the center at the origin. The equa- 
tion of the circle is x? + у? = 9. If we choose the positive direction of the 
y-axis downward. then referring to the horizontal rectangle in Figure 6.77 
gives us the following: 


length: 2x = 24/9 — y? 


area: 249 — у? dy 
depth: у 


pressure: 58у 


force: 58y-249 — y? dy 
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FIGURE 6.78 
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Flow concentration formula (6.28) 


FIGURE 6.79 
<1, >} 
| | 








Taking a limit of sums by applying fà we obtain 
3 а 
Е = f, 16r /9 — y? dy. 


Evaluating the integral by using the method of substitution would give 
us 


F = 1044 Ib. 


Definite integrals can be applied to dye-dilution or tracer methods 
used in physiological tests and elsewhere. One example involves the mea- 
surement of cardiac output. that is, the rate at which blood flows through 
the aorta. A simple model for tracer experiments is sketched in Fig- 
ure 6.78, where a liquid (or gas) flows into a tank at A and exits at B, 
with a constant flow rate F (in L/sec). Suppose that at time t — 0, 0, 
grams of tracer (or dye) are introduced into the tank at A and that à 
stirring mechanism thoroughly mixes the solution at all times. The con- 
centration c(t) (in g/L) of tracer at time t is monitored at B. Thus the 
amount of tracer passing B at time / is given by 


(flow rate) + (concentration) = F • e(t) рес. 


If the amount of tracer in the tank at time t is Q(r). where Q is a differ- 
entiable function, then the rate of change Q'(r) of Q is given by 


Q'( = —F + elt) 


(the negative sign indicates that Q is decreasing), 
If T is a time at which all the tracer has left the tank, then Q(T) = 0 
and, by the fundamental theorem of calculus. 


ji Q'(t) dt = owh = Q(T) — 000) 
-0- 0, = =. 


We may also write 


Ot) dt = i. [-F | e(n] di = —Ё Г city dt. 


Equating the two forms for the integral gives us the following formula. 


Qg2F b c(t) dt 


Usually an explicit form for c(r) will not be known, but, instead, a table 
of function values will be given. By employing numerical integration, we 
may find an approximation to the flow rate F (see Exercises 11 and 12). 

Let us next consider another aspect of the flow of liquids. If a liquid 
flows through a cylindrical tube and if the velocity is a constant vy, then 
the volume of liquid passing a fixed point per unit time is given by гол. 
where A is the area of a cross section of the tube (see Figure 6.79). 

А more complicated formula is required to study the flow of blood in 
an arteriole. In this case the flow is in layers, as illustrated in Figure 6.80, 
on the following page. In the layer closest to the wall of the arteriole, the 





FIGURE 6.80 
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blood tends to stick to the wall, and its velocity may be considered zero. 
The velocity increases as the layers approach the center of the arteriole. 

For computational purposes, we may regard the blood flow as con- 
sisting of thin cylindrical shells that slide along, with the outer shell fixed 
and the velocity of the shells increasing as the radii of the shells decrease 
(see Figure 6.80). If the velocity in each shell is considered constant, then 
from the theory of liquids in motion, the velocity v(r) in a shell having 
average radius r is 


or) =~ (R? p) 
vl 
where R is the radius of the arteriole (in centimeters). / is the length of 
the arteriole (in centimeters), P is the pressure difference between the two 
ends of the arteriole (in dyn/cm?), and v is the viscosity of the blood (in 
dyn-sec/cm?). Note that the formula gives zero velocity if r = R and maxi- 
mum velocity PR?/(4vl) as r approaches 0. If the radius of the kth shell 
is r, and the thickness of the shell is Ar,, then, by (6.10), the volume of 
blood in this shell is 


2nr,P 
4vl 





2nr,v(r,) Ar, = (R? — r2) Ar,. 


If there are n shells, then the total flow in the arteriole per unit time may 
be approximated by 


bi XT - (R? — r2) Ar,. 
To estimate the total flow F (the volume of blood per unit time), we con- 


sider the limit of these sums as n increases without bound. This leads to 
the following definite integral: 


к 2лгР 
F= f py (Go ndr 


4 

- 2 r (R?r — r°) dr 
лР " 1.1 
- зе" A E [ 
RER" g 

= gvi Ө 


This formula for F is not exact, because the thickness of the shells cannot 
be made arbitrarily small. The lower limit is the width of a red blood cell, 
or approximately 2 x 10~* centimeter. We may assume, however, that 
the formula gives a reasonable estimate. It is interesting to observe that 
a small change in the radius of an arteriole produces a large change in 
the flow, since F is directly proportional to the fourth power of R. A small 
change in pressure difference has a lesser effect, since P appears to the 
first power. 
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FIGURE 6.81 
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In many types of employment, a worker must perform the same assign- 
ment repeatedly. For example, a bicycle shop employee may be asked to 
assemble new bicycles. As more and more bicycles are assembled, the 
time required for each assembly should decrease until a certain minimum 
assembly time is reached. Another example of this process of learning by 
repetition is that of a data processor who must keyboard information 
from written forms into a computer system. The time required to process 
each entry should decrease as the number of entries increases. As a final 
illustration, the time required for a person to trace a path through a maze 
should improve with practice. 

Let us consider a general situation in which a certain task is to be re- 
peated many times. Suppose experience has shown that the time required 
to perform the task for the kth time can be approximated by f(k) for a 
continuous decreasing function f on a suitable interval. The total time 
required to perform the task п times is given by the sum 


2 /( = Л) + /@ + +++ fin. 
If we consider the graph of /, then, as illustrated in Figure 6.81, the pre- 
ceding sum equals the area of the pictured inscribed rectangular polygon 
and, therefore, may be approximated by the definite integral [ f(x) dx. 
Evidently, the approximation will be close to the actual sum if f decreases 
slowly on [0, n]. If f changes rapidly per unit change in x, then an integral 
should not be used as an approximation. 


EXAMPLE 3 A company that conducts polls via telephone in- 
terviews finds that the time required by an employee to complete one 
interview depends on the number of interviews that the employee has 
completed previously. Suppose it is estimated that, for a certain survey, 
the number of minutes required to complete the kth interview is given 
by f(k) = 6(1 + k) ' 5 for 0 < k < 500. Use a definite integral to approx- 
imate the time required for an employee to complete 100 interviews and 
200 interviews. If an interviewer receives $4.80 per hour, estimate how 
much more expensive it is to have two employees each conduct 100 inter- 
views than to have one employee conduct 200 interviews. 


SOLUTION From the preceding discussion, the time required for 100 
interviews is approximately 
100 


0 
Ї ва + x) "8 dx 26:30 + х)%*]°° ж 293.5 min. 


The time required for 200 interviews is approximately 
b -1/5 $ 
Ё 6(1 + x) !? dx x 514.4 min. 


Since an interviewer receives 50.08 per minute, the cost for one employee 
to conduct 200 interviews is roughly (50.08)(514.4), or $41.15. If two em- 
ployees each conduct 100 interviews, the cost is about 2($0.08)(293.5), ог 
$46.96, which is $5.81 more than the cost of one employee. Note, however, 
that the time saved in using two people is approximately 221 minutes. 
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FIGURE 6.82 


y (velocity) 






Distance 
traveled 







b + (time) 


Using a computer, we have 


100 
Y 6(1 + А)! x 291.75 


k-1 
200 


and Y, 6(1 +k) ! 5 = 512.57. 
к=1 


Hence the results obtained by integration (the area under the graph of f) 
are roughly 2 minutes more than the value of the corresponding sum (the 
area of the inscribed rectangular polygon). 








In economics, the process that a corporation uses to increase its ac- 
cumulated wealth is called capital formation. If the amount K of capital 
at time t can be approximated by K = f(t) for a differentiable function 
f. the rate of change of K with respect to г is called the net investment 
flow. Hence, if I denotes the investment flow, then 

dK " 
1 = = f'(t). 
dt 
Conversely, if I is given by g(t) for a function g that is continuous on an 
interval [a, b], then the increase in capital over this time interval is 


[ода = fib) — fia). 


EXAMPLE 4 Suppose a corporation wishes to have its net investment 
flow approximated by g(r) = t' ? for t in years and g(t) in millions of dol- 
lars per year. If t = 0 corresponds to the present time. estimate the amount 
of capital formation over the next eight years. 


SOLUTION From the preceding discussion, the increase in capital over 
the next eight vears is 


5 m х 3 дай 3 8. 
i git) dr = |; [5 qr 3i | =, 


0 


Consequently, the amount of capital formation is $12,000,000. 





Any quantity that can be interpreted as an area of a region in a plane 
may be investigated by means of a definite integral. (See, for example. the 
discussion of hysteresis at the end of Section 6.1.) Conversely, definite in- 
tegrals allow us to represent physical quantities as areas. In the following 
illustrations, a quantity is numerically equal to an area of a region: that 
is, we disregard units of measurement, such as centimeter, foot-pound, and 
so on. 

Suppose v(t) is the velocity. at time г, of an object that is moving on 
a coordinate line. If s is the position function, then s'(r) = v(t) and 


[^ v(t) dt = Ї s(t) dt = sop = s(b) — s(a). 
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FIGURE 6.83 






y (velocity) 


FIGURE 6.84 
v(t) (ft/sec) 
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b t (time) 





FIGURE 6.85 
y (force) 






у = f(x) 


FIGURE 6.86 

y (force) 
50 
40 
30 
20 
10 

§ 10 18 2025 


t (seconds) 


b x (distance) 


x (distance) 


If v(t) > 0 throughout the time interval [a,b], this tells us that the area 
under the graph of the function v from a to b represents the distance the 
object travels, as illustrated in Figure 6.82. This observation is useful to 
an engineer or physicist, who may not have an explicit form for v(t) but 
merely a graph (or table) indicating the velocity at various times. The dis- 
tance traveled may then be estimated by approximating the area under 
the graph. 

If v(t) < 0 at certain times in [a, b], the graph of г may resemble that 
in Figure 6.83. The figure indicates that the object moved in the negative 
direction from t — c to t — d. The distance it traveled during that time is 
given by [4 1:(1)| dt. It follows that (7 | (t) | dt is the total distance traveled 
in [a, b], whether v(t) is positive or negative. 


EXAMPLE 5 As an object moves along a straight path, its velocity 
v(t) (in ft/sec) at time t is recorded each second for 6 seconds. The results 
are given in the following table. 


t 01234 
e(t 13465 


Approximate the distance traveled by the object. 


SOLUTION The points (t, v(t)) are plotted in Figure 6.84. If we assume 
that v is a continuous function, then, as in the preceding discussion, the 
distance traveled during the time interval [0, 6] is {б v(t) dt. Let us approx- 
imate this definite integral by means of Simpson's rule, with n — 6: 


Ї u(t) dt 2 „=. [000) + 4(1) + 2v(2) --4:(3) + 20(4) + 40(5) + v(6)] 


0 


=1[1+4:3+2:4+4:6+2:5+4:5 + 3] = 26 


In (6.21) we defined the work W done by a variable force f(x) that 
acts along a coordinate line from x = a to x = b by W = f} f(x) dx. Sup- 
pose f(x) > 0 throughout [a, b]. If we sketch the graph of f as illustrated 
in Figure 6.85, then the work W is numerically equal to the area under 
the graph from a to b. 


EXAMPLE 6 An engineer obtains the graph in Figure 6.86, which 
shows the force (in pounds) acting on a small cart as it moves 25 feet 
along horizontal ground. Estimate the work done. 


SOLUTION If we assume that the force is a continuous function f for 
0 € x € 25, the work done is 


W= [че fix) dx. 
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We do not have an explicit form for f(x); however, we may estimate func- 
tion values from the graph and approximate W by means of numerical 
integration. 

Let us apply the trapezoidal rule with a = 0, = 25, and п = 5. Refer- 
ring to the graph to estimate function values gives us the following table. 





Dk |» | fep 


3 
5 
E 


0 0 45 1 45 
l 5 35 2 70 
2 10 30 2 60 
3 15 40 2 80 
4 20 25 2 50 
5 25 10 1 10 


The sum of the numbers in the last column is 315. Since 
(b — a)/(2n) = (25 — 0)/10 = 2.5, 
it follows from (5.36) that 
W = Ї ** f(x) dx ж 2.5(315) = 790 ft-lb. 


For greater accuracy we could use a larger value of n ог Simpson's 
rule. 





Suppose that the amount of a physical entity, such as oil, water, elec- 
tric power, money supply, bacteria count, or blood flow, is increasing or 
decreasing in some manner, and that R(t) is the rate at which it is changing 
at time t. If Q(t) is the amount of the entity present at time t and if Q is 
differentiable, then Q'(r) = R(t). If R(t) > 0 (or R(t) < 0) in a time interval 
[a. b]. then the amount that the entity increases (or decreases) between 
t=aand t = Б is 


Qi — Qla) = (о) di = [^ RO а. 


This number may be represented as the area of the region in a ty-plane 
bounded by the graphs of R, t = a, t = b, and y = 0. 


EXAMPLE 7 Starting at 9:00 Ам. oil is pumped into a storage tank 
at a rate of (1501! ? + 25) gal/hr. for time г (in hours) after 9:00 a.m. How 
many gallons will have been pumped into the tank at 1:00 p.m.? 


SOLUTION Letting R(t) = 150t!? + 25 in the preceding discussion, we 
obtain the following: 


(ё (15012 + 25) de = [10022 + 251], = 900 ва! 
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We have given only a few illustrations of the use of definite integrals. 
The interested reader may find many more in books on the physical and 
biological sciences, economics, and business, and even such areas as 
political science and sociology. 


EXERCISES 6.8 





[c] 10 A flat, irregularly shaped plate is submerged vertically 


(1 glass aquarium tank is 3 feet long and has square ends 
in water (see figure). Measurements of its width, taken 


( 
& of width 1 foot. If the tank is filled with water, find the 





1 


force exerted by the water on 


e end (5! опе side 


2 If one of the square ends of the tank in Exercise 1 is 
divided into two parts by means of a diagonal, find the 
force exerted on each part. 


e ends of a water trough 6 feet long have the shape 
of isosceles triangles with equal sides of length 2 feet and 
the third side of length 245 feet at the top of the trough. 
Find the force exerted by the water on one end of the 
trough if the trough is 


(йм! of water (b]half full of water 
ЦУЛ?” 


4 The ends of a water trough have the shape of the region 
bounded by the graphs of y — x? and y — 4, with x and 
y measured in feet. If the trough is full of water, find the 
force on one end. 


5 A cylindrical oil storage tank 4 feet in diameter and 5 

— feet long is lying on its side. If the tank is half full of oil 

weighing 60 Ib‘ft*, find the force exerted by the oil on 
one end of the tank. 


6 А rectangular gate in a dam is 5 feet long and 3 feet 
high. If the gate is vertical, with the top of the gate pa- 
rallel to the surface of the water and 6 feet below it, find 
the force of the water against the gate. 


7 A plate having the shape of an isosceles trapezoid with 
upper base 4 feet long and lower base 8 feet long is sub- 
merged vertically in water such that the bases are paral- 
lel to the surface. If the distances from the surface of the 
water to the lower and upper bases are 10 feet and 6 feet, 
respectively, find the force exerted by the water on one 
side of the plate. 


8 А circular plate of radius 2 feet is submerged vertically 
in water. If the distance from the surface of the water to 
the center of the plate is 6 feet. find the force exerted by 
the water on one side of the plate. 


9A rectangular plate 3 feet wide and 6 feet long is sub- 
merged vertically in oil weighing 50 Ib/ft*, with its short 
side parallel to, and 2 feet below, the surface. 
(a]Find the total force exerted on one side of the plate. 
(bjIf the plate is divided into two parts by means of a 
diagonal, find the force exerted on each part. 


at successive depths at intervals of 0.5 foot, are compiled 
in the following table. 


Water depth (ft) | 1 
Width of plate (ft) 0 2 


15 2 25 3 35 4 
3 55 45 35 0 





Estimate the force of the water on one side of the plate Бу 

using, with n = 6, 
{althe trapezoidal rule 
EXERCISE 10 


1815 трвог 5 rule 





[c] 11 Refer to (6.28). To estimate cardiac output F (the num- 


ber of liters of blood per minute that the heart pumps 
through the aorta), a 5-milligram dose of the tracer in- 
docyanine-green is injected into a pulmonary artery and 
dye concentration measurements c(t) are taken every 
minute from a peripheral artery near the aorta. The 
results are given in the following table. Use Simpson's 
rule, with п = 12, to estimate the cardiac output. 





аша) c(i) (mg/L) 
0 


= 
© ооч охот > о с 
© 
ГА 
oc 


ree 
ео 
© 
> 
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[c] 12 Refer to (6.28). Suppose 1200 kilograms of sodium 
dichromate are mixed into a river at point A and sodium 
dichromate samples are taken every 30 seconds at a 
point B downstream. The concentration c(t) at time t is 
recorded in the following table. Use the trapezoidal rule. 
with n — 12, to estimate the river flow rate F. 





T 


t(sec) | c(t) (mg/L or gm?) 
0 0 
30 2.14 
60 3.89 
90 5.81 
| 120 8.95 
150 7.31 
180 6.15 
210 4.89 
240 2.98 
270 1.42 
300 0.89 
330 0.29 
360 0 


13 А manufacturer estimates that the time required for a 
worker to assemble a certain item depends on the num- 
ber of this item the worker has previously assembled. If 
the time (in minutes) required to assemble the kth item 
is given by f(k) = 20(k + 1) °* + 3, use a definite in- 
tegral to approximate the time, to the nearest minute. 
required to assemble 

(b) 4 items (9) 16 items 


[a] 1 item (с) 8 items 


14 The number of minutes needed for a person to trace a 
path through а certain maze without error is estimated 
to be f(k) = Sk ^ 1/2, where k is the number of trials pre- 
viously completed. Use a definite integral to approxi- 
mate the time required to complete 10 trials. 


15 A data processor keyboards registration data for college 
students from written forms to electronic files. The num- 
ber of minutes required to process the Kth registration 
is estimated to be approximately f(k) = 6(1 + А)! *. 
Use a definite integral to estimate the time required for 
{@) one person to keyboard 600 registrations 


[b] two people to keyboard 300 each 


16 If, in Example 4, the rate of investment is approximated 
by g(t) = 2t(3t + 1), with g(t) in thousands of dollars, 
use a definite integral to approximate the amount of 
capital formation over the intervals [0. 5] and [5. 10]. 


Exer. 17—18: Use a definite integral to approximate the 
sum, and round your answer to the nearest integer. 
100 


17 Y k(k? d) ^ 


k-1 


200 
18 Y Skik? + 10)° "3 
k=1 
[<] 19 The velocity (in mi/hr) of an automobile as it traveled 
along a freeway over a 12-minute interval is indicated 


in the figure. Use the trapezoidal rule to approximate 
the distance traveled to the nearest mile. 


EXERCISE 19 
Velocity (mi/hr) 


00 
40 


20 





(minutes) 


[<]20 The acceleration (in ft/sec?) of an automobile over a 
period of 8 seconds is indicated in the figure. Use the 
trapezoidal rule to approximate the net change in ve- 
locity in this time period. 

EXERCISE 20 
Acceleration (ft/sec?) 





7 8 


Time 
(seconds) 


21 The following table was obtained by recording the force 
f(x) (in Newtons) acting on a particle as it moved 6 
meters along a coordinate line from x = 1 to x = 7. 
Estimate the work done using 
[a] the trapezoidal rule, with n — 6 


[b] Simpson's rule, with n = 6 








x | 2 3 4 5 6 7 
| f@) | 20 23 25 22 26 30 








22 A bicyclist pedals directly up a hill, recording the ve- 
locity v(t) (in ft/sec) at the end of every two seconds. 
Referring to the results recorded in the following table, 
use the trapezoidal rule to approximate the distance 
traveled. 





t | 0 2 4 6 8 10| 
ШЖ 24 22 16 10 2 0 
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23 


24 


[с] 26 





A motorboat uses gasoline at the rate of 14,9 — г> gal/hr. 
If the motor is started at г = 0, how much gasoline is 
used in 2 hours? 


The population of a city has increased since 1985 at a 
rate of 1.5 + 0.3 ут + 0.0061? thousand people per year. 
where 118 the number of years after 1985. Assuming that 


this rate continues and that the population was 50.000 
in 1985, estimate the population in 1994, 


A simple thermocouple, in which heat is transformed 
into electrical energy. is shown in the figure. To deter- 
mine the total charge Q (in coulombs) transferred to the 
copper wire, current readings (in amperes) are recorded 
every 1 second, and the results are shown in the follow- 
ing table. 


10 05 
02 


10 
0.6 


1.5 
0.7 


2.0 
0.8 


і t (sec) 
I (amp) 0 
Use the fact that / = dQ/dr and the trapezoidal rule, with 


n — 6, to estimate the total charge transferred to the 
copper wire during the first three seconds. 


EXERCISE 25 


Ammeter 


Bunsen 
flame 





Suppose р(х) is the density (in cm/km) of ozone in the 
atmosphere ага height of x kilometers above the ground. 
For example. if p(6) = 0.0052, then at a height of 6 kilo- 
meters there is effectively a thickness of 0.0052 centimeter 
of ozone for each kilometer of atmosphere. If p is a 
continuous function. the thickness of the ozone layer 
between heights a and b can be found by evaluating 
b pix) dx. Values for p(x) found experimentally are 
shown in the following table. 


[ x (km) р(х) (spring) 1 p(x) (autumn) | 








0 0.0034 0.0038 

6 0.0052 0.0043 
12 | 0.0124 0.0076 
18 0.0132 0.0104 
24 0.0136 0.0109 
30 0.0084 0.0072 
36 0.0034 0.0034 
42 0.0017 0.0016 
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[c] 27 


28 


29 


{ај Use the trapezoidal rule to estimate the thickness 
of the ozone layer between the altitudes of 6 and 
42 kilometers during both spring and autumn. 


[b] Work part (a) using Simpson's rule. 


Radon gas can pose a serious health hazard if inhaled. 
If V(t) is the volume of air (in cm?) in an adult's lungs 
at time г (in minutes), then the rate of change of V can 
often be approximated by V(t) = 12.4507 sin (30x1). 
Inhaling and exhaling correspond to V'(r) > 0 and 
V'(t) < 0, respectively. Suppose an adult lives in а home 
that has a radioactive energy concentration due to radon 
of 4.1 x 10772 joule/cm?. 
[a] Approximate the volume of air inhaled by the adult 
with each breath. 
{bj If inhaling more than 0.02 joule of radioactive energy 
in one year is considered hazardous, is it safe for the 
adult to remain at home? 


A stationary exercise bicycle is programmed so that it 
can be set for different intensity levels L and workout 
times T. It displays the elapsed time г (in minutes), for 
0 « r € T, and the number of calories C(t) that are being 
burned per minute at time г, where 

| 


1-1! 
г-111. 


L 
C) » 5 -3L— 67. 5 








Suppose ап individual exercises 16 minutes, with L = 3 
for 0 <t <8 and with L= 2 for 8 <1 < 16. Find the 
total number of calories burned during the workout. 


The rate of growth К (in cm/yr) of an average boy 
who is t years old is shown in the following table for 
10 «1 «15. 


t (yr) I0 11 12 13 14 15 
R(cmjyr 53 52 49 65 93 70 


Use the trapezoidal rule, with n = 5, to approximate the 
number of centimeters the boy grows between his tenth 
and fifteenth birthdays. 

To determine the number of zooplankton in a portion 
of an ocean 80 meters deep, marine biologists take sam- 
ples at successive depths of 10 meters, obtaining the fol- 
lowing table, where р(х) is the density (in number/m?) 
of zooplankton at a depth of x meters. 


60 70 80 
10 5 0 


х 0 


| 10 20 30 40 50 
р(х) 0 


10 25 30 20 15 





Use Simpson's rule, with n = 8, to estimate the total 
number of zooplankton in a water column (a column of 
water) having a cross section | meter square extending 
from the surface to the ocean floor. 
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6.9 REVIEW EXERCISES 


Exer. 1-2: Sketch the region bounded by the graphs of 
the equations, and find the area by integrating with 
respect toja) хапа) y. 


| y2-xX yp=x?-8 
2 y!24-x, х-2у-1 


Exer. 3—4: Find the area of the region bounded by the 

graphs of the equations. 

з х=у, х+ў=1 

7х + 3у = 10 

5 Find the area of the region between the graphs of the 
equations у = соѕ іх and у = sin x, from х = 7/3 to 
хэ. 

& The region bounded by the graph of y = y1 + cos 2x 
and the x-axis, from x = 0 to x = z/2, is revolved about 
the x-axis. Find the volume of the resulting solid. 


4 у= =>, y= NX, 


Exer. 7-10: Sketch the region R bounded by the graphs 
of the equations, and find the volume of the solid gener- 
ated by revolving R about the indicated axis. 


7 у= Jax +1, у = 0, х= 0, х= 2; x-axis 
8 у= х“, y=0; k=l; у-ахіѕ 
9 fH 1, Xe у= 2; y-axis 
10 y= 4х, у= Ух: x-axis 


Exer. 11—12: The region bounded by the x-axis and the 
graph of the given equation, from x =0 to x = b, is re- 
volved about the y-axis. Find the volume of the resulting 
solid. m 
11 у= сох; b= /n/2 
12 y2xsinx; 5-1 


13 Find the volume of the solid generated by revolving 
the region bounded by the graphs of y — 4x? and 
4x + y = 8 about 
[a] the x-axis 


(5) X¥=1 (cj p= 16 


14 Find the volume of the solid generated by revolving the 


region bounded by the graphs of y = х?, x = 2, and 
y = 0 about 

[a] the x-axis — (р) the y-axis (d х-2 

(4| X23 le] у=8 If) у= —1 


15 Find the arc length of the graph of (x + 3? = 8(y — 1) 
from A(—2, 3) to B(5, 3). 


16 A solid has for its base the region in the xy-plane 
bounded by the graphs of y? = 4x and x = 4, Find the 
volume of the solid if every cross section by a plane 
perpendicular to the x-axis is an isosceles right triangle 
with one of its equal sides on the base of the solid. 
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17 Anabove-ground swimming pool has the shape of a right 
circular cylinder of diameter 12 feet and height 5 feet. If 
the depth of the water in the pool is 4 feet, find the work 
required to empty the pool by pumping the water out 
over the top. 


18 As a bucket is raised a distance of 30 feet from the 
bottom of a well, water leaks out at a uniform rate. 
Find the work done if the bucket originally contains 
24 pounds of water and one-third leaks out. Assume that 
the weight of the empty bucket is 4 pounds, and dis- 
regard the weight of the rope. 


19 A square plate of side 4 feet is submerged vertically in 
water such that one of the diagonals is parallel to the 
surface. If the distance from the surface of the water to 
the center of the plate is 6 feet, find the force exerted by 
the water on one side of the plate. 


20 Use differentials to approximate the arc length of the 
graph of y — 2 sin 1x between the points with x-coordi- 
nates л and 917/90. 

Exer, 21-22: Sketch the region bounded by the graphs 

of the equations, and find m, M,, M,, and the centroid. 

21 y2x--1, х+у=—1, х-1 


22 у=х?+1,‚ yx, хэ-1, х= 


23 The graph of the equation 12у — 4x? + (3/x) from 
А(1, 75) to B(2, $1) is revolved about the x-axis. Find the 
area of the resulting surface. 

24 The shape of a reflector in a searchlight is obtained by 
revolving a parabola about its axis. If, as shown in the 


figure, the reflector is 4 feet across at the opening and 
1 foot deep, find its surface area. 


EXERCISE 24 


4 ft 





25 The velocity v(t) of a rocket that is traveling directly up- 
ward is given in the following table. Use the trapezoidal 
rule to approximate the distance the rocket travels from 
т=0їог= 5. 


t (sec) 0 1 2 3 4 5 
v(t) (ft/sec) 100 120 150 190 240 300 


6.9 REVIEW EXERCISES 


[c] 26 An electrician suspects that a meter showing the total 
consumption Q in kilowatt hours (kwh) of electricity is 
not functioning properly. To check the accuracy, the 
electrician measures the consumption rate R directly 
every 10 minutes, obtaining the results in the following 


table. 
(тіп) о 10 20 30 
R(kwh/min 131 143 145 139 
| t(min 4 50 60 


зер 
КА (kwh/min) 1.36 1.47 1.29 

{ај Use Simpson's гше to estimate the total consump- 
tion during this one-hour period, 
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[b] If the meter read 48,792 kwh at the beginning of the 
experiment and 48,953 kwh at the end, what should 
the electrician conclude? 


27 Interpret Ї 2nx* dx in the following ways: 


(а| as the area of a region in the xy-plane 

[b] as the volume of a solid obtained by revolving a 
region in the xy-plane about 
(i) the x-axis 
(1) the y-axis 

(cj as the work done by a force 


28 Let R be the semicircular region in the xi-plane with 


endpoints of its diameter at (4, 0) and (10, 0). Use the 
theorem of Pappus to find the volume of the solid ob- 
tained by revolving R about the y-axis. 
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LOGARITHMIC AND 
EXPONENTIAL FUNCTIONS 






INTRODUCTION 


In precalculus mathematics we sketch graphs of equa- 
tions such as у = a* for a> 0 without defining ах if 
x is irrational. Instead, we assume that real numbers 
such as a^ and «a^? exist, and that the graph rises if 
a> lorfallsif 0 < a < 1. We further assume that the 
laws of exponents are true for all real exponents. Next, 
we define the logarithm log, x using our undefined 
exponential expressions and "prove" properties of log- 
arithms by applying the unproved laws of exponents! 
Although this development is acceptable in elemen- 
tary algebra, it is unsatisfactory in calculus, where the 
standards of mathematical rigor are higher. 

Our approach in this chapter is to employ a defi- 
nite integral to introduce the natural logarithmic 
function. We then use this function to define the nat- 
ural exponential function. Finally, we give precise 
meanings to a* and log, x. You may think this is an 
awkward procedure: however, it is the simplest way 
to treat these topics rigorously. Moreover, our ap- 
proach enables us to establish results on continuity, 
derivatives, and integrals in a simple manner and to 
prove the laws of exponents that are assumed in 
precalculus mathematics. 

Many applications of logarithmic and exponential 
functions are included throughout the chapter. Since 
these functions are inverses of cach other, we shall 
begin by discussing the general concept of inverse 
functions. 








7 
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7.1 INVERSE FUNCTIONS — — . — 





A function f may have the same value for different numbers in its domain. 
For example, if f(x) = x*, thenf(2) = 4 = f(—2) but 2 # — 2. In order to 
define the inverse of a function, it is essential that different numbers in 
the domain always give different values of f. Such functions are called 
one-to-one functions. 


Definition (7.1 нэг 2 "Uo. Е = 3 
wn A function f with domain D and range R is a one-to-one function 


if whenever аж b in D, then f(a) # f(b) in А. 


FIGURE 7.1 The diagram in Figure 7.1 illustrates a one-to-one function, because 
cach function value in the range R corresponds to exactly one element in 

a the domain D. The function whose graph is illustrated in Figure 7.2 is 

e b not one-to-one, because а # b but f(a) = f(b). Note that the horizontal 
line y — f(a) (or y — f(b)) intersects the graph in more than one point. 

f(a) Thus, if any horizontal line intersects the graph of a function f in more than 
D flo) one point, then f is not one-to-one. Every increasing function is one-to-one, 
because if a < b, then f(a) < f(b), and if b < a, then f(b) < f(a). Thus, if 

f(b) a # b, then f(a) # f(b). Similarly, every decreasing function is one-to-one. 


f(x) If f is a one-to-one function with domain D and range R, then for 

each number y in R, there is exactly one number x in D such that y — f(x), 

R as illustrated by the arrow in Figure 7.3(i). Since x is unique, we may 

define a function g from К to D by means of the rule x = g(y). As in Fig- 

FIGURE 7.2 ure 7.3(1), g reverses the correspondence given by f. We call g the inverse 


Junction of f, as in the following definition. 





у = f(a) FIGURE 73 
li) {il} 





Definition (7.2 : { : rox 
pu Let f be one-to-one function with domain D and range R. A func- 


tion g with domain R and range D is the inverse function of f, pro- 
vided the following condition is true for every x in D and every y 
in R: 

y= f(x) ifand only if. x = g(y) 


The following theorem can be used to verify that a function g is the 
inverse of f. 





7.) INVERSE FUNCTIONS 


Theorem (7.3) 


Domains and ranges of 


f and f^ 


[7.4] 
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Let f be a one-to-one function with domain D and range К. If g is a 
function with domain R and range D, then g is the inverse function 
of f if and only if both of the following conditions are true: 


() o(f(x)) = x for every x in D 
(н) f(g(y))=y forevery уіп R 


PROOI Let us first prove that if g is the inverse function of f, then 
conditions (i) and (ii) are true. By the definition of an inverse function, 


y=f(x) ifand only if x = gy) 


for every x in D and every y in R. If we substitute f(x) for y in the equation 
x = g( y), we obtain condition (i): x = g( f(x)). Similarly, if we substitute 
g(y) for x in the equation y = f(x), we obtain condition (ii): y = f(g(y)). 
Thus, if g is the inverse function of f, then conditions (i) and (ii) are true. 

Conversely, let g be a function with domain R and range D, and sup- 
pose that conditions (i) and (ii) are true. To show that g is the inverse 
function of /, we must prove that 


y= f(x) ifand only if x = g(y) 


for every x in D and every y in R. 

First suppose that y = f(x). Since (i) is true, g(f(x)) = x: that is. 
g( y) = x. This shows that if y = f(x), then x = g(y). 

Next suppose that x = g(y). Since (ii) is true, f(g(y)) = y: that is. 


f(x) = y. This shows that if x = g(y), then y = f(x). which completes the 


proof. s 


A one-to-one function f can have only one inverse function. Condi- 
tions (i) and (ii) of Theorem (7.3) imply that if g is the inverse function 
of f, then f is the inverse function of g. We say that f and g are inverse 
functions of each other. 

If a function f has an inverse function g, we often denote g by f '. 
The —1 used in this notation should not be mistaken for an exponent; 
that is, / (y) does not mean l/[f(y)]. The reciprocal l/[f(y)] may 
be denoted by [/(y)] '. It is important to remember the following 
relationships. 


domain of f^! = range of f 


range of / ^! = domain of f 


When we discuss functions, we often let x denote an arbitrary number 
in the domain. Thus, for the inverse function f^ +, we may consider / !(x), 
where x is in the domain of f ^! . In this case the two conditions in Theo- 
rem (7.3) are written as follows: 


(i) f "(f(x) = х for every x in the domain of f 
(li) ЛО ^" (x))— x for every x in the domain of f! 
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Guidelines for finding f~' 
in simple cases (7.5) 








In some cases we can find the inverse of a one-to-one function by 
solving the equation у = f(x) for x in terms of y, obtaining an equation 
of the form x = g(y). If the two conditions a(f(x)) = x and f(g(x)) = x 
are true for every x in the domains of f and g. respectively, then g is the 
required inverse function f~'. The following guidelines summarize this 
procedure. In guideline 2, in anticipation of finding f~', we shall write 
x — f. (y) instead of x = g(y). 


1 Verify that f is a one-to-one function (or that f is increasing or 
is decreasing) throughout its domain. 


2 Solve the equation y — f(x) for x in terms of y, obtaining an 
equation of the form x = f ^ (y). 


3 Verify the two conditions 
Јо) =x and NF =x 


for every x in the domains of f and f~!, respectively. 


The success of this method depends on the nature of the equation 
у = f(x), since we must be able to solve for x in terms of y. For this 
reason, we include simple cases in the title of the guidelines. 


EXAMPLE 1 Let f(x) = 3x — 5. Find the inverse function of f. 


SOLUTION We shall follow the three guidelines. First. we note that 
the graph of the linear function f is a line of slope 3. Since / is increasing 
throughout R. f is one-to-one. and hence the inverse function 171 exists. 
Moreover, since the domain and range of f are R, the same is true for 


r^ 


As in guideline 2, we consider the equation 
у= 3х – 5 


and then solve for x in terms of y, obtaining 


- ET 5 
х= E 6 
We now let 
ese ў +5 
J (y= 3 


Since the symbol used for the variable is immaterial, we may also write 
f= E 
We next verify the conditions (i) f^ (х) = x and (ii) fü х) = х: 
(n. 4/00)--17:43Х--5) (definition of f) 
_ 8х--5)-3 
i 3 


=x (simplifying) 





(definition of f °) 


7.1 INVERSE FUNCTIONS 377 


х 


(ii) ДҮГЧЕ) = (©) (definition of f ') 


3 
x+5 
1 3 ) — 5 (definition of f) 


=X (simplifying) 


Thus, by Theorem (7.3), the inverse function of f is given by / '(x) = 
(x + 5)/3. 


EXAMPLE 2 Let f(x) = x? — 3 for x 2 0. Find the inverse func- 
tion of f. 


FIGURE 7.4 SOLUTION Те graph of f is sketched in Figure 7.4. The domain of f 
is [0. эс), and the range is [ —3, >с). Since f is increasing, it is one-to-one 
and hence has an inverse function / ^! that has domain [—3, оо) and 
range [0, 2с). 

As in guideline 2, we consider the equation 


y-x*-3 
and solve for x, obtaining 
х= yy +3. 
Since x is nonnegative, we reject x = —, y + 3 and let 





/- Ҷу) = Vy + 3, ог, equivalently, f ^'(x) = үх + 3. 


Finally, we verify that (i) / '(f(x)) = x for x in (0, x) and (ii) 
fG (x) = x for x in [—3, x): 





mM /“(Лх))-/-Цх2-3)-4/(х7-3)-3-үхї-х if x20 
i AS (x) = f/x + 3) = (х +3)? —3 =(x+3)-3=x if x2 —-3 


Thus, the inverse function is given by Ѓ/ (х) = yx + 3 for x 2 —3. 





FIGURE 7.5 à : : А : : 
There is an interesting relationship between the graph of a function 


f and the graph of its inverse function f~'. We first note that b = f(a) is 
equivalent to a = f ^ (b). These equations imply that the point (a. b) is on 
the graph of f if and only if the point (b. a) is on the graph of 11. 

As an illustration, in Example 2 we found that the functions f and 
171 given by 


f()2x-3 and f '(x)2 ух + 3 


are inverse functions of each other, provided that x is suitably restricted. 
Some points on the graph of f are (0, —3), (1, —2), (2, 1), and (3, 6). Cor- 
responding points on the graph of f~' are (—3, 0), (—2, 1), (1, 2), and 
(6. 3). The graphs of f and f~ ' are sketched on the same coordinate plane 
in Figure 7.5. If the page is folded along the line y — x that bisects 
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Theorem (7.6) 


Theorem (7.7) 


CHAPTER 7 LOGARITHMIC AND EXPONENTIAL FUNCTIONS 


quadrants I and III (as indicated by the dashes in the figure), then the 
graphs of f and f ^! coincide. The two graphs are reflections of each other 
through the line y = x. This is typical of the graph of every function f 
that has an inverse function / 7} (see Exercise 14). 


FIGURE 7.6 


(f(b). b) 





Figure 7.6 illustrates the graphs of an arbitrary one-to-one function 
f and its inverse function / 1. As indicated in the figure, (c, d) is on the 
graph of f if and only if (d, c) is on the graph of f~'. Thus, if we restrict 
the domain of f to the interval [a, b], then the domain of / ^! is restricted 
to [ f(a), f(b)]. If f is continuous, then the graph of f has no breaks or 
holes, and hence the same is true for the (reflected) graph of / 71. Thus, 
we see intuitively that if f is continuous on [a, b], then f~' is continuous 
on | f(a), f(b)]. We can also show that if f is increasing, then so is /7!. 
These facts are stated in the next theorem. A proof is given in Appen- 
dix II. 





If f is continuous and increasing on [a, b], then f has an inverse 
function f ^! that is continuous and increasing on | f(a), /(5)|. 


We can also prove the analogous result obtained by replacing the 
word increasing in Theorem (7.6) by decreasing. 

The next theorem provides a method for finding the derivative of an 
inverse function. 


If a differentiable function f has an inverse function g = f! and if 
f (a(c)) # 0, then g is differentiable at c and 


ыг d 
99-7(доу 





7.1 


INVERSE FUNCTIONS 


Corollary (7.8) 
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PROOF By Definition (3.6), 


iX dius OOD NO) 
Ова 2 


Let y = g(x) and a = g(c). Since f and g are inverse functions of each 
other, 
(х) = у ifand only if f(y) = x 
and д(с)-а ifand only if f(a) = c. 
Since f is differentiable, it is continuous and hence, by Theorem (7.6), 


so is the inverse function g = f~ !. Thus, if x > c, then g(x) > g(c); that 
is, y > a. If y > a, then f(y) > f(a). Thus, we may write 


(y — pm 909 — 90) 
== 


eels 


уза "а fO) — Ла) VERTI 


у-а 

-D 

mi -70 
y^ y—a 


1 1 
fà Fu = 





It is convenient to restate Theorem (7.7) as follows. 


If g is the inverse function of a differentiable function f тг if 
f'(g(x)) # 0, then 


TAN 1 
0695 ду 


EXAMPLE 3 If f(x) = x? + 2x — 1, prove that f has an inverse func- 
tion g, and find the slope of the tangent line to the graph of g at the point 
P(2, 1). 


SOLUTION Since f'(x) = 3x? + 2 > 0 for every x, f is increasing and 
hence is one-to-one. Thus, f has an inverse function g. Since f(1) — 2, it 
follows that g(2) = 1, and consequently the point P(2, 1) is on the graph 
of g. It would be difficult to find g using Guidelines (7.5), because we 
would have to solve the equation y = x? + 2x — 1 for x in terms of y. 
However, even if we cannot find g explicitly, we can find the slope g'(2) 
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of the tangent line to the graph of g at P(2. 1). Thus. by Theorem (7.7), 
1 | 


FU) fa) s 





g(2)= 





An easy way to remember Corollary (7.8) is to let у = I(x). If g is the 
inverse function of f, then g(y) = g( f(x)) = x. From (7.8). 
І 1 
90) 7 уу) о” 
or, in differential notation, 
dx l 


dy 3 dy | 
4х 


This shows that, in a sense, the derivative of the inverse function g is 
the reciprocal of the derivative of f. A disadvantage of using the last two 
formulas is that neither is stated in terms of the independent variable for 
the inverse function. To illustrate, in Example 3 let y=x*+2x—1 and 
x = (у). Then 





that is, (7) = — = - : 
90) 3x° +2 3(9(у))? + 2 


This may also be written in the form 


1 


METER: 


Consequently, to find g'(x) it is necessary to know g(x). just as in Corol- 
lary (7.8). 


EXERCISES 7.1 
———————————À 


Exer. 1-12: Find J (x) 11 Tix) = $ X = | 12 f(x) = (x? е 1) 
1х)-43х:4:5 NR ЖИЕ, 13 [a] Prove that the linear function defined by f(x) = 
дж s 269 " ax + b with a # 0 has an inverse function, and find 
н 1 , 1 ү 
3/0)7-4--5 Hosa JA... е 
3х—2 xL. [b] Does a constant function have an inverse? Explain. 
s /(х)- 3х+2 6 fona 4x 14 Show that the graph of f^ ! is the reflection of the graph 
U^ Qe — 5 Me х—2 of f through the line y = x by verifying the following 


0 conditions: 
(i) If P(a, b) is on the graph of f, then Q(b, a) is on the 
graph of f ^ !. 


7 f(x) 22-332, x< 

в f(x)=5x?+2, x20 

9) ma (ii) The midpoint of line segment PQ is on theline y — x. 
10 f(x) = V4 —x?, 0<x<2 (iii) The line PQ is perpendicular to the line yo x; 


7.2 THE NATURAL LOGARITHMIC FUNCTION | 381 





Ехег. 15-18: The graph of a one-to-one function / is 18 
shown in the figure. [a] Use a reflection to sketch the 

graph of f~'. |b) Find the domain and range of f. Ic] Find 

the domain and range of f~'. 








15 
гс | Exer. 19-20: Graph f on the given interval. (2) Estimate 
the largest interval [a, b] with a < 0 < b on which f is 
one-to-one. [b] If g is the function with domain [a, b] 
such that g(x) = f(x) for a € x € b, estimate the do- 
а main and range of g^ '. 
19 f(x) = 2.133 — 298? — 211x ^ 3; [—1,2] 
20 f(x) — sin (sin (1.1x)); [-2.2] 
Exer. 21-26: [a] Prove that f has an inverse function. 
15 State the domain of f~'. (©) Use Corollary (7.8) to 
find D, f ^ (х). 
21 f(x) = J2x + 3 22 f(x) = 4/5x +2 
23 f(x) = 4 — x?, x>0 
24 f(x) 2 x -4Ax c5, x22 
1 
25 /(х) = —, х#0 
17 26 f(x) = 4/9 — x?, 0«х«3 


Exer. 27-32: [a] Use f" to prove that f has an inverse 
function. [b] Find the slope of the tangent line at the 
point P on the graph of f~'. 


27 f(x) 2 х? + 38 + 2х — 1; Р(5, 1) 
28 f(x) 22— x — x5; P(—8,2) 
29 f(x) = —2x + (8/х5), х> 0; P(—3.2) 
30 f(x) 2 4х5 — (1/x), x»0;  P(3,1) 
31 f(x) = х? + 4x— 1; P(15,2) 
32 f(x) 2 x? + x; P(2, 1) 





7.2 THE NATURAL LOGARITHMIC FUNCTION 








In the chapter introduction we explained why it is necessary to take a 
different approach to logarithmic and exponential functions than that 
used in precalculus mathematics. At first you may think it strange to define 
a logarithmic function as a definite integral; however, later you will see 
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FIGURE 7.7 
y x 
F(x) = | f(t) аг 
= anu under the 
graph of f 





Definition (7.9) 


that the function we obtain obeys the familiar laws of logarithms consid- 
ered in precalculus courses. 

Let f be a function that is continuous on a closed interval [а. b]. As in 
the proof of Part I of the fundamental theorem of calculus (5.30), we can 
define a function F by 


F(x)- E ftt) dt 


for x in [a, b]. If f(t) > 0 throughout [a, b], then F(x) is the area under 
the graph of f from a to x, as illustrated in Figure 7.7. For the special 
case f(t) = t", where n is a rational number and n £ — 1, we can find an 
explicit form for F. Thus, by the power rule for integrals, 


Я х тр 
Fix) = f t 8-1 | 


= – (3771-0251) if ng —1, 
п+ 1 
As indicated, we cannot use t^! = 1/7 for the integrand, since 1/(n + 1) 
is undefined if n = — 1. Up to this point in our work we have been unable 
to determine an antiderivative of 1/x— that is, a function F such that 
F(x) = 1/x. The next definition will remedy this situation. 





The natural logarithmic function, denoted by In, is defined by 


In x= f^^ à 


for every x > 0. 





The expression In x (read ell-en of x) is called the natural logarithm of 
x. We use this terminology because, as we shall see, In has the same prop- 
erties as the logarithmic functions studied in precalculus courses. The re- 
striction x > 0 is necessary because if x <0. the integrand l/t has ап 
infinite discontinuity between x and | and hence fi (1/1) dt does not exist. 

If x > 1, the definite integral fi (1/0 dt may be interpreted as the area 
of the region the graph of y = 1/t from t = 1 to 1 = x (see Figure 7.8(i)). 


FIGURE 7.8 
(1) (ii) 
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If 0 < x < 1, then, since 


fias Ја, 


the integral is the negative of the area of the region under the graph of 
y = 1/t from t =x to t = 1 (see Figure 7.8(ii)). This shows that In x is 
negative for 0 < x < 1 and positive for x > 1. Also note that, by Defini- 
tion (5.18), 


= [а-о 


Applying Theorem (5.35) yields 


1 


х 1 
D. dt — 
1t x 


for every x > 0. Substituting In x for f; (1/t) dt gives us the following 
theorem. 


Theorem (7.10) 


1 
D,Inx — = 


By Theorem (7.10), In x is an antiderivative of 1/x. Since In x is dif- 
ferentiable and its derivative 1/х is positive for every x > 0, it follows 
from Theorems (3.11) and (4.13) that the natural logarithmic function is con- 
tinuous and increasing throughout its domain. Also note that 


D? In x = D, (D, In 9-041)- --ы 
x x 


which is negative for every x > 0. Hence, by (4.16), the graph of the 
natural logarithmic function is concave downward on (0, оо). 

Let us sketch the graph of y=In x. If 0 < x < 1, then In x <0 and 
the graph is below the x-axis. If x > 1, the graph is above the x-axis. 
Since In 1 — 0, the x-intercept is 1. We may approximate y-coordinates 
of points on the graph by applying the trapezoidal rule or Simpson's rule. 
If x — 2, then, by Example 2 in Section 5.7, 


21 
In2= i тй x 0.693. 


We will show in Theorem (7.12) that if a > 0, then In a’ = r In a for every 
rational number r. Using this result yields the following: 


In 4 = In 2? = 2 In 2 « 2(0.693) = 1.386 
In 8 = In 23 = 3 In2 « 2.079 

Ind} =In 27! = —In2 = —0.693 

Ind =In2-? = —21n2« — 1.386 
Inf =In 2-3 = — 3102 = —2.079 
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FIGURE 79 Table С in Appendix III provides a list of natural logarithms of many 
other numbers, correct to three decimal places. Calculators may also be 
used to estimate values of In. 

Plotting the points that correspond to the y-coordinates we have cal- 
culated and using the fact that In is continuous and increasing gives us 
the sketch in Figure 7.9. 

At the end of this section we prove that 


lim Inx 2 0 and lim Inx 2 — x. 

х х x0* 
The first of these results tells us that y — In x increases without bound 
as х > «©. Note, however, that the rate of change of y with respect to 
x is very small if x is large. For example, if x = 10°, then 


dy 1 1 
= — = —— = 0.000001. 
4х | 66: X | oe 10° 


Thus, the tangent line is almost horizontal at the point on the graph with 
x-coordinate 10°, and hence the graph is very flat near that point. The 
fact that lim, ,,. In x = — x tells us that the line x = 0 (the y-axis) is a 
vertical asymptote for the graph (see Figure 7.9). 

The next result generalizes Theorem (7.10). 





Theorem (7.11 1 = 
! ! If u = g(x) and g is differentiable, then 


1 
(i) р, Inu= 2 Diu if g(x)>0 


1 
(i) р, 1а |u| = : Diu if glx) 40 


PROOF 


(i) If we let y = In u and u = g(x), then. by the chain rule and Theo- 
rem (7.10). 


dy dydu | 


Dinu =— = = 
dx dudx u 


ЖЭ 
(ii) If u > 0, then |u| = u and, by part (i), 
| 
D, In |u| = D, Inu — — D, u. 
u 


If u <0, then |u| = —u > 0 and, Бу part (i), 


1 
D, In |u| = D, In (~u) = D. (и) 


1 1 
= —(—1)D,u—--D,u. ша 
и и 


In examples and exercises, if a function is defined in terms of the 
natural logarithmic function, its domain will not usually be stated expli- 
citly. Instead we shall tacitly assume that x is restricted to values for which 
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Laws of natural logarithms (7.12) 


the logarithmic expression has meaning. Thus, in Example 1, we assume 
x? — 6 > 0; that is, |x| > y6. In Example 2, we assume x + 1 > 0. 


EXAMPLE Т If f(x) = In (x? — 6), find f'(x). 


SOLUTION Letting u = x? — 6 in Theorem (7.11)(i) yields 


1 й 2х 
6 2: (х == 








f(x) = р, In (x? — 6) = zi 





EXAMPLE 2 у= /x +1, find a, 
ах 


SOLUTION Letting = уух + 1 in Theorem (7.11)(i) gives us 





dy = 4 1 fe + 1 
dx ^ dx "NS 
1 4 1 1 5 
= —— — 4х + 1 = (х + 1) t? 
vx + 1 dx Vx+1 2 


1 | 1 1 1 
ух +1 2 /х +1 2(x + 1) 











EXAMPLE 3 If f(x) = In |4 + 5x — 2x3|, find f'(x). 


SOLUTION Using Theorem (7.11)(ii) with u = 4 + 5x — 2x? yields 


f(x) = D, In |4 + 5x — 2x? | 
| $ = 6x" 
i ГҮҮ Re 
WE WEE LE udi 4-L5x-2x? 





The next result states that natural logarithms satisfy the laws of loga- 
rithms studied in precalculus mathematics courses. 








If p > 0 and q > 0, then 
(i) In pg — In p - Inq 


(ii) in^ =Inp—ing 


(Ш) In р = "1а р for every rational number r 





PROOF 
(i) If p > 0, then using Theorem (7.11) with u = px gives us 
1 | 1 
D, in px = — D, (px) = — p =—. 
px px х 
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Thus, In px and In x are both antiderivatives of 1/x, and hence, by 
Theorem (5.2), 


In px =Inx+C 
for some constant C. Letting x = 1, we obtain 
Inp=In1+C. 
Since In 1 = 0, we see that C = In p, and therefore 
In px = In x + In p. 
Substituting q for x in the last equation gives us 
In pq =Ing+Inp, 
which is what we wished to prove. 
(1) Using the formula In p + In q = In pq with p = 1/4, we see that 


1 | 
In +Ing=in(/-q)=In1 =o 
q q 


1 
апа һепсе In : = —]n q. 
G 
Consequently, 
1 1 
m? =n (p )=1p+m! =inp—ing 
q q q 


(Ш) 1f r is a rational number and х > 0, then, by Theorem (7.11) with 
и = xX’, 


І 1 1 
D; (In x") = Рр, (х) = rx"! -( )- 
х х 


х X 


By Theorems (3.18)(iv) and (7.7), we may also write 
1 r 
D.(rlux) 2rD,(ünx)2r[—]2z—. 
х x 
Since In х” and r In x are both antiderivatives of r/x. it follows from 
Theorem (5.2) that 
Inx’=rlInx+C 
for some constant C. If we let x = 1 in the last formula, we obtain 
In4 —Finl 440 
Since In 1 — 0, this implies that C — 0 and, therefore, 
ах —rinx. 


In Section 7.5 we shall extend this law to irrational exponents. ma 


As shown in the following illustration, sometimes it is convenient to 


use laws of natural logarithms before differentiating. 
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ILLUSTRATION 
f(x) AFTER USING 
f(x) LAWS OF LOGARITHMS 
= In [(x + 23x —5)] — In(x + 2) + In x — 5) 
x+2 
„зе In (x + 2) — In (3x — 5) 
на in (x? + 1)° 5 In (x? + 1) 
st І 
нв їл ух +1 3 in(x + 1) 
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Sx) 

1 Р 1 ёс. бх+1__ 
х+2 3x—5 | (x42)8x— 5) 

1 шэг -11 
x+2 3x—5 “ (х+ 203х – 5) 
5: E 2x = из 

х? +1 x? +1 
1-1 1 


2x41 2х-1) 


An advantage of using laws of logarithms before differentiating may be 
seen by comparing the method of finding D, In yx + 1 in the preceding 
illustration with the solution of Example 2. 

In the next two examples we apply laws of logarithms to complicated 


expressions before differentiating. 


EXAMPLE 4 If f(x) = In [6x — 1(4x + 5)°], find f'(x). 


SOLUTION We first write \/6x — 1 = (6x — 1)' and then use laws of 


logarithms (i) and (iii): 


f(x) = In [(6x — 1)! (4x + 5)}] 
= In (6x — 1)! + In (4x + 5)? 
= } In (6x — 1) + 3 In(4x + 5) 


By Theorem (7.11), 


" Ч ! | 1 | 
A= : я Dee 
4. E бх — 1 =} (: 4x +5 ! 


/ 


э 84х +3 
© (6x — Dax + 5) 





EXAMPLE 5 If y — In "E 


Xi 
ЇГ 


dy 
dx' 


SOLUTION We first use laws of logarithms to change the form of y 


as follows: 


(S - 3! 
y=in| — 
Ӯ x sl 


“45 Х2-1 
23 х? +1 


= i[In (x? — 1) — In (x? + 1)] 
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Next we use Theorem (7.11) to obtain 














_ 2х 2 Е Ч 1 4х 
731(х3-14х52-1)| 3? — 1)? +1)” 





Given у = f(x), we may sometimes find D, у by logarithmic differen- 
tiation. This method is especially useful if f(x) involves complicated prod- 
ucts, quotients, or powers. In the following guidelines it is assumed that 
f(x) > 0; however, we shall show that the same steps can be used if 


f(x) « 0. 
Guidelines for logarithmic > 
differentiation (7.13)! Y=% (given) 
In y = In f(x) (take natural logarithms and simplify) 


D, [In y] = D, [In f(x)] (differentiate implicitly) 
1 
4 : D, y = D, [In f(x)] (by Theorem (7.11)) 


5 D,y — f(x) D, [In f(x)] (multiply by y = f(x) 


Of course, to complete the solution we must differentiate In f(x) at 
some stage after guideline 3. If f(x) < 0 for some x, then guideline 2 is 
invalid, since In f(x) is undefined. In this event we can replace guideline 
l by |у | = | f(x)| and take natural logarithms, obtaining In | y| = In | f(x)|. 
If we now differentiate implicitly and use Theorem (7.11)(ii), we again 
arrive at guideline 4. Thus, negative values of f(x) do not change the 
outcome, and we are not concerned whether /(х) is positive or negative. 
The method should not be used to find f'(a) if f(a) = 0, since In 0 is 








undefined. 
(5x — 4)? — - 
EXAMPLE 6 If y = =, use logarithmic differentiation to find 
J2x + 
D, y. 


SOLUTION As in guideline 2, we begin by taking the natural logarithm 
of each side, obtaining 


In y = In (5x — 4? — In /2x + 1 
= 3 10 (5x — 4) —41n (2x + 1). 


Applying guidelines 3 and 4, we differentiate implicitly with respect to 
x and then use Theorem (7.8) to obtain 


| WE 
= MM] Ж t tm. 29 
у 25) ( 5х —4 s) E 2x +1 ) 


Е 25х + 19 
~ (5x — 4)(2x 41) 
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Finally, as in guideline 5, we multiply both sides of the last equation by 
y (that is, by (5x — 4)°/,/2x + 1) to get 
__ 25х+19 (Sx— 4p 
“(5х-40х-1) /2х-1 

(25x + 19)(5x — 4)? 
" (2х + 19? 





D.y 


We could check this result by applying the quotient rule to y. 





An application of natural logarithms to growth processes is given in 
the next example. Many additional applied problems involving In appear 
in other examples and exercises of this chapter. 


EXAMPLE 7 The Count model is an empirically based formula that 
can be used to predict the height of a preschooler. If h(x) denotes the 
height (in centimeters) at age x (in years) for 1 < x < 6, then h(x) can 
be approximated by 


h(x) = 70.228 + 5.104x + 9.222 In x. 


(a) Predict the height and rate of growth when a child reaches age 2. 
(b) When is the rate of growth largest? 


SOLUTION 
(a) The height at age 2 is approximately 
h(2) = 70.228 + 5.104(2) + 9.222 In 2 = 86.8 cm. 
The rate of change of h with respect to x is 
h'(x) = 5.104 + 222 ) 
xy 
Letting x = 2 gives us 
h'(2) = 5.104 + 9.222(3) = 9.715. 
Hence the rate of growth on the child's second birthday is about 9.7 ст/уг. 


(b) To determine the maximum value of the rate of growth h'(x), we first 
find the critical numbers of Л”, Differentiating h'(x), we obtain 


1 ) 9.222 





h(x) = 9.222( — 5 
x* 


Since Л (х) is negative for every x in (4, 6]. л has no critical numbers in 
(4. 6). It follows from Theorem (4.13) that h’ is decreasing on [}, 6]. Con- 
sequently, the maximum value of Л (х) occurs at x = 1: that is, the rate of 
growth is largest at the age of 3 months. 





We shall conclude this section by investigating In x as x + - and as 
x — 0*. If x > 1, we may interpret the integral f (1/t) dt = In x as the 
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FIGURE 7.10 





FIGURE 7.11 
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area of the region shown in Figure 7.10. The sum of the areas of the three 
rectangles shown in Figure 7.11 is 


1-4 
1+3+1= 38. 


Since the area under the graph of y = 1/t from t = 1 tor = 4 is In 4, we see 
that 


In 4» i$» 1. 
It follows that if M is any positive rational number, then 
Min4>M, or In4" >M. 
If x > 4", then since In is an increasing function, 
In x 7 In 4" > M. 


This proves that In x can be made as large as desired by choosing x suf- 
ficiently large; that is, 


lim In x = œ. 


х—* 90 


To investigate the case x > 07, we first note that 


in -inI-Inx-0-Inx- — |n x. 
Hence lim In x = lim (= 1). 
х-07 x70* x 


As x approaches zero through positive values, 1/x increases without 
bound and, therefore, so does In (1/x). Consequently, —In (1/x) decreases 
without bound; that is, 


Exer. 1—34: Find f'(x) if f(x) is the given expression. 


1 In (9x +4) 
3 In (3x? — 2x +1) 
5 In|3 — 2x| 


7 In|2 — 3х |5 
9 In /7 – 2x? 
1! xinx 
13 In /x + Vn x 
1 


1 
15 — + hp- 
In x x 


17 In [(5x — 7)*(2x + 3)°] 


lim Inx = —o. 
х-07 


23 In (x + / x? — 1) 24 ]n (x + x? +1) 


2 |n (x* + 1) 25 |n cos 2x 26 cos (In 2x) 

4 In (4x? — x? +2) 27 |n tan? 3x 28 |n cot (x?) 

6 In|4 — 3x] 29 In In sec 2x 30 In esc? 4x 

8 In|Sx* — 1? 3! In [sec x | 32 |n |sin x| 
10 In ү6х +7 33 |n |sec x + tan x | 34 |n |сѕс x — cot x| 
12 In (In x) 


14 In x? + (In х)? 


А 


х 


Exer. 35-38: Use implicit differentiation to find y’. 
35 3y — x? + Inxy - 2 
бу y! + In(x/y) — 4x = –3 


16 
In " Qy xiny - yinz-1 
18 In [44x — 5(3x + 892] Cj аху г 3 
x*(2x — 1 | 





O М (х + 5) 
DI 4 +x? 
4 4— х? 


Ехег. 39-44: Use logarithmic differentiation to find 
dy/dx. 


39 y = (5x + 2)3(6x + 1? 
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40 


y (x + ix + 2)%(х + 3)* 





41 y= Ax + Hx — 5)? 
ИН. сс — 
42 у= \/(3х? + 2){/6х — 7 
„2 5 ЖЗ s s alii 
po" +4 а yn Ps a) 
Vi + 1 2 Vx 
45 


46 


47 


49 


Find an equation of the tangent line to the graph of 
у = x? + In (2x — 5) at the point P(3, 9). 

Find an equation of the tangent line to the graph of 
у= х+1пх that is perpendicular to the line whose 
equation is 2x + 6y — 5. 

Shown in the figure is a graph of y = 5 In x — іх. Find 
the coordinates of the highest point, and show that the 
graph is concave downward for x > 0. 


EXERCISE 47 





Shown in the figure is a graph of y = In (x? + 1). Find 
the points of inflection. 


EXERCISE 48 





An approximation to the age T (in years) of a female blue 
whale can be obtained from a length measurement L (in 
feet) using the formula T — —2.57 In [(87 — L)/63]. А 
blue whale has been spotted by a research vessel, and 
her length is estimated to be 80 feet. If the maximum 
error in estimating L is +2 feet, use differentials to 
approximate the maximum error in T. 


50 The Ehrenberg relation, In W 


5 


52 


53 


[c] 58 


39.1 


In 24 + 0.0184h, is an 
empirically based formula relating the height h (in centi- 
meters) to the weight W (in kilograms) for children aged 
5 through 13. The formula. with minor changes in the 
constants, has been verified in mapy different countries. 
Find the relationship between the rates of change dW/dt 
and dh/dt, for time t (in years). 


A rocket of mass m, is filled with fuel of mass m,, which 
will be burned at a constant rate of b kg/sec. If the fuel 
is expelled from the rocket at a constant rate, the dis- 
tance s(t) (in meters) that the rocket has traveled after г 
seconds is 


c m, +m, — bi 
s(t) = ct + —(m, + m; — bt) In| — 
b m, + nm; 
for some constant c > 0. 


(а) Find the initial velocity and initial acceleration of the 
rocket. 


(5) Burnout occurs when t = m,/b. Find the velocity and 
acceleration at burnout. 


One method of estimating the thickness of the ozone 
layer is to use the formula In 1/1) = —BT, where 1, 
is the intensity of a particular wavelength of light from 
the sun before it reaches the atmosphere, / is the inten- 
sity of the same wavelength after passing through a layer 
of ozone T centimeters thick, and / is the absorption 
coefficient for that wavelength. Suppose that for a wave- 
length of 3055 x 10 * centimeter with fj = 2.7, 1,/1 is 
measured as 2.3. 
{з} Approximate the thickness of the ozone layer to the 
nearest 0.01 centimeter. 
151 If the maximum error in the measured value of 15/1 
is +0.1, use differentials to approximate the maxi- 
mum error in the approximation obtained in (a). 


Describe the difference between the graphs of y — In (x?) 
and y = 2 In x. 


Sketch the graphs of 
faly=In|x| (5) y = [In x| 
Use Newton's method to approximate the real root of 


In x + x = 0 to three decimal places. 
Show that x > In x for every x > 0. 


Let f(x) = In (х?) and g(x) = ух. 

[3] Is f(x) > g(x) on [1,2]? 

[b] Is f(x) > g(x) on [3, 64]? 

{с} Is there a positive integer M such that f(x) > g(x) 
on | М, x)? (Hint: Estimate limy- [ f)/g0)]) 

{а} Use the trapezoidal rule. with n = 4, to approximate 
fj In (x?) dx. 

{Б} Estimate the error in (a) using (5.37). 
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7.3 THE NATURAL EXPONENTIAL FUNCTION 


FIGURE 7.12 


Theorem (7.14) 


Definition (7.15) 





In Section 7.2 we saw that 


lim Іп х= со and lim Іпх = – 2. 


х = х0 + 


These facts are used in the proof of the following result. 


To every real number x there corresponds exactly one positive real 
number y such that In y = x. 


PROOF First note that if x = 0, then In 1 = 0. Moreover. since In is an 
increasing function, | is the only value of у such that In y = 0. 
If x is positive, then we may choose a number b such that 


Inl «x « In b. 


Since In is continuous, it takes on every value between In 1 and In 5 (see 
the intermediate value theorem (2.26)). Thus, there is a number y between 
1 and b such that In y = x. Since In is an increasing function, there is only 
one such number. 

Finally. if x is negative, then there is a number b 0 such that 


Inb «x «In l, 


and. as before, there is exactly one number y between Б and 1 such that 
Іп y= х. шш 


It follows from Theorem (7.14) that the range of the natural loga- 
rithms is R. Since In is an increasing function, it is one-to-one and there- 
fore has an inverse function, to which we give the following special name. 


The natural exponential function, denoted by exp. is the inverse of 
the natural logarithmic function. 


The reason for the term exponential in this definition will become clear 
shortly. Since exp is the inverse of In, its domain is R and its range is 
(0, 2). Moreover, as in (7.2), 


y=expx Шапа only if. x 2 In y, 


where x is any real number and у > 0. By Theorem (7.3). we may also 
write 


In(exp x) = x and exp (Іп у) = y. 


As we observed in Section 7.1, if two functions are inverses of each 
other, then their graphs are reflections through the line y — x. Hence the 
graph of y — exp x can be obtained by reflecting the graph of y — In x 
through this line, as illustrated in Figure 7.12. Note that 

lim expx — x and lim expx=0. 


ar = guo 
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Definition of e (7.16) 


Approximation to e (7.17) 


Definition of e* (7.18] 


By Theorem (7.14). there exists exactly one positive real number 
whose natural logarithm is 1. This number is denoted by e. The great 
Swiss mathematician Leonhard Euler (1707—1783) was among the first 
to study its properties extensively. 


The letter e denotes the positive real number such that In e = 1. 


Several values of In were calculated in Section 7.2. We can show, by 
means of the trapezoidal rule, that 


[an dt<1l< ‘ia dt. 


(See Exercise 25 in Section 5.7.) Applying Definitions (7.9) and (7.16) 
yields 


In 2.7 « In e « In 2.8 
and hence 


27 <e< 2.8, 


Later, in Theorem (7.32), we show that 


» = lim (1 + hy. 
"-0 
This limit formula can be used to approximate e to any degree of accu- 
racy. In Section 7.5 we shall obtain the following approximation to five 
decimal places. 


e z 2.71828 


It can be shown that e is an irrational number. 
If r is any rational number, then 


lng = fine =r(1) =, 


The formula In e = r may be used to motivate a definition of e* for every 
real number x. Specifically, we shall define е^ as the real number y such 
that In y = x. The following statement is a convenient way to remember 
this definition. 





If x is ány real number, then 


ех = у ifandonlyif In y = x. 





Since exp is the inverse function of In, 
expx=y ifandonlyif In y — x. 
Comparing this relationship with Definition (7.18), we see that 


X 


e*=expx forevery x. 
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Тпеогет (7.19) 


ILLUSTRATION 


Theorem (7.20) 


Theorem (7.21) 
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This is the reason for calling exp an exponential function and referring to 
it as the exponential function with base e. The graph of y = e* is the same 
as that of y — exp x, illustrated in Figure 7.12. Hereafter we shall use e* 
instead of exp x to denote values of the natural exponential function. 

The fact that In (exp x) = x for every x and exp (In x) = x for every 
x > 0 may now be written as follows: 


(i) Ine* = x for every х 


(i) е": =x for every x > 0 


Some special cases of this theorem are given in the following illustration. 








m ineñ=5 ша ine*t'=/x+1 
m eS = 5 m e xxl 
Ге e Inx _ (е!" хр - x? = ek іп х ын (е!" хү z x* 


A brief table of values of е* and e * is given in Table В of Appen- 
dix III. To approximate values of e* with a scientific calculator, we employ 
either an г" key or the succession INV In x). Still another method is to use 
the ^ key with y = e = 2.71828. 

The next theorem states that the laws of exponents are true for powers 
of e. 


If p and q are real numbers and r is a rational number, then 


e? К 
(1) &"e* = eP*« (ii) rim ea (ш) (e^) = e" 


PROOF Using Theorems (7.12) and (7.19), we obtain 
In eet = ]n e? + Ine? = p+ qg=Ine?*4, 
Since the natural logarithmic function is one-to-one, 
gg = gP*4, 
This proves (i). The proofs for (ii) and (iii) are similar. We show in Sec- 


tion 7.5 that (iii) is also true if r is irrational. шш 


By Theorem (7.7). the inverse function of a differentiable function is 
differentiable, and hence D, e* exists. The next theorem states that е* is its 
own derivative. 


D,e* =e 
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PROOF Ву (i) of Theorem (7.19), 
In ех = x. 


Differentiating each side of this equation and using Theorem (7.11)(1) with 
u — e* gives us the following: 


D, (In е^) = р, (х) 
1 
a Dx e=1 


р, е = ех юш 


EXAMPLE 1 If f(x) = х?е^, find f'(x). 


SOLUTION By the product rule and Theorem 7.21, 
fx) = x*(D, ех) + e*(D, x?) 
= x e + e*(2x) = хе^(х + 2). 





The next result is a generalization of Theorem (7.21). 





Theorem (7.22) ЕРЭН : 
If u = g(x) and g is differentiable, then 


D, ё =e" Dy и. 





PROOF Letting y = e" with и = g(x), and using the chain rule and 
Theorem (7.21), we have 


If u = x, then Theorem (7.22) reduces to (7.21). 


EXAMPLE 2 If y = e%***!, find dy/dx. 


SOLUTION Ву Theorem (7.22), 


dy 4 xi jatar 4 2 
Жолы ae = ох SS 1 
йх dx Oe ee 


i d | 
= еух?+і ——(ҳ2 As үн 
х 


= eve +1 x 
ух? +1 
xe" * *! 
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EXAMPLE 3 The function f defined by f(x) = e^"? occurs in the 
branch of mathematics called probability. Find the local extrema of f, 
discuss concavity, find the points of inflection, and sketch the graph of f. 


SOLUTION By Theorem (7.22), 
E f o» й 
f'(x) ын ка е р, (=) =e 4 Ч i > | L-—xe ^ 


Since e ^'^? is always positive. the only critical number of f is 0. If x < 0. 
then f'(x) > 0. and if x > 0, then f'(x) < 0. It follows from the first deriv- 
ative test that / has a local maximum at 0. The maximum value is 


f(0) 2e? = 1. 


Applying the product rule to f'(x) yields 


ГО) = —x D, e^? е2 p (=x) 


= e~*/2(x? — 1), 


and hence the second derivative is zero at — 1 and 1. If —1 < x < 1. then 


f(x) < 0 and, by (4.16), the graph of f is concave downward in the open 


interval (— 1, 1). If x< —1 or x > 1, then /"(x) > 0 and, therefore, the 
graph is concave upward throughout the infinite intervals ( — c, — 1) and 
(1, оо). Consequently. P( — 1. e^* ?) and Q(1, e^ ' ?) are points of inflec- 
tion. From the expression 


Д(х) = — 
on 


it is evident that as x increases numerically. f(x) approaches О. We can 
prove that lim, ., f(x) = 0 and lim,- f(x) = 0: that is, the x-axis is a 
horizontal asymptote. The graph of f is sketched in Figure 7.13. 


Exponential functions play an important role in the field of radio- 
therapy, the treatment of tumors by radiation. The fraction of cells in a 
tumor that survive a treatment, called the surviving fraction, depends 
not only on the energy and nature of the radiation, but also on the depth. 
size, and characteristics of the tumor itself. The exposure to radiation 
may be thought of as a number of potentially damaging events, where 
only one hit is required to kill a tumor cell. Suppose that each cell has 
exactly one target that must be hit. If k denotes the average target size 
of a tumor cell and if x is the number of damaging events (the dose), then 
the surviving fraction f(x) is given by 


fij me. 


This is called the one-target—one hit surviving fraction. 

Suppose next that each cell has n targets and that hitting each target 
once results in the death of a cell. In this case, the n target -one hit sur- 
viving fraction is given by 

f(x) = 1—01 еу, 


In the next example we examine the case where n = 2. 
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FIGURE 7.14 
Surviving fraction of tumor cells after a 
radiation treatment 
y (surviving fraction) 
4 


Point of 
inflection 





EXAMPLE 4 If each cell of a tumor has two targets, then the two 
target—one hit surviving fraction is given by 

Д(х) = 1—(1—е-®*)?, 
where k is the average size of a cell. Analyze the graph of f to determine 
what effect increasing the dosage x has on decreasing the surviving frac- 
tion of tumor cells. 


SOLUTION First note that if x = 0, then /(0) = 1; that is, if there is no 
dose, then all cells survive. Differentiating, we obtain 
Т(5) H=0-20-—e-*) Dl se *) 
= —2(1 —e™)(ke“*) 


= ~2ke“*(1 — e7*5). 


Since f'(x) < 0 for every x > 0 and / (0) = 0, the function f is decreasing 
and the graph has a horizontal tangent line at the point (0. 1). We may 
verify that the second derivative is 


f"(x) = 2К?е "(1 — 2e). 


We see that f/"(x) = 0 if 1 — 2e^** = 0 (that is, if е^ = 1, or, equiva- 


lently, —kx = In = —In 2). This gives us 
| 
х= k In 2 


It can be verified that if 0 < x < (1/k) In 2, then f" (x) < 0, and hence the 
graph is concave downward. If x > (1/k)In 2, then /"(x) > 0, and the 
graph is concave upward. This implies that there is a point of inflection 
with x-coordinate (1/k) In 2. The y-coordinate of this point is 


/ Ї In 2) 


/ 


] =a Vee In 2)2 


-1-14-47-4 


The graph is sketched in Figure 7.14 for the case К = 1. The shoulder on 
the curve near the point (0. 1) represents the threshold nature of the treat- 
ment; that is, a small dose results in very little tumor elimination. Note 
that if x is large, then an increase in dosage has little effect on the sur- 
viving fraction. To determine the ideal dose that should be administered 
to a given patient, specialists in radiation therapy must also take into 


In2 1 2 3 x(dose) account the number of healthy cells that are killed during a treatment. 

EXERCISES 7.3 
Exer. 1-30: Find f’(x) if f(x) equals the given expression. 11 e*/(x? + 1) 12 x/e) 

Le 2 e» 13 (e** - 5) 14 (e? ЭЭ e 3*y* 

3 e? 4er? 15 e + (1e?) 16 e + Vet 

s J1- e 6 l/(e* +1) ee 

17 — == 18 ern 
7 e! B хе * ge 
9 x?e 2х 10 х e?* + 2x 19 e^^*In x 20 In e* 
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21 
23 
25 
27 
29 





sin е** 22 e? Sex 

In cos e^? 24 e^ 3х cos Зх 
3x pe 2 тээ 2х 

e" tan ух 26 sece 

sec? (e^ **) 28 e^* tan? x 


хе х 30 In (csc е?) 


Exer. 31—34: Use implicit differentiation to find y’. 


31 
32 
33 
35 


36 


е – хў + Зу = 11 
хе? + 2х —In(y + 1) 23 
e* cot y = хе?! 34 ех cos у = хе? 


Find an equation of the tangent line to the graph of 
у= (х — De* + 31In x + 2 at the point P(1, 2). 


Find an equation of the tangent line to the graph of 
> . ч . 
у=х— е * that is parallel to the line 6x — 2y = 7. 


Exer. 37-42: Find the local extrema of f. Determine 
where f is increasing or is decreasing, discuss concav- 
ity, find the points of inflection, and sketch the graph 


of f. 

37 f(x) = xe за f(x) = х?е 2 

39 f(x) =e'* 40 f(x) = xe^* 

41 f(x) = xInx 42 f(x) = (1 — In x 


43) 


45 


A radioactive substance decays according to the for- 
mula g(t) = qoe *, where до is the initial amount of the 
substance, c is a positive constant, and g(t) is the amount 
remaining after time г. Show that the rate at which the 
substance decays is proportional to q(t). 

The current I(t) at time t in an electrical circuit is given 
by I(t) = Ге к, where R is the resistance, L is the 
inductance, and /, is the current at time г = 0. Show 
that the rate of change of the current at any time t is 
proportional to ШИ). 


If a drug is injected into the bloodstream, then its con- 
centration | minutes later is given by 


for positive constants a. Б. and К. 

(a) At what time does the maximum concentration 
occur? 

[b] What can be said about the concentration after a 
long period of time? 

If a beam of light that has intensity k is projected verti- 

cally downward into water, then its intensity /(x) at a 

depth of x meters 15 I(x) = ke. '**. 

(а) At what rate is the intensity changing with respect 
to depth at 1 meter? 5 meters? 10 meters? 

[b] At what depth is the intensity one-half its value at 
the surface? One-tenth its value? 
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49 


50 


The Jenss model is generally regarded as the most ac- 

curate formula for predicting the height of a preschooler. 

If h(x) denotes the height (in centimeters) at age x (in 

years) for 1 < x < 6, then A(x) can be approximated by 

h(x) = 79.041 + 6.39x — e*-261 - 0.993%, 

(Compare with Example 7 of Section 7,2.) 

(a) 9! siict the height and rate of growth when a child 
reaches the age of 1. 

15) When is the rate of growth largest, and when is it 
smallest? 

For a population of female African elephants. the weight 

W(t) (in kilograms) at age t (in years) may be approxi- 

mated by a von Bertanlanffy growth function W such 

that 


W(t) = 2600(1 — 0.51e7 997553, 

[a] Approximate the weight and the rate of growth of 
a newborn. 

(5) Assuming that an adult female weighs 1800 kilo- 
grams, estimate her age and her rate of growth at 
present. 

ic] Find and interpret Їт, W(t). 

(d) Show that the rate of growth is largest between the 
ages of 5 years and 6 years. 


Gamma distributions, which are important in traffic 
control studies and probability theory, are determined 
by f(x) = ex"e ^ * for x > 0, a positive integer n, a posi- 
tive constant a, and c = a"^' '/n!. Shown in the figure 
are graphs corresponding to a = 1 for n = 2, 3, and 4. 
(а| Show that f has exactly one local maximum. 

[b] If n = 4, determine where f(x) is increasing most 

rapidly. 
EXERCISE 49 





The relative number of gas molecules in à container 
that travel at a velocity of v cm/sec can be computed 
by means of the Maxwell-Boltzmann speed distribution, 





7.4 
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52 


53 


7.4 


F(v) = ct?e ">C where T is the temperature (in ^K), 
m is the mass ofa molecule, and с and k are positive 
constants. Show that the maximum value of F occurs 


when v = /2kT/m. 


An urban density model is a formula that relates the 
population density (in number/mi*) to the distance r 
(in miles) from the center of the city. Tl. — »rmula 
D = ае", where a, b, and c are positive constants, 
has been found to be appropriate for certain cities. 
Determine the shape of the graph for r > 0. 


The effect of light on the rate of photosynthesis can be 
described by 
fix) = xee- х") 
for x > 0 and positive constants a and b. 
{ај Show that f has a maximum at x = 1. 
[b) Conclude that if x; > 0 and y, > 0, then g(x) = 
Vo f(x/xg) has a maximum (X5) = Vo- 


The rate R at which a tumor grows is related to its size 
х by the equation R = rx In (Кух), where r and К аге 
positive constants. Show that the tumor is growing most 
rapidly when x =e 'K. 


If p denotes the selling price (in dollars) of a commodity 
and x is the corresponding demand (in number sold 
per day), then the relationship between p and x may be 
given by р = рое “(ог positive constants py and a. 
Suppose р = 300е7 %%2*, Find the selling price that will 
maximize daily revenues (see page 228). 


In statistics the probability density function for the 
normal distribution ts defined by 


INTEGRATION 


57 


for real numbers и and с > 0 (и is the mean and c? is 
the variance of the distribution). Find the local extrema 
of f, and determine where / is increasing or is decreas- 
ing. Discuss concavity, find points of inflection, find 
lim, f(x) and lim,- f(x). and sketch the graph of 
f (see Example 3). 


The integral (^e^* dx has applications in statistics. 
Use the trapezoidal rule, with n — 10, to approximate 
this integral if a = 0 and b= 1. 


Nerve impulses in the human body travel along nerve 
fibers that consist of an axon, which transports the im- 
pulse, and an insulating coating surrounding the axon, 
called the a:yelin sheath (see figure). The nerve fiber 
is similar to an insulated cylindrical cable, for which 
the velocity v of an impulse is given by v= 
— k(r/RY? In (r/R), м. 2ге r is the radius of the cable and 
R is the insulation radius. Find the value of r/R that 
maximizes v. (In most nerve fibers r/R = 0.6.) 


EXERCISE 57 Myelin sheath 


Sketch the graph of the three target-one hit surviving 
fraction (with k = 1) given by f(x) = 1 — (1 — е)? (see 
Example 4). 


[c] Exer. 59-60: Use Newton's method to approximate the 
real root of the equation to two decimal places. 


59 


e e gn 60 xInx=1 


We may use differentiation formulas for In to obtain formulas for integra- 
tion. In particular, by Theorem (7.11). 


1 Li 
— g'(x). 


D, 1n |g(x)| = 
| g(x) 


which gives us the integration formula 


Ї | (д) dx = In | g(x)| +С. 
g(x) 


This is restated in the next theorem in terms of the variable u. 
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Theorem (7.23) 


If u = g(x) # 0 and g is differentiable, then 


| du = in |u| +e. 
и 





Of course, if u > 0, then the absolute value sign may be deleted. A special 
case of Theorem (7.23) is 


eb. 
| dx = In |x| + С. 
« X 


EXAMPLE 1 Evaluate 1 = a dx. 


SOLUTION Rewriting the integral as 


i x | 
ix = [—— x 
J за 48 J ge ® 


2 


suggests that we use Theorem(7.23)with u = 3x^ — 5. Thus. we make the 


substitution 


u-3x!—5, йи = 6x dx. 
Introducing a factor 6 in the integrand and using Theorem (7.23) yields 


X 1 1 LAI 
Ic di = Ar aa бх dx = 3] m du 


= In |u| +C = tin |3x? —5| + C. 





Another technique is to replace the expression x dx in the integral Бу du 
and then integrate. 


EXAMPLE 2 Evaluate +." dx. 


SOLUTION Since 1/(9 — 2x) is continuous on [2, 4]. the definite in- 
tegral exists. One method of evaluation consists of using an indefinite 
integral to find an antiderivative of 1/(9 — 2x). We let 


и = 9 — 2х; du = —2dx 


and proceed as follows: 


~ | | | 
| хэй ээн | <——— Жы 
2Х ox 


|! 
| 
dd es 
— 
| 


| 
—5 In [|u| +C 


—11п |9— 2х| +С 


ll 
v 
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Applving the fundamental theorem of calculus yields 


4 1 l a 
ja Ux dx E С |9 — 2х | 


—1(In 1 — In 5) = 110 5. 


Another method is to use the same substitution in the definite integral 
and change the limits of integration. Since u = 9 — 2x, we obtain the 
following: 

il Ix 2, then и=5, 

(ü) Ix 4, then w= 1. 


Thus, 





кы, 
м 
© 

|! аа 
ә 
я 

= 
< 
| 
| 
Ni 
_— 
к ак 
© 

са 
ә 

| 

Ёл 
| 

гэ 
e 
PS 

2. 
- 


1 1 1 ) 
=з E = du = =з |n 2) 


—4(In 1 — In 5) = $ In 5. 








In x 





EXAMPLE 3 Evaluate Ї йх. 


SOLUTION Two possible substitutions are u = In x and u = In x. If 
we use 


1 
u=Inx, du = — dx, 
x 


then 


In x 1 a 
N m E — 1/2 ЭР 
Ї = dx fs In x 2 йх-- fu du 15 * C 


= $(n x)? + С. 


The substitution u = «In x could also be used: however, the algebraic 
manipulations would be somewhat more involved. 





The derivative formula D, e" = ед 7 (х) gives us the following inte- 
gration formula for the natural exponential function: 


[еб dx ж ef) + С 


This is restated in the next theorem in terms of the variable и. 





If u = g(x) and g is differentiable, then 


fet du=e'+C. 
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As a special case of Theorem (7.24), if u = x, then 


e dx = e + С. 


EXAMPLE 4 Evaluate 


e x 2 e 
(а) [ “dx (Б) T dx 
N^ 1 x 


SOLUTION 
(a) Rewriting the integral as 
e x 


Ї ғ des fe z E dx 


suggests that we use Theorem (7.24) with u = 3/x. Thus, we make the 
substitution 


цэ, du = —— dx. 
x x* 
The integrand may be written in the form of (7.24) by introducing the 
factor —3. Doing this and compensating by multiplying the integral by 
—1, we obtain 


(b) Using the antiderivative found in (a) and applying the fundamental 
theorem of calculus yields 


= 1 
е 
Bl Ss 
N 
m 
c 
~~ 
^ 
ll 
©з э 
Ї01 
е 
„ 
Р" 
бы] 
N 


= —1(@3% — 63) = 52. 


We can also evaluate the integral by using the method of substitution. 
As in (a), we let u = 3/x, du = (— 3/x*) dx, and we note that if x = 1, then 
u = 3, and if x = 2, then u = 3. Consequently, 


= 
n 
Р ЦЭ 
ы 
a 
Se 
ll 1 
| | 
wi чө! ome 
{| — 
€ "ы 
N ^ 
~ w 
z a 
Би: УС), 
= | 
ыч 
Nim 
f. 
я 


|І 
| 
‚ жечи) 
е 
= 
LÀ 
рэн: 
| 
| 
оң 
=ч 
% 
a 
N 
fs 
A 
3 
7 
Un 
N 





The integral | е dx, with a 4 0, occurs frequently. We can show that 


1 
fe dx =—e* + С 


a 
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either by using Theorem (7.24) ог by showing that (1 /a)e** is an antideriva- 
tive of e*^*. 








ILLUSTRATION 
ны [e dx = ех + С E [= dx = —1e^5* + C 
== Їе *dx = —e *+C 
In the next example we solve a differential equation that contains ex- 
ponential expressions. 
| EXAMPLE 5 Solve the differential equation 
dy Я 
— = 302 бог? 
4х 
subject to the initial condition y = 4 if x = 0. 
SOLUTION Asin Example 6 of Section 5.1, we may multiply both sides 
of the equation by dx and then integrate as follows: 
dy = (3e?* + бе ?*) dx 
[ау = foe 46e )dx = 3 fer dx + 6 fe эх dx 
y= е2" + 60—27° + С 
аад 3e?* — Be 3х 2 С 
Using the initial condition у = 4 if x = 0 gives us 
4236 — 200 + C=3—2+C. 
Hence C = 4 — 3+ 2 = $, and the solution of the differential equation is 
у= зе?" ea 3x $ 3. 
EXAMPLE 6 Find the area of the region bounded by the graphs of 
the equations y = е“, y = yx, x = 0, and x = 1. 
FIGURE 7.15 
y SOLUTION The region and a typical rectangle of the type considered 
| in Chapter 6 are shown in Figure 7.15. As usual, we list the following: 
tt width of rectangle: dx 


length of rectangle: e* — үх 
area of rectangle: (ех — үх) dx 


We next take a limit of sums of these rectangular areas by applying the 
operator f: 
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In Chapter 5 we obtained integration formulas for the sine and cosine 
functions, We were unable to consider the remaining four trigonometric 
functions at that time because, as indicated in the next theorem, their 
integrals are logarithmic functions. In the theorem we assume that u = g(x), 
with g differentiable whenever the function is defined. 


Theorem (7.25] 
(1) fran udu = —In|cosu|+C 


(ii) | cot u du = In |sin u| + C 
(iii) [sec и du = In |sec u + tan u| + C 


liv) [ese u du = In | ese u — cot ul +C 


PROOF It is sufficient to consider the case u = х, since the formulas 
for u = g(x) then follow from Theorem (5.7). 

To find f tan x dx, we first use a trigonometric identity to express tan х 
in terms of sin x and cos x as follows: 


sin x 1 : 
[тап xdxz |- dx = sin x dx 
B COS X J cosx 


The form of the integrand on the right suggests that we make the 
substitution 


р==60$х, dv = —sin x dx. 


This gives us 
| 
tan x dx = — lv. 
Ї in x dx fa 


If cos x 40, then, by Theorem (7.11)(ii), 





[тап хах = —In|v| + C = —In |cos x| + C. 

A formula for | cot x dx may be obtained in similar fashion by first 
writing cot x = (cos x)/(sin x). 

To find a formula for | sec x dx. we begin as follows: 





sec x + lan x 
sec x 


[ес ХАХ-- d 
sec x + tan x 


v 





Ї sec? x + sec x tan x 
sec x + tan x 


l 3 
Е Ї (sec x tan x + sec? x) dx 
sec x 4 tan x 


Using the substitution 


v = sec x + tan x. dv = (sec x tan x + sec? x) dx 
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ААА 


gives us 


[sec хах = Ї : dv 


=In|v|+C 
= Ìn |sec x + tan x| + C. 


A similar proof can be given for (iv). жш 
If we use cos u = l/sec и, ѕіп u = l/csc и. and In (1;c) = —In v, then for- 
mulas (i) and (ii) of Theorem (7.25) can be written as follows: 


| tan u du = In |sec u| + C 
[со udu = —ln |esc u| + C 
EXAMPLE 7 Evaluate fx cot x? dx. 


SOLUTION To obtain the form f cot u du, we make the substitution 
и= х,  du-2xdx. 
We next introduce the factor 2 in the integrand as follows: 
IE cot x? dx =4 [со х2)2х dx 
Since u = x? and du = 2x dx, 


IE cot х? dx =} [eot и du = 3n |sin u| + C 


2 х 
EXAMPLE 8 Evaluate |” tan 5 dx. 


SOLUTION We make the substitution 


X 1 
илгэн du = 5 dx 


and note that u = 0 if x = 0, and u = 77/4 if x = 7/2. Thus, 
m Em bd [^ "m is 
5 tan > dx -2]|, tan z ion 
4 4 
= 2 Ї tan udu = [їп sec и], : 
о о 
In this case we may drop the absolute value sign given іп Theo- 
rem (7.25)(iii), since sec и is positive if u is between 0 and 7/4. Since 
In sec (л/4) = In 2 = $ In 2 and In sec 0 = In 1 = 0, it follows that 
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EXAMPLE 9 Evaluate fe sec e** dx. 


SOLUTION We let 
и = e?*, du = 2е?* dx 
and proceed as follows: 
fe sec e?* dx =4 [вес e?*)2e?* dx 
=4 } [вес u du 


= }1п |sec u + tan u| + C 
= } 10 [sec е?* + tan e?*| + С 


EXAMPLE 10 Evaluate [tese x — 1)? dx. 


SOLUTION 
[esc x—1)dx- Ге x — 2 сѕсх + 1) dx 
[е x dx — 2 [ese x dx + fax 


—cot x — 2 1а |csc x — cot x| + x + C. 


We shall discuss additional methods for integrating trigonometric ex- 
pressions in Chapter 9. 


EXERCISES 7.4 

















Exer. 1-36: Evaluate the integral. ^ 8 (ај [со beds Ib) ÍT cot 4x dx 
! [al Ї — dx — (b) L x dx 9 (а) Ге lx dx 15) | эы ese $x dx 
2 lal fx dx (b) i ï 2 = dx 10 [ај [s 3x dx 15) pe sec 3x dx 
а ы Ја " тт уб 
4 т f de ы f sz dx 13 [£3 д 14 Г 2, 
ею ned = бый is | вх 6 lane 


6 la) fxe хївэхэ іы | x EA 4 


e"? 
17 55) 4 ie | — 
7 (a) ана (b) E tan 2x dx fee os xe 
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3 sin x sec^ x 
19 -( 2 [ 
1-2со8х 1 + tan х 
(e* + 1)? - P 
21 | ——4 22 | T diy 
е* (e* + 1)? 


x 


e—e 
23 Ї ыйа! ЖШ; 74 


ё-е * 





со! 4/x 
25 Ї 22-03 


52 


26 fea + tan e?) dx 





1 
- Ї со$ 2х dx 28 fo + ese 8x) dx 





tane ?* 
29 Ї т---үүг4Х 30 Je sin x dx 
e 
cos? x tan? 2x 
31 [ _—@ 32 Ї : dx 
sin x sec 2x 


cos X sin X 
33 f 


— сы 


5 Я 34 [чап 3x + sec Зх) dx 
соѕ x — 1 


35 fU + sec x? dx 36 [esc x (1 — ese x) dx 


Exer. 37—38: Find the area of the region bounded by 


the graphs of the given equations. 
S? y=", y=0, 
y=0, 


х=0, xzln3 


38 y —2 tan x, x¥=0, x-zA 

Exer. 39-40: Find the volume of the solid generated if 
the region bounded by the graphs of the equations is 
revolved about the indicated axis. 


39 yze ", xz0, y-axis 


x1, y=6; 


40 y=secx, x=—2/3, х= 7/3, у= 0; x-axis 


Ехег. 41-44: Solve the differential equation subject to 
the given conditions. 
41 y'24e?* 3e 2; p=4ifx = 0 


42 у= Зе – 872: у= —2ifx = 0 
43 у" 23e *; у= –1апа у= 1йх = 0 
44 y" = 602%; y= —3and y = 217х = 0 


Ехег. 45-46: A nonnegative function / defined оп а 
closed interval |a, Б] is called a probability density func- 
tion if |} f(x) dx = 1. Determine c so that the resulting 
function is a probability density function. 





Aus "x 
45| f(x) — v. for 0<x<3 


_{ х? +4 


46 f(x) = схе for 0<х<10 


о.м 


47 A culture of bacteria is growing at a rate of Зе 
hour, with t in hours and 0 < t < 20. 


per 


49 


50 


51 


52 


53 
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(а) How many new bacteria will be in the culture after 
the first five hours? 


ib] How many new bacteria are introduced in the sixth 
through the fourteenth hours? 


{с} For approximately what value of г will the culture 
contain 150 new bacteria? 


If а savings bond is purchased for $500 with interest 
compounded continuously at 7% per year, then after t 
years the bond will be worth 500e*?"' dollars. 

(a) Approximately when will the bond be worth $1000? 


(0) Approximately when will the value of the bond be 
growing at a rate of $50 per year? 


The specific heat c of a metal such as silver is constant 
at temperatures T above 200 К. If the temperature of 
the metal increases from T, to T,, the area under the 
curve у= c/T from T, to T, is called the change in 
entrópy AS, a measurement of the increased molecular 
disorder of the system. Express AS in terms of T, and 
T; 


The 1952 earthquake in Assam had a magnitude of 8.7 
on the Richter scale—the largest ever recorded. (The 
October 1989 San Francisco earthquake had a magni- 
tude of 7.1.) Seismologists have determined that if the 
largest earthquake in a given year has magnitude R, then 
the energy £ (in joules) released by all earthquakes in 
that year can be estimated by using the formula 


m 12 (5,253 ас 
Е =9.13 х 10 1 e!35* dx, 
Find E if R — 8. 


In a circuit containing a 12-volt battery, a resistor, and 
a capacitor, the current I(t) at time t is predicted to be 
I(t) = 10е *' amperes. If О(г) is the charge (in coulombs) 
on the capacitor, then J = dQ dt. 


a) If Q(0) = 0, find Q(r). 


[b] Find the charge on the capacitor after a long period 
of time. 


A country that presently has coal reserves of 50 million 
tons used 6.5 million tons last year. Based on popula- 
tion projections, the rate of consumption R (in million 
tons/year) is expected to increase according to the for- 
mula R = 6.5e°°*", where t is the time in years. If the 
country uses only its own resources, estimate how many 
years the coal reserves will last. 


A very small spherical particle (on the order of 5 microns 
in diameter) is projected into still air with an initial ve- 
locity of vg m/sec, but its velocity decreases because of 
drag forces. Its velocity after | seconds is given by 
v(t) = гоё '* for some positive constant k. 
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(a) Express the distance that the particle travels as a [c] Exer. 55-56: If T, and T, are approximations of a def- 


function of r. 


inite integral obtained by using the trapezoidal rule with 


(b) The stopping distance is the distance traveled by the n = 2 and n = 4, respectively, then it can be shown that 


particle before it comes to rest. Express the stopping 


distance in terms of v and К. 


R = 1(4T, — T,) is usually a better approximation. Find 
T., T,, T,,, and R for the given integral, and decide 
whether R or ГТ,, is the better approximation. 


54 If the temperature remains constant, the pressure p and 


volume r of an expanding gas are related by the equa- 55 А e^* dx x 0.746824 

tion pr = k for some constant k. Show that the work E 

done if the gas expands from vy to v, is k In (обо). (Hint: 56 К (In x)? dx = 0.188317 
41 


See Example 5 of Section 6.6.) 


7.5 GENERAL EXPONENTIAL AND LOGARITHMIC FUNCTIONS 


Definition of a* (7.26) 


ILLUSTRATION 


Laws of exponents (7.27) 


Throughout this section a will denote a positive real number. Let us begin 
by defining а* for every real number x. If the exponent is a rational num- 
ber r, then applying Theorems (7.19)(ii) and (7.12)(iii) yields 


a= е!" же. er ва. 


This formula is the motivation for the following definition of а“. 


ах = ех Ina 


for every a > 0 and every real number x 


2 -12 
= (^? = еў!" 2 е 1.20 ш 03 


If f(x) = а“, then f is the exponential function with base a. Since о“ is 
positive for every х, so is а“. To approximate values of а“, we may use a 
calculator or refer to tables of logarithmic and exponential functions. 

It is now possible to prove that the law of logarithms stated in Theo- 
rem (7.12)(iii) is also true for irrational exponents. Thus, if u is any real 
number, then, by Definition (7.26) and Theorem (7.19)(i), 


ulna 


In a“ = In e = ü ln a. 


The next theorem states that properties of rational exponents from 
elementary algebra are also true for real exponents. 


Let a > 0 and b> 0. If u and г are any real numbers, then 


gg (ay. zu (ар)“ = a"b" 


РА 


a" — ар g 
-=a -| =—, 
а' b b" 


| 
| 
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FIGURE 7.16 





Theorem (7.28) 


ILLUSTRATION 





PROOF To show that аа" = a“*", we use Definition (7.26) and Theo- 
rem (7.20)(i) as follows: 

d'a = е“ їп ар! ina 
= 6" Inatelna 


- о trina 


— а! tHe 


To prove that (a")' = a", we first use Definition (7.26) with a" in place 
of a and v = x to write 


rina 


(a^) =e 

Using the fact that In à" = u In a and then applying Definition (7.26). we 
obtain 

(a") - e" та РЕР а'" Эн, ат, 


The proofs of the remaining laws are similar. шш 


As usual, in part (ii) of the next theorem. u = g(x), where g is 
differentiable, 


(i) D,a = a* Ina (ii) D, a“ = (a" Ina) D, u 





PROOF Applying Definition (7.26) and Theorem (7.22), we obtain 


Ба” = De * = ™* DA ln) = indi). 


Since e*'^* = а“, this gives us formula (i): 


Dd“ = апа 


Formula (ii) follows from the chain rule. == 


Note that if a =e, then Theorem (7.28)(i) reduces to (7.21), since 
Ine=1. 


= D,35 =3*In3 
= D. 10* = 10* In 10 


3” baa 


^ 


| 
ша D.5'* = (3“°* In 3) D. Vx =(3"* In »( ) - 
2./х 


2\/х 
шш D. 10" * = (10*"* In 10) D, sin x = (10%"* In 10) cos x 


If à > 1, then In a > 0 and, therefore, D, а = a^ In а > 0. Hence a“ is 
increasing on the interval (— ж, x ) ifa» 1. 

If 0 & a « I. then Ina «€ 0 and D,«^ = a^ Ina < 0. Thus, а* is de- 
creasing for every x if 0 <а < 1. 

The graphs of y = 2^ and y = (39 = 2 * are sketched in Figures 7.16 
and 7.17 (on the following page). The graph of y = a* has the general 
shape illustrated in Figure 7.16 or 7.17 ifa > | or 0 < a < 1, respectively. 
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FIGURE 7.17 





Тпеогет (7.29) 
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If u = g(x), it is important to distinguish between expressions of the 


form a" and и“. To differentiate а“, we use (7.28); for и“ the power rule must 


be employed, as illustrated in the next example. 


EXAMPLE 1 Find y' if y = (x? + 1)!? + 10" *!, 

SOLUTION Using the power rule for functions and Theorem (7.28), we 
obtain 

10(х? + 1)%(2х) + (10 ** In 10)(2x) 

= 20x[(x? + 1)? + 10* In 10]. 


= 
! 





The integration formula in (i) of the next theorem may be verified by 
showing that the integrand is the derivative of the expression on the right 
side of the equation. Formula (ii) follows from Theorem (7.28)(ii), where 
и = g(x). 


| иц І и 
(1) Їе dx = (са) +C (ii) fa du = (са) +C 


EXAMPLE 2 Evaluate 
(а) [* dx |b} [азва 4х 


SOLUTION 
(a) Using (i) of Theorem (7.29) yields 


1 
47 1х = Ч 35 . 
Ї dx (5 3) +C 


(b) To use (ii) of Theorem (7.29), we make the substitution 


22 


ix du — 2x dx 


and proceed as follows: 


f» dx ei 32x) dx =4 ЇР йи 


2 І І и = l (x?) 
=i) с (з) " 


EXAMPLE 3 An important problem in oceanography is determining 
the light intensity at different ocean depths. The Beer-Lambert law states 
that at a depth x (in meters), the light intensity /(x) (in calories/cm?/sec) is 
given by I(x) = Ipa*, where I) and a are positive constants. 

(a) What is the light intensity at the surface? 

(6) Find the rate of change of the light intensity with respect to depth at 
a depth x. 
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Definition of log, х (7.30) 





(c) If a = 0.4 and 1, = 10, find the average light intensity between the 
surface and a depth of x meters. 


(d) Show that I(x) = Ге“ for some constant К. 


SOLUTION 
(a) At the surface, x = 0 and 
КО) = Toa = Is. 
Hence the light intensity at the surface is To. 
(b) The rate of change of I(x) with respect to x is I(x). Thus, 
I'(x) = Ig(a* In a) = (In а)(1„а*) = (In ай ДХ). 


Hence the rate of change 1 (х) at depth x is directly proportional to I(x), 
and the constant of proportionality is In a. 


(c) If I(x) = 10(0.4)*, then, by Definition (5.29), the average value of J on 
the interval [0, 5] is 


1 5 х » 5 х » 
=й f 10(0.4)" dx = 2 [^ 048 dx 


5 


| 
=% 148 | =~ [0.45 — (04) 
E 04 9. | inom 04 бе 
— 1.97952 _ 


In (0.4) - 
(9) Using Definition (7.26) yields 


Қ = а= Ig 95162", 


== ЭЛ 


where k = Ina. 


Ifa x 1 and f(x) = «^, then f is a one-to-one function. Its inverse func- 
tion is denoted by log, and is called the logarithmic function with base a. 
Another way of stating this relationship is as follows. 


y=log,x ifandonlyif х= а” 


The expression log, x is called the logarithm of x with base a. In this 
terminology, natural logarithms are logarithms with base e; that is, 


In x = log, x. 


Laws of logarithms similar to Theorem (7.12) are true for logarithms with 
base a. 

To obtain the relationship between log, and In, consider у = log, x. or. 
equivalently, x = а”. Taking the natural logarithm of both sides of the last 
equation gives us In x = y In a, or y = (In x)/(In a). This proves that 

In x 


1 Хэ--, 
Ова * In a 
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Differentiating both sides of the last equation leads to (i) of the next theo- 
rem, Using the chain rule and generalizing to absolute values as in Theo- 
rem (7.11) gives us (ii), where u = g(x). 


Theorem (7.31) ЛЕ FX 
Ina x 


In x 


( м 
(i, D, log, x = Dx т) 


ша 


In |u| 1 1 
(i) 2, log, |u| = D, (922) - es Du 


ILLUSTRATION 
In x í oO | 
| ша р, log, x = р, (13) “in? х (In 2)x 
" In |x - 9 ) І | 2х 
= D 1 > x--9 =) = РАН `2х= 2 
х 108» | X | x ( In 2 ү 102 х2 —9 à (In 2)(x^ — 9) 


Logarithms with base 10 are useful for certain applications (see Exer- 
cises 4851 and 53). We refer to such logarithms as common logarithms 
and use the symbol log x as an abbreviation for log, x. This notation is 
used in the next example. 


EXAMPLE 4 If f(x) = log J/(2x + 5}, find f'(x). 
SOLUTION We first write f(x) = log (2x + S??. The law logu = 


r log u is true only if u > 0; however, since (2x + 57? = |2x + 5|? ?. we 
may proceed as follows: 





f(x) = log (2x + 5? 
= log |2x + 5?? 
= 3 log |2x +5 

21а |2х + 5 
3 №10 








Differentiating yields 
| 4 


5 


= In 10 2x + 5 шин 3(2x + 5) In 10° 


"ээ! bo 


Now that we have defined irrational exponents. we may consider the 
general power function / given by f(x) = x‘ for any real number c. If c is 
irrational, then, by definition, the domain of f is the set of positive real 
numbers. Using Definition (7.26) and Theorems (7.22) and (7.11)(i). we 
have 


D, x = D, e" = "хр (cln x) 


Ke JA Ё 
= ¢' In x ) Lx ( | = (xt 1 
X ух 


/ 


х 
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This proves that the power rule is true for irrational as well as rational 
exponents. The power rule for functions may also be extended to irrational 
exponents. 


ILLUSTRATION 


v2 E a? V 
=з р, (23 af 2X e 


ши D. (1 +e)" = л(1 + e?! D, (1 + e) 


= n(1 + е?” 12025) = 2ne?(1 + ey! 


EXAMPLE 5  Ify — x* and x » 0, find D, y. 


SOLUTION Since the exponent in х" is a variable, the power rule may 
not be used. Similarly, Theorem (7.28) is not applicable, since the base а 
is not a fixed real number. However, by Definition (7.26), x* = e*'"* for 
every x > 0, and hence 
D. (^) — D. (27 7) 
= e*'^* D (x In x) 


“Ч өөх 


ХЧ1-410Х) 


Another way of solving this problem is to use the method of loga- 
rithmic differentiation introduced in the preceding section. In this case we 
take the natural logarithm of both sides of the equation y = x* and then 
differentiate implicitly as follows: 

In y=Inx*=xIn x 
D, (In y) = D, (x In x) 
1 
-0,у-1-18х 
y 


D, y =y(1 + In x)= x*(1 + In x) 








We shall conclude this section by expressing the number e as a limit. 


Theorem (7.32) » 
1 п 
li) lim (1 + 5) ^ =e [ii] lim ( + 1) =e 
h-0 n 


new 


PROOF Applying the definition of derivative (3.5) to f(x) = In x and 
using laws of logarithms yields 


In (x + А) — In x 1, x+h 
- m - In 





у(х) = lim 
h0 1 hoo N X 


\ LA 
= lim (1 +) = tim in (1 2! | 
4-0 h x h-0 х 


х 
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EXERCISES 7.5 


Exer. 1-26; Find f'(x) if f(x) is the given expression. 


$-* 
9` х 
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Since /(х) = l;x, we have, for x = 1, 
1 = lim In (1 + h”. 
h--0 
We next observe. from Theorem (7.19), that 


+ lo 
(1+ А) = gin tem 


Since the natural exponential function is continuous at 1, it follows from 
Theorem (2.25) that 
lim (1 + A)!" = lim [e+] 


һ— 0 h-0 
[Jim in (1 A); ^ 
= е н-а 


| =e! =e. 
This establishes part (i) of the theorem. The limit in part (ii) may be ob- 
tained by introducing the change of variable n = 1/h with h > 0. ma 


The formulas in Theorem (7.32) are sometimes used to define the num- 
ber e. You may find it instructive to calculate (1 + Л)!" for numerically 
small values of h. Some approximate values are given in the following 
table. 


h (1 +h)” | h (1 + ну! 
0.01 2.704814 —0.01 2.731999 | 
0.001 2.716924 0.001 2.719642 
0.0001 2.718146 — 0.0001 2.718418 
0.00001 2.718268 — 0.00001 2.718295 
0.000001 2.718280 — 0.000001 2.718283 | 
To five decimal places, e = 2.71828. 
25 [ај е“ (bp х (e x** [8] (/5)* (е) x? 
26 (a) л (Ы x* (c) x" 19) л" (е) х2* 


Le 2 
E y 4 
5 log(x* + 3x? +1) 6 
ers 8 
9 (x? + 1)10'* 10 
11 log (3x? + 2)* 12 
13 1 хеде 14 
28812х-3| 

15 logIn x 16 In log x 
18 x" 19 (х+1)* 
21 Qs х 22 4 3х 


24 (cos 2x)* 


log; |6x — 7| 
32-х? 
(10° + 107 *)'9 


log yx? + 1 








Ехег, 27-42: Evaluate the integral. 


27 (a) fr dx 
28 [a] Ї 35 dx 
29 [а] Ta^ dx 
30 (а) qme ! dx 


31 Го" ах 


зз [ха ах 


ib) [',7°4х 
[b] Ї E 3* dx 
tb) | 57% ax 
ib) [2969 
32 [5 *dx 


~ (2х + 1)? 
эх 





34 | dx 


` 
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37 


39 


41 


42 


43 


44 


45 


47 

















» IE 

isot | йн 
1 1075 

Бє log x ss - ! Ух " 

js * sin x dx 40 I2 2 4 

(а) Ї л" dx (b) Їе dx 

te) Ї x* dx (4) [е ах 

la) Ї е" dx (b) ЇР dx 


(с) fr 5 dx (4) fis dx 
Find the area of the region bounded by the graphs of 
y=2*,x+y=landx=l. 


The region under the graph of y = 3 * from x = 1 to 
х = 2 is revolved about the x-axis. Find the volume of 
the resulting solid. 


An economist predicts that the buying power B(t) of a 
dollar t years from now will decrease according to the 
formula В(г) = (0.957. 


la] At approximately what rate will the buying power be 
decreasing two years from now? 


[b] Estimate the average buying power of the dollar over 
the next two years. 


When a person takes a 100-milligram tablet of an asthma 
drug orally, the rate R at which the drug enters the 
bloodstream is predicted to be R = 5(0.95)' mg/min. If 
the bloodstream does not contain any trace of the drug 
when the tablet is taken, determine the number of min- 
utes needed for 50 milligrams to enter the bloodstream. 


One thousand trout, each one year old, are introduced 
into a large pond. The number still alive after / years is 
predicted to be №1) = 1000(0.9)'. 


(а) Approximate the death rate dN/dt at times t = 1 and 
t = S. At what rate is the population decreasing when 
N 2 500? 

(b) The weight W(t) (in pounds) of an individual trout is 
expected to increase according to the formula W(1) = 
0.2 + 1.5t. After approximately how many years is 
the total number of pounds of trout in the pond a 
maximum? 


The vapor pressure P (in psi), a measure of the volatility 
of a liquid, is related to its temperature T (in Е) by the 
Antoine equation: log P = a + [b/(c + T)], for constants 
a, b, and c. Vapor pressure increases rapidly with an 
increase in temperature. Find conditions on a, b, and ¢ 
that guarantee that P is an increasing function of T. 


49 


51 


54 


Chemists use a number denoted by pH to describe quan- 
titatively the acidity or basicity of solutions. By defini- 
tion, pH = —log [Н ], where [Н * ] is the hydrogen ion 
concentration in moles per liter. For a certain brand of 
vinegar it is estimated (with a maximum percentage error 
of +0.5%%) that [H*] = 6.3 х 107°. Calculate the pH 
and use differentials to estimate the maximum percent- 
age error in the calculation. 


The magnitude R (on the Richter scale) of an earthquake 
of intensity J may be found by means of the formula 
R = log (1/1), where Io is a certain minimum intensity. 
Suppose the intensity of an earthquake is estimated to 
be 100 times Jọ. If the maximum percentage error in 
the estimate is +1%, use differentials to approximate 
the maximum percentage error in the calculated value 
of R. 


Let R(x) be the reaction of a subject to a stimulus of 
strength x. For example, if the stimulus x is saltiness (in 
grams of salt/liter), R(x) may be the subject's estimate of 
how salty the solution tasted on a scale from 0 to 10. A 
function that has been proposed to relate R to x is given 
by the Weber-Fechner formula: R = a log (x/xo), where a` 
is a positive constant. 
(a) Show that R = 0 for the threshold stimulus x = xo. 
[b] The derivative S = dR/dx is the sensitivity at stimu- 
lus level x and measures the ability to detect small 
changes in stimulus level. Show that S is inversely 
proportional to x, and compare S(x) to S(2x). 


The loudness of sound, as experienced by the human ear, 
is based on intensity level. A formula used for finding 
the intensity level that corresponds to a sound intensity 
l is x = 10 log (1/1) decibels, where I is a special value 
of I agreed to be the weakest sound that can be detected 
by the ear under certain conditions. Find the rate of 
change of x with respect to J if 


[a] 1 is 10 times as great as Io 

(b) I is 1000 times as great as I; 

(с) 1 15 10,000 times as great as /, (This is the intensity 
level of the average voice.) 


If a principal of P dollars is invested in a savings account 
for t years and the yearly interest rate r (expressed as 
а decimal) is compounded п times per year, then the 
amount A in the account after t years is given by the 
compound interest formula: A = P[1 + (r/n)]". 


[a] Let h = rin and show that 
In A — In P 4- rt In (1 + 1)! ^, 


[b] Let n + « and use the expression in part (a) to es- 
tablish the formula А = Pe" for interest compounded 
continuously. 


Establish Theorem (7.32)(ii) by using the limit in part (1) 
and the change of variable n = L/h. 





416 CHAPTER 7 LOGARITHMIC AND EXPONENTIAL FUNCTIONS 








55 Prove that lim,.., [1 + (x/n)]" = e* by letting h = x/n {а} Estimate the x-coordinate of the point of intersection 
and using Theorem (7.32)(1). of the graphs. 
[e] 56 By letting h = 0.1, 0.01, and 0.001, predict which of the [b] If the region R bounded by the graphs and the line 


x = lis revolved about the x-axis, set up an integral 
that can be used to approximate the volume of the 
resulting solid. 


following expressions gives the best approximation of e 
for small values of h: 
(U+, (1А А2)", (1 +h 22)" : | 
| юэ” {с} Use Simpson's rule, with n = 4, to approximate the 
[c] 57 кй on the same coordinate axes, y= 2 * and integral in (b). 
y = log, x. 
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Suppose that a physical quantity varies with time and that the magnitude 
of the quantity at time г is given by q(r). where q is differentiable and 
q(t) > 0 for every г. The derivative q'(t) is the rate of change of g(t) with 
respect to time. In many applications this rate of change is directly pro- 
portional to the magnitude of the quantity at time r; that is. 


qt) = cqt) 


for some constant c. The number of bacteria in certain cultures behaves 
in this way. If the number of bacteria g(t) is small, then the rate of increase 
q(t) is small; however, as the number of bacteria increases, the rate of 
increase also increases. The decay of a radioactive substance obeys a 
similar law: as the amount of matter decreases, the rate of decay —that 
is. the amount of radiation also decreases. As a final illustration, sup- 
pose an electrical condenser is allowed to discharge. If the charge on the 
condenser is large at the outset, the rate of discharge is also large, but as 
the charge weakens, the condenser discharges less rapidly. 
In applied problems the equation (1) = cq(t) is often expressed in 
terms of differentials. Thus, if y = q(t), we may write 
dy --0у, or dy-ecydt. 
dt е : : 
Dividing both sides of the last equation by у, we obtain 
1 
, T zd. 


Since it is possible to separate the variables y and г іп the sense that they 
can be placed on opposite sides of the equals sign—the differential equa- 
tion dy/dt = cy is а separable differential equation. We will study such 
equations in more detail later in the text and will show that solutions can 
be found by integrating both sides of the "separated" equation (1/y) dy = 


c dt. Thus, 
Ї : 4у = fe dt 





and, assuming y > 0. 


Iny2ct +4 
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Theorem (7.33) 


for some constant d. It follows that 


ү = е“ tal is ele, 


If yy denotes the initial value of y (that is. the value corresponding to 
t = 0). then letting t = 0 in the last equation gives us 


yo = ee? = e, 


and hence the solution y = ee" may be written 
y = yoe”. 


We have proved the following theorem. 


Let y be a differentiable function of t such that y > 0 for every t, 
and let yo be the value of y at t = 0. If dy/dt = cy for some constant 
c, then 


у= уде". 


The preceding theorem states that if the rate of change of y — q(t) with 
respect to t is directly proportional to y, then y may be expressed in terms 
of an exponential function. If y increases with t, the formula y = уе” is a 
law of growth. and if y decreases, it is a law of decay. 


EXAMPLE 1 The number of bacteria ina culture increases from 600 to 
1800 in two hours. Assuming that the rate of increase is directly pro- 
portional to the number of bacteria present, find 


(а) a formula for the number of bacteria at time / 
15) the number of bacteria at the end of four hours 


SOLUTION 


(а) Let y = g(t) denote the number of bacteria after г hours. Thus, 
Vo = q(0) = 600 and (2) = 1800. By hypothesis, 


dy 


= Cy. 
dt " 


Following exactly the same steps used in the proof of Theorem (7.33), we 
obtain 
y ўсе = 600e". 

Since y = 1800 when t = 2, we obtain the following equivalent equations: 

1800 = 60025), 3-2, Ф = 3122, 
Substituting for e" in y = 600e” gives us 

y = 600(3' 2), or у = 600(3)"2. 
(b) Letting t = 4 in y = 600(3) 2 yields 

y = 600(3)* ? = 600(9) = 5400. 
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EXAMPLE 2 Radium decays exponentially and has a half-life of ap- 
proximately 1600 years; that is, given any quantity, one-half of it will dis- 
integrate in 1600 years. 


(a) Find a formula for the amount y remaining from 50 milligrams of pure 
radium after t years. 


(b) When will the amount remaining be 20 milligrams? 


SOLUTION 
(a) If we let v = q(t), then 
Уо = q(0) = 50 and 4(1600) = $(50) = 25. 
Since dy/dt = cy for some с, it follows from Theorem (7.33) that 
y = 50е“. 
Since у = 25 when t = 1600, 


25- 5001609 Or е!600с - і. 


Непсе 


9 = 1/1600 


е“ = (1) 71500 
Substituting for e“ in y = 50e" gives us 
y = 50(2^! хоу. ог y= зүнөн. 


(b) Using y = 50(2) 71909, we see that the value of t at which y = 20 is a 
solution of the equation 


20 - 5002) ' 1899. ог 2! 1600 _ 3 


Taking the natural logarithm of each side. we obtain 


! 
Т ин 
” ma 1600 In 3 _ 

С In2 


EXAMPLE З Newton's law of cooling states that the rate at which an 
object cools is directly proportional to the difference in temperature be- 
tween the object and the surrounding medium. If an object cools from 
125 Е to 100°F in half an hour when surrounded by air at a temperature 
of 75°F, find its temperature at the end of the next half hour. 


SOLUTION Let y denote the temperature of the object after t hours of 
cooling. Since the temperature of the surrounding medium is 75 , the dif- 
ference in temperature is y — 75, and hence, by Newton's law of cooling, 


1 , 
ay ын с(у ын 75) 
dt 
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for some constant c. We separate variables and integrate as follows: 


-dy =c dt 


Ї : d 75 dy = fe dt 


Іа (у — 75) = ect + b 


for some constant 5. The last equation is equivalent to 
Since y= 125 when t = 0, 


Hence 


y— 75 = 50e", or у = 50e" + 75. 


Using the fact that y = 100 when t = 3 leads to the following equi- 


valent equations: 


100 = 50? + 75, &?-i4$-1 &=} 


Substituting 1 for e in y = 50e" + 75 gives us a formula for the tempera- 


ture after t hours: 
y= 502) + 75 
In particular, if t = 1. 


У = 500) + 75 = 87.5 F. 


In biology, а function С is sometimes used as follows to estimate the 


size of a quantity at time t: 
би) = ke’ 4e ^^ 


for positive constants k, A, and B. The function С is called a Gompertz 
growth function. It is always positive and increasing, but has a limit as г 
increases without bound. The graph of G is called a Gompertz growth 


curve. 


EXAMPLE 4 Discuss and sketch the graph of the Gompertz growth 


function G. 


SOLUTION We first observe that the y-intercept is G(0) = ke~ ^ 


that G(t) > 0 for every t. Differentiating twice. we obtain 
Gt) = ke! —Ae~ P D, ( — Ae P!) 
= ABke'^ Bt — Ae- Bt) 
G"(t) = АВке P - 4* 89 p (— Br — дет в) 
= ABK(—B + ABe "e 84е ^ 


and 
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FIGURE 7.18 
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Since G'(t) > 0 for every t, the function G is increasing on [0, оо). The 
second derivative (11) is zero if 


—~B+ABe"=0 or =A. 


Solving the last equation for t gives us t = (1/B) In A, which is a critical 
number for the function G'. We leave it as an exercise to show that at this 
time the rate of growth G' has a maximum value Bk/e. We can also show 
that 

lim G'(t) -0 and lim G(r) = k. 

хх сек 
Hence, as t increases without bound, the rate of growth approaches 0 and 
the graph of G has a horizontal asymptote y — K. A typical graph is 
sketched in Figure 7.18. The point P on the graph, corresponding to t = 
(1/B) In A, is a point of inflection, and the concavity changes from upward 
to downward at P. 


In the next example we consider a physical quantity that increases to 
a maximum value and then decreases asymptotically to 0. 


EXAMPLE 5 When uranium disintegrates into lead, one step in the 
process is the radioactive decay of radium into radon gas. Radon gas 
enters homes by diffusing through the soil into basements, where it pre- 
sents a health hazard if inhaled. If a quantity Q of radium is present ini- 
tially, then the amount of radon gas present after г years is given by 


со = 





си -en 
- е JH 


where c, = то In 2 and с, = goros In 2 are the decay constants for ra- 
dium and radon gas, respectively. 


(а| Find the amount of radon gas present initially and after a long period of 
time. 


(b) When is the amount of radon gas greatest? 





SOLUTION 
(a) The initial amount of radon gas is 
A(0) — 19 (е9 — e?) = 0. 
Ca — Cy 
If we let t increase without bound, then 
lim A(r) — GO an (e *" — ecc) 
£X Cy — Cy toe 
-12 (0-0 
б3 764 


Hence, over a long period of time, the amount of radon gas decreases to 
0. 
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15) To find the critical numbers of A, we differentiate, obtaining 


Thus, A(t) = 0 if 


It follows that 


or 


A'(t) = 


ce eu = с,е ен. ог e? 7 €0t = 


cQ 


Cy — Cy 


(—c,e ^" + се). 


C3 


Cy 


C3 
(c; — c) 2In— = in c3 — In Cy; 


Cy 
‘ Inc, — In c, 


Cs = Ci 


This value of г yields the maximum value of A. Substituting the given 
values for c, and c, gives us the approximation 


EXERCISES 7.6 


The number of bacteria in a culture increases from 5000 
to 15,000 in 10 hours. Assuming that the rate of increase 
is proportional to the number of bacteria present, find 
a formula for the number of bacteria in the culture at 
any time (|, Estimate the number at the end of 20 hours. 
When will the number be 50,000? 


The polonium isotope ?'?Po has a half-life of approxi- 
mately 140 days. If a sample weighs 20 milligrams ini- 
tially, how much remains after г days? Approximately 
how much will be left after two weeks? 


If the temperature is constant, then the rate of change 
of barometric pressure p with respect to altitude h is 
proportional to p. If р = 30 in. at sea level and p = 
29 in. when h = 1000 ft. find the pressure at an altitude 
of 5000 feet. 


The population of a city is increasing at the rate of 5°, 
per year. If the present population is 500,000 and the 
rate of increase is proportional to the number of people. 
what will the population be in 10 years? 


Agronomists use the assumption that a quarter acre of 
land is required to provide food for one person and esti- 
mate that there are 10 billion acres of tillable land in 
the world. Hence a maximum population of 40 billion 
people can be sustained if no other food source is avail- 
able. The world population at the beginning of 1980 was 
approximately 4.5 billion. Assuming that the population 


t x 0.181 year « 66 days. 





increases at a rate of 2% per year and the rate of increase 
is proportional to the number of people, when will the 
maximum population be reached? 


A metal plate that has been heated cools from 180 F 
to 150 Е in 20 minutes when surrounded by air at a 
temperature of 60°F. Use Newton's law of cooling (see 
Example 3) to approximate its temperature at the end 
of one hour of cooling. When will the temperature be 
100 F? 


An outdoor thermometer registers a temperature of 
40 Е. Five minutes after it is brought into a room where 
the temperature is 70. F, the thermometer registers 60 Е. 
When will it register 65 F? 


The rate at which salt dissolves in water is directly pro- 
portional to the amount that remains undissolved. If 
10 pounds of salt are placed in a container of water and 
4 pounds dissolve in 20 minutes, how long will it take 
for two more pounds to dissolve? 


According to Kirchhoffs first law for electrical circuits, 
V = RI + 1441/40). where the constants V, R, and L 
denote the electromotive force. the resistance, and the 
inductance, respectively, and / denotes the current at 
time г. If the electromotive force is terminated at time 
t = 0 and if the current is /; at the instant of removal, 
prove that Т = Ie к, 
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A physicist finds that an unknown radioactive substance 
registers 2000 counts per minute on a Geiger counter. 
Ten days later the substance registers 1500 counts per 
minute. Approximate its half-life. 

The air pressure P (in atmospheres) at an elevation of z 
meters above sea level is a solution of the differential 
equation dP/dz = —9.81p(z), where p(z) is the density 
of air at elevation z. Assuming that air obeys the ideal 
gas law, this differential equation can be rewritten as 
dP/dz = —0.0342P/T, where T is the temperature (in 
°K) at elevation z. If T = 288 — 0.012 and if the pressure 
is 1 atmosphere at sea level, express P as a function of z. 


During the first month of growth for crops such as maize, 
cotton, and soybeans, the rate of growth (in grams/day) 
is proportional to the present weight W. For a species 
of cotton, dW/dt — 0.21W. Predict the weight of a plant 
at the end of the month (t = 30) if the plant weighs 70 
milligrams at the beginning of the month. 


Radioactive strontium-90, ??Sr, with a half-life of 29 
years, can cause bone cancer in humans. The substance 
is carried by acid rain, soaks into the ground, and is 
passed through the food chain. The radioactivity level 
in a particular field is estimated to be 2.5 times the safe 
level S. For approximately how many years will this field 
be contaminated? 


The radioactive tracer ?'Cr, with a half-life of 27.8 days, 
can be used in medical testing to locate the position of 
a placenta in a pregnant woman. Often the tracer must 
be ordered from a medical supply lab. If 35 units are 
needed for a test and delivery from the lab requires two 
days, estimate the minimum number of units that should 
be ordered. 


Veterinarians use sodium pentobarbital to anesthetize 
animals. Suppose that to anesthetize a dog. 30 milli- 
grams are required for each kilogram of body weight. If 
sodium pentobarbital is eliminated exponentially from 
the bloodstream and half is eliminated in four hours, 
approximate the single dose that will anesthetize a 20- 
kilogram dog for 45 minutes. 


In the study of lung physiology, the following differential 
equation is used to describe the transport of a substance 
across a capillary wall: 


dh V h 
d 01к-47 


where h is the hormone concentration in the blood- 
stream, г is time, V is the maximum transport rate, О 
is the volume of the capillary, and k is a constant that 
measures the affinity between the hormones and en- 
zymes that assist with the transport process. Find the 
general solution of the differential equation. 


h space probe is shot upward from the earth. If air resis- 
tance is disregarded, a differential equation for the ve- 


19 


20 


21 





locity after burnout is v (dv/dy) = —ky~*, where y is the 
distance from the center of the earth and k is a positive 
constant. If y, is the distance from the center of the earth 
at burnout and v, is the corresponding velocity, express 
v as a function of y. 


At high temperatures, nitrogen dioxide, МО,, decom- 
poses into NO and O,. If y(t) is the concentration of 
МО, (in moles per liter), then, at 600°K, y(t) changes 
according to the second-order reaction law dy/dt = 
— 0.05 у> for time t in seconds. Express y in terms of t and 
the initial concentration yy. 


The technique of carbon-14 dating is used to determine 
the age of archeological or geological specimens. This 
method is based on the fact that the unstable isotope 
carbon-14 (!*C) is present in the CO, in the atmosphere. 
Plants take in carbon from the atmosphere; when they 
die, the '*C that has accumulated begins to decay, with 
a half-life of approximately 5700 years. By measuring 
the amount of !*C that remains in a specimen, it is pos- 
sible to approximate when the organism died. Suppose 
that a bone fossil contains 20% as much '*C as an equal 
amount of carbon in present-day bone. Approximate the 
age of the bone. 


Refer to Exercise 19. The hydrogen isotope 3H, which 
has a half-life of 12.3 years, is produced in the atmo- 
sphere by cosmic rays and is brought to earth by rain. 
If the wood siding of an old house contains 107; as much 
ЎН as the siding on a similar new house, approximate 
the age of the old house. 


The earth's atmosphere absorbs approximately 327; of 
the sun's incoming radiation. The earth also emits ra- 
diation (mostly in the form of heat), and the atmo- 
sphere absorbs approximately 939, of this outgoing 
radiation. This difference in absorption of incoming 
and outgoing radiation by the atmosphere is called the 
greenhouse effect. Changes in this balance will affect the 
earth's climate. Suppose /, is the intensity of the sun's 
radiation and / is the intensity of the radiation after 
traveling a distance x through the atmosphere. If p(h) 
is the density of the atmosphere at height h, then the 
optical thickness is f(x) = k (5 p(h) dh, where k is an ab- 
sorption constant, and / is given by | = Ье 777, Show 
that dI/dx = —Кр(х)1. 


Certain learning processes may be illustrated by the 
graph of f(x) = a + М1 — e **) for positive constants а, 
b, and c. Suppose a manufacturer estimates that a new 
employee can produce five items the first day on the job. 
As the employee becomes more proficient, the daily pro- 
duction increases until a certain maximum production 
is reached. Suppose that on the nth day on the job, the 
number /(n) of items produced is approximated by the 
formula f(n) = 3 + 20(1 — e~ °"). 
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{a} Estimate the number of items produced on the fifth 
day, the ninth day, the twenty-fourth day, and the 
thirtieth day. 


[b] Sketch the graph of f from n = 0 to n = 30. (Graphs 
of this type are called learning curves and are used 
frequently in education and psychology.) 

{с} What happens as n increases without bound? 

23 A spherical cell has volume V and surface area S. A 
simple model for cell growth before mitosis assumes that 
the rate of growth dV/dt is proportional to the surface 
area of the cell. Show that dV/dt = kV?? for some k > 0, 
and express V as a function of r. 


7.7 . REVIEW EXERCISES. 11044 
Exer. 1-2: Find f^ (х). 


1 f(x) = 10 — 15x 2 f(x) 29—2x , x 0 


Exer. 3-4: Show that the function / has an inverse func- 
tion, and find [D, f~'(x)],=, for the given number a. 

3 Фб = ээ —8x+5, –1<х<1; а= 5 

4 (х) = ез + 20 —5, x 20; а= —2 
Ехег. 5-38: Find f'(x) if f(x) is the given expression. 


5 In|4— 5x4]* 6 In|x? - 7]? 











24 [n Theorem (7.33) we assumed that the rate of change 
of a quantity g(t) at time t is directly proportional to 
q(t). Find q(t) if its rate of change is directly proportional 
to [qr . 

25 Refer to Example 4. 

(a) Verify that Bk/e is a maximum value for G’. 
15) Show that lim, G'(t) = 0 and Їт,,, G(t) = k. 
[c] Sketch the graph of G if k = 10, A = 2, and В = 1. 


[c] 26 Graph the Gompertz growth function G on the interval 


[0, 5] for k = 1.1, A = 32, and B = 1.1. 





Exer. 39-40: Use implicit differentiation to find y'. 


39 1 4- xy =e” 40 In(x+y)+x?—2y3=1 


Exer. 41—42: Use logarithmic differentiation to find 
ау!ах. 


41 у= (х + 2)#%(х — 392 42 у--/(3х-1)/2х + 5 


Exer. 43-78: Evaluate the integral. 








1 4 1 
43 (а) Ї ——— dx [b] -——— dx 
Xxe"* 


44 (a) Ї er sets дү (5) |! e735*2 dx 








wm [Site — «Ene 
47 fx tanx? dx 48 foot(x +=) as 
49 [> 4х 50 i dx 
51 —Huz x 52 [a^ 





2-9х 
7 (1—2х)1п|1—2х| 8 log =. 
—х 
(3x + 2)*4/6х — 5 x 
9 In— 10 In 4/ ——— 
8x —7 \/ Эх +5 
11 ! 12 ae 
In (2x? + 3) e^ + 1 
7-4 qe is fen 
In x x 
16 Ine 17 In (e** +9) 18 472+ 
19 10° log x 20 5?* + (3x) 21 Ул уух 
тг z 273x 
22 (1 + Jx)* 23 E 24 ——— 
ый. х +4 
25 Je? +e ™ 26 (x? + 1)** 27 10"* 
28 7115! 29 x^* 30 (In x)'^* 
31 In |tan x — sec x | 32 Incsc ух 
33 csce ™ cote ?* S xe 
35 In cos? 4x зь Зая 
. 1 
37 (sin xy** 38 —, X 
sin? e^ 3: 











1+ ех)? (e~ + ey 
53 poe dx 54 | Em m dx 
x? x*4-1 
55 {i I dx 
evr el* 
57 T = dx 58 Ї m dx 
х Sy 
9 Juni [z^ 
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е“ 1 
- dx 62 |1|(1-е “УР dx 
J 1406" | 
Ї 5*e* dx 64 [10° dx 
1 быз 
| £e 66 | T1 + 7 dx 
xvlog x x 
| e *sine хах 68 [ап x e*** sec x dx 
esc? x COS X + sin X 
dx 70 Ї dx 
1 + cot x sin x — cos x 
= i 72 [3*3 + sin 3*) d: 
—— í sin 3*) dx 
1 — 2 sin 2x fox 
, "E x 4 
[е tan ех dx 74 Б ig 
[tese 3x + 1)? dx 76 |cos2x esc 2x dx 
-sinx + 1 
[со 9x + ese 9x) dx 78 | dx 
J cos x 
Solve the differential equation у” = —e ?* subject to 


the conditions y = —1 and y = 2 if x = 0. 


In seasonal population growth. the population git) at 
time | (in years) increases during the spring and summer 
but decreases during the fall and winter. A differential 
equation that is sometimes used to describe this type of 
growth is 411)/411) = sin 2zt, where k > 0 and 1-0 
corresponds to the first day of spring. 


{a} Show that the population g(t) is seasonal. 
[b] If go = д(0), find a formula for q(t). 


A particle moves on a coordinate line with an accelera- 
tion at time г of e"? cm/sec?. At t = 0 the particle is at 
the origin and its velocity is 6 cm/sec. How far does it 
travel during the time interval [0, 4]? 


Find the local extrema of f(x) = x? In x for x > 0. Dis- 
cuss concavity, find the points of inflection, and sketch 
the graph of f. 


Find an equation of the tangent line to the graph of the 
equation y = xe“ + In |2 — x? | at the point P(1, e). 


Find the area of the region bounded by the graphs of 
the equations y = e^, y = xi? 1 x 20, and x = I. 
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The region bounded by the graphs of y = e**, x = —2. 


x = —3, and y = 0 15 revolved about the x-axis. Find 
the volume of the resulting solid. 


The 1980 population estimate for India was 651 million, 
and the population has been increasing at a rate of about 
2%, per year, with the rate of increase proportional to 
the number of people. If г denotes the time (in years) 
after 1980, find a formula for N(r), the population (in 
millions) at time r. Assuming that this rapid growth rate 
continues, estimate the population and the rate of popu- 
lation growth in the year 2000, 


A radioactive substance has a half-life of 5 days. How 
long will it take for an amount 4 to disintegrate to the 
extent that only 17, of А remains? 


The carbon-14 dating equation T — —8310 In x is used 
to predict the age T (in years) of a fossil in terms of the 
percentage 100x of carbon still present in the specimen 
(see Exercise 19, Section 7.6). 


(a) If x = 0.04, estimate the age of the fossil to the 
nearest 1000 years. 


(5) If the maximum error in estimating x in part (a) 
15 + 0.005, use differentials to approximate the maxi- 
mum error in 7. 


The rate at which sugar dissolves in water is propor- 
tional to the amount that remains undissolved. Suppose 
that 10 pounds of sugar are placed in a container of wa- 
ter at 1:00 P.M., and one-half is dissolved at 4:00 р.м. 


(а| How long will it take two more pounds to dissolve? 


[b] How much of the 10 pounds will be dissolved at 
8:00 р.м.” 


According to Newton's law of cooling. the rate at which 
an object cools is directly proportional to the difference 
in temperature between the object and its surrounding 
medium. If f(t) denotes the temperature at time г, show 
that f(t) = T + [,f(0) — T Je", where T is the temper- 
ature of the surrounding medium and K is a positive 
constant. 


The bacterium E. coli undergoes cell division approxi- 
mately every 20 minutes. Starting with 100,000 cells, 
determine the number of cells after 2 hours. 

The differential equation p dr + cv dp = 0 describes the 


adiabatic change of state of air for pressure p. volume 
v, and a constant c. Solve for p as a function of v. 
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INTRODUCTION 


The chapter begins with a review of the inverse trig- 
onometric functions that are studied in trigonometry 
courses. We next apply methods of calculus to obtain 
formulas for derivatives and integrals. The fact that 
function values may be regarded as angles allows us to 
consider applications such as measuring the rate of 
change in the angle of elevation as an observer tracks 
an object in flight, finding the rate at which a search- 
light is rotating. and determining an angle that mini- 
mizes energy loss as blood flows through a blood 
vessel. 

The hyperbolic functions, defined in Section 8.3, 
are used in the physical sciences and engineering to 
describe the shape of a flexible cable that is supported 
at each end, to find the velocity of an object in a 
resisting medium such аз air or water, and to study 
the diffusion of radon gas through a basement wall. 

The chapter closes with a discussion of the inverse 
hyperbolic functions. These functions are used pri- 
marily for evaluating certain types of integrals. 
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FIGURE 8.1 
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FIGURE 8.2 
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Definition (8.1) 


ILLUSTRATION 





Since the trigonometric functions are not one-to-one, they do not have 
inverse functions (see Section 7.1). By restricting their domains, however, 
we may obtain one-to-one functions that have the same values as the 
trigonometric functions and that do have inverses over these restricted 
domains. 

Let us first consider the graph of the sine function. whose domain is 
R and range is the closed interval [ — 1, 1] (see Figure 8.1). The sine func- 
tion is not one-to-one, since a horizontal line such as y = } intersects the 
graph in more than one point. Thus, numbers such as 7/6, 57/6, and 
— 7n/6 yield the same function value, }. If we restrict the domain to 
[—^7/2, 1/2]. then, as illustrated by the solid portion of the graph in 
Figure 8.1, we obtain an increasing function that takes on every value of 
the sine function once and only once. This new function, with domain 
[ —7/2, 2/2] and range [ — 1, 1], is continuous and increasing and hence, 
by Theorem (7.6), has an inverse function that is continuous and in- 
creasing. The inverse function has domain [ — 1, 1] and range [ — 7/2, 7/2]. 
This leads to the following definition. 


The inverse sine function, denoted sin  ', is defined by 


у= іп! х ifandonly if x=siny 


for —1zxzxland —л/2<у<л/2. 


The inverse sine function is also called the arcsine function, and arcsin x 
is often used in place of sin! x. The — 1 in sin ^! is not to be regarded 
as an exponent, but rather as a means of denoting this inverse function. 
The notation y = sin ! x may be read y is the inverse sine of x. The equa- 
tion x — sin y in the definition allows us to regard y as an angle, and hence 
у = sin} x may also be read y is the angle whose sine is x. Observe that, 
by Definition (8.1), 


«sin хє 


ора 


METOE. А 1 л л 
m [Г[у=їп '..thensny-.and - < у < =. Hence y = =. 
2 " 2 2 ^ 3 i 
1 1 л л 
um If у= arcsin | —— узср--аа А--«у«- 
If y 22 3) then sin у > and 2 «ух y 


Hence y — — 


сз 


Using the method we introduced in Section 7.1 for sketching the graph 
of an inverse function, we can sketch the graph of y = sin ' x by reflecting 
the solid portion of Figure 8.1 through the line y — x. This gives us 
Figure 8.2. We could also use the equation x = sin y with —z/2 < y € z/2 
to find points on the graph. 
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The relationships f(f~ '(x)) = x and f~ '(f(x)) = x that hold for any 
inverse function f ' give us the following properties. 


Properties of sin" ' (8.2) | 
[i] ѕіп (5іп x)=sin(arcsinx)=x if —1<х<1 


SNC S n 
(ii) sin! (sin x) = arcsin(sinx) 2x if ——<х< 





FIGURE 8.3 








ILLUSTRATION 
y гг] Lb. 1 
EB sin{ sin 5 = ? since —1« 5 seu 
am : Oe) 297 л x л 
arcsin | sin 3712 since Us « 1 « 3 


2л 3 л 
m сіп! (сіп |= іп! [|= 
( 3 ) ( 2 3 


Be careful when using (8.2). In the third part of the preceding illus- 
tration, 27/3 is not between -л/2 and л/2, and hence we cannot use (ii) 
of (8.2). Instead, we use properties of special angles (see Section 1.3) to 
first evaluate sin (27/3) and then find sin ^! (4/3/2). 

We may use the other five trigonometric functions to define inverse 
trigonometric functions. If the domain of the cosine function is restricted 
to the interval (0, л] (see the solid portion of Figure 8.3), we obtain a one- 
to-one continuous decreasing function that has a continuous decreasing 
inverse function. This leads to the next definition. 


Definition (8.3) P 
The inverse cosine function, denoted cos |, is defined by 
y=cos !x ifand only if x = cosy 


for -1xxxlandO0xyzzm. 


The domain of the inverse cosine function is [ — 1, 1], and the range is 
[0, х]. The notation y = cos ^! x may be read y is the inverse cosine of x 
or y is the angle whose cosine is x. The inverse cosine function is also 
called the arccosine function. and the notation arccos x is used inter- 
changeably with cos! x. 


ILLUSTRATION 


1 1 л 
= [fj —cos ^! уг then cos у = : and 0 € y < л. Hence y= 37 


1 1 2 
um [f у = arccos (-) then cos y = = and 0 € y < л. Hence у= з 


The graph of the inverse cosine function may be found by reflecting 
the solid portion of Figure 8.3 through the line y = x. This gives us the 
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Properties of cos" ' (8.4) 


ILLUSTRATION 


FIGURE 8.5 
y=tan x, —7/2 < x < л/2 








Definition (8.5) 
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sketch in Figure 8.4. We could also use the equation x = cos y with 
0 < y € to find points on the graph. 


FIGURE 8.4 





Since cos and соѕ ! are inverse functions of each other, we obtain the 
following properties. 


(i) со (со8 t х) = соѕ (агссоѕ х) = х if —1<х<1 


(ii) cos ' (cos х) = arccos (cos x) = х if 0«х«л 


4 


1 1! D a | 
ms cos | cos 4-1) -—2 %Їйббё -1--241 
A. 
яв arccos | cos Э 


иш cos ! [cos (- 


Note that in the third part of the preceding illustration, — 7/4 is not 
between 0 and л. and hence we cannot use (ii) of (8.4). Instead, we first 
evaluate cos ( — 7/4) and then find соѕ ! (42/2). 

If we restrict the domain of the tangent function to the open interval 
( — 7/2, 1/2), we obtain a continuous increasing function (see Figure 8.5). 
We use this new function to define the inverse tangent function. 


: 2л 
since 0< гэ ER 





ьа чы” d 
Il 
ә | t? 


The inverse tangent function, or arctangent function, denoted Бу 
tan” !, or arctan, is defined by 


у = (ап! х = агсап х ifand only if x — tan у 


for every x and —z/2 < y < 7/2. 
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The domain of the arctangent function is R, and the range is the open 
interval (—z/2. 1/2). We can obtain the graph of y = tan ^! x in Fig- 
ure 8.6 by reflecting tne graph in Figure 8.5 through the line y = x. 


FIGURE 8.6 





As with sin’! and соз}, we have the following. 


Properties of гап! (8.6) 22 


(i) tan (tan~* x) = tan (arctan х) 2 x for every x 





» . Л л 
(ii) (ап! (tan x) = arctan (tanx)=x if a <x < > 
ILLUSTRATION 
л л 
ша |f у = arctan (— 1), then tan y = —1 and —— ўе. 
n 
Hence y = ——. 
а 4 
ша (ап (tan~! 1000) = 1000 by (8.6)(i) 
л л л л ж 
ши tan |їап-|-- since -= <- < = 
( =) 4 2 4 2 
WE arctan (tan л) = arctan 0 = 0 
EXAMPLE 1 Find the exact value of sec (arctan 4). 
FIGURE 8.7 SOLUTION — If welet y = arctan 3, then tan y = 3. We wish to find sec y. 
Since —л/2 < arctan x < 7/2 for every x and tan y > 0, it follows that 
0 < y< 2/2. Thus, we may regard y as the radian measure of an angle 
Via of a right triangle such that tan y = 4, as illustrated in Figure 8.7. By the 
2 Pythagorean theorem, the hypotenuse is 4/32 + 2? = 13. Referring to 


the triangle, we obtain 


2 JB 
sec | arctan = | = sec y = — " 
3 3 TS 
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FIGURE 8.9 
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Definition (8.7) 





If we consider the graph of y = sec x, there are many ways to restrict 
x so that we obtain a one-to-one function that takes on every value of 
the secant function. There is no universal agreement on how this should 
be done. It is convenient to restrict x to the intervals [0, л/2) and (л, 37/2), 
as indicated by the solid portion of the graph of у = sec x in Figure 8.8, 
instead of to the “more natural” intervals [0, 2/2) and (7/2, л], because 
the differentiation formula for the inverse secant is simpler. We show in 
the next section that D, sec ! x = l/(xy x? — 1). Thus, the slope of the 
tangent line to the graph of y = sec! x is negative if x < — 1 or positive 
if x > 1. For the more natural intervals, the slope is always positive, and 
we would have D, sec ^! x = I/(|x| x? — 1). 





FIGURE 8.8 
у = secx 


ў 





The inverse secant function, or arcsecant function, denoted by sec '. 
or arcsec, is defined by 


уз ёс !x-arcsec x ifand only if х = ѕес у 


for |x| > Тапа y in [0, z/2) or in (л, 37/2). 


The graph of y = sec ! x is sketched in Figure 8.9. 

The inverse cotangent function, со! !, and inverse cosecant function, 
csc !, can be defined in similar fashion (see Exercises 31—32). 

The following examples illustrate some of the manipulations that can 
be carried out with inverse trigonometric functions. 


EXAMPLE 2 Find the exact value of sin (arctan 3 — arccos $). 


nie 


SOLUTION If we let 
u=arctan} and v= arccos $, 
then tanu=4 and cosv=#. 


We wish to find sin (и — v). Since u and v are in the interval (0, 7/2), they 
can be considered as the radian measures of positive acute angles, and 
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FIGURE 8.10 we may refer to the right triangles in Figure 8.10. This gives us 


M: 1 sin 6 Ё 1 3 о ы 
и=—=, cos u = —, sin v = =, cosu=-. 
45 * 45 Ё 5 5 
2 
5 


Using the subtraction formula for the sine function, we obtain 


sin (и — v) = sinu cos v — cos u sin v 


1 2 _ 245 





431 


EXAMPLE З If —1 <x <1, rewrite cos (sin ' x) as an algebraic ex- 


pression in x. 


SOLUTION Let 


y-sin х, ог, equivalently, sin y = x. 


We wish to express cos y in terms of x. Since —z/2 < y < z/2, it follows 


FIGURE 8.11 that cos y > 0, and hence 


у= зіп! х соз y = 4/1 — зіп? y 2 4/1 — х2. 





Consequently cos (зіп! x) = 4/1 — x?. 


The last identity can also be seen geometrically if 0 < x < I. In this 


case 0 < y < 2/2, and we may regard y as the radian measure of an angle 
of a right triangle such that sin y = x, as illustrated in Figure 8.11. (The 


side of length 4/1 — x? is found by using the Pythagorean theorem.) 


Referring to the triangle, we have 


1-4 


-e cos (sin 7 x) = cos y = — = 41 — х2. 
V1 — <x ( d 1 У 





EXAMPLE 4 Find the solutions of 5 sin? t + 3 sin t — 1 = 0 that are 


in the interval [ — z/2, л/2]. 


SOLUTION The equation may be regarded as a quadratic equation in 


sin t. Applying the quadratic formula yields 





Using the definition of the inverse sine function, we obtain the following 


solutions: 
t = sin^! 45(—3 + 4/29) x 0.2408 
t = sin^! 45(—3 — 4/29) = — 0.9946 
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СНАРТЕН 8 


INVERSE TRIGONOMETRIC AND HYPERBOLIC FUNCTIONS 








exencises{6.1] 


Exer. 1-18: Find the exact value of the expression, 


whenever it is defined. 


zo 48 
(а) sin! (-) 


- 


(c) зааг! (—4/3) 
2 in ! 1 
fa) sin E 


[c] tan™' (—1) 


3 
3 ja] arcsin E 


1 
ic] arctan —- 
We 

4 [a] arcsin 0 
ic} arctan 0 


5 {a} 3107! 5 
3 
(с) гапт! 1 


= Ж 
6 fa] arcsin ^ 


эн 


/ 
fe) arctan (9) 
3 
? (al si | A 
a i -= 
sın | агсыл 10, 


ic] tan (arctan 14) 


е 
8 Эр, — 
fa) sin (sin 1) 


{с} tan [tan ' (—9)] 


Р л 
9 (a) sin in ) 


[c] tan™ 

10 (a) arcsin 
n 

[c] arctan | tan — 

4 

11 [a] шк 


ici arctan 875 
иг 


2л 
12 (а) sin! 2 1) 





1 
мус 1 
(01:08 (-) 


N 
15) arccos — 


{Б} arccos (— 1) 


[b] cos"! 


әл 


л 
[b] arccos 3 


1 
Ib] cos ЁС ;) 
[b] cos | cos”! 4 
5 
18) cos ^! - = 
er (os 


[b] arccos (cos 0) 


5л 
(01 arccos | cos 4 


^ / 


(Ы) cos ^! (cos *) 


(с) tan ^ ' | tan ТЕ: 
е 6 
` .. 1 
13 [ај sin С ! (-3] 


|с} tan [зїп ' (— 1)] 


[b] eos ап! 1) 


21 


(>) eos (sin ! 1) 


3 
15) ЯС (- 
[b] se ан) 
sec | ta - 
4, 


14 [s] sin (tan 


oz 


fc) tan (cos 


15 [a] cot (sin 


| ә 
b" 


un 


| 

A — 
Sacer 
ў 


[c] csc С 


ата 


16 [a] cot [sin (- ү 


— ) 


чл КЖ 
EI 


17 [a] sin arcsin 1 + arccos i 


arctan — aresin 
5 
8 
с) tan arctan $ + arccos 17 


(01 cos 


18 [ај sin 
15) cos 


sin Teano 17. 
5 
1 
2 


їс) tan [eos : 


\ 


Ехег. 19-22: Rewrite аз an algebraic expression in х for 


x>0. 


19 sin(tan ! x) 


х 
21 8 in ! 
sec (sin 3 


20 tan (arccos х) 


Р 1 
22 cot (sin } ) 
x 


4 


Exer. 23-30: Sketch the graph of the equation. 


23 у= sin! 2x 24 y 2isin !x 


25 y=cos ! 4x 26 y—260$ х 
27 y —21tàn^! x 28 y = (ап! 2x 
279 y= sin (arccos x) 30 y= sin (іп! 


x) 


31 {ај Define cot ^! by restricting the domain of the cotan- 


gent function to the interval (0, л). 
15) Sketch the graph of y = cot ' x. 





5.7 DERIVATIVES AND INTEGRALS 


32 
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{з} Define csc ^! by restricting the domain of the cose- 
cant function to |--7/2,0) ù (0, z 2]. 


(5) Sketch the graph of y = esc! x. 


Exer. 33—36: |») Use inverse trigonometric functions to 
find the solutions of the equation that are in the given 
interval. [b] Approximate the solutions to four decimal 


places. 
33 2tan? t - 9 tan t + 3 = 0; (—2/2. n/2) 
34 3sin? r+ 7 sint + 3 = 0; [72/2. 1/2 


15cos* x — 14cos? x + 3 = 0; [0.x] 


As shown in the figure, a sailboat is following a straight- 
line course /. The shortest distance from a tracking sta- 
tion T to the course is d miles. As the boat sails, the 
tracking station records its distance k from T and its 
direction 0 with respect to T. Angle x specifies the direc- 
tion of the sailboat. 


{а} Express x in terms of d, k. and 0. 
[b] Estimate 2 to the nearest degree if d = 50 mi and 
= 210 mi and 0 = 534. 


EXERCISE 37 





8.2 DERIVATIVES AND INTEGRALS 


40 


An art critic whose eye level is 6 feet above the floor 
views a painting that is 10 feet in height and is mounted 
4 feet above the floor, as shown in the figure. 


is) If the critic is standing x feet from the wall, express 
the viewing angle 0 in terms of x. 


ib] Use the addition formula for the tangent to show 


10х 
that 0 = tan~! P эй : 
x*— 16 


ic] For what value of x is 0 = 45 ? 


EXERCISE 38 





The only inverse trigonometric function available in 
some computer languages is tan. '. In BASIC, this func- 
tion is denoted by ATN(X). Express the following in 
terms of tan ^ !. 


(a) sin! x for|x| «1 


(p] eos"! x for |х| «Там x #0 

If —1 <x <1, isit always possible to find sin. ' (sin ! x) 
by pressing the calculator key sequence INV |siN twice? 
If not, determine the permissible values of x. 


In this section we shall concentrate on the inverse sine, cosine, tangent, 
and secant functions. Formulas for their derivatives and for integrals that 
result in inverse trigonometric functions are listed in the next two theo- 
rems, with u = g(x) differentiable and x restricted to values for which the 
indicated expressions have meaning. You may find it surprising to learn 
that although we used trigonometric functions to define inverse trigonom- 
etric functions, their derivatives are algebraic functions. 
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Theorem (8.8) 1 
0 D, sin“! u = р, и 
41-12 
| І 
(и) Р.Ссов”1и-------0,и 
1— и? 
(ш) Ш, tan * u = ри 
* V 1 +u? x 
(iv D ir i TE eni u 
5 и/2-1 7 





PROOF We shall consider only the special case u = x, since the for- 
mulas for и = g(x) may then be obtained by applying the chain rule. 

If we let f(x) = sin x and g(x) = їп! x in Theorem (7.7), then it 
follows that the inverse sine function g is differentiable if |x| « 1. We shall 
use implicit differentiation to find g'(x). First note that the equations 


у= ѕіп-!х and siny=x 


are equivalent if — 1 <x < 1 and — 7/2 < у < л/2. Differentiating sin y = x 
implicitly, we have 


cosy р, у= 1 


А 1 
апа һепсе Desi + x= р.у=- " 
COS y 


Since — 7/2 < y < n/2, cos y is positive and, therefore, 








Thus, D,sin ! x 2—— 


for |x| < 1. The inverse sine function is not differentiable at +1. This 
fact is evident from Figure 8.2, since vertical tangent lines occur at the 
endpoints of the graph. 

The formula for D, cos~' x can be obtained in similar fashion. 

It follows from Theorem (7.7) that the inverse tangent function is dif- 
ferentiable at every real number. Let us consider the equivalent equations 


у= {ап х апі tany-x 


for —л/2 < у < z/2. Differentiating tan у = x implicitly, we have 
sec? y D, y — 1. 


Consequently, D, апі х= р. p= —.—. 
sec* y 


Using the fact that sec? y = 1 + tan? y = 1 + x? gives us 


1 
D,tan ! x = - 
* 1+х 





2° 
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FIGURE 8.12 


Рай s(t) 





I Observer | 


en 
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Finally, consider the equivalent equations 


pesec'x and secy=x 


for y in either (0, 2/2) ог(л, 37/2). Differentiating sec у = x implicitly yields 
sec y tan y D. у = 1. 


Since 0 < y < zi2 or n < y < 37/2, it follows that sec y tan y #0 and, 
hence, 


D sec х= р, у= ——. 
sec y tan y 


Using the fact that tan y = , sec? y — 1 =y x? — 1, we obtain 


1 
=—= 
Xyx^—1 


D,sec^! 


for |x| > 1. The inverse secant function is not differentiable at x = +1. 
Note that the graph has vertical tangent lines at the points with these 
X-coordinates (see Figure 8.9). шш 








fix) f'(x) 
x nd 1 3 
та sin 7 3x D.) = ——— 
X41 — (3x)* 41 — 9x“ 
| 1 
= arccos (In x) —"-— В x= — - 
v1 — (In х)? x1 — (In х)? 
1 АХ l D 2x 263” 
ша (ап e^ —À 5 “= 
EP t “фон 
Я | 2 
яв arcsec (x^) с D: (х7) = 5 
ху) 1 xyx* — 1 


EXAMPLE 1 А rocket is fired directly upward with initial velocity 0 
and burns fuel at a rate that produces a constant acceleration of 50 ft/sec? 
for 0 € t € 5, with time гіп seconds. As illustrated in Figure 8.12, an ob- 
server 400 feet from the launching pad visually follows the flight of the 
rocket. 


(a) Express the angle of elevation 0 of the rocket as a function of t. 


(b) The observer perceives the rocket to be rising fastest when 40/4! is 
largest. (Of course, this is an illusion, since the velocity is steadily increas- 
ing.) Determine the height of the rocket at the moment of perceived maxi- 
mum velocity. 


SOLUTION 
(a) Let s(r) denote the height of the rocket at time ¢ (see Figure 8.12). The 
fact that the acceleration is always 50 gives us the differential equation 


s”(t) = 50, 
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subject to the initial conditions s'(0) = 0 and s(0) = 0. Integrating with 


respect to t, we obtain 
[soa = [50i 


s(t) = 50t + C 


for some constant C. Substituting г = 0 and using s(0) = 0 gives us 
0 = 50(0) + C, or С = 0. Hence 


s'(t) = 501. 


Integrating again, we have 


fso dt = [5o dt 
s(t) = 25t? + D 


for some constant D. If we substitute t = 0 and use s(0) = 0, we obtain 
0 = 25(0) + D, or D = 0. Hence 


s(t) = 2512. 


Referring to Figure 8.12, with s(t) = 2567, we find 


2562 г e 
tan 0 — =—, Or 0 -arct: : 
ап 5 = 16 T 


(b) By Theorem (8.8), the rate of change of 0 with respect to t is 





dð _ 1 2ү 32 
dt 1+ (t?/16)? \16/ 256 (9 
Since we wish to find the maximum value of 40/4г, we begin by finding 


the critical numbers of d0/dt. Using the quotient rule, we obtain 


d (d0\ 420 _ (256 + 1*)(32) — 3245) 32(256 — 3%) 
аа) ад. (256 + 1%)? 2 056 + ry C 





Considering 420/412 = 0 gives us the critical number г = ¢/256/3. It follows 
from the first (or second) derivative test that d0/dt has a maximum value 
at t = {/256/3 = 3.04 sec. The height of the rocket at this time is 








We may use differentiation formulas (i), (ii), and (iv) of Theorem (8.7) 
to obtain the following integration formulas: 





i l : : 

(1) | — — du = sin ! u + € 
\/ 1— u? 

| Е . 

(2) Ї iau йи ={ап 'u +C 

І - 

(3) Ї = йи = ѕес "u+ C 

uv ut — | 
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These formulas can be generalized as follows for a > 0. 





1 
[i) f au = sin +С 
Var — и? 
1 
(ii) Ia ;du--tan !-4C 





1 1 
(iii) Ї = и =- sec! 
uw — а? а а 





PROOF Let us prove (ii). As usual, it is sufficient to consider the case 
и = x. We begin by writing 


1 1 1 
2— —5 dx = — — —; dx. 
ls pu 7g ! 1+ (af ^^ 


Next we make the substitution v = x/a, dv = (l/a) dx. Introducing the 
factor 1/а in the integrand, compensating by multiplying the integral by 
a. and using formula (2). preceding this theorem, gives us the following: 


1 1 1 1 
fa qos "Es A |-(x/afP a "m 


1 1 
-lrt 


1 
--tan v+ C 
a 





1 эь. - 
-tan !— +C 
a а 


The remaining formulas may be proved in similar fashion. se 


EXAMPLE 2 Evaluate f S i 


х 1- ee 





SOLUTION The integral may be written as in the first formula of Theo- 
rem (8.9) by letting а = 1 and using the substitution 
uc e, du = 2e?* dx. 


We introduce a factor 2 in the integrand and proceed as follows: 





2x 
e 1 1 F3 
Ї dx => Ї ==== te dx 
Ч, 1 E её“ 2 кў 1 E (e?*)? 
1 1 
= 3 > du 
= v | — и? 
1 ил С 
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EXAMPLE 3 Evaluate | L7 dx. 


SOLUTION The integral may be written as in the second formula of 
Theorem (8.9) by letting а? = 5 and using the substitution 


и = x3, du = 3x? dx. 


We introduce a factor 3 in the integrand and proceed as follows: 





х” 1 | 
x= 3x? 4: 
Гут, а 34 5x5 P 


1 1 
“3/ 29 + u? 





- 5 tan`! з 4C 
NS NS 
/ 3 
=V tnr Х.С 
15 JS 
EXAMPLE 4 Evaluate Ї L4 
Xx = 


SOLUTION The integral may be written as in Theorem (8.9)(11) by let- 
ting а? = 9 and using the substitution 


и = х?, du = 2x dx. 


We introduce 2x in the integrand by multiplying numerator and denomi- 
nator by 2x and then proceed as follows: 


Ї xe — 290% 





























x x* — 9 2x x (x^) — 3? 
1 1 
= 5 1 ==, du 
£* ији? — 3? 
1.1 и 
= ag ‘ 
= =. ес‘ +С 
2.3 3 
1 xa 
-1 
=- sec +C 
6 3 
EXERCISES 8.2 
Ехег. 1-26: Find f'(x) if f(x) is the given expression. 9 sec үх? 1 10. x? sec * 5x 
1 віп! /x 2 sin tiy 1 | 
" i 15 === 12 arcsin In х 
— sin ^! x 
3 tan^! (3x — 5) ап (х?) 
13 (1 + eos ^! 3х)? 14 со87!сове" 
0 e “arcsec e * 6 уагсѕес 3x 
Р А 15 In arctan (x?) 16 arctan - 
7 х arctan (x^) 


в tan 


! sin 2x 


х-1 





EXERCISES 8.2 


17 
18 


20 


22 


24 
26 


1 


cos (х!) + (cos x) ! + cos! x 





x arccos 4x + 1 19 3arssin ix) 


1 x NS arctan x 
— arcsin — — 
"s x Хр 
ex 23 — Я 1 == 
ул EST дү” 207 jX sec x 
sin ^! 5x ы А 


[25 (tan S: islas х 


LX 


(sin 2x)(sin  ! 2x) 


(аа! 4xje"" ' + 


Ехег, 27-28: Find y’. 


27 


Ехег. 29-44: Evaluate the integral. 


х? -xsin^! y 2 ye? 28 In(x + y) = tan"! xy 





Ў 1 4 
29 (aJ Ie 1 4х (b) 1, 25163 4х 
p 1 е 
30 ; : 
Pier bi Jo те 

31 fy фе = w ура dx 
Ji-< 5 о Ах 

32 [ај [—= — dx 15) E dx 
xx? = 1 2/3 XN x? == 1 


sin x 
wit a 
cos x +1 


35 


41 


83 


47 











Ї 4х 


vx ын x) 

















хух?-4 
x , 
Ї ШИГ 42 | — dx 
x58 хүух-1 
Ї — - dx 44 f- dx 
A e** — 25 NA — е 


The floor of a storage shed has the shape of a right 
triangle. The sides opposite and adjacent to an acute 
angle 0 of the triangle are measured as 10 feet and 7 feet, 
respectively, with a possible error of 30.5 inch in the 
10-foot measurement. Use the differential of an inverse 
trigonometric function to approximate the error in the 
calculated value of 0. 


Use differentials to approximate the arc length of the 
graph of y = tan. ! х from А(0,0) to B{0.1, (ап ' 0.1). 


An airplane at a constant altitude of 5 miles and a speed 
of 500 mi/hr is flying in a direction away from an ob- 
server on the ground. Use inverse trigonometric func- 


49 
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tions to find the rate at which the angle of elevation is 
changing when the airplane flies over a point 2 miles 
from the observer. 


A searchlight located } mile from the nearest point P on 
a straight road is trained on an automobile traveling on 
the road at a rate of 50 mi/hr. Use inverse trigonometric 
functions to find the rate at which the searchlight is 
rotating when the car is 4 mile from P. 


A billboard 20 feet high is located on top of a building, 
with its lower edge 60 feet above the level of a viewer's 
eye. Use inverse trigonometric functions to find how far 
from a point directly below the sign a viewer should 
stand to maximize the angle between the lines of sight 
of the top and bottom of the billboard (see Example 8 
of Section 4.5). 


The velocity, at time t, of a point moving on a coor- 
dinate line is (1 + 17)” ' ft/sec. If the point is at the origin 
at t = 0, find its position at the instant that the accelera- 
tion and the velocity have the same absolute value. 


A missile is fired vertically from a point that is 5 miles 
from a tracking station and at the same elevation. For 
the first 20 seconds of flight, its angle of elevation 
changes at a constant rate of 2° per second. Use inverse 
trigonometric functions to find the velocity of the missile 
when the angle of elevation is 30°. 


Blood flowing through a blood vessel causes a loss of 
energy due to friction. According to Poiseuille’s law, this 
energy loss E is given by E = Kl/r*, where r is the radius 
of the blood vessel, / is the length, and k is a constant. 
Suppose a blood vessel of radius r, and length /, branches 
off, at an angle 0, from a blood vessel of radius r, and 
length /,, as illustrated in the figure, where the white 
arrows indicate the direction of blood flow. The energy 
loss is then the sum of the individual energy losses; that 
is, 

kl, К, 
$ + Ht 
Express /, and l, in terms of a, b, and 0, and find the 
angle that minimizes the energy loss. 


EXERCISE 52 






kéh 
! 


x— !,—> 
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[с | 53 Use Simpson's rule, with n = 4, to approximate the arc [c| 54 The graph of y = 4 arctan (x?) from A(0, 0) to В(1. л) is 
length of the graph of v= arcsin х from А(0.0) to revolved about the x-axis. Use the trapezoidal rule, with 
B(1/2, 7/6). n — 8, to approximate the area of the resulting surface. 


8.3 HYPERBOLIC FUNCTIONS 


The exponential expressions 


ra 
ә 


occur in advanced applications of calculus. Their properties are similar 
in many ways to those of sin x and cos x. Later in our discussion, we shall 
see why they are called the hyperbolic sine and the hyperbolic cosine of x. 


Definition (8.10) 
The hyperbolic sine function, denoted by sinh, and the hyperbolic 
cosine function, denoted by cosh, are defined by 
sinh x — — and coshx-* 32 


for every real number х. 


We pronounce sinh x and cosh x as sinch x and kosh х, respectively. 
The graph of у = cosh x may be found by addition of y-coordinates. 
Noting that cosh x = je* + $e *, we first sketch the graphs of y = 1e* 
and y= $e. * on the same coordinate plane, as shown with dashes in 
Figure 8.13. We then add the y-coordinates of points on these graphs to 
obtain the graph of y — cosh x. Note that the range of cosh is [1,.99): 


FIGURE 8.13 FIGURE 8.14 


cosh à 











+ pp ide 
| 








We may find the graph of у = sinh x by adding y-coordinates of the 
graphs of y = że and y = —}e~*, as shown in Figure 8.14. 

Some scientific calculators have keys that can be used to find values 
of sinh and cosh directly. We can also substitute numbers for x in Defini- 


tion (8.10), as in the following illustration. 


8.3 HYPERBOLIC FUNCTIONS 


ILLUSTRATION 





Theorem (8.11) 





441 





2 —- 0.5 -0:5 
Ы | арай е 42 е .. ES e * 
ша sinh 2 =- 4 > 3.63 = cosh 0.5 = — — —— 1.13 


The hyperbolic cosine function can be used to describe the shape of a 
uniform flexible cable, or chain. whose ends are supported from the same 
height. As illustrated in Figure 8.15, telephone or power lines may be 
strung between poles in this manner. The shape of the cable appears to be 
a parabola, but is actually a catenary (after the Latin word for chain). 
If we introduce a coordinate system, as in Figure 8.15 it can be shown that 
an equation corresponding to the shape of the cable is y = a cosh (x/a) 
for some real number a. 

The hyperbolic cosine function also occurs in the analysis of motion 
in a resisting medium. If an object is dropped from a given height and if 
air resistance is disregarded, then the distance y that it falls in t seconds is 
y = lgt^, where g is a gravitational constant. However, air resistance 
cannot always be disregarded. As the velocity of the object increases, air 
resistance may significantly affect its motion. For example, if the air resis- 
tance is directly proportional to the square of the velocity, then the dis- 
tance y that the object falls in t seconds is given by 

у = A In (cosh Bt) 
for constants A and B. Another application is given in Example 2 of this 
section. 

Many identities similar to those for trigonometric functions hold for 
the hyperbolic sine and cosine functions. For example, if cosh? x and 
sinh? x denote (cosh x)? and (sinh x)?, respectively, we have the following 
identity. 


cosh? x — sinh? x = 1 


PROOF Ву Definition (8.10), 


cosh? x — sinh? x 





lI 
=” "Эм, 
"^ 
у 
to + 
t es 
| 
9 
N 
( tw 
| 
"°ч, 
1 % 
| Р 
гэ | 
с 
- 
D 


Theorem (8.11) is analogous to the trigonometric identity cos? x + 
sin? x = 1. Other hyperbolic identities are stated in the exercises. To 
verify an identity, it is sufficient to express the hyperbolic functions in 
terms of exponential functions and show that one side of the equation can 
be transformed into the other as illustrated in the proof of Theorem (8.11). 
The hyperbolic identities are similar to (but not always the same as) cer- 
tain trigonometric identities— differences usually involve signs of terms. 
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FIGURE 8.16 FIGURE 8.17 
xX фу? = | x-y = | 
Г 
N, AE 
Picos t. sin £) ч Q(cosh 1, sinh 7) 
(1,0) 
———эъ 


Definition (8.12) 











If t is a real number, there is an interesting geometric relationship be- 
tween the points P(cos г, sin t) and Q(cosh г. sinh г) in a coordinate plane. 
Let us consider the graphs of x? + у? = 1 and x? — y? = 1, sketched in 
Figures 8.16 and 8.17. The graph in Figure 8.16 is the unit circle with 
center at the origin. The graph in Figure 8.17 is a hyperbola. (Hyperbolas 
and their properties will be discussed in detail in Chapter 12.) Note first 
that since cos? г + sin? t = 1, the point P(cos t. sin t) is on the circle 
x? + y? = 1. Next, by Theorem (8.11), cosh? t — sinh? t = 1. and hence 
the point Q(cosh г, sinh t) is on the hyperbola x? — у? = 1. These are the 
reasons for referring to cos and sin as circular functions and to cosh and 
sinh as hyperbolic functions. 

The graphs in Figures 8.16 and 8.17 are related in another way. If 
0 « t < 7/2, then t is the radian measure of angle POB, shown in Fig- 
ure 8.16. By Theorem (1.15), the area А of the shaded circular sector is 
A = 4$(1)?t = $t, and hence t = 24. Similarly, if Q(cosh t, sinh 1) is the 
point in Figure 8.17, then t = 24 for the area A of the shaded hyperbolic 
sector (see Exercise 47). 

The impressive analogies between the trigonometric and hyperbolic 
sine and cosine functions motivate us to define hyperbolic functions that 
correspond to the four remaining trigonometric functions. The hyperbolic 
tangent, hyperbolic cotangent, hyperbolic secant. and hyperbolic cosecant 
functions, denoted by tanh, coth, sech, and csch. respectively, are defined 
as follows. 


x 


sinhx e*—e 











„а coshx ех +ет* 

[i] coth x = шир 2 = = = эм х #0 
a ТЕ. x e 2 : 
(iv) csch x = zz = 2 x #0 
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We pronounce the four function values in the preceding definition as 
tansh x, cotansh x, setch x, and cosetch x. Their graphs are sketched in 
Figure 8.18. 


FIGURE 8.18 


\ coth a 





\ esch x 


\ sech 4 





If we divide both sides of the identity cosh? x — sinh? x — 1 (see 
(8.11)) by cosh? x, we obtain 


cosh?x  sinh?x 1 
cosh? x cosh?x cosh? x’ 





Using the definitions of tanh x and sech x gives us (i) of the next theorem. 
Formula (ii) may be obtained by dividing both sides of (8.11) by sinh? x. 





(i) 1 — tanh? x —sech?x | (i) coth? x — 1 = csch? x 





Note the similarities and differences between (8.13) and the analogous 
trigonometric identities. 

Derivative formulas for the hyperbolic functions are listed in the next 
theorem, where и = g(x) and g is differentiable. 
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Theorem (8.14) 
FIGURE 8.19 
Basement wall 
Basement 





ч 
(i) D, sinh u = cosh u D, u 


(ii) D, cosh u = sinh u D,u 

(i) D, tanh u = sech? u D, u 

liv) D, coth u = —csch? u D, u 

(у) D, sech и = — sech u tanh u D, u 


(vi) D, csch u = —csch u coth u Dy u 


PROOF As usual, we consider only the case u = x. Since D, e* = e 
and D,e *— —e^*, 


e. =$ х х 
; Е = Cpe 
D, sinh x = D, ( ) = — = cosh x 


2 ^ 
ох ds e e T х Р 
апа D, cosh x = D, ( а = 5 = sinh x. 


To differentiate tanh x, we apply the quotient rule as follows: 


sinh x 
D, tanh x - 


* cosh x 
cosh x D, sinh x — sinh x D, cosh x 





Um XC ЖЭ, 
cosh? x 
cosh? x — sinh? x 
cosh? x 


The remaining formulas can be proved in similar fashion. шш 


EXAMPLE 1 If f(x) = cosh (x? + 1). find f'(x). 


SOLUTION Applying Theorem (8.14)(i), with u = x? + 1. we obtain 


f'(x) = sinh (x? + 1)* D, (x? + 1) 
= 2x sinh (x? + 1). 


EXAMPLE 2 Radon gas can readily diffuse through solid materials 
such as brick and cement. If the direction of diffusion in a basement wall 
is perpendicular to the surface, as illustrated in Figure 8.19, then the radon 
concentration f(x) (in joules/cm?) in the air-filled pores within the wall at 
a distance x from the outside surface can be approximated by 


f(x) = A sinh (qx) + B cosh (qx) + К. 


where the constant q depends on the porosity of the wall, the half-life of 
radon, and a diffusion coefficient: the constant k is the maximum radon 
concentration in the air-filled pores; and A and B are constants that de- 





8.3 HYPERBOLIC FUNCTIONS 445 








pend on initial conditions. Show that y = f(x) is a solution of the diffu- 
sion equation 


d^y 5 А 
——-——9 у К = 0. 
dà gyt+q 0 


SOLUTION Differentiating у = f(x) twice gives us 
d , 

2 = qA cosh (qx) + qB sinh (qx) 
ах 
y wt, 2 
zr q^ A sinh (qx) + 47B cosh (qx). 


Since y = A sinh (qx) + B cosh (qx) + К. we have 


and 


42у = q^ A sinh (qx) + q?B cosh (qx) + q*k. 


Subtracting the expressions for d?^y/dx? and q*y yields 


а?у с 
ee 25 gk 
dx“ 4) 4 
and hence 
4 2 р 
429 ytqk=0. 


The integration formulas that correspond to the derivative formulas 
in Theorem (8.14) are as follows. 


Theorem (8.15) — 
| [i] [sinh u du = cosh u + C 


(1) [sosh u du = sinh u + C 
(iii) [sect u du = tanh u + C 
| liv) fesch? udu = —cothu+C 
lv] (е u tanh udu = — sech u + C 


[vi] fesch u coth udu = —csch u + C 


EXAMPLE 3 Evaluate T»? sinh x? dx. 


SOLUTION Tf we let u = x?, then du = 3x? dx and 


Їе sinh x? dx = 4 | мав хэрэх" dx 


4 [sinh u du = V cosh u + C 


= į cosh х? + C. 
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EXERCISES 8.3 

LLL 


[e] Exer. 1-2: Approximate to four decimal places. 


1 (ај sinh 4 [b] cosh In 4 (с) tanh (— 3) 
(d) coth 10 (е) sech 2 [f] csch (— 1) 
2 [a] sinh In 4 (5) cosh 4 [c) tanh 3 
(4| coth (—10) {e} sech(—2) (f) csch 1 


Exer. 3-26: Find f'(x) if f(x) is the given expression. 











3 sinh 5x 4 sinh (x? + 1) 5 cosh (x?) 
6 cosh? x 7 Nx tanh yx 8 arctan tanh x 
І coth x sech (x?) 
9 coth — 0 = 
x cot x x* +1 
12 \/sech 5x 13 esch? бх 14 x esch ед" 
15 In sinh 2x 
16 sinh? 3x T ' 
17 cosh JA +3 
1 + cosh х 1 
18 ——— 9 - 20 1п|їапһх| 
1 — cosh x tanh x + 1 
21 coth In x 22 coth? 2x 23 еў sech x 


24 lsech (x? + 1) 

25 tan ! (csch x) 

26 csch In x 

Exer. 27-42: Evaluate the integral. 


1 
S eS fue — —— dx 
27 [х cosh (х?) dx 28 == бе” 





9 [ r3 dx 30 Ї х sinh (2x?) dx 
31 Ї -— dx 32 J sech? (Sx) dx 
33 fesch? (bx) dx 34 [sinh Ax)? dx 
35 franh 3x sech 3x dx 36 [sinh x sech? x dx 
37 Ї cosh x esch? х dx 38 [soin бх esch 6x dx 
39 Ї coth x dx 40 franh х dx 
41 [sinh x cosh x dx 42 f sech x dx 


43 Find the area of the region bounded by the graphs of 
У = sinh 3x, y = 0, and x = 1. 

44 Find the arc length of the graph of у = cosh x from 
(0, 1) to (1, cosh 1). 

45 Find the points on the graph of y = sinh x at which the 
tangent line has slope 2. 





46 


47 


48 


49 


50 


The region bounded by the graphs of y = cosh x, 
x= —1, x= 1, and y = 015 revolved about the x-axis. 
Find the volume of the resulting solid. 


If A is the region shown in Figure 8.17, prove that 
t — 24. 


Sketch the graph of x? — y? = | and show that as t 
varies, the point P(cosh t, sinh г) traces the part of the 
graph in quadrants I and IV. 


The Gateway Arch in St. Louis has the shape of an in- 
verted catenary (see figure). Rising 630 feet at its center 
and stretching 630 feet across its base, the shape of the 
arch can be approximated by 


y = —127.7 cosh (x/127.7) + 757.7 
for -315 < x < 315. 
(а| Approximate the total open area under the arch. 
[b] Approximate the total length of the arch. 


EXERCISE 49 y 








If a steel ball of mass m is released into water and the 
force of resistance is directly proportional to the square 
of the velocity, then the distance v the ball travels in 
t seconds is given by 


y — km In cosh (JE ), 
: Кт 


where g is a gravitational constant and К> 0. Show 
that y is a solution of the differential equation 


dy " 1 f/dyV? 
i= oll Маг = mg. 
"їйї ^ kai е 
If a wave of length L is traveling across water of depth h 


(see figure on next page), the velocity v, or celerity, of 
the wave is related to L and / by the formula 


where g is a gravitational constant. 
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[a] Find lim,..,, t? and conclude that v x JgL/(2n) in 
deep water. 

[b] If x =O and f is a continuous function, then, by 
the mean value theorem (4.12), f(x) — f(0) = /10) x. 





[a] Estimate the x-coordinate a of the point of inter- 
section of the graphs. 


[b] Use Newton's method to approximate a to three 
decimal places. 


Use this fact to show that v = gh if h/L x 0. Con- [c] 54 Graph, on the same coordinate axes, y — cosh? x and 


clude that wave velocity is independent of wave 
length in shallow water. 


EXERCISE 51 


52 A soap bubble formed by two parallel concentric rings 
is shown in the figure. If the rings are not too far apart, 
it can be shown that the function / whose graph gen- 
erates this surface of revolution is a solution of the dif- 
ferential equation yy" = 1 + (y, where y = f(x). If A 
and B are positive constants, show that y = A cosh Bx is 
a solution if and only if AB = 1. Conclude that the graph 
is a catenary. 


EXERCISE 52 





[c] 53 Graph, on the same coordinate axes, y — tanh x and 
y = sech? x for 0 < x <2. 
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yz2. 
(a) Set up integrals for estimating the centroid of the 
region R bounded by the graphs. 
[b] Use Simpson's rule, with n = 4, to approximate the 
coordinates of the centroid of R. 
Exer. 55-72: Verify the identity. \ 
55 cosh x + sinh x = e* 


57 sinh (—x) = —sinh x 


x 


56 cosh х — sinh x =e” 


58 cosh (—x) = cosh x 


-59 sinh (x + у) = sinh x cosh y + cosh x sinh y 


60 cosh (x + у) = cosh x cosh y + sinh x sinh y 
61 sinh (x — у) = sinh x cosh y — cosh x sinh y 
62 cosh (x — у) = cosh x cosh y — sinh x sinh y 


tanh x + tanh y 


63 tanh (x + y) 2 ————— ———— 
ex» 1 + tanh x tanh y 


tanh x — tanh у 


tanh (2 )) = 
nea. 1 — tanh x tanh y 





65 sinh 2x = 2 sinh x cosh x 


66 cosh 2x = cosh? x + sinh? x 








x coshx—1 x coshx+1 
éS she 2 а... 
sin 2 5 68 cosh 2 2 
2 tanh х х sinh x 
69 tanh 2x = ——— 70 tanh — = ae 
шин 1 + tanh? x in 1 4- cosh x 


71 (cosh x + sinh x)" = cosh nx + sinh nx for every posi- 
tive integer n (Hint: Use Exercise 55.) 


72 (cosh x — sinh x)" — cosh nx — sinh nx for every posi- 
tive integer n 








The hyperbolic sine function is continuous and increasing for every x and 
hence, by Theorem (7.6), has a continuous, increasing inverse function, 
denoted by sinh ' '. Since sinh x is defined in terms of e*, we might expect 
that sinh” ' can be expressed in terms of the inverse, In, of the natural 
exponential function. The first formula of the next theorem shows that 


this is the case. 
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Theorem (8.16 Г — — 
' : (i) sinh ^! x = In (x + yx? + 1) 


(il) cosh^ x = а(х - /3* —1, x31 





1 5 
(iii) anh х= in 5. EIES 
TN 
(iv) sech ' x = In IN rs (бее 


PROOF To prove (i), we begin by noting that 
y-sinh^'x ifand only if x = sinh y. 


The equation x = sinh y can be used to find an explicit form for sinh  ! x, 
Thus, if 


: e ИР e" 
x = sinh y 2— 2774 


then е —2x-—e "=Q. 
Multiplying both sides by e", we obtain 

e?" — 2xe! — 1 = 0. 
Applying the quadratic formula yields 


eos .2 
2X ct 4/45 4-4 - 
e= ка „ ог ё=х+ 4х? +1. 


Since x — үх? + 1 « 0 and e" is never negative, we must have 
v =) 
C= Xb Ч 1. 
The equivalent logarithmic form is 
y= In (x + ух? + 1 БЕ 

that is, ОН” x = In (x + ух? + 1). 

Formulas (ii) (iv) are obtained in similar fashion. As with trigonomet- 
ric functions, some inverse functions exist only if the domain is restricted. 
For example. if the domain of cosh is restricted to the set of nonnegative 


real numbers, then the resulting function is continuous and increasing, 
and its inverse function cosh ' ! is defined by 


y—cosh 'x ifand only if. coshr — x, үй, 


Employing the process used for sinh ' x leads us to (ii). 
Similarly, 
у =(апһ ‘х ifand only if tanhy—x for |x|« I. 
Using Definition (8.12), we may write tanh y=x as 
e — е 


e+e” 


-y 





Solving for y gives us (iii). 
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Finally, if we restrict the domain of sech to nonnegative numbers, the 
result is a one-to-one function, and we define 


у= ѕесһ х ifand only if sechy — x. у>0. 
Again, introducing the exponential form leads to (iv). шш 
In the next theorem и = g(x), where g is differentiable and x is suitably 
restricted. 


Theorem (8.17) | 





0 D, sinh~! и =———— D, u 
ми? + 1 
1 
ii) D,cosh ! u=- D, u, и> 1 
ми? — 1 





1 
(iii) D, tanh~! md pum D,u, |u|«1 


—1 
М) D, sech™! u =—————D, u; 0«и«1 
(iv) =з 
и/1—и° 








PROOF By Theorem (8.16)(1). 


D, sinh~' x = D, In (x + Vx? + 1) 


1 х 
= =— | | + -= 
X x^ +1 Vx" +1 


VI ed ey 








(xu + Ix? + 1 
1 


vx? 41 





This formula can be extended to D, sinh. ' u by applying the chain 
rule. The remaining formulas can be proved in similar fashion. шш 


EXAMPLE 1  Ify —sinh ^! (tan x), find dy/dx. 


SOLUTION Using Theorem (8.17)(i) with u = tan х, we have 


dy 1 4 | 
= ——= tan х = ѕес? х 
dx — J'tan? x + 1 dx үес! х 





- їл sex = |x] 


The following theorem may be verified by differentiating the right- 
hand side of each formula. 
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du = sinh"! * + C, а> 0 


Тһеогет (8.18) | i 
("fu 


1 ги 
| (ii) J Ste = cosh 2*6 O<a<u 


1 1 зай 
(iti) J a бин tanh тб |и|<а 
91.10, felles 


1 Wet 


If we use Theorem (8.16), then each of the integration formulas in the 
preceding theorem can be expressed in terms of the natural logarithmic 


function. To illustrate, 

ж quss Ш 

du — sinh +С 
а 


Ї E! 
Ja? + и? | 
(| $ ) tC. 
а 


= |n ( + 
1 








( 


We can show that if a > 0, then the last formula can be written as 
1 к eem Эх 
[> du = ln (и + Ja? + u?) + D, 
Ja? + и? 
where D is a constant. In Section 9.3 we shall discuss another method for 


evaluating the integrals in Theorem (8.18). 





1 
EXAMPLE 2 Evaluate | — 
V25 + 9x? 
SOLUTION We may express the integral as in Theorem (8.18)(i), by 


using the substitution 
du = 3 dx, 


u= 3x; 


Since du contains the factor 3, we adjust the integrand by multiplying by 3 
and then compensate by multiplying the integral by 4 before substituting: 








1 
]—— 6 e 
J25 + 9x? 34 „[6® 4- (3x)* 

















EXERCISES 8.4 
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EXAMPLE 3 Evaluate | = z dx. 
— е 


SOLUTION 


Substituting и = е“, йи = е* ах and applying 


Theo- 


rem (8.18)(iii) with a = 4, we have 


J zt dx = Ї 2- (ey е^ dx 


for |u| «са (that is, e* < 4). 


EXERCISES 8.4 


[c] Exer. 1-2: Approximate to four decimal places. 
1 [a] sinh! 1 

(е) tanh~' (—3) 

2 [a] sinh ^! (—2) 
(с) tanh ^! 4 


[b] cosh”! 2 
(а) sech“! 1 
(Ы) cosh”! 5 
(9) sech ^! 3 


Exer. 3-18: Find f'(x) if f(x) is the given expression. 


д sinh ! 5х 4 sinh ! e* 
5 cosh”! \/x 6 cosh! x 
7 tanh”! (—4x) 8 tanh! sin 3x 
9 sech“! x? 10 sech“! /1—x 
11 ы "Pa 

х sinh ! x? 
13 In cosh”! 4x 14 cosh”! In 4x 
15 tanh! (x4 1) 16 tanh”! x? 


17 sech^! yx 18 (sech ' x)! 


Exer. 19—26: Evaluate the integral. 


1 
20 f TTL dx 
N l6x- — 9 


sin x 





1 
19 [=d 
ЇЕ + 16х? 


1 
8 1---2-245 
[3 —Ax* V1 + cos? x 


e* | 2 4 
з (tx 2 [— x 
/е?*— 16 5—323x* 


22 f — Oe 


25 


26 Ї ын. 4х 


х 5- e 


1 
— — dx 
Iz —x* | 


27 A point moves along the line x = | in a coordinate plane 


28 


with a velocity that is directly proportional to its dis- 
tance from the origin. If the initial position of the point 
is (1, 0) and the initial velocity is 3 ft/sec, express the y- 
coordinate of the point as a function of time г (in seconds). 


The rectangular coordinate system shown in the figure 
illustrates the problem of a dog seeking its master. The 
dog, initially at the point (1,0), sces its master at the 
point (0, 0). The master proceeds up the y-axis at a con- 
stant speed, and the dog runs directly toward its master 
at all times. If the speed of the dog is twice that of the 
master, it can be shown that the path of the dog is given 
by у = f(x). where y is a solution of the differential equa- 
tion 2xy" = y1 + (v). Solve this equation by first let- 
ting z = dy/dx and solving 2х2 = 4 1 + 27, obtaining 
2=1 [yx -(1//x)]. Finally. solve /23[ x (1 х)]. 
EXERCISE 28 





2 
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Ехег. 29-32: Sketch the graph of the equation. 2 
29 у= sinh"! x 30 y —cosh ! x 

31 y 2tanh ^! x 32 y = sech х 38 


Exer. 33-38: Verify the formula. 


1 
зз D, cosh~' u = —— D, u, 


— ul 
уи —– 1 


50.4, 


emm; |и| «1 


34 D,tanh ' ù= 


1 
35 D,sech ' u = —- 


———cD,u Quse 
ul == ца 





О<а<и 





1 2 : 
36 | -= du = cosh t- +C, 
ми? — u“ a 


8.5 REVIEW EXERCISES 


Exer. 1—24: Find f'(x) if f(x) is the given expression. 


1 arctan yx — 1 2 tan“! (In 3x) 








3 x? aresec (x?) 4 — 
cos ! x 
g теза: 6 (1 + arcsec 2х)` 2 
1-x* 
7 Іа ап! (x?) 8 
arccos x 
T fl — 10 ./sin=' (1 —x?) 
11 (tan x + tan * x)* 12 {ап ! ytan 2x 
13 tan ' (tan~! x) 14 e** sec” ! e** 
сэ In sinh x 
15 coshe 7 16 - 
х 
17 e *sinhe * Тес" 


sinh х 


— — 20 In tanh (5x + 1 
cosh x — sinh x шашин: 











21 sinh ^! (x?) 22 cosh ' tan x 
| 1 1 
23 tanh”! (tanh 4х) 24 —tanh 
X X 
Ехег. 25-40: Evaluate the integral. 
as [ 44 9х2 % | 449,2 ^ 
„2х эх 
27 | — dx 28 | - : dx 
М1 —e* vl—e™* 
Х 
- — dx 30 1х 
f sech (х7) | Ї: "а 








Ї > т0йц--їаан!--С |u| «a 
a = а 
1 1 u " 
Ї du = —~ sech Ac +C, 0«ju|«a 
u 2 ay a а 
уа и 


Exer. 39-41: Derive the formula (see Theorem (8.16)). 


39 


40 


41 


35 


3 | 


cosh”! x = In(x +4/x?— 1), хэ! 
1 1-х 
tanh а раге. |х| «1 
1-41-х 
sech 'x =In ХЭЭ, О=х<1 
x 
1/2 1 х2 СО$Х 
—— dx 32 ;— dx 
uz Ji + sin?x ^" / 
sinh (In x) 2 
33 f = — dx 34 [sect (1 — 2x) dx 
1 x 
f- -dx Eea 
V9 — 4x? “ J9 —4x? 
1 1 
4х 38 Ї = dx 
“ xy9— 4x? хү4х? -9 


39 


41 


42 


43 


45 

















1 
м 25х° + 36 

Find the points on the graph of у = ын ! 3x at which 

the tangent line is parallel to the line through A(2, —3) 

and B(4, 7). 


Find the points of inflection and discuss the concavity 
of the graph of y = x sin^! x. 


Ї сайын 4х 
м 25x^ + 36 


Find the local extrema of f(x) = 8 sec x + ese x on the 
interval (0, л/2), and describe where f(x) is increasing 
or is decreasing on that interval. 


Find the area of the region bounded by the graphs of 
у = x/(x* + 1), x= land y — 0. 


Damped oscillations are oscillations of decreasing mag- 

nitude that occur when frictional forces are considered. 

Shown in the figure on the next page is a graph of the 

damped oscillations given by f(x) = e^*? sin 2x. 

(a) Find the x-coordinates of the extrema of f for 
О<х< 2л. 

[b] Approximate the x-coordinates іп part (a) to two 
decimal places. 








8.5 REVIEW EXERCISES 


EXERCISE 45 


46 


47 


49 








Find the arc length of the graph of у = In tanh іх from 
x=1tox= 2; 


A balloon is released from level ground, 500 meters away 
from a person who observes its vertical ascent. If the 
balloon rises at a constant rate of 2 m/sec, use inverse 
trigonometric functions to find the rate at which the 
angle of elevation of the observer's line of sight is chang- 
ing at the instant the balloon is at a height of 100 meters. 
(Disregard the observer's height.) 


A square picture with sides 2 feet long is hung on a wall 

with the base 6 feet above the floor. A person whose eye 

level is 5 feet above the floor approaches the picture at 

a rate of 2 ft sec. If 0 is the angle between the line of 

sight and the top and bottom of the picture, find 

[a] the rate at which 07 is changing when the person is 
8 feet from the wall 

[b] the distance from the wall at which 0 has its maxi- 
mum value 


A stuntman jumps from a hot-air balloon that is hover- 
ing at a constant altitude. 100 feet above a lake. A movie 
camera on shore, 200 feet from a point directly below 
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the balloon, follows the stuntman's descent (see figure). 
At what rate is the angle of elevation 0 of the camera 
changing 2 seconds after the stuntman jumps? (Disre- 
gard the height of the camera.) 


EXERCISE 49 


A person on a small island 7, which is k miles from the 
closest point А on a straight shoreline, wishes to reach 
a camp that is d miles downshore from А by swimming 
to some point P on shore and then walking the rest of 
the way (see figure). Suppose the person burns c, calo- 
ries per mile while swimming and c; calories per mile 
while walking. where c, > с. 

(ај Find a formula for the total number c of calories 

burned in completing the trip. 


15| For what angle АТР does c have a minimum value? 


ERCISE 50 


Же 


А 
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TECHNIQUES OF 


INTEGRATION 


INTRODUCTION 


In previous chapters we obtained formulas for evalua- 
ling various types of integrals. Many are listed on the 
inside front cover of this text. We also discussed the 
method of substitution, which is used to change a com- 
plicated integral into one that can be readily eval- 
uated. In this chapter we consider additional ways to 
simplify integrals. Foremost among these is integra- 
tion by parts, which we discuss in the first section. This 
powerful device allows us to obtain indefinite integrals 
of In x, tan ' х, and other important transcendental 
expressions. In later sections we develop techniques 
for simplifying integrals that contain powers of trigo- 
nometric functions, radicals, and rational expressions. 

The use of a table of integrals is explained in Sec- 
tion 9.7. Such tables are always incomplete, and it is 
sometimes necessary to use skills obtained in previous 
sections before consulting a table. The same can be 
said for computer programs that are designed to eval- 
uate various (but not all) indefinite integrals. 

For applications involving definite integrals, it is 
often unnecessary to find an antiderivative and apply 
the fundamental theorem of calculus, because the 
trapezoidal rule or Simpson's rule can be used to ob- 
tain numerical approximations. In such cases either a 
computer or a programmable calculator is invaluable, 
since it can usually arrive at an approximation in a 
matter of seconds. 
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9.1 INTEGRATION BY PARTS 


Integration by parts 
formula (9.1) 


Up to this stage of our work we have been unable to evaluate integrals 
such as the following: 


Їн х ах, [хе ах, fe sin x dx. fran x dx 


The next formula will enable us to evaluate not only these, but also many 
other types of integrals. 


If u = f(x) and v = g(x) and if /' and д’ are continuous, then 
fu dv = uv — fe du. 


PROOF By the product rule, 

D, | /\х)у\х)] = Го) + gef). 
or, equivalently, 

fixg(x) = Dy LIED] сх) х). 


Integrating both sides of the previous equation gives us 
frog's ax = | D, [ féx)g(ix)] dx — | у(х) (х) dx. 


By Theorem (5.5)(i). the first integral on the right side equals f(x)g(x) + С. 
Since another constant of integration is obtained from the second integral, 
we may omit С in the formula: that 48, 


fog’) dx = fix)g(x) favored dx. 


Since dr = g'(x) dx and du = f'(x) dx, we may write the preceding formula 
as in (9.1). шш 


When applying Formula (9.1) to an integral, we begin by letting one 
part of the integrand correspond to dr. The expression we choose for dr 
must include the differential dx. After selecting dr, we designate the re- 
maining part of the integrand by и and then find du. Since this process 
involves splitting the integrand into two parts, the use of (9.1) is referred 
to as integrating by parts. A proper choice for dr is crucial. We usually 
let dv equal the most complicated part of the integrand that can be readily 
integrated. The following examples illustrate this method of integration. 


EXAMPLE 1 Evaluate | хед dx. 


~ 


SOLUTION The following list contains all possible choices for аг: 
dx, xdx, e 7 dx, xe dx 


The most complicated of these expressions that can be readily integrated 
is e?* dx. Thus, we let 


dv = e dx. 
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The remaining part of the integrand is u—that is, и = x. To find v, we 
integrate dv, obtaining v = 1e?*. Note that a constant of integration is not 
added at this stage of the solution. (In Exercise 51 you are asked to prove 
that if a constant is added to v, the same final result is obtained.) If u = x, 
then du — dx. For ease of reference let us display these expressions as 
follows: 


dv = e* dx u-x 
0 = }е?х du = dx 


Substituting these expressions in Formula (9.1)—that is, integrating by 
parts—we obtain 


[хех dx = x(4e?*) — fie* dx. 
We may find the integral on the right side as in Section 7.4. This gives us 


[se dx = іхе?* — le? + C. 








It takes considerable practice to become proficient in making a suitable 
choice for dr. To illustrate, if we had chosen dv = x dx in Example 1, then 
it would have been necessary to let u = e?*, giving us 


dv = x dx iz et 
pzjx* du = 2e?* dx. 


Integrating by parts, we obtain 


Since the exponent associated with x has increased, the integral on the 
right is more complicated than the given integral. This indicates that we 
have made an incorrect choice for dr. 


EXAMPLE 2 Evaluate 
(а) fx sec? хіх (b) jh 5 x sec? х dx 


SOLUTION 
(a) The possible choices for dv are 


dx, хах, secxdx, xsecxdx, sec? хах, хес? x dx. 


The most complicated of these expressions that can be readily integrated 
is sec? x dx. Thus, we let 


dv — sec? x dx u=x 
y= tantx du = dx. 


Integrating by parts gives us 


[s sec? x dx = x tan x — fran x dx 


x tan x + In |cos x| + C. 
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(b) The indefinite integral obtained in part (a) is an antiderivative of 
х sec? x. Using the fundamental theorem of calculus (and dropping the 
constant of integration С), we obtain 


"3 > n/3 
L x sec? x dx = [x tan x + In |cos x JA 





л Л 
5 fan + In 
л 
3 


Il 
мә OOS oO 





ас 
cos > 
3 





)-@+iny 








If, in Example 2, we had chosen dv = x dx and u = sec? x, then the 
integration by parts formula (9.1) would have led to a more complicated 
integral. (Verify this fact.) 

In the next example we use integration by parts to find an antideriva- 
tive of the natural logarithmic function. 


EXAMPLE З Evaluate fin х dx. 


SOLUTION Let 


and integrate by parts as follows: 


Їн x dx = (In x)x — foo : 4х 


xInx — [ах 


—-xinx-x-4€ 





Sometimes it is necessary to use integration by parts more than once 
in the same problem. This is illustrated in the next example. 


EXAMPLE 4 Evaluate | дэн dx. 


SOLUTION Let 








9.1 
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459 


and integrate by parts as follows: 
[Рё dx = х2(1е25)- faex dx 
= jx’ — fixe dx 


To evaluate the integral on the right side of the last equation, we must 
again integrate by parts. Proceeding exactly as in Example 1 leads 10 


[ve dx = 4x7e?* — 4xe**  1e?* + C. 





The following example illustrates another device for evaluating an in- 
tegral by means of two applications of the integration by parts formula. 


EXAMPLE 5 Evaluate fe со8 х dx. 


SOLUTION We could either let dv = cos x dx or let dv = e* dx, since 
each of these expressions is readily integrable. Let us choose 
dv = cos x dx и = е* 
г = siñ x йи = e* dx 
and integrate by parts as follows: 
fe cos x dx = e* sin х — [їп х)е* 4х 
(1) Їе cos x dx = е^ sin x — fe sin x dx 


We next apply integration by parts to the integral on the right side of 
equation (1). Since we chose a trigonometric form for dv in the first inte- 
gration by parts, we shall also choose a trigonometric form for the second, 
Letting 


dv = sin x dx и = ех 
v= —cos x du = e* dx 
and integrating by parts, we have 
fe sin x dx = e*(—cos x) — Ї — cos x)e* dx 
(2) [ ех sin x dx = —е* cos x + fe cos x dx. 


If we now use equation (2) to substitute on the right side of equation (1), 
we obtain 


fe cos x dx = ех sin х — [-е cos х + fe cos x dx |. 
Or fe cos x dx = е“ sin х + е* cos x — fe cos x dx. 
Adding | e* cos x dx to both sides of the last equation gives us 


2 fe cos X dx = e* (sin X + cos x). 
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Finally, dividing both sides by 2 and adding the constant of integration 
yields 


fe cos x dx = $e* (sin x + cos x) + C. 


* 


We could have evaluated the given integral by using dr — e* dx for 
both the first and second applications of the integration by parts formula. 





We must choose substitutions carefully when evaluating an integral of 
the type given in Example 5. To illustrate, suppose that in the evaluation 
of the integral on the right in equation (1) of the solution we had used 

dv — e* dx и = sin x 


Я йи = соѕ х ах. 


г = е 
Integration by parts then leads to 
fe sin x dx — (sin x) e* — fe cos x dx 
= ех sin x — fe cos x dx. 
If we now substitute in (1), we obtain 
Їе cos x dx = e* sin x — [е sin x — fe cos X dx], 
which reduces to 
fe cos x dx = Ї ех cos х dx. 


Although this is a true statement, it is not an evaluation of the given 
integral. 


EXAMPLE 6 Evaluate Ї sec? x dx. 


SOLUTION The possible choices for аг are 
dx, secxdx, sec?xdx, sec? x dx. 


The most complicated of these expressions that can be readily integrated 
is sec? x dx. Thus, we let 


Чг = sec? x dx и = sec x 
ü= tanx du = sec x tan x dx 
and integrate by parts as follows: 
[se x dx = sec x tan x — [sec x tan? x dx 


Instead of applying another integration by parts, let us change the form 
of the integral on the right by using the identity | -- tan? x — sec? x. This 
gives us 


[see xdx secxtan x — | sec x (sec? x — 1) dx, 
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or [see xdx — sec x tan x — [se x dx + [ес x dx. 
Adding | sec? x dx to both sides of the last equation gives us 
2 [see х dx = sec x tan x + [se x dx. 


If we now evaluate | sec x dx and divide both sides of the resulting equa- 
tion by 2 (and then add the constant of integration), we obtain 


[se х Ах = sec x tan x + 2 In |sec x + tan x | + C. 


Integration by parts may sometimes be employed to obtain reduction 
formulas for integrals. We can use such formulas to write an integral in- 
volving powers of an expression in terms of integrals that involve lower 
powers of the expression. 


EXAMPLE 7 Find a reduction formula for [si х dx. 


SOLUTION Let 


1 


dv — sin x dx и = sin" ! x 
v= —cosx du = (n — 1) sin" ? x cos x dx 
and integrate by parts as follows: 
[sie x dx = —cos x sin"! x + (n — 1) sie? x cos? x dx 


Since cos? x = 1 — sin? x, we may write 

[ si" x dx —cos x sin"! x -(n— 1) [sie x dx —(n — 1) [si x dx. 
Consequently, 

[si x dx+(n—1) [sie x dx=—cos x sin! x--(n— 1) Са 2 dx. 


The left side of the last equation reduces to n | sin" x dx. Dividing both 
sides by n, we obtain 





! 1 -— n—1 5?" 
fin" xdx = ——cos x sin" x4 [sw 2 x dx. 
n n 





EXAMPLE 8 Use the reduction formula in Example 7 to evaluate 
[si x dx. 


SOLUTION Using the formula with n = 4 gives us 


над хах = —lcosxsin? x - j [si x dx. 
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EXERCISES 9.1 


Applying the reduction formula, with п = 2, to the integral on the right. 
we have 


Е хах = —icosxsinx +4 | 4х 
= —4cosxsinx +4x +C. 
Consequently, 
[sie хах = —} cos x sin? x —$cosxsin x + jx + D 


with D — 3C. 





It should be evident that by repeated applications of the formula in 
Example 7 we can find f sin" x dx for any positive integer n, because these 
reductions end with either f sin x dx or f dx, and each of these can be 
evaluated easily. 


т 


Ехег. 1—38: Evaluate the integral. 


1 [xe “ах 


з [азага 


« 


f x cos 5x dx 
7 fx sec x tan x dx 
9 [* cos x dx 
11 fran ! x dx 
13 f^ x In x dx 
15 fx csc? x dx 


17 fe sin x dx 


19 [sin x In cos x dx 


21 [ее х 4х 
E 

23 I 2 

Ox? +1 


25 E" ' x sin 2x dx 





27 [хох + 3)°? dx 


29 [е ѕіп 5х 4х 


2 


4 


6 


24 


26 


31 Їйл х)? dx з2 [х 2* dx 
E sin x dx 33 fe sinh x dx 34 fix + 4) cosh 4x dx 
[x sin 4x dx 35 Ї cos yx dx 36 [tan ! 3x dx 
f» 2х dx 37 feos” їхах 38 fo + D'?(x + 2) dx 
fx esc? 3x dx Exer. 39-42: Use integration by parts to derive the re- 
x duction formula. 
" ES 1 » 
fs Я 82 39 jae dx = x"e* — m [а їе" dx 
| чиг! х dx : 27 
J 40 Їе sin x dx = — x" cosx +m | х” cos x dx 
x? In x dx 


41 ftn X)" dx = x (In x)" — m fin xj"-* ax 


sec" 27 xtanx m—2 





[х tan. ! x dx " 
42 fsec” х= —— + | seo"? x dx 
fe шиг | m=i m— 
cos 2x dx 
for m # 1. 
f; Xe * dx 43 Use Exercise 39 to evaluate. | х хох dx. 
fs sec? x dx 44 Use Exercise 41 to evaluate Їйл х)! dx. 
| яа ln хах 45 If f(x) = sin үх, find the area of the region under the 
ы graph of f from x = 0 to x = n°. 
[sse Sx dx 46 The region between the graph of y = x'sin x and the 
x-axis from x = 0 to x = z/2isrevolved about the x-axis. 
f- Find the volume of the resulting solid. 
4-33 47 The region bounded by the graphs of y = In x, у = 0, 
and x = eis revolved about the y-axis. Find the volume 
fx’ cos (х2) dx : : 
of the resulting solid. 
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48 Suppose the force f(x) acting at the point with coordi- 
nate x on a coordinate line | is given by f(x) = 
x*,/x3 + 1. Find the work done in moving an object 
from x 2 0 to x = 1. 


49 Find the centroid of the region bounded by the graphs 
of the equations y = е", y = 0, x = 0, and x = In 3. 


50 The velocity (at time t) of a point moving along a coordi- 
nate line is t/e?^' ft/sec. If the point is at the origin at 
t = 0, find its position at time t. 


When applying the integration by parts formula (9.1), 
show that if, after choosing dv, we use v + C in place of 
v, the same result is obtained. 


52 In Section 6.3 the discussion of finding volumes by means 
of cylindrical shells was incomplete because we did not 
show that the same result is obtained if the disk method 
is also applicable. Use integration by parts to prove that 
if f is differentiable and either f'(x) > 0 on [а,Ь] or 
f'(x) < 0 on [а,Ь], and if V is the volume of the solid 
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obtained by revolving the region bounded by the graphs 
of f, x = a, and x = b about the x-axis, then the same 
value of V is obtained using either the disk method or 
the shell method. (Hint: Let g be the inverse function of 
У, and use integration by parts on f z[ /(х)]? dx.) 


Discuss the following use of Formula (9.1) Given 
{ (1/х) dx, let dv = dx and и = 1/х so that v = x and 
du — (—1/x?) dx. Hence 


Consequently, 0 = 1. 


If u = f(x) and v = g(x), prove that the analogue of For- 
mula (9.1) for definite integrals is 


| udv = [wo] — f} vdu 


for values a and b of x. 


In Example 7 of Section 9.1 we obtained a reduction formula for | sin" x dx. 
Integrals of this type may also be found without using integration by 
parts. If n is an odd positive integer, we begin by writing 


[siw' xdx- [зп ! x sin x dx. 


Since the integer n — 1 is even, we may then use the trigonometric identity 
sin? x = 1 — cos? x to obtain a form that is easy to integrate, as illus- 
trated in the following example. 


EXAMPLE 1 Evaluate fsin’ x dx. 


SOLUTION As in the preceding discussion, we write 


[5а х 4х = [sin* x sin x dx 


= fisin? x}? sin x dx 
= fa — cos? х) sin x dx 


Zs fa — 2 cos? x + cos* x) sin x dx. 
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If we substitute 
и = соѕ х, du = —sin x dx, 
we obtain 
[а xax= - fa — 2 cos? x + cos* x)( — sin x) dx 
- fü — 2u? + ut) du 
зи? — ш +С 


—cos x + $ cos? x — 1cos* x + C. 


Il 
| 
+ 





Similarly, for odd powers of cos х we write 
feos" xdx = feos" ! x cos x dx 


and use the fact that cos? x = | — sin? x to obtain an integrable form. 
If the integrand is sin" x or cos" x and n is eren, then the half-angle 
formula 


T” 1 — cos 2x " | + cos 2x 
sin? X= = or costy = pe 





may be used to simplify the integrand. 


EXAMPLE 2 Evaluate [sos x dx. 


SOLUTION Using a half-angle formula, we have 


| cos? x dx = Ч + cos 2x) dx 


ix + isin2x +C. 





EXAMPLE 3 Evaluate Гах х dx. 


SOLUTION 


fs? х dx 


| (sin? x dx 


1 — cos 2x V? 
| ^ dx 





1 fa — 2 cos 2x + cos? 2x) dx 
We appy a half-angle formula again and write 


cos? 2x = $(1 + cos 4x) = 1 + 4 cos 4x. 
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Substituting in the last integral and simplifying gives us 


над х 4х 


1 fe — 2 cos 2x + + cos 4x) dx 


dx —lsin 2x + 35 sin 4x + C. 





Integrals involving only products of sin x and cos x may be evaluated 
using the following guidelines. 


Guidelines for evaluating 


[ sin" x cos" x dx (9.2) 1 If mis an odd integer: Write the integral as 


на" x cos" x dx = Е 1 x cos" x sin x dx 
and express sin" ' x in terms of cos x by using the trigonometric 
identity sin? x = 1 — cos? x. Make the substitution 
u=cosx, йи = —sinxdx 


and evaluate the resulting integral. 
2 Ifnis an odd integer: Write the integral as 


[sin x cos" x dx = [sin" xcos" ! x cos x dx 


and express cos" ! x in terms of sin x by using the trigonometric 
identity cos? x — 1 — sin? x. Make the substitution 
u=sinx, du-cosxdx 


and evaluate the resulting integral. 


3 If m and n are even: Use half-angle formulas for sin? x and 
cos? x to reduce the exponents by one-half. 


EXAMPLE 4 Evaluate f cos? x sin* x dx. 


SOLUTION By guideline 2 of (9.2), 
feos? x sin* x dx = feos? x sin* x cos x dx 


fa — sin? x) sin? x cos x dx. 


If we let u = sin x, then du = cos x dx, and the integral may be written 


| cos? x sin* x dx = | (1 —u?)u* du = | (u* — u*) du 


` 


ty — ш +С 


|1 


t sinf x —4sin’ x + С. 





The following guidelines are analogous to those in (9.2) for integrands 
of the form tan" x sec” x. 
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Guidelines for evaluating 
| tan" x sec" x dx (9.3) 
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1 If mis an odd integer: Write the integral as 
[тап" x sec" хах = fran" x sec”! x sec x tan x dx 


and express tan”~' x in terms of sec x by using the trigonometric 
identity tan? x = sec? x — 1. Make the substitution 


u=secx, du=secx tan x dx 
and evaluate the resulting integral. 
2 Ifnis an even integer: Write the integral as 
fran" x sec" х dx = fran" x sec"~? x sec? x dx 


and express sec"? x in terms of tan x by using the trigonometric 
identity sec? x = 1 + tan? x. Make the substitution 


и = (ап х, du = sec? x dx 
and evaluate the resulting integral. 


3 Ifmisevenand nis odd: There is no standard method of evalua- 
tion. Possibly use integration by parts. 


EXAMPLE 5 Evaluate fran? x sec? x dx. 
SOLUTION By guideline 1 of (9.3), 
fran’ 58665: x dx = fran? x sec* x (sec x tan x) dx 
- [сес x — 1) sec* x (sec х tan х) ах. 
Substituting u — sec x and du — sec x tan x dx, we obtain 
fran’ х ес? x dx = fw — 1)u* du 
= [ч - u*) du 
= ш" — ш + С 


=} sec х — 15ес х + С. 








EXAMPLE 6 Evaluate fran? х séc* x dx. 
SOLUTION By guideline 2 of (9.3). 
fran? x sect x dx = fran? х sec? x sec? х dx 
= fran? x (tan? x + 1) sec? x dx. 
If we let u = tan х. then du = sec? x dx, and 
Гаи + 1) du 


= (ut + u°?) du 


fran? x sect x dx 


. 

= іи + іш? + С 
i 
5 


tan? x + 1 (ап? x + С. 
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EXERCISES 9.2 





Exer. 1—30: Evaluate the integral. 


7 


19 


21 


27 


feos х dx 
наг x cos? x dx 
Ї sin? x cos? x dx 
Ї sin® x dx 
fran’ х sect x dx 
Ї tan? х sec? x dx 
Ї tan? x dx 


Туяа x cos? x dx 


[чап x + cot x dx 


4 . 
Ї sin? x dx 
о 


[sin 5x sin 3x dx 


412: , 
E sin 3x cos 2x dx 


Ї сес? x cot* x dx 


COS X 
Fee 
2—sinx 


sec? x 
j ЭЕ» as 
(1 + tan х)? 


The region bounded by the x-axis and the graph of 
у = cos? x from x = 0 to x = 2л is revolved about the 
x-axis. Find the volume of the resulting solid. 


2 


> 


24 


28 


Integrals of the form | cot" x сѕс" x dx may be evaluated in similar 


fashion. 


Finally, if an integrand has one of the forms cos mx cos nx, 
sin mx sin nx, or sin mx cos nx, We use a product-to-sum formula to help 


evaluate the integral, as illustrated in the next example. 


EXAMPLE 7 Evaluate 2 5x cos 3x dx. 


SOLUTION Using the product-to-sum formula for cos и cos v, we 


obtain 


[ses 5x cos3x dx = [ios 8x + cos 2x) dx ” 


= 15 sin 8x + { sin 2x + С. 


an? Ix dy А 7 
[зп 2х dx the volume of the resulting solid. 


feos” x dx 


| sin? x cos? x dx 


) 


in 5 seconds? 


| sin* x cos? x dx 


! 
[есе x dx 


x tion at time r. 
[tan x sec x dx 


35 (а| Prove that if m and n are positive integers, 








[sor x dx 
А fsin mx sin nx dx 
cos? x 
——— Ax 5 c si ( 
E sin (m — n)x — sin (m + n)x а 
vsin x - 4-0 
2(m — n) Am + п) 
АХ EE ИРИ = i 
Ї cot” x ese” x dx X sin 2mx . 
-- +C ifm=n 


f tan? (1лх) dx 2 4m 
90 [b] Obtain formulas similar to that in part (a) for 
!, cos X cos 5x dx 
2 [sin mx cos nx dx 
| sin 4x cos 3x dx 

and feos mx cos nx dx. 
fu + cos x)? sin x dx 


tan? x — | 
Г 4х 


36 (a) Use part (a) of Exercise 35 to prove that 








T e C 2 ! 0 їтжл 
sec* x Ї sin mx sin nx dx = Г 
т л imn 
* sec х Ix 
| cot? х c (b) Find 


ё R + 
(1) f sin mx cos nx dx 
-— 


.. R 
(ii) Ї cos mx cos nx dx 
R 


32 The region between the graphs of y = tan? x and y = 0 
from x = 0 to x = x 4 is revolved about the x-axis. Find 


зз The velocity (at time г) of a point moving on a coordi- 
nate line is cos? zt ft/sec. How far does the point travel 


34 The acceleration (at time r) of a point moving on a co- 
ordinate line is sin? г cos г ft/sec*. At r = 0 the point is 
at the origin and its velocity is 10 ft/sec. Find its posi- 


ifmzn 
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Trigonometric substitutions (9.4) 


In Example 1 of Section 1.3 we showed how to change the expression 
va? — x*, with a > 0, into a trigonometric expression without radicals, 
by using the trigonometric substitution x = a sin 0. We can use a similar 
procedure for ү/а" + x? and \/x? — а?. This technique is useful for elimi- 
nating radicals from certain types of integrands. The substitutions are 
listed in the following table. 


EXPRESSION IN INTEGRAND [ TRIGONOMETRIC SUBSTITUTION 











Ja? — x? x =asin 0 
Ja? + x? x—atan б 
Vx? — а? x =asec 0 








When making a trigonometric substitution we shall assume that 0 is 
in the range of the corresponding inverse trigonometric function. Thus, 
for the substitution x = a sin 0, we have —л/2 < 0 < 2/2. In this case, 
cos 0 > 0 and 

Va? — x? = Ja? — a? sin? 0 
= ,/a*(1 — sin? 0) 
= Ja? cos? 0 
= а cos 0. 
If /а? — x? occurs in a denominator. we add the restriction |x| Ха, or, 
equivalently, —z/2 < 0 < z/2. 


dx. 








EXAMPLE 1 Evaluate Ї 


= 


х24/16— х? 
SOLUTION The integrand contains , 16 — x?, which is of the form 
va? — x? with a — 4. Hence, by (9.4), we let 
x-4sinÜ for —2/2<0<7/2. 
It follows that 
V16 — x? = 4/16 — 16 sin? 0 = 4,/1 — sin? 0 = 4 cos? 0 = 4 cos 0. 


Since x = 4 sin 0, we have dx = 4 cos 0 10. Substituting in the given in- 
tegral yields 


Ї | 4х Ї l 4 cos 0 d0 
E ; E = :08 0 c 
х2,/16-- x? (16 sin- 0)4 cos 0 


1 | 
= xT-ü 10 
16 [ sin“ () ! 
= ih (ese? 040 


— i cot 0 + C. 





9.3 TRIGONOMETRIC SUBSTITUTIONS 


FIGURE 9.1 
sin 0 =~ 
sin 0 = 1 
4 
x 

V16 = x 
FIGURE 9.2 

x 
tan 0 = — 


a 
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We must now return to the original variable of integration, x. Since 
0 = arcsin (х/4), we could write —{ cot @ as — 4; cot arcsin (x/4), but 
this is a cumbersome expression. Since the integrand contains , 16 — x^, 
it is preferable that the evaluated form also contain this radical. There is 
a simple geometric method for ensuring that it does. If 0 < 0 < 2/2 and 
sin 0 = x;d, we may interpret 0 as an acute angle of a right triangle 
having opposite side and hypotenuse of lengths x and 4, respectively (see 
Figure 9.1). By the Pythagorean theorem, the length of the adjacent side 
is 4/16 — x?. Referring to the triangle, we find 





х 


It can be shown that the last formula is also true if —z/2 < 0 < 0. Thus, 
Figure 9.1 may be used if 0 is either positive or negative. 
Substituting ,/16 — х/х for cot 0 in our integral evaluation gives us 


| 1 Jié-x 
[=== - +e 
716 — x? 16 x 








If an integrand contains ya? + x? for a > 0, then, by (9.4), we use the 
substitution x = a tan 0 to eliminate the radical. When using this substi- 
tution we assume that 0 is in the range of the inverse tangent function; 
that is, —7/2 < 0 < 7/2. In this case, sec 0 > 0 and 


ма? + x? = Ja? + а? tan? 0 
ма?(1 + tan? 0) 
Jd? sec? 0 


= a sec 0. 
After substituting and evaluating the resulting trigonometric integral, it is 


necessary to return to the variable x. We can do this by using the formula 
tan 0 = x/a and referring to the right triangle in Figure 9.2. 


EXAMPLE 2 Evaluate f _—" 


М4 + х? 


SOLUTION Тһе denominator of the integrand has the form ү/а? +x? 
with a = 2. Hence, by (9.4), we make the substitution 


x=2tan@, dx = 2 ѕес? 0 40. 


Consequently 





34+ x =. 444 tan? 0 = 24/1 + tan? 0 = 2, sec? 0 = 2 sec 0 
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FIGURE 9.3 
x 

tan 0 = 2 





FIGURE 9.4 


5 
sec 0 = — 
a 


— 
мх? – а? 
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1 1 
х= 2 sec? 040 
and |a [== sec” 06 
= [sec 6 d 


= In |sec 0 + tan 0| + C. 


Using tan 0 = x/2, we sketch the triangle in Figure 9.3, from which we 
obtain 











/4 + x? 
sec 0 =` y 
Hence 
| ШЕ. Я dx = іа ECT E. : TC 
v V4 Tx & = 
The expression on the right may be written с 
4 + х2 + х 


In +С=ш|4#+х? + x| -In2 4 C. 


5 








Since \/4 + x? + x > 0 for every x, the absolute value sign is unneces- 
sary. If we also let D = —1п 2 + C, then 


1 
fh x? 








dx = In (/4 + x? + x) + D. 


If an integrand contains J/x? — a?, then using (9.4) we substitute x = 
a sec 0, where 0 is chosen in the range of the inverse secant function; that 
is. either 0 € 0 < z/2 or x € 0 < 37/2. In this case, tan 6 > 0 and 





[> 3 Гэ a 2 
V X^ — a^ = уа? sect 0 — а? 


\/а? (sec? 0 — 1) 
= yar tan Ө 
=a tan б. 

Since 


X 
sec 0 = —, 
а 


we may refer to the triangle in Figure 9.4 when changing from the vari- 
able 0 to the variable х. 


EXAMPLE 3 Evaluate I == dx. 


SOLUTION The integrand contains yx? — 9, which is of the form 
vx? — a? with a = 3. Referring to (9.4), we substitute as follows: 


x=3sec0, dx = 3sec tan 0 40 


9.3 TRIGONOMETRIC SUBSTITUTIONS 


FIGURE 9.5 
x 
sec 0 = — 
3 
x > 
Ух-9 
3 
FIGURE 9.6 
sinOd=x 
1 
E о 
acd E 





471 


Consequently 





Vx? — 9 = V9 sec? 0 — 9 = 3 sec? 0 — 1 = 3 tan? 0 = 3 tan 0 


and 


3 sec 0 tan 0 40 





ГУ 3 tan 6 
x “J 3 sec 0 


-3 [tan? 040 
= 3 [вест 0—1) 40 = 3 [se 0 dU — 3 [чө 
—3tan 0— 30 + C. 


Since sec 0 = x/3, we may refer to the right triangle in Figure 9.5. Using 
tan 0 = yx? — 9/3 and 0 = sec ^! (x/3), we obtain 


/x? —9 [à — з 
j= dx = 3 ? за (Sec 
x 3 3 





m 


Vx? —9 —3sec^! ( 


+С 


As shown in the next example, we can use trigonometric substitu- 
tions to evaluate certain integrals that involve (a? — x*)", (a? + x7)", or 
(x? — a?)", in cases other than n = 3. 





(1 — х?)??? 


EXAMPLE 4 Evaluate z dx. 








SOLUTION The integrand contains the expression | — x*, which is of 
the form a? — x? with a = 1. Using (9.4), we substitute 


x=sin@, dx = cos 0 40. 


Thus, 1 — x? = 1 — sin? 0 = cos? 0, and 
_ 4213/2 ) 
SF x) ке cos 0 40 


p 6 , pm ! qo 


sinf 0 sin* 0 sin? 0 





= [со 0 csc? 040 
= —1со° 0+ С. 


To return to the variable x, we note that sin 0 = x = x/1 and refer to the 
right triangle in Figure 9.6, obtaining cot 0 = y1 — x?/x. Hence 


(1 — ty 1 1 —x? 5 
[— в ах --4 x +C 
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———————————————————————————OOEMMNIERO? PECHINIQUES OF INTEGRATION 


Although we now have additional integration techniques available, it 
is a good idea to keep earlier methods in mind. For example, the integral 
J (x//9 + x?) dx could be evaluated by means of the trigonometric sub- 
stitution x — 3 tan 0. However, it is simpler to use the algebraic substitu- 
tion u = 9 + x? and du = 2x dx, for in this event the integral takes on the 
form $ f u^ 1 2 du, which is readily integrated by means of the power rule. 
The following exercises include integrals that can be evaluated using sim- 
pler techniques than trigonometric substitutions. 


















































EXERCISES 9.3 
М за ee ee 
Exer. 1-22: Evaluate the integral. 24 Find the area of the region bounded by the graph of 
| gs у= x°(10 — х2) 12, the x-axis, and the line x = 1. 
«rep 3d 
1 Ї Е ах 2 Ї 
Х == 
3 Exer. 25-26: Solve the differential equation subject to 
" Ї 1 = di 4 Ї ы 4 dx the given initial condition. 
XVI + х" X yx" +9 25 xdy= үх? – 16 dx; y 20ifx24 
5 Ї ! ax 6 f А 1 ах 26 y1 — х? dy = x? dx; у-0їх-0 
kr xt —25 xo fx? — 25 
X Exer. 27—32: Use a trigonometric substitution to derive 
A P Хай ! хү the formula. (See Formulas 21, 27, 31, 36, 41, and 44 in 
М Appendix ГУ.) 
1 1 агау 
РЕС 2 = Ay Г КУ, ЭРЕШЕ 
9 la pe dx 10 I= —X dx 27 [уа + и? du = 
l l d sg stus а +и?| + С 
, э АУ иг ‚ти уа? ИЛТ 
11 [йз ах 12 Ня = xij 3 dx 2 ' = | 
we anm 
| 4 1 ! 28 | - 79и = ——In va " = +C 
Sh — ——; dx ü 
13 I= x3 x 14 Jya” uva? +u? 
Р 29 Ге, a? — и? du = 
15 | ——;; dx 16 | хух!-9ах 22 ИЙ 
lass ) ! 50:2-03/2-1445-41240 
3 | 8 8 а 
* \/9х? + 49 х\/25х? + 16 30 f= і Ја 6 
| 2 u? ya? — ш? au " 
19 - — dx 20 | сэу dk з 2 
pw Tas 31 pn as du- Ju? =a? -асог t +С 
и 
Ике dx Ї цас 4х 
Р ИЙ ко 32 Qe ы du = 


23 The region bounded by the graphs of y = x(x? + 25)! ?, 
у = 0, and x = 5 is revolved about the y-axis. Find the и a gta eae lu Pele 
volume of the resulting solid. ha 2 ы 


2 


9.4_1МТЕСЕА1$ OF RATIONAL FUNCTIONS 


Recall that if q is a rational function, then g(x) = f(x)/g(x). where f(x) and 
g(x) are polynomials. In this section we shall state rules for evaluating 
| (х) dx. 
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Let us consider the specific case q(x) = 2/(x? — 1). It is easy to verify 
that 


| =i 3 
y= eet x61 





The expression on the left side of the equation is called the partial fraction 
decomposition of 2/(x? — 1). To find | q(x) dx, we integrate each of the 
fractions that make up the decomposition, obtaining 


fat dvo f+ a+ 26 


zIn|x—-1|-In|x c 1| C 
x=] 


= |n 
х+1 





[+c 


It is theoretically possible to write any rational expression f(x)/g(x) as 
a sum of rational expressions whose denominators involve powers of poly- 
nomials of degree not greater than two. Specifically, if f(x) and g(x) are 
polynomials and the degree of f(x) is less than the degree of g(x), then it 
can be proved that 


fe) 


=F + F,+°°'+F, 
G(x) i 1 


such that each term F, of the sum has one of the forms 


A Ax + B 
_ ог Eo AUD 
(ax + by" (ах? + bx + cy 


for real numbers A and B and a nonnegative integer n, where ax? + bx + c 
is irreducible in the sense that this quadratic polynomial has no real zeros 
(that is, b? — 4ac < 0). In this case, ах? + bx + c cannot be expressed as 
a product of two first-degree polynomials with real coefficients. 

The sum F, + Ё +777 + F, is the partial fraction decomposition of 
f(x)/g(x), and each F, is a partial fraction. We shall not prove this algebraic 
result but shall, instead, state guidelines for obtaining the decomposition. 

The guidelines for finding the partial fraction decomposition of 
f(x)/g(x) should be used only if f(x) has lower degree than g(x). If this is 
not the case, then we may use long division to arrive at the proper form. 
For example, given 


x? — 6x? + 5x —3 





x*^—1 
we obtain, by long division, 
x*— 6х2 + 5x — 3 6x—9 
5 =х—6+—; —. 
х? — 1 x*—1 


We then find the partial fraction decomposition for (6x — 9)/(х2 — 1). 
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Guidelines for partial fraction 
decompositions of f(x)/g(x) (9.5) 
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1 If the degree of f(x) is not lower than the degree of g(x), use long 
division to obtain the proper form. 

2 Express g(x) as a product of linear factors ax + b or irreducible 
quadratic factors ах? + bx + c, and collect repeated factors so 
that g(x) is a product of different factors of the form (ax + Б)" or 
(ах? + bx + с)" for a nonnegative integer п. 

3 Apply the following rules. 

Rule a For each factor (ax + b)" with n > 1, the partial fraction 
decomposition contains a sum of n partial fractions of the form 


А, ies А, ores A, 
ax+b (ах + by (ax + b)" 

where each numerator А, is a real number. 

Rule b For each factor (ax? + bx + c with n > 1 and with 
ax? + bx + c irreducible, the partial fraction decomposition con- 
tains a sum of n partial fractions of the form 

Ax +В, Ax + B; n А„х + B, 
ах? + Бх + с (ax? + bx + с)? (ax? + bx + cy" 


where each A, and B, is a real number. 


EXAMPLE 1 Evaluate fo DU T 1х 


| dx. 
x? + Qe? — Зх 


SOLUTION We may factor the denominator of the integrand as follows: 
х? + 2x? — 3x = x(x? + 2x — 3) = x(x + 3)(x = 1) 


Each factor has the form stated in Rule a of (9.5), with m = 1. Thus, to the 
factor x there corresponds a partial fraction of the form A/x. Similarly, to 
the factors x + 3 and x — 1 there correspond partial fractions B/(x + 3) 
and C/(x — 1), respectively. Therefore the partial fraction decomposition 
has the form 


4х°+13х—9 A В С 
=—+ + ; 
х(х+3)(х—1) x х-43 x-1 





Multiplying by the lowest common denominator gives us 
(*) | 4x? + 13x — 9 = A(x + 3)(х — 1) + Bx(x — 1) + Cx(x + 3). 


In a case such as this, in which the factors are all linear and nonrepeated, 
the values for A, B, and C can be found by substituting values for x that 
make the various factors zero. If we let x = 0 in (x), then 


—9=-3A, or A=3: 
Letting x = 1 in (x) gives us 
8=4C, or C=2. 
Finally, if x = —3 in (*), then 
—12=12B, ог В=—1. 
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The partial fraction decomposition is, therefore, 


a+ їх-9-3,)-1 3 
x(x4-3(x—1) x х-3 x-1 





Integrating and letting K denote the sum of the constants of integration, 
we have 


4x? + 13x — 9 3 -1 2 
= ix = _ іх 1 x x 
Гаазе 27 [zi] e 209 


-3In|x|- In|x - 3| -2In|x — ]| - K 

-In|x|-In|x - 3| -In|x — 1?  K 

xx — 1? 
*4-3 








= |n +K. 








Another technique for finding A, B, and C is to expand the right-hand 
side of (+) and collect like powers of x as follows: 


4x? + 13x — 9 = (A + B+ C) + (24 — B + 3C)x — ЗА 


We now use the fact that if two polynomials are equal, then coefficients 
of like powers of x are the same. It is convenient to arrange our work in 
the following way, which we call comparing coefficients of x. 


coefficients of x*: A+B+ C= 4 
coefficients of x: 2A—B+3C= 13 
constant terms: —3A = —9 


We may show that the solution of this system of equations is А = 3, 
B= —1,and C = 2. 








34? — 18x" 4-295 — 4 
EXAMPLE 2 Evaluate Ї : P DENN dx. 


(x + (х — 2)? 


SOLUTION By Rule a of (9.5), there is a partial fraction of the form 
A/(x + 1) corresponding to the factor x + | in the denominator of the 
integrand. For the factor (x — 2)? we apply Rule a (with m = 3). obtaining 
a sum of three partial fractions B/(x — 2). C(x — 2)?. and D/(x — 2y*. 
Consequently, the partial fraction decomposition has the form 
3x? — 18x? + 29x — 4 A B C D 
(x-1x—-2? ytl х-2 (к-28 (х-2Р 


Multiplying both sides by (x + I(x — 2) gives us 
(x) 3x3 — 18x? + 29x — 4 = A(x — 2y + B(x + 1)(х — 2)° 
+ C(x + Dx — 2) + D(x + 1). 


Two of the unknown constants may be determined easily. If we let x = 2 
in («), we obtain 


63D. бїї 0-4 
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Similarly, letting x = — 1 in (ж) yields 
—54= —27A,. or A=2. 
The remaining constants may be found by comparing coefficients. Ex- 


amining the right-hand side of (+), we see that the coefficient of x? is A + B. 
This must equal the coefficient of x? on the left. Thus, by comparison, 


coefficients of x?: 3 = А + B. 


Since A = 2, it follows that B = 1. 
Finally, we compare the constant terms in (ж) by letting x = 0. This 
gives us the following: 


constant terms: —4= —8A+4B—2C+D 


Substituting the values we have found for 4. B. and D into the preceding 
equation yields 


4 == 16-44-20 43, 





which has the solution C = —3. The partial fraction decomposition is, 
therefore, 
3x? — 18x* + 29x—4 | 2, 1 " -3 ” 2 
(x-1(x—-2?  х41 х-2 (х-2) (х-2р: 


To find the given integral, we integrate each of the partial fractions on the 
right side of the last equation, obtaining 


<= s+ К 
x—2 (x-2) 





2Iin|x+1|+In|x—2|+ 


with K the sum of the four constants of integration. This may be written 
in the form 
1 


3 
ш|(5-1)|Їх-2114----- 5+ К. 
п [(х + Dis 1 х-2 (х—2)° 








х*—х—2! 


—— 5 dx. 
2x?—3x?*-.-8x-—4 


EXAMPLE 3 Evaluate f 


SOLUTION The denominator may be factored by grouping as follows: 
2x? — х? + 8x — 4 = x*Qx — 1) + 4(2x — 1) = (x? HAR — 1) 


Applying Rule b of (9.5) to the irreducible quadratic factor x? + 4, we 
see that one of the partial fractions has the form (Ax + B)/(x? + 4). By 
Rule a, there is also a partial fraction C/(2x — 1) corresponding to the 
factor 2x — 1. Consequently. 


XS uus gea QT | Ax € B C 
2х3 — х? +8х-4 x744 2х-1 
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As in previous examples, this leads to 
(x) x? —x—21 =(Ax + B)(2x — 1) + C(x? +4). 
We can find one constant easily. Substituting x = 3 in («) gives us 


32 -12С, or C=—S. 


The remaining constants may be found by comparing coefficients of x 
in (ж): 


coefficients of х?: 1-24-0 
coefficients of x: —1=—А+2В 
constant terms: —21 = —B + 4C 


Since C = —5, it follows from 1 = 2A + C that A = 3. Similarly, using 
the coefficients of x with A = 3 gives us — 1 = —3 + 2B, or В = 1. Thus 
the partial fraction decomposition of the integrand is 





x*—x-—21 23x41 —5 
Э —xt48xy—4 x^L4 2к-1 
3x 1 5 


=з +5 a V 
x'-4 x?^-4 2Х-1 


The given integral may now be found by integrating the right side of the 
last equation. This gives us 


[22] 


1х 5 
2 


5 1 
5 In (x^ + 4) + Ztan^ In |2x — 1| + К. 


N 
w|! 





$5x'—3x4^4 7x —3 


G+ 1) dx. 





EXAMPLE 4 Evaluate Ї 


SOLUTION Applying Rule b of (9.5), with n = 2, yields 


Sx? — 3x? +7х-3 Ах-8  Cx+D 


(x td TSP 
Multiplying by the lcd (x? + 1)? gives us 


5x? — 3x? + 7x - 3 « (Ax + B(x? + 1) + Cx - D 
Sx? — 3x? + 7x — 3 = Ax? + Bx? + (A + C)x + (B + D). 


We next compare coefficients as follows: 


coefficients of x8: 5 = А 

coefficients of x7: —3 = В 

coefficients of x: 7=A+C 
constant terms: —3=B+D 
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This gives us A= 5, B= —3, C=7—A=2, and D = –3 – В = 0). 
Therefore 
5х? — 3x? + Ix—3 5-3 2x 
(x? + 1)? M1” (x? + 1)? 
Sx 3 2% 


2 


“8-1 Yel (68-18 





Integrating yields 


un 
-— 


je ES 


22483 Зун Р” 2 ы НИСИ 4 
Oe + IE = 5 Ino? -1)—3tan^! x wo + К. 


EXERCISES 9.4 


























Ехег, 1—32: Evaluate the integral. 17 fa 5x? + 11х +17 
[к=к x? + 5x? + 4х + 20 
1 
- T JS- -2 Fas .. 
x(x — 4) 18 (= = E S 27 di 
Ї х +34 1 x Ox" 
е бк Эрс : 
(x = 6)(x + 2) "|+. di ә fz 4x | 
37--11х x* + 5x? +4 + 1) 
3 f= ae NN 
(x + L(x — 2)(x — 3) 2x3 + 10x x* + 2x7 Ax +1 
W[-—— 22 [— x 
4 Ї 4x? + 54x + 134 (x^ + 1) (x^ 1) 
M ———— — — dx : 
(x — Dx 4-54х + 3) - [Ex %+3х-2 1 M = aa 
IE x!—x E x*—4x 
5 х 
X 2 Bs; 1 х? 
(x — 1) 25 fe. х? + 4 i sie 
& [719 + 50x — 25 x* + 9x? (x? + 4)? 
x*(3x — 5) " к: Ї 2x? — 5x? + 46x + 98 ” 
> 3 а. 
x + 16 1їх--2 (x^ + x — 12)? 
7 [43 -dx 8 [zrk eon 
х? + 2х – 8 2х? – 5х — 3 al — 3x 3х + 3x41, 
ax 
2 1H а хх + 1)? 
А ja = 10x 8 х ИА p“ 5х _—5х— 15, . 1 
х? — 4x 4x? — 5x 29 рЗ + 2x* — 5х — 18 Ч 
Qa pnis (х – 40х +1)? ^ 
ps yea” mA үе 
ee ПИСЕ... 
2x? — 12x +4 J 2x? + 3x7 +x 
12 — dx 
J х= 452 : й (= + 3x? + 3х + 63 
„2 2 
ә 9x* + 17x34 + 3x? imi hri (x^ — 9) 
x$ + 3x4 й - үзээл 15х+5 1 
3 гути 09 x 
5x? + 30x + 43 (х? + 1)*(x? + 4) 
14 [ c Tdi 
(x + 3) 
Exer. 33—36: Use partial fractions to evaluate the inte- 
5 | x a +30516, gral (see Formulas 19, 49, 50, and 52 of the table of 
5 4x integrals in Appendix IV). 
2x? + 7x 1 1 
а чаа Е üt T— — й ай 
Ea [жуса 5 au 
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1 1 iting i 
f : di Ї 7 may be evaluated by writing it as 
u^(a + bu) u(a + bu) Ї (1/x?) 
37 If f(x) = x/(x? — 2x — 3), find the area of the region 1 А eA) 
under the graph of f from x = 0 to x = 2. and using the substitution u = a + (b/x). 


38 The region bounded by the graphs of y=1/(x—1)(4—x), 42 Generalize Exercise 41 to integrals of the form 





у= 0, х= 2, and x = 3 is revolved about the y-axis. f dx 
Find the volume of the resulting solid. ах" -bx ^ 
39 If the region described in Exercise 38 is revolved about 43 Suppose g(x) = (x — с1)(х — c3): ** (x — с,) for a posi- 
the x-axis, find the volume of the resulting solid. tive integer n and distinct real numbers сү, c, .. . , Cp. If 
f(x) is a polynomial of degree less than n, show that 
40 In the law of logistic growth, it is assumed that at time t, f(x) A "i А 
the rate of growth f'(t) of a quantity f(t) is given by ы = са tx 5 = 
f(t) = Af()[B — f(t)], where A and B are constants. If : —: Б AN 
J(0) = C, show that with A, = f(c,)/g'(c,) for k — 1,2,...,n. (This is a 
method for finding the partial fraction decomposition 
fit) = - ВС 1 if the denominator can be factored into distinct linear 
С+(В— С)е ^P factors.) 
41 Asan alternative to partial fractions, show that an inte- 44 Use Exercise 43 to find the partial fraction decomposi- 
gral of the form tion of 
4 2x* — х? — 3x? + 5x+7 
J ax? + bx ^ x5 — 5x? + 4x 


9.5 INTEGRALS INVOLVING QUADRATIC EXPRESSIONS 


Partial fraction decompositions may lead to integrands containing an 
irreducible quadratic expression ax? + bx + c. If b #0, it is sometimes 
necessary to complete the square as follows: 


b 
ax? + bx +с=а( + 2x) +c 


b\? b? 
=a(x +3") шинж 


The substitution и = x + b/(2a) may then lead to an integrable form. 


2x — 1 


EXAMPLE 1 Evaluate Ї йб ыл X. 


SOLUTION Note that the quadratic expression x? — 6x + 13 is irre- 
ducible, since b? — 4ac = —16 < 0. We complete the square as follows: 


x^—6x413-2(x^— 6x )+13 
—(x?—6x-4-9)--13—9 = (x — 3? +4 


Thus, 





2x—1 2х — 1 
laos le ee 
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We now make the substitution 


u-x—3, х=и+3, dx= du. 
Thus. 


2x— 1 2(u + 3)— 1 
——— -dx = | — ——— d 
lum 7 ий J u^ + 4 ит 


Jea lu 
77 2+4" 


2и 2 1 
= Ї Sud du + 5 Ї Su du 


u 
= |n (u? + 4) + tan z +C 





kJ 5 m A crt 
= In (x^ — 6x + 13) + 5 tan (EVE. 





We may also employ the technique of completing the square if a quad- 
ratic expression appears under a radical sign. 


EXAMPLE 2 Evaluate f a Ч | 


48 T2x— x 


SOLUTION Ме complete the square for the quadratic expression 
8 + 2x — x? as follows: 
8 + 2x — x? = 8 — (x? — 2x) = 8 + 1 — (x? —2x +1) 
=9—(х— 1)? 
Thus, 


1 1 
Ї SS ST dx = Ї — d 
48 + 2x — х 49 — (x — 1)* 
Using the substitution 


и-х-1, du-dx 








yields 
1 
dx = | — — dx 
l= /9 — (x — 1)? 
= б = du 
V — Au^ 
= 19 
= sin 3*€ 
х-1 
=sin ! —— +C 
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In the next example we make a trigonometric substitution after com- 
pleting the square. 


EXAMPLE 3 Evaluate | — БИНЕ 


Vx? + 8x + 25 


SOLUTION We complete the square for the quadratic expression as 
follows: 


x? + 8x + 25 = (х? + 8x )+ 25 
= (x? + 8x + 16) + 25 — 16 
=(x + 4)? +9 


Thus, 


1 | 
Ї SaaS == dx = E ed dx. 
үх? 8x 4-25 у(х + 4) +9 
If we make the trigonometric substitution 


x+4=3tan0, dx= 3 sec? 0 40, 








then 
vix + 4y +9 = V9 tan? 049 = — = 3 ѕесб 
апа Ї ARIA х= РЕ Фер 8? sec? 040 
= Ї sec 040 
FIGURE 9.7 = In |sec 0 + tan 0| + C. 
tan 0 = A: To return to the variable x, we use the triangle in Figure 9.7. obtaining 





fs wer X ith 


V(x +4) +9 








Exer. 1-18: Evaluate the integral. 





І х? +185425 KFA 
Ї = Ax = I ‚ыы. cm «c 
мх? + 8х + 25 3 3 
= In |? + 8x +25 - x + 4| - 1n|3| +С 
=ш|үх“+&х+25+х+4|+К 
with K = C — In 3. 
EXERCISES 9.5 
2x 4-3 x+5 
^^ RU Гает 


1 
—————— dx 2 
(x- 1, +4 [m9 


| X 
[=т= 3 23 


| 
6 Ї dx 
47 + 6x — x? 


1 
анд 


‘os 





x 


1 
* fa + 4x + 5)? s 
1 


E ПБННИГ" 
” | gd (зууг ^ 


1 
" = di 
” [а — 6x + 34°" з 


12 [ухв - х) dx 


р еы өт ятга 
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“ 1 4 “4 2x 4 19 Find the area of the region bounded by the graphs of 
T m Ж Кк, - у = 1/(x? + 4x + 29), y=0, x= —2, and x= 3. 
ё EXT 20 The region bounded by the graph of у= 1/(х2 + 2x 4 10), 
15 Ї гс ЭР PA 16 [vx + 10x dx the coordinate axes, and the line x = 2 is revolved about 
e** + 3e* + 2 ee : à 
the x-axis. Find the volume of the resulting solid. 
- ix! —4х+6 5 af х-1 dx 
2 х? – 4х + 5 ох +х+1 7 


9.6 MISCELLANEOUS SUBSTITUTIONS 


In this section we shall consider substitutions that are useful for evaluating 
certain types of integrals. The first example illustrates that if an integral 


contains an expression of the form (х). then one of the substitutions 
= (х) or u = f(x) may simplify the evaluation. 


3 


EXAMPLE Т Evaluate ( —7— dx. 
Vx +4 


SOLUTION 1 The substitution u= 4/x? +4 leads to the following 
equivalent equations: 
u= {х2 +4, a -x.4, х= и? – 4 
Taking the differential of each side of the last equation, we obtain 
2x dx = Зи? du, or x dx = Зи? du. 


We now substitute as follows: 


3 2 


x x 
————й#йх= -шш---ХйХ 
aa Гавал 
45 mi E 2 du == > Гои? - а) du 


= iu — a + C= aa —10)+C 
= 7h (x? + 4)?/%(х° — 6) + C 


SOLUTION 2 If we substitute u for the expression underneath the radi- 
cal, then 








u=x?+4, or x -u—4 
and 2х ах = du, or хӣх = $ йи. 


In this case we may write 





Г Sy 
= [за =; fe T МӘ) dy 


= 4(3u5/3 — 6u?7)+ C= Sur (u -10)-0 
= ix? + 4)?!%(х? — 6) + C. 
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EXAMPLE 2 Evaluate — dx. 


Vx + 4х 


SOLUTION To obtain a substitution that will eliminate the two radicals 


— 


Vx = x!? and {х = x! ?, we use и = хі", where n is the least common 
denominator of 3 and 4. Thus, we let 


и = x'*, or, equivalently, x = u$. 


Hence 


e) 2 3 21/3 


dx = 6u du, x'?-(u9)? = и, х! = (и 


and, therefore, 
1 . 1 и? 
T ———— dx = | ———5 6u* du = 6 Ї - йи. 
VX + х utu ul 


By long division, 











u? 1 
—u —utl- 
ul ucl 
Consequently, 
1 ! 
= dx =6 |[и?—и+1— 1 
Ix (0 | vi) 
3 


| 
= 
wi 
= 
| 
т 
БЭ 
= 
| 
үнэ 
з 
+ 
d 
A 


1 
24x —33/x + 64/x — 61n (5х + 1) + C. 





If an integrand is a rational expression in sin x and cos x, then the sub- 
stitution 


м 


и = tan for —-л<х<л 


һә | 


will transform the integrand into a rational (algebraic) expression in и. To 
prove this, first note that 


x І 1 1 
cos = = = 














2 sec(x/2 /1+tan?(x/2) 414142 
їп = tan 5 cos Х i 
sin — = t: 8--1 

p “2 зэ 

Consequently, 
: 2 3 х 2и 
sin x = 2 sin — cos = = 
2 2 1+и 


242 1--4Г 
ltu 14-45 


1 


Moreover, since x/2 = tan”! и. we have x = 2 tan`! u and, therefore, 


dx = ——~ du. 
1 ac 
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The following theorem summarizes this discussion. 


Theorem (9.6) 
If an integrand is a rational expression in sin x and cos x, the fol- 


lowing substitutions will produce a rational expression in и; 
1—4? 2 


” 2u 
sin x = cos х =-——,, dx =——,; 
1+u?’ vad 1 +u? 


1+и du, 





| х 
where и = tan Y 


1 
——§ dx. 
x —3cosx ? 


EXAMPLE 3 Evaluate Ї ta 


SOLUTION Applying Theorem (9.6) and simplifying the integrand 





yields 
| 1 2 
ee ——— CUR GT 
loue тт ” b 2u 3 ] 1a gi 
1+и2/ o7 Tet] 


э 


Tu e RES 
ge 3(1 — u^) - 


1 
Е 2 з 4:88- г 


Using partial fractions, we have 





i Зря | 
3448u—3 10\Зй—1 и-3 


апа һепсе 


1 1 3 1 
тн үлэ чы || (s. nT ;) " 


1 
= (ш [3и 1—0 |и+3) +С 











1 Зи — 1 
--| © 
5 " u+3 T 
1 3 tan (x/2) — 1 
= , 4C. 
5 tan (x/2) 4- 3 








Theorem (9.6) may be used for any integrand that is a rational expres- 
sion in sin x and cos x. However, it is important to also consider simpler 
substitutions, as illustrated in the next example. 


EXAMPLE 4 Evaluate == a dx. 
| + sin- x 
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SOLUTION We could use the formulas in Theorem (9.6) to change the 
integrand into a rational expression in u. The following substitution is 


simpler: 


Thus, 


! 


u=sinx, du=cosxdx 


COS X 
1 + ѕіп2 х “ х= f и? = 


= arctan u + C 
= arctan sin x + C. 





EXERCISES 9.6 
ЬЕ —_—- 


Ехег. 1—26: Evaluate the integral. 














1 fx ух +9 dx 2 [3 2x 4-1 dx 
х 5% 
3 Ї : — dx 4 f= "m dx 
У3х+2 (x + 3) 
1 25 1 
s [* — — dx sf -dx 
ух +4 4+ үх 
1 
y | dx в f — — dx 
“1-4х NX T NX 
2x -3 
9 Ї ыа 10 Í 32 dx 
(х+1)ух—2 9 /1+2х 
х+1 х + 1 
1 Ї ed 12 | Ix 
(x +4) ' xm" 
13 fe 1+ e dx 14 { : - dx 
VI нех 
е?^ sin 2x 
5 Ї = dx 16 = dx 
e 4 " Nl sinx 
17 [sin ух + 4 dx 18 [4 x e* dx 
+ Xx xt 
9| - dx — dy 
Í: (x—1p^ = fa +4)'9 * 
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sin x cos x 
21 fæ dx 22 | Ta. a as dx 
cos x(cos x — 1) 4 sin x —sin x —2 
1 
e^ = Jud me 


sin 2x sin x 
e ME CET |-—- 
sin^ x —2sinx — 8 5 cos x + cos? x 








Exer. 27—32: Use Theorem (9.6) to evaluate the integral. 


27 [5—4 28 [e 
24 sinx 3--2cosx 
1 1 
— — — јх 30 | ——— ——— dx 
1 + sin X + cos x tan x + sin x 
sec x 
3 [—— dx 32 [—— — — dx 
4— 3tan x TUN КЕТ 


Exer. 33-34: Use Theorem (9.6) to derive the formula. 


1 + tan іх 


зз [sec x dx = In 
1—tanix| * 





1 1--со8 х 
34 [сс x dx : de ec 


2 1 + cos x 


Mathematicians and scientists who use integrals in their work sometimes 
refer to tables of integrals. Many of the formulas contained in these tables 
may be obtained by methods we have studied. In general, tables of inte- 
grals should be used only after gaining experience with standard methods 
of integration. For complicated integrals it is often necessary to make 
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substitutions or to use partial fractions, integration by parts, or other 
techniques to obtain integrands to which the table is applicable. 

The following examples illustrate the use of several formulas stated 
in the brief table of integrals in Appendix IV. To guard against errors in- 
troduced when using the table, you should always check answers by 
differentiation. 


EXAMPLE 1 Evaluate fe cos x dx. 


SOLUTION We first use reduction Formula 85 in the table of integrals 
with n = 3 and u = x, obtaining 
|е cos x dx = х? sin x — 3 fx? sin x dx. 


Next we apply Formula 84 with n = 2, and then Formula 83, obtaining 
E sin x dx = —x?cosx + 2 (х cos x dx 


= —x* cos x + 2(cos x + x sin x) + C. 


Substitution in the first expression gives us 


Jet cos x dx = x? sin x + 3x? cos x — 6 cos x — 6x sin x + C. 








EXAMPLE 2 Evaluate Ї — dx for x > 0. 


x43 + 5x* 


SOLUTION The integrand suggests that we use that part of the table 
dealing with the form ya? + u^. Specifically, Formula 28 states that 





f du ма? + и? 
— 2 
u? уа? + и? au 


(In tables, the differential du is placed in the numerator instead of to the 
right of the integrand.) To use this formula, we must adjust the given inte- 
gral so that it matches exactly with the formula. If we let 


а? = 3 and и? = 5x2, 


then the expression underneath the radical is taken care of; however, we 
also need 


(i) u? to the left of the radical 
(ii) du in the numerator 


We can obtain (i) by writing the integral as 


1 
5 Ї - 3 3 dx. 
5x4 4/3 + 5x* 
For (ii) we note that 


и = 5x and йи = ү/5 йх 
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and write the preceding integral as 


1 | 
f ——— y5 dx. 
45 5x? 43 + 5x? 


The last integral matches exactly with that in Formula 28, and hence 


l =| Are 
[——ÀBh-. s -333351 +6 
x* 3 + 5х? З(5х) 








As illustrated in the next example, it may be necessary to make a 
substitution of some type before a table can be used to help evaluate an 
integral. 


= sin 23 


EXAMPLE 3 Evaluate dx. 








— 5 соѕ x 
SOLUTION Let us begin by rewriting the integral: 


- dx 


LEE. sin 2x еы 
dx = 
3 — 5 cos x 


/3 — 5cos x 


Since no formulas in the table have this form, we consider making the 


substitution и = cos x. In this case du = —sin x dx and the integral may 
be written 
sin X cos x COS X 
2 [———— av = -2[— = (—sin x) dx 
„3 — 5 соѕ x /3— 5 соѕ x 
и 
= —2 f - du 
у 3— Su 


Referring to the table of integrals, we see that Formula 55 is 





1 2 мн 
Ї LIE 3p? (bu — 2a)ya + bu. 
ма + bu 


Using this result with a = 3 and b = — 5 gives us 


9 m 
-2 Í E ilis (eos 6/3 Su c. 
V3 — 5и 75, 


Finally, since и = cos х, we obtain 








4 >; 
[- sin 2x -dx = (5 cos x + 64,/3— 5cos x + C. 
V3 — 5cos x 75 


We have discussed various methods for evaluating indefinite integrals: 
however, the types of integrals we have considered constitute only a small 
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EXERCISES 9.7 


percentage of those that occur in applications. The following are examples 
of indefinite integrals for which antiderivatives of the integrands cannot be 
expressed in terms of a finite number of algebraic or transcendental 


functions: 


[S8 + 4x - dx, ТУзсов x + тах, fem ах 


In Chapter 11 we shall consider methods involving infinite sums that аге 


sometimes useful in evaluating such integrals. 





Exer. 1-30: Use the table of integrals in Appendix IV to 


evaluate the integral. 


44 та 9x? x 
саг, 


з [(16 — x7)? dx 
5 |ху2-3х 4х 
7 | аг 3x dx 

9 [е хах 

11 [sin x dx 
13 fe Эх sin 2x dx 


Гбх — 9x? 
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8 [х cos? (x?) dx 
10 [зїп 5x cos 3x dx 


12 ЇР tan ! x dx 


14 Ї x 


ъ |= 








In x dx 


os 2 





Exer. 1-100: Evaluate the integral. 


1 [х sin x dx 
3 |ж In (1 х) dx 
5 | cos? 2x sin? 2x dx 


7 fran x sec? x dx 


l 
era 
11 [= dx 


x* + 1 
з|——4 
fa 1}? Р 








7 [see (3x) dx 


xh 


е** dx 


‘6 | cos* x dx 


8 Ї tan х sec? x dx 





17 fas 54 


19 [e cos !e* dx 
21 [942 +x dx 


a j =a sin 2x 
TU. 


49 + 2x 
26 [^ = dx 








27 | — — dx 
х(4- 4/х) 





29 | \/16 — sec? x tan x dx 


18 [eos xsin? x — 1dx 


20 fsin? x cos? x dx 








х? 
22 Ї - dx 
N == 5 
tan х 
24 | -i 
\/4 + 3 56с х 


26 [vex — 3x? dx 











3. ЭА... ex: 
” [* 20x 63x 198 4 





xX*—8l 
f х-1 
(x + 2)° 
x 
17 == ах 
= 
tix + 8 
16 |= d 
mi 


21 fe sin 3x dx 


23 Jaji x cos? x dx 


= |: 








"S 


x 


S 
18 = 
Каты 5° 


sin х 

20 > dà 
! 2 соѕх + 3 as 

22 [сов (In x) dx 


24 foot? 3x dx 


1 
26 ————— als 
oer А 
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я” — a Ж ЖАКУ ТЕ Р : 
m cqui til 67 |(x^ — sech? 4x) dx 68 | x cosh x dx 
27 Ї 8133 dx f Ї 
2-45 4, 5. 53ү Тод 
4 Ї gi т 69 fx c dx 70 f^ ух” + 14х 
x? — 3х2 + 9x — 27° 4 3 Р ~ f 12x? + 7х í 
= ————@х 
| f art |. JM — 10x — x 
3 (x + 5]190“ 
а a 73 fran 7х cos 7x dx 74 fe „зел 
31 fe sec e* dx 32 fx tan x^ dx ax? — Dx — 10 5 od = 0 
33 [ё sin 5x dx 34 [зп 2x cos x dx (х — 2)(x? — 4x + 3) * x*J16—ax? І 
35 [se x cos!? x dx 36 [sin 3x cot 3x dx 77 fos + 1) cos х dx 78 fo = 3Y(x + 1) dx 
— — AV 
37 fers 1 + e* dx 38 [хаг + 25)! 2 dx 79 Te 
ре xi 
x? Ы 3х +12 2 > 
39 m M lx 40 4x? = 15х7 тээ 6x “Р 81 
IE Куч х? + 8x + 25 80 Ї f= (os 4-8] — dx 
—— 1 2-6 E y Бр S cae 5 3 
41 [sec x tan* x dx 42 [зп х cos? x dx 81 fo — cot 3x)? dx 82 IE + 5) dx 
43 | x cot x esc x dx 44 |(1 + csc 2x)? dx Ж 
J f 83 f-—-—— — dx (ee 
45 Гов — х)? dx 46 [хап xy dx х(ух x) Р 
E = — 85 f sin x т “ Г 4x! — 6x +4 à 
Kus , EE 72-29 ——————— dx VE 
47 [ух sin yx dx 48 [^ 5 — 3x dx J парту J (х2 + 4x — 2) 
e e 
ы; li tee dx 50 I5 reu dx ela. A dx 88 IE x cos? x dx 
x*— 4x +3 COS? x й 
51 —— — dx 52 aa dx ned З = x 2 
| Ух f Vl + sin x 89 fran x sec x dx 90 le TI dx 
х? x 
"EN 2. " 2x? + 4x? + 10x +13 
53 | ——=——4х шин s dx Т6: 
у16-х | 9х х* + 9x? + 20 
1—2х sin x 
ик usse 56 dx 
lzm ы E ? — 6x +18 Ae | rco rm. 
nice жЕ - CE E RN 2. 9)2 
57 [ап 5x dx 58 [sin 3x dx es pe 2) "T “ [сог ore 
ean » x 
х 
59 -г-4х 60 s dx C 
Tas ks 5х 95 fer In x dx 96 Ї T ak 
-— 243) дш 
е Ї 7 хан a [4 х° | —sin x 
у7 + 5x oe fa ee 98 i * 
х £3 cot x 
63 [со х ах 64 [со х ese x dx эрэн 
99 fee dx 100 fox + 2Y(x + 1)!? dx 


65 Ї xx? — 25 dx 66 Ї (sin х)108% х dx 
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INDETERMINATE FORMS AND 
IMPROPER INTEGRALS 


„ә 


The first important limit we considered in Chapter 
was the derivative formula 
‚_ fix) — fla) 
f'(a) = lim 
xoa Х—@ 

If f is continuous at x = a, then taking the limit of the 
numerator and denominator separately gives us 

fla) f(a) 0 

Г(а) = =—, 

a a 0 

an undefined expression. However, we know that ас- 
rivatives are not always undefined. You may recall 
that to arrive at each rule for finding derivatives we 
used an algebraic or trigonometric simplification, 
which was sometimes accompanied by an ingenious 
manipulation or geometric argument. In this chapter 
we introduce techniques that allow us to proceed in a 
more direct manner when considering similar prob- 
lems about limits. The most important result we shall 
discuss is L'Hópital's rule, used for investigating limits 
of quotients in which both numerator and denomina- | 
tor approach 0 or both approach ос or — ж. Other 
so-called indeterminate forms are considered in Sec- 
tion 10.2. In the last two sections we study definite 
integrals that have discontinuous integrands or infi- 
nite limits of integration. 

The topics discussed in this chapter have many 
mathematical and physical applications. Our most im- 
portant uses for them will occur in the next chapter, 
when we discuss infinite series. 


гү 
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10.1 THE INDETERMINATE FORMS 0/0 AND оо/ oo 


In Chapter 2 we considered limits of quotients such as 


. sin x 
and lim 
x23 X— 2 х=0 х 











In each case, taking the limits of the numerator and denominator gives us 
the undefined expression 0/0. We say that the indicated quotients have 
the indeterminate form 0/0 at x = 3 and at x = 0, respectively. We pre- 
viously used algebraic, geometric, and trigonometric methods to calculate 
such limits. In this section we develop another technique that employs the 
derivatives of the numerator and denominator of the quotient. We also 
consider the indeterminate form оо / оо. where both the numerator and the 
denominator approach ж or — x. The following table displays general 
definitions of the forms we shall discuss. 














Indeterminate form Limit form: lim ME 
хэс 9 
0 ЛЭ” : 
0 lim f(x) = 0 and lim g(x) =0 
a. : К * 
= lim f(x) = 2c or — and іт (х) = x or —x 


The main tool for investigating these indeterminate forms is L' Hópital's 
rule. The proof of this rule makes use of the following formula, which bears 
the name of the French mathematician Augustin Cauchy (1789-1857) 


Cauchy's formula (10.1) | - cce ue 

If f and g are continuous on [a, b] and differentiable on (a. b) and 
if g'(x) #0 for every x in (а, b), then there is a number w in (а, b) 
such that 





f(b) — fla) — fw) 


g(b) —g(a) 90) 














PROOF We first note that g(b) — g(a) x 0, because otherwise g(a) = 
g(b) and, by Rolle's theorem (4.10), there is a number c in (a, b) such that 
(с) = 0, contrary to our assumption about д. 

Let us introduce a new function / as follows: 


h(x) = Lftb) — (а) (х) — [atb) — g(a)] f) 


for every x in [a, b]. It follows that h is continuous on (а, b] and differ- 
entiable on (a, b) and that h(a) = h(b). By Rolle's theorem, there is a num- 
ber w in (а. b) such that h'(w) = 0; that is. 


Lf(5) — а) Јо) — [g(b) — g(a)] f'(w) = 0. 


This is equivalent to Cauchy's formula. шш 
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L'Hópital's rule* (10.2) 


*G. L'Hópital (1661-1704) was a French 
nobleman who published the first calculus 
book. The rule appeared in that book: 
however, it was actually discovered by his 
teacher, the Swiss mathematician Johann 
Bernoulli (1667—1748), who communicated 
the result to L'Hópital in 1694. 


FIGURE 10.1 








Cauchy's formula is a generalization of the mean value theorem (4.12), 
for if we let g(x) = x in (10.1), we obtain 


f(b) — fla) (м) 
бф 4 





= f'(w). 


The next result is the main theorem on indeterminate forms. 





Suppose f and g are differentiable on an open interval (a, b) con- 
taining с. except possibly at c itself. If f(x)/g(x) has the indeterminate 
form 0/0 or oc/oc at x = c and if g'(x) = О for x z c, then 

lim 09. tim 00), 

xc g(x) xcd (x) 





provided either 
fx) 


lim ^ ехіѕіѕ or lim 76) = 
хэс 9 (X) xc J (xX) 





PROOF Suppose f(x)/g(x) has the indeterminate form 0/0 at x = c and 
lim... [/(x)/g(x)] = L for some number L. We wish to prove that 
lim, Сх) Сх] = L. Let us introduce two functions F and G as follows: 


F(x) = f(x) ifx zc and F(c)=0 
G(x) = g(x) ifx ce and С(с) = 0 
Since lim F(x) = lim f(x) = 0 = Ftc), 


the function F is continuous at c and hence is continuous throughout the 
interval (a, b). Similarly, G is continuous on (a, b). Moreover, at every 
xc we have F(x) = f'(x) and G'(x) = g(x). It follows from Cauchy's 
formula, applied either to the interval | с, x] or to [x, c], that there is a 
number w between c and x such that 


F(x) — F(c) = F'(w) " fiw) 
G(x) —G(c) | G'(w) gw) 





Using the fact that F(x) = f(x). G(x) = g(x), and F(c) = G(c) = 0 gives us 


fe) Гм) 
g(x) | g'(w) 





Since w is always between c and x (see Figure 10.1), it follows that 


I) ua а р 





which is what we wished to prove. 

A similar argument may be given if lim, | /'(x)/g'(x)] = 2с. The 
proof for the indeterminate form x/ is more difficult and may be found 
in texts on advanced calculus. шш 
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L'Hópital's rule is sometimes used incorrectly, by applying the quo- 
tient rule to f(x)/g(x). Note that (10.2) states that the derivatives of f(x) 
and g(x) are taken separately, after which the limit of f'(x)/g(x) is 
investigated. 


EXAMPLE 1 Find lim 20821251, 


x70 3x 


SOLUTION Both the numerator and the denominator have the limit 0 
as x > 0. Hence the quotient has the indeterminate form 0/0 at x = 0. 
By L’H6pital’s rule (10.2), 

. cosx+2x—-—1 . —sinx +2 

lim = lim ; 


x0 3x x-*0 3 





provided the limit on the right exists or equals оо. Since 


li ch MIR Д 
"ENS 3 
it follows that 
lim 205 х 2x — 1 _2 
хэй 3x йг 





Sometimes it is necessary to employ L'Hópital's rule several times in 
the same problem, as illustrated in the next example. 


px p X 
EXAMPLE 2 Find tin 2 —- 


so 1— cos 2x 


SOLUTION The given quotient has the indeterminate form 0/0. By 
L'Hópital's rule, 
e+e*—2 „ ece 


lim = lim — А 
х-0 1 —cos 2x x29 2 51п 2x 





provided the second limit exists. Because the last quotient has the indeter- 
minate form 0/0, we apply L'Hópital's rule a second time, obtaining 


2 . 


е-е" gue 2 
lim ——— = lim = — = 
х-0 2510 2х х-о0о4С082х 4 


It follows that the given limit exists and equals 1. 





L'Hópital's rule is also valid for one-sided limits, as illustrated in the 
following example. 
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EXAMPLE 3 Find lim 488 


x=(n/2)- | + sec x 


SOLUTION The indeterminate form is 20/0. By L'Hópital's rule, 





4tan x li 4 sec? x : 4 sec х 


ssaa 1 4860089 хөвд, SOCK хөв tax 
The last quotient again has the indeterminate form оо/оо at х=л/2; 
however, additional applications of L'Hópital's rule always produce the 


form ос/оо (verify this fact). In this case the limit may be found by using 
trigonometric identities to change the quotient as follows: 


4sec x 4/cos x 4 
tanx  sinx/cosx  sinx 








Consequently 


: 4 tan х x 4 4 
lim ———= lim - =—=4, 
x-(j2- 1 4 SeC X хэрэ Sin x 1 








Another form of L'Hópital's rule can be proved for x > = or 
x — — æ. Let us give a partial proof of this fact. Suppose 


lim f(x) = lim g(x) = 0. 


If we let u = 1/x and apply L'Hópital's rule, 


xd) ж-о (Iu) — esos D, 0074) 








By the chain rule, 
D, f(1/u) = f'(1/u( —1/u) and D, g(l/u) = g'(1/u)(—1/u?). 
Substituting in the last limit and simplifying, we obtain 


us JUR Q4 ТИЛУ) vC FD 
Im gb) | чи g(l/u) | bn g'(x) 





We shall also refer to this result as L'Hópital's rule. The next two examples 
illustrate the application of the rule to the form ос/оо. 


In x 


EXAMPLE 4 Find lim ——. 


x>w NX 


SOLUTION The indeterminate form is oc/oc. By L'Hópital's rule, 
lim MR im wa 
х x Qux) 


xo X 
The last expression has the indeterminate form 0/0. However, further ap- 
plications of L'Hópital's rule would again lead to 0/0 (verify this fact). If, 
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instead, we simplify the expression algebraically. we can find the limit as 
follows: 


| lx 2x 2 





. х „_. RIS э, 9 
lim —— = lim 20 = lim = 0 
хээ | (2 NX) x-:w X х0 aX 
e 
EXAMPLE 5 Find lim —,. if it exists. 
хех XN” 


SOLUTION The indeterminate form is ос/ос. We apply L'Hópital's 
rule: 

- e» : 3 3х 

lim —- = lim 

x-x X^ x-x 2Х 
The last quotient has the indeterminate form c/o». so we apply 
L'Hópital's rule a second time, obtaining 


. ээх . 9e3* 
lim —— = lim = 0. 
iy DX шид d 
х ж. -. х 12 - 


Thus, e?*/x? has no limit, increasing without bound as x > ». 





It is extremely important to verify that a given quotient has the indeter- 
minate form 0/0 or эс/эс before using L'Hópitals rule. If we apply the 
rule to a form that 15 not indeterminate, we may obtain an incorrect соп- 
clusion, as illustrated in the next example. 


EXAMPLE 6 Find lim ^ 77 — it exists. 


x0 


SOLUTION The quotient does nor have either of the indeterminate 
forms, 0/0 or ж/ж. at x = 0. To investigate the limit, we write 


х =х 
. ee : Po 
lim 5 = lim (e* 4- e^?)| -, |. 
x-0 X^ x N 


E : А s z { 
Since lim (e* +e7*)=2 and lim—2 x, 
x0 xe X 


it follows that 


If we had overlooked the fact that the quotient does not have the in- 
determinate form 0/0 or o/o» at x = 0 and had (incorrectly) applied 
L'Hópital's rule, we would have obtained 

e+e * ёх —е7* 


lim 5 = lim 
x0 X" х0 LX 
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FIGURE 10.2 





Since the last quotient has the indeterminate form 0,0, we might have 
applied L'Hópital's rule. obtaining 
e*—e™* O+te* 1-1. 


lim = lim — =» 
xc 2x x0 2 2 


This would have given us the (wrong) conclusion that the given limit exists 
and equals 1. 





The next example illustrates an application of an indeterminate form 
in the analysis of an electrical circuit. 


EXAMPLE 7 The schematic diagram in Figure 10.2 illustrates an elec- 
trical circuit consisting of an electromotive force И. a resistor К, and an 
inductor L. The current / at time г is given by 


7 
1 -—(1—e 9558) 


R 


When the voltage is first applied (at t — 0), the inductor opposes the rate 
of increase of current and / is small: however, as г increases, I approaches 
VR. 

(а) If L is the only independent variable, find lim, o- I. 

(0) If R is the only independent variable, find lim, .,. 1. 


SOLUTION 


(a) If we consider V, R. and t as constants and L as a variable, then the 
expression for / is not indeterminate at L = 0. Using standard limit theo- 
rems, we obtain 


7 
lim Z= lim —(1 е7 0) 


1-0 * 1-0: 
y 
=—(1— lim ек 
A 14-20" . ) 
V V 
= 1—0)=—. 
halla ial 


Thus. if L x 0, then the current can be approximated by Оһп law 
І = VIR. 

(b) If V. L, and t are constant and if R is a variable, then / has the indeter- 
minate form 0/0 at R — 0. Applying L'Hópital's rule, we have 


= ет к! L 
lim / — V lim 
R=0* R~O* R 
sp jg PECES 
R=0* 1 


V 
ү(0-0Х-4/01-( t. 
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This may be interpreted as follows. As R — 0*, the current I is directly 
proportional to the time t, with the constant of proportionality V/L. Thus, 
at t = 1 the current is V/L, at t = 2 it is (V/L)(2), at t = 3 it is (V/L)(3), 





























and so on. 
EXERCISES 10.1 
Ехег, 1—52: Find the limit, if it exists. 34 li sin? x + 2 соѕх — 2 
LS oues PELA ELT 
vii sin x 2 5х хэ0008/Х-ХЯ0Х-1 
im —— im . 
хэр 2x х-0 tan x . sin”! 2x . In (In x) 
38 lhm—— ——— 36 lim — —— 
arem tS x—4 xo Sin ^^ x хэ» linx 
3 lim 4 lim ————— | 
255 x*— 25 х4 jx -4—2 37 lig 23 59 x 
seca EUM баз 
КУ 
s 2x? — 5x 4-2 4 їй х2 +25 —3 1-0 X anx 
im — —— im — 
1525x* — Tx — 6 g5-32x* + 3x — 9 - lim 2X5 — 5x5 + 6x - 3 
3. 5.2 y 
7i х%—3х+2 РЕГ x?— Sx + 6 хэр X —2x? co x —1 
im —— —- im —— ——; 1 
zx*—32x71 x2:2x^—x— eu die Бу Т7 ша” 
39 іт 5—5 40 іт го 2-0 
А sin x — x is d sin x теала x0 1 — COS” X 
—_—_— 1 ————— 
zotanx—x x~0X—tanx — x* — x? — 3x? + 5x —2 
4.53 ОНЫ 
| xrl-e Hd x+ le x21X* — 5x* + 9x* — 7x + 2 
“ кел x Ba х? 42 lim х*+х*—3х5—х +2 
4.3 E 
 Ё x —sin x & 1 —sin x x2iX* — 5x? + 9х? — 7х + 2 
im im ———— _ Ю 
хэр: Ж sona (ОЁХ ял tan! x кн ы 
i 1 + sin x 16 Him 908Х гэр A xen l +e” 
CIE RM acis | 
zi 2 зө» 3 2ox9T1 + 5x —4 c ЭМН. Dx 
ас mi = s 45 lim ———— —— 46 lim ———— — 
2-secx jns хэв — xlnx x20 X — Sin x 
Ж... 3t af- cot x /х* +1 tan х 
эша MENS дай etidm ыг 48 lim —— 
xi In x x24 lan ‘х x-(n2)- COt 2x 
im — 20 lim —- J 
ы Bn In x о d — 2e?* + 1п x "ү. lix 
: m eò 4 x? ой iX 
эң In sin x - 2x 
^o In sin 2) ig tan *4 ‚ X-—cosx . x+coshx 
xo In sin 2x xo tà — ix "9 mE 
‚ e'—e*—2sinx . In(x— 1) se X sso XU 
23 lim - 24 lim ———— 
x0 xsin x x2 X —2 
Е E | . 53—54: i mit after substituting the in- 
2” ee [с] Exer. 53-54: Predict the limit after su g 
43 in——,—— 26 lim 5 dicated values of x for k = 1, 2,3, and 4. 
x20 х х-э0 
.  lní(tan x + cos x) 7 
27 li 2x* + 3х + 1 28 li х! +x+ 1 53 lim ШШЕ ега 3 х= 10 k 
im ——— — —- im —— 89 / 
ios Kb xd d me $3544 хөв? уш) 
tan? (sin 1 x 
ds е8 ээ 30 lim c im 1 Ба x= +10* 
pings 3€ d Tro НЭР JEU Rete cos [In (1 + x) 
x^ " 55 An object of mass m is released from a hot-air balloon. 
31 lim —,n>0 32 lim —,п> 0 If the force of resistance due to air is directly propor- 
xe €t seu tional to the velocity v(t) of the object at time r, then 
In (x — 1) it can be shown that 
33 lim 


x22* (x E 2)? 


v(t) = (mg/k)(1— e (ктуу 
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where k >0 апа g is a gravitational constant. Find capacity and interpret it as the maximum number of 
туо v(t). individuals that the environment can sustain, Find 
lim, y(t) and lim, .,, y(t), and discuss the graphical 


56 If a steel ball of mass m is released into water and the АДЕН. э: 
significance of these limits. 


force of resistance is directly proportional to the square 


of the velocity, then the distance s(r) that the ball travels 59 The sine integral Si(x) = | [(sin u)/u] du is a special 
in time t is given by function in applied mathematics. Find 

s(t) = (m/k) In cosh (4/gk/m t), = Si(x . Six)—x 

| — | of tim өрц =з+ 
where k > 0 and g is a gravitational constant. Find x40 X х-0 d 
lim, ог 50. 60 The Fresnel cosine integral C(x) = {5 соз и? du is used in 
57 Refer to Definition (4.22) for simple harmonic motion. the analysis of the diffraction of light. Find 

The following is an example of the phenomenon of res- . Cx) . C(x)- x 
onance. A weight of mass m is attached to a spring fa) lim — Ы) lim — 7;— 


. . . . ts) х дэ, 
suspended from a support. The weight is set in motion by " s 


moving the support up and down according to the for- c6! [a] Refer to Exercise 60. Use Simpson's rule, with n = 4, 


mula h = А cos wt, where А and w are positive constants to approximate C(x) for x = 1, 1, 4, and 1. 

and г is time. If frictional forces are negligible, then the (b) Graph С on (0, 1] using the values found in (a). 

displacement s of the weight from its initial position at А А 

нэг t is given by Р Р [c] 62 Referto Exercise 61. Let R be the region under the graph 

: of C from x = 0 to x = 1, and let V be the volume of 
em LES (cos wt — cos Wot). the solid obtained by revolving R about the x-axis. Ap- 
00 — or proximate V by using Simpson's rule with n — 4. 
with оо = v kim for some constant К and with w * о. 63 Let x>0. If n x —1, then р t" dt = [ип + YR. 
Find lim,, .,,, s, and show that the resulting oscillations Show that 


increase in magnitude. j - 
үн ; | lim Ї dt = | t^! dt. 
58 The logistic model for population growth predicts the n-i +! 3 
size y(t) of a population at time / by means of the formula 64 Find lim, f(x)/g(x) if 
yit) = K/(1 + ce ^"), where r and K are positive constants 


PRA ee] asit) ү Яг ght?) 
and с=[К — у(0)]/у(0). Ecologists сай К the carrying i) = $ ей and 0()=е". 
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In the preceding section we discussed limits of quotients that have the 
indeterminate forms 0/0 or 2/20. Products may lead to the indeterminate 
form 0 * æ, as defined in the following table. 





Indeterminate form Limit form: lim [/(x) g(x)] 
же 
Е 0: x lim f(x) 20 and limg(x)= x or — x 


xe хос 


In exercises we shall also consider the indeterminate form 0- оо for 
the case x — ж or x > — x. The following guidelines may be used. 


Guidelines for investigating А 
lim, [ f(x) g(x)] for the form 1 Write f(x) g(x) as 
0 * oO (10.3) f(x) 22 g(x) 
1/9(х) f(x) 


2 Apply L'Hópital's rule (10.2) to the resulting indeterminate form 
0/0 or со/со. 
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The choice in guideline 1 is not arbitrary. The following example shows 
that using f(x)/[1/g(x)] gives us the limit whereas using g(x)/[1/f(x)] leads 
to a more complicated expression. 


EXAMPLE 1 Find lim x?ln x. 


x-0* 


SOLUTION The indeterminate form is 0* 2с. Applying guideline 1 of 
(10.3), we write 
In x 


? 
x* In х = ——;. 
х 


N 


Because the quotient on the right has the indeterminate form %/æ at 
х = 0, we may apply L'Hópital's rule: 


: 2 » In х Р 1/х 
lim x°Inx= lim ~; = lim — — 
х—+.0* x~O? X^ x0* —2/x 


The last quotient has the indeterminate form ос/ >с; however, further ap- 
plications of L'Hópital's rule would again lead to x/x. In this case we 
simplify the quotient algebraically and find the limit as follows: 


: 1/х ; E . 38 
lim — = lim ——= lim —~=0 
x20* —2/X"  &4.9- —2X  x-o* —2 


If, in applying guideline 1, we had rewritten the given expression as 


x? [n x a 
x* In x =—— = 3 
ІЛах (ах)! 
then the resulting indeterminate form would have been 0/0. By L'Hópital's 
rule, 
: ӯ 
lim x?Inx — lim ————— 
х-0" хэ07 (In х) 
2x 


5 vn — (In x) X1/x) 
= lim [—2x*(In xy?]. 


! 
= 


The expression —2x?(In x)? is more complicated than x? In x, so this 
choice in guideline 1 does not give us the limit. 





EXAMPLE 2 Find lim (2x z)sec x. 


x-*(n/2)- 
SOLUTION The indeterminate form is 0 ж. Using guideline 1 of (10.3), 
we begin by writing 


2x—n 2x-—m 
(2x — n) sec x = ы 





lecx  cosx | 
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Because the last expression has the indeterminate form 00 at x = 7/2, 
L'Hópital's rule may be applied as follows: 


2x— ft 2 2 
lim = lim ——=——= -2 
хәңпизү= ‘COS X хэ(д)2)---5ШХ -1 








The indeterminate forms defined in the next table may occur in in- 
vestigating limits involving exponential expressions. 











Indeterminate form | | Limit form: lim f(x)?” | 
2 ч | S й ^ гээс 
09 lim f(x) = 0. and lim g(x) = 0 
o 1 lim f(x) 2 x or —x and lim g(x) = 0 
12 lim f(x)=1 and limg(x)= « or —o 








In exercises we shall also consider cases in which x > x or x  — x. 
One method for investigating these forms is to consider 


y = fx 
and take the natural logarithm of both sides, obtaining 
In y 7 In f(x) = g(x) In f(x). 
If the indeterminate form for y is 0? or æ°, then the indeterminate form 
for In y is 0* x, which may be handled using earlier methods. Similarly. 
if y has the form 1", then the indeterminate form for In y is % + 0. It fol- 
lows that 


if lim In y = In (im ») =L, then lim y — et; 


хээ xcu х. 


that is, lim f(x) =e". 


xu 
This procedure may be summarized as follows. 


Guidelines for investigating АНЫ 
lim,... f(x)" for the forms 1 Let y= f(xy. 
0°, 1”, and oo? (10.4) 2 Take natural logarithms in guideline 1: 


In y = In f(x)! = g(x) In f(x) 


3 Investigate lim In y = lim [g(x)In f(x)] and conclude the 


following: 

(а) If lim In y = L, then lim y = e*. 

(b) If lim In y = æ, then lim y = oc. 
хәс x-c 

(c) If lim In y = — æ, then lim y = 0. 


xc хс 
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A common error is to stop after showing lim, ,, In у = L and conclude 
that the given expression has the limit L. Remember that we wish to find 
the limit of y. Thus, if In y has the limit L, then y has the limit e". The 
guidelines may also be used if x > 2 or if x + — о or for one-sided 
limits. 


EXAMPLE 3 Find lim (1 + 3x)!/2», 


x-0* 


SOLUTION | The indeterminate form is 1 *. Employing Guidelines (10.4), 
we proceed as follows: 
Guideline 1 y= (L4 Sx 
| In (1 + 3: 
Guideline 2 In y = 2-In (1 + 3x) = ad s S 
2x 2x 


Guideline 3 The last expression has the indeterminate form 0/0 at x — 0, 
so we apply L'Hópital's rule: 
: o In(1 + 3x) . 3M(0 + Зх) 3 
lim In y = lim - = lim ——— = - 
х-07 х-07 =x x-0* 2 2 





Consequently we arrive at the following: 


lim (1 + 3x) 99 = lim y = e? 


2+0 KU 





The final indeterminate form we shall consider is defined in the fol- 
lowing table. 








Indeterminate form Limit form: lim [ f(x) — g(x)] 






lim f(x) = ж and lim g(x) = x 


x-*c xc 





/— эй 


When investigating x: — ос, we try to change the form of f(x) — g(x) 
to a quotient or product and then apply L'Hópital's rule or some other 
method of evaluation, as illustrated in the next example. 


EXAMPLE 4 Find lim (= | -i) 
x-0- \e — 1 х 


SOLUTION The form is ж — cc; however, if the difference is written 
as a single fraction, then 


ws MR ou 1 2. о х—е*+1 
lim |=— ——]= lim —— ——. 
х-0+ NM —1 х х-0+ xe'—x 
This gives us the indeterminate form 0/0. It is necessary to apply 
L'Hópital's rule twice, since the first application leads to the indeterminate 





EXERCISES 10.2 


FIGURE 10,3 
Insulation 


EXERCISES 10.2 


Ехег, 1-42: Find the limit, if it exists. 


1 lim xInx 
кей? 


3 lim (x? — le^ * 


x 


5 lime *sinx 


x70 
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form 0/0. Thus, 


„ х—е*+1 : 1—е* 
lim ————= in —— — — 
x20* Хе°—х x2o* Хех + ех — 1 
i —e* 1 
= lim ————- — =. 
х-0+ хех + 26" 2 





EXAMPLE 5 The velocity v of an electrical impulse in an insulated 


cable is given by 
r 2 r 
г = -5) In (s). 


where К is a positive constant, r is the radius of the cable, and R is the 
distance from the center of the cable to the outside of the insulation, as 
shown in Figure 10.3. Find 

(a) lim v (Ы) lim v 


R-r* r20* 


SOLUTION 


(a) The limit notation implies that r is fixed and R is a variable. In this 
case the expression for r is not indeterminate, and 


e t 
lim v= —k lim (s) In (к)= К) In 1 = —k(0) = 0. 


R-r* R-r* 


(b) If R is fixed and r is a variable, then the expression for v has the in- 
determinate form 0 · ж at r = 0, and we first change the form of the ex- 
pression algebraically, as follows: 

In (r/R) In r — In R 


lim v = —k lim ——— = —kR? lim — 
r20* r=0+ (rr R) * r20* А: 





The last quotient has the indeterminate form %/% at r = 0, so we may 
apply L'Hópital's rule, obtaining 








: .(1//-0 
lim v = —kR? lim ———,- 
pat 
r20* r20*  — 2I 
ҮЭ p " 
= —kR* lim 1 = — kR*(0) = 0. 
r0 Ни 
"S : 2. ЁК = 
1 7 lim sin x In sin x 8 lim 45 = (ап х 
2 lim tanxInsinx x07 xx \2 ў 
x-*(n/2) | 
4 lim х(е!* — 1) 9 lim xsin — 10 lime *Inx 
xx xx x xc 
6 lm xtan'!x 1! lim x sec? x 12 lim (cos ХҮҮ"! 
x-*—2- х-0 x-*0 


504 





CHAPTER 10 INDETERMINATE FORMS AND IMPROPER INTEGRALS 





Шр» 

13 іт (: - 1) 
хээх х 

15 lim (e*— 1) 
х-0 

17 lim x** 

19 lim (tan xy 
x-*(2/2) 

21 lim (2x + p= 
x0" 





| x? x 
23 im ( ——— 
soa АХ x41 


1170 
25 lim (i- : ) 
х-0 х sin х 


27 lim (1 х)!" 


x1 


( І E 
29 lim = SE 
x-0* Wx? p x 


31 lim cot2xtan '! x 


х-0 








33 lim (cot? x — e^?) 
x 
34 lim (yx? +4 — tan`! x) 


35 lim (1 + cos х)" * 


хәэ(п/2) 


х 4 


14 


20 


22 


24 


26 


28 


30 


32 


36 





Nm 


37 lim ( 5 
x--3- АХ” + 
38 lim (ух? + 5x? 3-3 = x?) 


х х 


39 lim (x + cos 2х) 3х 


х-0" 
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FIGURE 104 
[fen dx 


y 


23-557) 


40 


41 lim (sinh x — x) 


lim (ех + 3x)! ^ me 

"uS 42 lim [In (4x + 3) — In (3x + 4j] 

lim х" xx 

xen [c] Exer. 43-44: Graph / on the given interval and use the 
lim (tan х) graph to estimate lim f(x). 

хэл 2) x 

lim (x — 2) 43 f(x) = (x tan x); [71.1] 

= " In (x + 1) ]* 

lim (1 + 3х) ^ 44 f(x) = | п al :1-05,05| 

х—0- : tan x 


lim Ё 
9749 ХУ 


lim 





l 1 ) Exer. 45—46: |a) Find the local extrema and discuss the 

behavior of f(x) near x = 0. [b] Find horizontal asymp- 
totes, if they exist. (с) Sketch the graph of f for x > 0. 
(sec x — tan x) 





51 zw үү - үх 
хн 45 (х) = 46 f(x) = х“ 
lim (1 + ех) 47 The geometric mean of two positive real numbers a and 
st b is defined as yab. Use L'Hópital's rule to prove that 
lx lxx 
EEN PERN ө I алге . а! +b 
lim (cot? x — esc? x) vab — lim ( ) s 
x0 Nune 2 
lim x*2^* 48 If a sum of money P is invested at an interest rate of 
xer 


lim (1 + ax)^* 


х-.0 


lim 


x-*(a/2) 





100r percent per year, compounded m times per year, 
then the principal at the end of г years is given by 
Р(1 +rm 1)". If we regard m as a real number and let 
m increase without bound, then the interest is said to be 
compounded continuously. Use L'Hópital's rule to show 
that in this case the principal after t years is Ре". 
49 Refer to Exercise 55 of Section 10.1. In the velocity 
formula 
u(t) = (mg/k)1— e7 Rm), 
m represents the mass of the falling object. Find 
sec x cos 3x lim,,., v(t) and conclude that v(t) is approximately pro- 
portional to time г if the mass is very large. 


Suppose a function / is continuous and nonnegative on an infinite interval 
[a, эс) and lim, f(x) = 0. If t > a, then the area A(t) under the graph of 
f from a to t, as illustrated in Figure 10.4, is 


A(t) = Ї fx) dx. 


Iflim,.., A(t) exists, then the limit may be interpreted as the area of the 
region that lies under the graph of /, over the x-axis, and to the right of 
х = а, as illustrated in Figure 10.5. The symbol (7 f(x) dx is used to 
denote this number. If lim, .„ A(t) = æ, we cannot assign an area to this 
(unbounded) region. 

Part (i) of the next definition generalizes the preceding remarks to the 
case where f(x) may be negative for some x in Га, с). 
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Definition (10.5) - ч 
(i) If f is continuous on [a, сс), then 


Ї f(x) dx = lim Ї f(x) dx, 
FIGURE 10.5 А t 98 
L f(x) dx | provided the limit exists. 


(i) If f is continuous on (— 20, a], then 
jm fix) dx = lim E f(x) dx, 
; t-*-— со 


provided the limit exists. 





If f(x) > 0 for every x, then the limit in Definition (10.5)(ii) may be 
regarded as the area under the graph of f, over the x-axis, and to the left 
of x = a (see Figure 10.6). 

The expressions in Definition (10.5) are improper integrals. They differ 
$ from definite integrals in that one of the limits of integration is not a real 
Ї , Го) dx number. An improper integral is said to converge if the limit exists, and 
the limit is the value of the improper integral. If the limit does not exist, 
the improper integral diverges. 

Definition (10.5) is useful in many applications. In Example 4 we shall 
use an improper integral to calculate the work required to project an 
object from the surface of the earth to a point outside of the earth’s gravi- 
tational field. Another important application occurs in the investigation 
of infinite series. 





FIGURE 10.6 





EXAMPLE 1 Determine whether the integral converges or diverges, 
and if it converges, find its value. 


Pix 1 Pa 1 
(а) |, сүр h k --ү9 
SOLUTION 
(a) By Definition (10.5)(i), 
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Thus. the integral converges and has the value 1. 
(b) By Definition (10.5)(i), 
: io] | 
lim 19 


E = i dx sah 50 


= lim [m (x = n], 


= lim [In (t — 1) — In 2 — 1)] 
19 х 
= lim In (t — 1) = 20. 


Since the limit does not exist, the improper integral diverges. 











FIGURE 10.9 





FIGURE 10.10 
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The graphs of the two functions given by the integrands in Example 1, 
together with the (unbounded) regions that lie under the graphs for x > 2, 
are sketched in Figures 10.7 and 10.8. Note that although the graphs have 
the same general shape for x > 2, we may assign an area to the region 
under the graph shown in Figure 107, but not to that shown in Fig- 
ure 10.8. 


FIGURE 10.7 FIGURE 10.8 





1 2 Х 


The graph in Figure 10.8 has an interesting property. If the region 
under the graph of y = 1/(x — 1) is revolved about the x-axis. we obtain 
the (unbounded) solid of revolution shown in Figure 10.9. The improper 
integral 


may be regarded as the volume of this solid. By (a) of Example 1. the 
value of this improper integral is z - 1, or л. This gives us the curious fact 
that although we cannot assign an area to the region in Figure 10.8, the 
volume of the solid of revolution generated by the region (see Figure 10.9) 
is finite. (A similar situation is described in Exercise 35.) 


EXAMPLE 2 Assign an area to the region that lies under the graph of 
y = е“, over the x-axis, and to the left of x = 1. 


SOLUTION The region bounded by the graphs of y = ех, y 20, x = 1, 
and x =t, for t < 1, is sketched in Figure 10.10. The area of the un- 
bounded region to the left of x — 1 is 


Y. а Р Ї. 2 1 1 
Ї ех ах = lim Ї ех dx = lim [e] 
- i-e t М) t 


t — 


= lim (62-е) = е 0-е, 


_ мыйы... 





An improper integral may have two infinite limits of integration, as in 
the following definition. 
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Definition (10.6) | 1 
| Let f be continuous for every х. If a is any real number, then 


| [лода = PL fen dx + [7 flo ах, 


provided both of the improper integrals on the right converge. 





If either of the integrals on the right in (10.6) diverges, then [*,, f(x) dx 
is said to diverge. It can be shown that (10.6) does not depend on the choice 
of the real number a. It can also be shown that I „ f (X) dx is not neces- 
sarily the same as Ит, |", f(x) dx (consider f(x) = x). 


EXAMPLE 3 
(а) Evaluate y ! 5 dx. 


°1+х 





1 А 
(b) Sketch the graph of f(x) = er. and interpret the integral in (a) as 
an area. 


SOLUTION (ај Using Definition (10.6), with a = 0, yields 


x 1 0 1 х 1 
E EET dx = Ї : Tad dx + f. Taw 4* 


Next, applying Definition (10.5)(i), we have 


a 1 2061 | 
|» man mhrs ее [arctan х], 


= lim (arctan t — arctan 0) = 5 -0- 
1-—+ 10 - 
FIGURE 10.11 Similarly, we may show, by using (10.5)(11), that 


^ 1 СЭН... 
4--1-x* 2 


Consequently the given improper integral converges and has the value 
(1/2) + (1/2) = n. 
(b) The graph of y = 1/(1 + x?) is sketched in Figure 10.11. As in our pre- 


vious discussion, the unbounded region that lies under the graph and 
above the x-axis may be assigned an area of л square units. 








Let us conclude this section with a physical application of an improper 
integral. If a and b are the coordinates of two points А and B on a co- 


FIGURE 10.12 ordinate line / (see Figure 10.12) and if f(x) is the force acting at the point 
A P B P with coordinate x, then, by Definition (6.21), the work done as P moves 
“= ec un о i from A to B is given by 


W= Ї f(x) dx. 


In similar fashion, the improper integral (7 f(x) dx may be used to define 
the work done as P moves indefinitely to the right (in applications, we use 
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the terminology P moves to infinity). For example, if f(x) is the force of 
attraction between a particle fixed at point 4 and a (movable) particle at 
P and if c >a, then [^ f(x) dx represents the work required to move P 
from the point with coordinate c to infinity. 


FIGURE 10.13 EXAMPLE 4 Let / be a coordinate line with origin O at the center 
of the earth, as shown in Figure 10.13. The gravitational force exerted at 
a point on / that is a distance x from О is given by f(x) = k/x?, for some 
constant k. Using 4000 miles for the radius of the earth. find the work re- 
quired to project an object weighing 100 pounds along /. from the surface 
to a point outside of the earth's gravitational field. 


SOLUTION Theoretically, there is always a gravitational force f(x) 

acting on the object; however, we may think of projecting the object from 

the surface to infinity. From the preceding discussion we wish to find 
W= 1, fix) dx. 


ооо 





By definition, f(x) = k/x* is the weight of an object that is a distance x 
from O, and hence 


k 


100 = (4000) — — 5... 
0 = £14000) = (цоор 


or, equivalently. 


k = 100(4000)? = 102 · 16- 10° = 16 108, 
| 1 
Thus, f(x) = (16 - 108) d 
and the required work is 


х | t 1 
р Ў, 8 ы . 8 1; 28 . 
W = | (16: 10°) dx = 16-10 lim f 00 31 dX 


000 ^. J4000 
= 16+ 10" tim | | = 16-10" tim (1 4 ) 
Lex X | ооо tx t 4000 
16- 10° А 
= “4000 =4: 10° mi-lb. 


In terms of foot-pounds, 
W = 5280 - 4- 10° = (2.1)10? ft-lb, 


or approximately 2 trillion ft-lb. 





EXERCISES 10.3 
=. 


Exer. 1-24: Determine whether the integral converges Эн й х | 
or diverges, and if it converges, find its value. э 1, at dx 4 $ lxx? dx 


ю 1 0 1 2 1 Y x 
1 Ї yas 4х 2 lp 5 ji sx dX 6 Ї 215995 
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ee E 0 A 
E I dx 8 f" edx 
24: 1 x 1 
9 Ї ! dx 10 ji dx 
=® x3 9 gx +1 
1 А х 
m i — dx 12 5 2284 
loci à (La xig ^ 
x COS X 2 1 
13 ———— dx t [^ ———dx 
k 1+sin?x aa 
15 |, xe^* dx 16 Г cos? x dx 
«іп x 5 1 
7 2508 = ; 
1 f. E dx 18 ЕЁ s dx 
19 Lh cos x dx 20 FÉ * sin 2x dx 


21 Р sech x dx 


22 1 Ё xe * dx 


0 1 r 
23 ——— di 24 -dx 
1.2357 k Fae 


Exer. 25-28: If f and g are continuous functions and 
0 € f(x) € g(x) for every x in |a, æ), then the following 
comparison tests for improper integrals are true: 

(I) If (7 g(x) dx converges, then [7 f(x) dx converges. 
(i) If (7 f(x) dx diverges, then (7 g(x) dx diverges. 
Determine whether the first integral converges by com- 
paring it with the second integral. 








т 1 т 1 
25 х; — AX 
бй T ads 
© 1 "or 1 
26 Ї ——À—— à e — dx 
2 Vx? 201 1 ax? 
81 43 
27 (* — dx; Ї ах 
2 Inx 2Х 
28 I e^ dx: (9 e *dx 
1 1 


Exer. 29-32: Assign, if possible, a value to (а) the area 
of the region R and (5) the volume of the solid obtained 
by revolving R about the x-axis. 
29 R= {(x, y): x> 1,0< ys 1/3} 


30 R= (х.улх21,0«у«1//х! 


IA 
м 


31 К = {(х, у): х2 4,05 у 
32 К = (х,у): х> 8,0 < у 


IA 
x 


33 The unbounded region to the right of the y-axis and be- 
tween the graphs of y = e * and y = 0 is revolved about 
the y-axis. Show that a volume can be assigned to the 
resulting unbounded solid, and find the volume. 


34 The graph of y =e * for x > 0 is revolved about the x- 
axis. Show that an area can be assigned to the resulting 
unbounded surface, and find the area. 
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35 The solid of revolution known as Gabriels horn is gen- 
erated by rotating the region under the graph of y = 1/х 
for x > 1 about the x-axis (sce figure). 

(а) Show that Gabriels horn has a finite volume of л 
cubic units. 

[b] Is a finite volume obtained if the graph is rotated 
about the y-axis? 

{с} Show that the surface area of Gabriel’s horn is given 
by [ү 2z(L/x) 1 + (1/x*) dx. Use a comparison test 
(see Exercises 25-28) with f(x) = 2z/x to establish 
that this integral diverges. Thus, we cannot assign 
an area to the surface, even though the volume of 
the horn is finite. 


EXERCISE 35 





36 A spacecraft carries a fuel supply of mass m. As a con- 


servation measure, the captain decides to burn fuel at 
a rate of R(t) = mke ™ g/sec, for some positive con- 
stant k. 

[a] What does the improper integral f R(t) dt represent? 
191 When will the spacecraft run out of fuel? 


37 The force (in joules) with which two electrons repel one 
another is inversely proportional to the square of the dis- 
tance (in meters) between them. If, in Figure 10.12, one 
electron is fixed at A, find the work done if another elec- 
tron is repelled along / from a point B, which is | meter 
from A, to infinity. 


38 An electric dipole consists of opposite charges separated 
by a small distance d. Suppose that charges of +q and 
—q units are located on a coordinate line / at $d and 
— M, respectively (see figure). By Coulomb's law, the net 
force acting on a unit charge of —1 unit at x > ld is 
given by 


: -К4 ка 
I) = ay GP 


for some positive constant k. If a > 14, find the work 
done in moving the unit charge along | from a to infinity. 


EXERCISE 38 
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39 The reliability R(t) of a product is the probability that it 
will not require repair for at least г years. To design 
a warranty guarantee, a manufacturer must know the 
average time of service before first repair of a product. 
This is given by the improper integral [5 (-0)К (1) dr. 
(a) For many high-quality products, R(t) has the form 
e" for some positive constant k. Find an expression 
in terms of К for the average time of service before 
repair. 

[b) Is it possible to manufacture a product for which 
R(t) = l/(r + 1)? 


40 A зит of money is deposited into an account that pays 
interest at 8^, per year, compounded continuously (see 
Exercise 48 of Section 10.2). Starting T years from now, 
money will be withdrawn at the capital flow rate of f(t) 
dollars per year, continuing indefinitely. For future in- 
come to be generated at this rate, the minimum amount 
A that must be deposited, or the present value of the 
capital flow, is given by the improper integral A = 
{т fite" 9*' dr. Find A if the income desired 20 years 
from now is 


(а) 12.000 dollars per year 
15) 12,000e°°°* dollars per year 


41 [a] Use integration by parts to establish the formula 


x & 1 р 3 
Ї x?e^*"* dx = xj e^" du. 
0 24973 Jo 


It can be shown that the value of this integral is ү/л /2. 
(6) The relative number of gas molecules in a container 

that travel at a speed of v cm/sec can be found by 

using the Maxwell-Boltzmann speed distribution F: 


F(v) = coe mern, 


where T is the temperature (in K), m is the mass of 
a molecule, and с and k are positive constants. The 
constant c must be selected so that (5 F(r)dr = 1. 
Use part (a) to express c in terms of k, T, and m. 
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42 The Fourier transjorm 18 useful for solving certain differ- 
ential equations. The Fourier cosine transform of a func- 
tion f is defined by 


ЕС f9] = | f(x) cos sx dx 


for every real number s for which the improper integral 
converges. Find F,[e~“*] for a > 0. 


Exer. 43-48: In the theory of differential equations, if 
f is a function, then the Laplace transform L of f(x) is 
defined by 

LION = Ї Ч e^ f(x) dx 
for every real number s for which the improper integral 
converges. Find L| /(х)] if f(x) is the given expression. 


43 1 44 х 45 cosx 


46 sin x 47 е“ 48 sin ax 


49 The gamma function Y is defined by Pn) = {у x" be * dx 
for every positive real number n. 


(ај Find Г(1), Г(2). and T(3). 
(5) Prove that T(n + 1) = nT(n). 


(с) Use mathematical induction to prove that ifm is any 
positive integer, then T(n + 1) = n!. (This shows that 
factorials are special values of the gamma function.) 


ax 


50 Refer to Exercise 49. Functions given by f(x) = cx*e^ 
with x > 0 are called gamma distributions and play an 
important role in probability theory. The constant c 
must be selected so that fő f(x) dx = 1. Express c in 
terms of the positive constants k and a and the gamma 
function Г. 


[c] Exer. 51-52: Approximate the improper integral by 


making the substitution и = 1/x and then using Simp- 
son's rule with n — 4. 


т 1 
st [7 ——— dx 
т И x* + х 





52 i Mal a, 


-o хф 


If a function f is continuous on a closed interval [a, b], then, by Theo- 
rem (5.20), the definite integral [^ f(x) dx exists. If f has an infinite dis- 
continuity at some number in the interval, it may still be possible to assign 
a value to the integral. Suppose, for example, that f is continuous and 
nonnegative on the half-open interval [а, b) and іт, f(x) = x. If 
а < t € b, then the area A(t) under the graph of f from a to t (see Fig- 
ure 10.14, on the next page) is 


A(t) = |А f(x) dx. 
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FIGURE 10.14 If lim,..,- A(t) exists, then the limit may be interpreted as the area of the 
Ї ' f(x) dx unbounded region that lies under the graph of /, over the x-axis, and 
between x = a and x = b. We shall denote this number Бу [7 f(x) dx. 
AY For the situation illustrated in Figure 10.15, lim,.,. f(x) = оо, and 
we define (7 f(x) dx as the limit of f? f(x) dx as t > a*. 


| 

! 

| 

| 

| FIGURE 10.15 
Ї * f(x) dx 
| 

! 

1 

| 

1 

| 

| 


| 














These remarks are the motivation for the following definition. 





Definition (10.7) 


(i) If f is continuous on [a, b) and discontinuous at b, then 
J? feo dx = lim | fo dx, 
a t~b- фа 


provided the limit exists. 
(ii) If f is continuous on (a, b] and discontinuous at a, then 


£ f(x) dx = lim Ї feo dx, 


provided the limit exists. 








As in the preceding section, the integrals defined in (10.7) are referred 
to as improper integrals and they converge if the limits exist. The limits 
are called the values of the improper integrals. If the limits do not exist, 
the improper integrals diverge. 

Another type of improper integral is defined as follows. 


Definition (10.8) E meat ? 1 
If f has a discontinuity at a number с in the open interval (a, 5) but 


is continuous elsewhere on [a, b], then 


Ji fen dx = | fea dx + f fe) ax, 


provided both of the improper integrals on the right converge. If 
both converge, then the value of the improper integral f} f(x) dx is 
the sum of the two values. 
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FIGURE 10.16 





FIGURE 10.17 
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The graph of a function satisfying the conditions of Definition (10.8) is 
sketched in Figure 10.16. 

A definition similar to (10.8) is used if f has any finite number of dis- 
continuities in (а, b). For example, suppose f has discontinuities at c, and 
€z, With c, < с, but is continuous elsewhere on [а, b]. One possibility is 
illustrated in Figure 10.17. In this case we choose a number К between 
c, and c; and express (7 f(x) dx as a sum of four improper integrals over 
the intervals [a. c; ]. [c,. К], [k, c2], and [с›. b]. respectively. By defini- 
tion, |? f(x) dx converges if and only if each of the four improper integrals 
in the sum converges. We can show that this definition is independent of 
the number k. 

Finally, if f is continuous on (a, b) but has infinite discontinuities at a 
and b, then we again define |? f(x) dx by means of (10.8). 


EXAMPLE 1 Evaluate [^ — — dx. 


US М3 х 


SOLUTION Since the integrand has an infinite discontinuity at x = 3, 
we apply Definition (10.7)(i) as follows: 





hc 1 t 1 
Ї dx = lim | --2--4х 


№3 = х +3" 


I 
| 
N 
Л 
e 
| 
35 
12 
гэ 
2 
„ө 








| à l 
EXAMPLE 2 Determine whether the improper integral f -dx 
х 


converges or diverges. 


SOLUTION The integrand is undefined at х = 0. Applying (10.7)(ii) 
gives us 


А : dx = lim | : dx = lim [In x 
40 ; {0+ #4: D 


10* 


= lim (0 — In t) = ж. 
0) 


Since the limit does not exist, the improper integral diverges. 





EXAMPLE 3 Determine whether the improper integral i Б і 3? dx 


converges or diverges. 
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SOLUTION The integrand is undefined at x = 3. Since this number is in 
the interval (0. 4), we use Definition (10.8) with c = 3: 


* | 3 1 4 | 
i (х — 3)? dx = p TEST dx 4 ja 9р dx 


For the integral on the left to converge. both integrals on the right must 
converge. Equivalently, the integral on the left diverges if either of the 
integrals on the right diverges. Applying Definition (10.7)(i) to the first 
integral on the right gives us 


[а= Вт f 1 dx 


( 
DAR — ay (^3 


Il ll 
ib qum 
“3 "Z3 
— F3 
7 х 
| | | | 
29) чэ] 7 

| — 2 
Lal 
жо 

1 

Q 


Thus, the given improper integral diverges. 











It is important to note that the fundamental theorem of calculus can- 
not be applied to the integral in Example 3, since the function given by 
the integrand is not continuous on [0, 4]. If we had (incorrectly) applied 
the fundamental theorem, we would have obtained 


This result is obviously incorrect, since the integrand is never negative. 


EXAMPLE 4 Evaluate [^ — 5s d. 

-2 (х +1)?” 
SOLUTION The integrand is undefined at x = — 1, which is in the in- 
terval ( —2. 7). Hence we apply Definition (10.8), with c = — 1: 


7 1 -1 1 ^7 1 
y; dx = E зуу dx ys dx 
ipe | серти жг ш 


We next investigate each of the integrals on the right-hand side of this 
equation. Using (10.7)(i) with b = —1 gives us 


=j 1 | t 1 
! 2 (x + jas 4х = I Lans py? és 


lim [sec ^T, 


t 


3 lim [(t 1)'3 —(-1)'7] 


1:3--1 


3(0 + 1) =3. 


о Ei EEE OO 
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Similarly, using (10.7)(ii) with a = —1 yields 


7 | | 1 1 
Is (х + 125 dx lim ; Í (x + 12? dx 


= lim [3 4 per 





3 lim [(8)'? — (t+ 1)!?] 


pep 


= 32 -—0)- 6. 


Since both integrals converge, the given integral converges and has the 
value 3 + 6 = 9. 








An improper integral may have both a discontinuity in the integrand 
and an infinite limit of integration. Integrals of this type may be investi- 
gated by expressing them as sums of improper integrals, each of which 
has one of the forms previously defined. As an illustration, since the inte- 
grand of fë (1/\/x) dx is discontinuous at x = 0, we choose any number 
greater than 0—say |—and write 


» | 1 21 
ү = dx= Ї à dx + f. JE dx. 


We can show that the first integral on the right-hand side of the equation 
converges and the second diverges. Hence (by definition) the given integral 
diverges. 

Improper integrals of the types considered in this section arise in phy- mn 
sical applications. Figure 10.18 is a schematic drawing of a spring with an 
attached weight that is oscillating between points with coordinates —с 
and c on a coordinate line y (the y-axis has been positioned at the right for 
clarity). The period T is the time required for one complete oscillation— 
that is, twice the time required for the weight to cover the interval [ — с, с]. 
The next example illustrates how an improper integral results when we 
derive a formula for Т. 


FIGURE 10.18 








Ке 


EXERCISES 10.4 


EXERCISES 10.4 


515 





EXAMPLE 5 Let (v) denote the velocity of the weight in Figure 10.18 
when it is at the point with coordinate y in [ —c, c]. Show that the period 
T is given by 


1 
23 з. 
T 2 s 


SOLUTION Let us partition [ —c. c] in the usual way, and let Ay, = 
y, — уу 1 denote the distance the weight travels during the time interval 
At,. If му is any number in the subinterval [ v, ..,. v,]. then v(w,) is the 
velocity of the weight when it is at the point with coordinate w,. If the 
norm of the partition is small and if we assume r is a continuous function, 
then the distance Ay, may be approximated by the product v(w,) Аг; 
that is, 


Ay, ж v(w,) At. 


Hence the time required for the weight to cover the distance Ay, may be 
approximated by 


and, therefore, 


By considering the limit of the sums on the right and using the definition 
of definite integral, we conclude that 


g 1 
=з -- dy. 
T Ї ИЙ dy 


Note that v(c) = 0 and v(—c) = 0, so the integral is improper. 











Exer. 1-30: Determine whether the integral converges 
or diverges, and if it converges, find its value. 





1 Ї Т 4х 


| 
3 р — dx 
-3 x? 


n/2 3 
5 Ї sec? x dx 


4 1 
«исле 7372 dx 


4 1 
9 1 (4— x5 dx 


2 jm - dx 


2 1 
11 |W esc 








> x 
13 ly i de 14 [^ dX 
N (4 — x* — ÀJ 4 — х? 
2 1 4 1 
1 ^ E жь _ wy 
=< ie 15 f. < 4х 16 1 “авг тын 
(х +2) à; 5 
1 (л/2 1 
Л” 17 [s x In x dx 18 | tan? x dx 
— dx | 
{Хх 19 8 "* tan x dx 20 | че 4х 
o Јо 1—cosx 
1 
dx 21 1 22 Ё E. 
1 — dX — dx 
Vx 41 2 tees ve x (In xp 
2 1 n 
23 " ( үз COS 1 ах 24 ї sec х dx 
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л COS X 1х 9 x 1 
s JA 26 |, = 1 4х 
м sin x х 
4 1 | р х 1 
— ax ах 
27 ju x* —4x +3 28 1-1 yx —1 
3 | 1 je 1 1 
ах ах 
ы 9 (x — 4)? ” ®х+2 


Ехег. 31-34: Suppose that / апа у are continuous and 
0 € f(x) € g(x) for every x in (a, b]. If f and g are dis- 
continuous at x — a, then the following comparison tests 
can be proved: 


(i) If (7 g(x) dx converges, then (^ f(x) dx converges. 
(1) If f f(x) dx diverges, then (^ g(x) dx diverges. 


Analogous tests may be stated for continuity on [a, b) 
with a discontinuity at x — 5. Determine whether the 
first integral converges or diverges by comparing it with 
the second integral. 


т Sin x x | 
„=т= dx: Ї —— dx 


y х үх 


х/4 Sec x x41 
32 L PF dx; 1, 3 dx 
2 cosh x 2 | 
3 n ix эр dx; 1 & _2й dx 


re ı d 
34 T xà 3 dx; f ХЗ 4х 


Ехег. 35-36: Find all real values of n for which the 
integral converges. 


35 Ї x" dx 36 1 ! x" In x dx 


Exer. 37-40: Assign, if possible, a value to [ај the area 
of the region R and ы) the volume of the solid obtained 
by revolving Ё about the x-axis. 


37 К={(х,у)0<х<1,0<у<1//х 

38 К={(х,у)0<х<1,0<у< 1/4/х 

39 К = ((х,у)—4<х<4,0<у<1/(х+4)) 

40 К = {(х, у): 1<х< 2,0 <у<1/х — 1)) 

[с] 41 Арргохитаїе {| : 25 dx by making the substitution 
* Vx 


и = үх and then using the trapezoidal rule with n = 4. 

ы m sin x , , — 

[c] 42 Approximate А dx by removing the discontinuity 
J х 


at x = 0 and then using Simpson’s rule with n = 4. 


43 Refer to Example 5. If the weight in Figure 10.18 has 
mass m and if the spring obeys Hooke’s law (with spring 


constant k > 0), then, in the absence of frictional forces, 
the velocity v of the weight is a solution of the differential 
equation 


mt — + ky = 0. 
dy 
(а) Use separation of variables (see Section 7.6) to show 
that v? = (k/m)(e* — y?). (Hint: Recall from Exam- 
ple 5 that с) = v(— c) = 0.) 
[b] Find the period T of the oscillation. 


44 А simple pendulum consists of a bob of mass m attached 
to a string of length L (see figure). If we assume that the 
string is weightless and that no other frictional forces are 
present, then the angular velocity v = dÜ/dt is a solution 
of the differential equation 

g 


dv 
/|— + — sin 0 — 0, 
510 т 59 0 


where y is а gravitational constant. 


[a] If v — 0 at 0 = +0 , use separation of variables to 
show that 


‚ 29 
р = 1 (cos 0 — cos 0p). 
[b] The period T of the pendulum is twice the amount of 
time needed for 0 to change from —0, to (0. Show 
that T is given by the improper integral 
f 
I2L. (өр 1 
Т-21-1"--------40. 
V 9 *" dcos 0 — cos 0, 





EXERCISE 44 


m 


45 When a dose of yọ milligrams of a drug is injected di- 

rectly into the bloodstream, the average length of time 

T that a molecule remains in the bloodstream is given 

by the formula T = (1/yo) |} t dy for the time гас which 

exactly y milligrams is still present. 

(a) If v = уе for some positive constant k, explain 
why the integral for T is improper. 

[b] If т is the half-life of the drug in the bloodstream, 
show that T = t/In 2. 











10.5 REVIEW EXERCISES 


46 In fishery science, the collection of fish that results from 
one annual reproduction is referred to as a cohort. The 
number N of fish still alive after г years is usually given 
by an exponential function. For North Sea haddock with 
initial size of a cohort No, N = Noe 22, The average 
life expectancy T (in years) of a fish in a cohort is given 
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by T = (1/No) (^ t dN for the time г when precisely N 

fish are still alive. 

(a) Find the value of T for North Sea haddock, 

[b] Is it possible to have a species such that N = 
No/ (1 + KNot) for some positive constant А? If so, 
compute T for such a species. 














er. 1-16: Find the limit, if it exists. ^ 1 x. 
Exer ^ 19 T >l 20 f, sin x dx 
. In(2— x) . Sin 2x — tan 2x "Xt 
1 lim — z 2 lim 3 | | 
x Te" x х? E 
— Н z [^ dx az [4 
2 0x!542x 3 tan х „ү х+4 
3 л------ 4 lim — 
xem Ux) хэд "X 4 х 1 1 
| : 23 [m 24 —— б 
Qo e*—e **_ 4x , tanx же l хүх!-1 
5 lim т 6 li 
x0 X xin 2) SCC X z 1 0 
| 25 | dx 26 Ї xe* dx 
= 1x " d-a g* g^? х 
7 lim — 8 lim cosxIncosx 
хех € wet(n/2) anx - 
1íin X n/2 
: А А 27 dx 28 [ ese x dx 
9 lim (1 — 2e'*)x 10 lim tan ! xcsex Jo x ° 
xa х-+.0 ы 5 
11 lim (1 + 8x2)" @ ining [e] Exer. 29-30: Approximate the improper integral by 
х-0 x1 making the substitution и = 1/x and then using Simp- 
1 | son's rule with Л = 4. 
13 lim (e* + 1)'* 14 lim | —— — ) Я . TT 
ore x20: \tanx x 29 f e "dx 30 Ї e *sin yx dx 
Qa х 2x ын . 1 lew 5 — 
18: iut —- і 16 lim а =з 31 Find lim,., fixig(x) if f(x) = ff (sint)? аг and 
al xX kg AFI g(x) = х?. 
Exer. 17-28: Determine whether the integral converges 32 Gauss error integral erf (x) = (2/y л) i e^" ди i$ sed 


or diverges, and if it converges, find its value. 


18 rn 28 4х 


x 1 
17 Ї dx 
5 VX 


XN XN 


in probability theory. It has the special property 
lim,- erf (x) = 1. Find limp- „p e [1 — erf (x)]. 
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INFINITE SERIES 


INTRODUCTION 


If x is a real number, we usually find sin x, е“. In x, 
tan ^! x, and values of other transcendental functions 
by using a calculator or a table. A more fundamental 
problem is that of determining how calculators com- 
pute these numbers or how a table is constructed. In 
Section 11.6 we consider how infinite series (infinite 
sums of a certain type) can be used to find function 
values. Specifically, if a function f satisfies certain 
conditions, we develop techniques for representing f(x) 
as an infinite series whose terms contain powers of a 
variable x. Substituting a number c for x and then 
finding (or approximating) the resulting infinite sum 
gives us the value (or an approximation) of f(c). This 
is essentially what a calculator does when it computes 
function values. 

This new way of representing functions is the most 
important reason for developing the theory in the first 
five sections. Infinite series representations for sin x. 
е“, and other expressions allow us to consider prob- 
lems that cannot be solved using finite methods. For 
example, if x is suitably restricted, we can evaluate 
integrals such as [sin ух dx and [е^ dx—some- 
thing we could not do in Chapter 9. As another appli- 
cation, in Chapter 19 we use infinite series to extend 
the definitions of sin x. e*, and other expressions to 
the case where x is a complex number a + bi, with a 
and b real and i? = — 1. 
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Sequence notation (11.1) 





Definition (11.2) 
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An arbitrary infinite sequence is often denoted as follows. 


дү, gs oris asses 


For convenience we usually refer to infinite sequences as sequences. We 
may regard (11.1) as a collection of real numbers that is in one-to-one 
correspondence with the positive integers. Each number a, is a term of the 
sequence. The sequence is ordered in the sense that there is a first term 
a,, à second term a;. and, if n denotes an arbitrary positive integer, an 
nth term а,. 

We may also define a sequence as a function. Recall that a function 


f is a correspondence that associates with each number x in the domain 


exactly one number f(x) in the range. If we restrict the domain to the 
positive integers 1, 2. 3,..., we obtain a sequence. 


A sequence is a function f whose domain is the set of positive 
integers. 


1 





In this text the range of a sequence will Бе a set of real numbers. If a 
function f is a sequence, then to each positive integer k there corresponds 
a real number f(k). The numbers in the range of f may be denoted by 


f(1), 702), ЖЗ), +» FOO e ue 


The three dots at the end indicate that the sequence does not terminate. 
Note that Definition (11.2) leads to the subscript form (11.1) if we let 
a, = f(k) for each positive integer К. Conversely, given (11.1), we can ob- 
tain the function f in (11.2) by letting f(k) = a, for each k. 
If we regard a sequence as a function f. then we may consider its 
graph in an xy-plane. Since the domain of f is the set of positive integers, 
the only points on the graph are 


(1,23, (2, йз). (3,85), 143 ARR 


where a, is the nth term of the sequence (see Figure 11.1). We sometimes 
use the graph of a sequence to illustrate the behavior of the nth term a, 
as n increases without bound. 


FIGURE 11.1 Graph of a sequence 





SEQUENCES 
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Another notation for a sequence with nth term a, is {a„}. For exam- 
ple. the sequence {2"} has nth term 2". Using the notation in (11.1), we 
write this sequence as follows: 


Le assa tS 


By Definition (11.2), the sequence {2"} is the function f with f(n) = 2" 
for every positive integer 7. 


EXAMPLE 1 List the first four terms and the tenth term of each 
sequence: 
| п? 


п [25 ETA ny 21ү71 fat 
(а) Ll (b) (2 + (0.1); (с) i !) ХОЛ (а) (4) 


SOLUTION То find the first four terms, we substitute, successively, 
n = 1,2, 3, and 4 in the formula for a,. The tenth term is found by sub- 
stituting 10 for n. Doing this and simplifying gives us the following: 


SEQUENCE nTH TERM a, FIRST FOUR TERMS TENTH TERM 
n n 1234 10 

wic ë Л 386 
n+l n+l 2.3423 11 

15) {2 + (0.1)"] 2+ (0.1)" 2.1, 2.01, 2.001, 2.0001 2.0000000001 
npe HF Л o quan sS o 1 49 100 

" \ UU эн | Т т 7 989 П 29 

Id) {4} 


4 4.4, 4,4 4 


For some sequences we state the first term a,, together with a rule 
for obtaining any term a,., from the preceding term a, whenever k > 1. 
We call this a recursive definition, and the sequence is said to be defined 
recursively. 


EXAMPLE 2 Find the first four terms and the nth term of the se- 
quence defined recursively as follows: 


@=3 and 4,=2a, forks! 
SOLUTION The sequence is defined recursively, since the first term is 


given. as well as a rule for finding a,. , whenever a, is known. Thus, the 
first four terms of the sequence are 


z= 24; = 2° 3=6 


N 
m 
1 
N 
N 
UJ 
I 
m 


Hs — Basi 2- 


N 
N 


Jag A: 


a, = 2a; = 2: 
We have written the terms as products to gain insight into the nature of 
the nth term. Continuing, we obtain а; = 2** 3 and a, = 25- 3; it ap- 
pears that а, = 2" 1-3. We can use mathematical induction to prove 
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Definition (11.3) 
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that this guess is correct. Using the notation in (11.1), we write the se- 
quence as 


A sequence (а,| may have the property that as n increases, a, gets 
very close to some real number L; that is, |a, — L| x 0 if п is large. As 
an illustration, suppose that 





a, = 2+(-—4)". 
The first few terms of the sequence (а,| are 
2-41,24-1,2-1,244,2-4.2-4,.... 
or, equivalently, 
1.5, 2.25, 1.875, 2.0625, 1.96875, 2.015625,.... 


It appears that the terms get closer to 2 as л increases. Note that for 
every positive integer n. 


1 
[а= 2| =|2 + (—4)" - 2| = |(- "| = 0" = =. 
The number 1/2", and hence |a, — 2|. can be made arbitrarily close to 0 
by choosing n sufficiently large. According to the next definition, the se- 
quence has the limit 2, or converges to 2, and we write 


lim [2 + (27 = 2. 


This type of limit is almost the same as limp f(x) = L. given in 
Chapter 2. The only difference is that if f(n) = а„. the domain of f is the 
set of positive integers and not an infinite interval of real numbers, As in 
Definition (2.16), but using a, instead of f(x). we state the following. 


A sequence {a,} has the limit L, or converges to L, denoted by 
either 
lim а, — ог a,— Lasn — оо, 


n-x 
if for every є > 0 there exists a positive number N such that 
la, = L| «e whenever n» М. 


If such a number L does not exist, the sequence has no limit, or 
diverges. 


A graphical interpretation similar to that shown for the limit of a 
function in Figure 2.32 can be given for the limit of a sequence. The only 
difference is that the x-coordinate of each point on the graph is a positive 
integer. Figure 11.2 is the graph of a sequence {a,} for a specific case in 
which lim,.. a, = L. Note that for any є > 0, the points (n, а,) lie be- 
tween the lines y = L + e, provided n is sufficiently large. Of course. the 
approach to L may vary from that illustrated in the figure (see. for exam- 
ple. Figures 11.3 and 11.6). 
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FIGURE 11.2 





12 3 4 § N n 
If we can make a, as large as desired by choosing n sufficiently large, 

then the sequence {a,| diverges, but we still use the limit notation and 

write lim, ,, à, = 20. А more precise way of specifying this follows. 





Definition (11.4) | — — E 
The notation 


lim à, — со 
n-*oc 


means that for every positive real number P there exists a number 
М such that a, > P whenever n > М. 








As was the case for functions in Section 2.4, lim, ,, а, = © does not 
mean that the limit exists, but rather that the number a, increases without 
bound as n increases. Similarly, lim„ а, = — co means that a, decreases 
without bound as n increases. 

The next theorem is important because it allows us to use results from 
Chapter 2 to investigate convergence or divergence of sequences. The 
proof follows from Definitions (11.3) and (2.16). 


Theorem (11.5) ! 1 
Let {а„} be a sequence, let f(n) = a,, and suppose that f(x) exists for 


every real number x > 1. 
(i) If lim f(x) = L, then lim f(n) = L. 


Жэ» о© п- 0 


(ii) If lim f(x) = æ (or — æ), then lim f(n) = æ (or — æ). 





The following example illustrates the use of Theorem (11.5). 


1 : 
EXAMPLE З If a,=1+-—. determine whether {a,} converges or 
п 


diverges. 
| 
SOLUTION We let f(n) = 1 + к and consider 


11.4 
f(x) =1+ for every real number x > 1. 
x 
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From our work in Section 2.4, 


P е" х= х X 


1 
lim ( ZL 1. 
me n 


Thus, the sequence (0,| converges to 1. 


хо х г, хямд 


1 201 
lim f(x) = lim (1+1)= lim 1+ lim -— 1+0 = 1. 


Hence, by Theorem (11.5). 





The difference between 


lim ( - 1) | and lim ( + ) = 1 
сё X Хээ п 


is illustrated in Figure 11.3. Note that for 1 + (1/x), the function f is con- 
tinuous if x > 1, and the graph has a horizontal asymptote v = 1. For 
| + (L/n) we consider only the points whose x-coordinates are positive 
integers. 


FIGURE 11.3 


(I) lim (1-:)-1 11) lim (1+2) =. 
Ye X нээх п 








EXAMPLE 4 Determine whether the sequence converges or diverges: 
> 
іа] {402 — 1] B (0177) 


SOLUTION 
(a) If we let f(x) = 1x? — 1, then f(x) exists for every x > 1 and 


lim (1х2 — 1) = ж. 
xx 


Hence, by Theorem (11.5). 

lim (172 — 1) = x. 

nez 
Since the limit does not exist, the sequence diverges. The graph in Fig- 
ure 11.4 illustrates the manner in which the sequence diverges. 
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[bj Letting. п = 1,2, 3,... ‚ we see that the terms of (— 1)" ^! oscillate be- 
tween | and — 1 as follows: 


l,,—1,1, —1,1, —1,... 


This is illustrated graphically in Figure 11.5. Thus, lim,..,( — 1)" ^! does 
not exist, so the sequence diverges. 








The next example shows how we may use L'Hópital's rule (10.2) to 
find limits of certain sequences. 


| 5 
EXAMPLE 5 Determine whether the sequence (28 converges or 


diverges. 


SOLUTION Let f(x) = 5х/е?* for every real number x. Since f takes 
on the indeterminate form 2/2 as x — со, we may use L'Hópital's rule, 
obtaining 


i 5x li 5 
Ж == 
it шй 2635 


s2% 
дэ, x4 4^ 


-0. 





Hence, by Theorem (11.5), lim,.. (5л/е27) = 0. Thus, the sequence con- 
verges to 0. 





The proof of the next theorem illustrates the use of Definition (11.3). 








(i) limr"=0 if |r| <1 


nx 


(i) lim |r"|= x». if |r| 5! 





PROOF If r = 0. it follows trivially that the limit is 0. Let us assume 
that 0 < |r| < 1. To prove (i) by means of Definition (11.3), we must show 
that for every e > 0 there exists a positive number М such that 


iff n>N, then |" —0|««. 


The inequality |r” — 0| < є is equivalent to each inequality in the follow- 
ing list: 


In € 
In |r| 


The final inequality sign is reversed because In |r | is negative if0<|r|<1. 
The last inequality in the list provides a clue to the choice of N. Let us 
consider the two cases є < 1 and e > 1 separately. If € < 1, then Ine < 0 
and we let N =Ine/In |r| > 0. In this event, if n > №, then the last in- 
equality in the list is true and hence so is the first, which is what we wished 
to prove. If e > 1, then In e > 0 and hence In e/In |r| < 0. In this case, 


rl'«e In|r «Ine, nln|r| «ine, n> 
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if N is any positive number, then whenever n > N the last inequality in 
the list is again true. 

To prove (ii), let |r| > 1 and consider any positive real number P. The 
following inequalities are equivalent: 
In P 
In |r| 
If we choose N = In P/In |r|, then whenever n > № the last inequality is 
true and hence so is the first; that is, |r|" > P. By Definition (11.4), this 
means that lim,» |r|" = oo. шш 


Irl- Р, In|rl'2InP, nin|r|»]nP, n> 


EXAMPLE 6 List the first four terms of the sequence, and determine 
whether the sequence converges or diverges: 


fa) ((-37) — (b) (1005 


SOLUTION 

(a) The first four terms of ((—3)"] are 
—4, 9, =; Ё, 30 

If we let r = —4, then, by Theorem (11.6)(i), with |r| = $ < 1. 
lim (—4)" = 0. 


Hence the sequence converges to 0. 
(6) The first four terms of {(1.01)"! are 


1.01, 1.0201, 1.030301, 1.04060401. 


If we let r = 1.01, then, by Theorem (11.6)(ii), 
lim (1.01)" = =. 


n-*x 


Since the limit does not exist, the sequence diverges. 





Limit theorems that are analogous to those stated in Chapter 2 for 
sums, differences, products, and quotients of functions can be established 
for sequences. For example, if |а„} and {h,} are convergent sequences, 
then 


lim (a, + 5,)= lim a, + lim b,. 
n= с п х п х 
lim (a,b,) = (tim a,)( im 2! 
nc no nox 
and so on. 
If a, = c for every n, the sequence {a,} is с, с,..., €... and 
lim € 2 6, 
h= со 


Similarly, if c is a real number and К is a positive rational number, then, 
as in Theorem (2.18), 
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2 
EXAMPLE 7 Find the limit of the sequence -m 


SOLUTION We wish to find lim,_.,, a,, where a, = 2n?/(5n? — 3). Di- 
viding both numerator and denominator of a, by п? and applying limit 
theorems, we obtain 








lim 225 ocn їл. ч = 2-2 

as 5л 3 „-«5—(3/п?) lim [5—@G/n)] 
_ 2 2 2 22 
~ lim 5— lim (3/n?) 5-0 5 


Hence the sequence has the limit 2. We can also prove this by applying 
L'Hópital's rule to 2x?/(5x? — 3). 








The next theorem, which is similar to Theorem (2.15), states that if the 
terms of a sequence are always sandwiched between corresponding terms 
of two sequences that have the same limit L, then the given sequence 
also has the limit L. 





Sandwich theorem =: 
for sequences (11.7) If {an}, {bn}, and {с„} are sequences and a, < b, < c, for every n 


and if 
lim a, = L= lim ¢,, 
п х= п 0 
then lim b, = 





EXAMPLE 8 Find the limit of the sequence {5 2: 


SOLUTION Since 0 < cos? n < 1 for every positive integer n, 


cos? n 1 
0<— < 30 


Applying Theorem (11.6)(i) with г = 1, we have 


lim 18 їп гай 

КАЙ pole 
Moreover, lim, ,, 0 = 0. It follows from the sandwich theorem (11.7), 
with a, = 0, b, = (cos? n)/3", and c, = (4)", that 


2 
. cos*n 
lim =. 


nx 3" 


Hence the limit of the sequence is 0. 








The next theorem can be proved using Definition (11.3). 


I = = [M 
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Тһеогет (11.8 S 3 
l ! Let {а„} be a sequence. If lim |a,| = 0, then lim a, = 0. 


лээ п- 0 








EXAMPLE 9 Ѕирроѕе the nth term of a sequence is 
1 


a, =(—1)"*? -. 
n 


Prove that lim,., a, = 0. 


SOLUTION The terms of the sequence are alternately positive and 
negative. For example, the first seven terms are 


1:.-4:4...4.4...:14 
2:3: — 4959 6,7. 
: : —- 
Since lim |а, = lim - = 0, 
п х nog N 


it follows from Theorem (11.8) that іт, ,, a, = 0. 


A sequence is monotonic if successive terms are nondecreasing: 


Gig Oa SS "SO. 9 


or if they are nonincreasing: 





FIGURE 11.6 i FS OM, 
п 
ti i | A sequence is bounded if there is a positive real number M such that 
1а, | € M for every k. To illustrate, the sequence 
1234 n 
2345 n+l 


is both monotonic (the terms are increasing) and bounded (since 
kilk + 1) < I for every k). The graph of the sequence is illustrated in Fig- 
ure 11.6. Note that any number M > l is a bound for the sequence; 
however, if K < 1, then K is not a bound, since K < k/(k + 1) when k is 
sufficiently large. 

The next theorem is fundamental for later developments. 








Theorem (11.9) 


А bounded, monotonic sequence has a limit. 


obiter sc = 1 | 





То prove Theorem (11.9), it is necessary to use an important property 
of real numbers. Let us first state several definitions. If $ is a nonempty 
set of real numbers, then a real number u is an upper bound of S if x < u 
for every x in 5. A number v is a least upper bound of S if v is an upper 
bound and no number less than v is an upper bound of S. Thus, the least 
upper bound is the smallest real number that is greater than or equal to 
every number in S. To illustrate, if S is the open interval (a. b), then any 
number greater than b is an upper bound of 5: however, the least upper 
bound of 5 is unique and equals b. 
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Completeness property (11.10) 
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The following statement is an axiom for the real number system. 





If а nonempty set $ of real numbers has an upper bound, then 5 
has a least upper bound. 





PROOF OF THEOREM (11.9) Let {а„} be a bounded, monotonic se- 
quence with nondecreasing terms. Thus. 


ay Ха229 Sa, So л, 
and there is a number M such that a, < M for every positive integer k. 
Since M is an upper bound for the set 5 of all numbers in the sequence, 
it follows from the completeness property that S has a least upper bound 
L such that L < M (see Figure 11.7). 


FIGURE 11.7 
Y 








N N+) М +2 


Ife > 0, then L — € is not an upper bound of S. and hence at least 
one term of (а,| is greater than L — e; that is, 


1 — є < ау for some positive integer N, 
as shown in Figure 11.7. Since the terms of (а,| are nondecreasing, 
ay S ау у S ayy S 


and, therefore, 


L—e<a, foreveryn>N. 
It follows that if n > N, then 
0xL-—a,«e or |L—a,|«e. 
By Definition (11.3), this means that 


lim a, = Lx M; 
па 
that is, {a„} has a limit. 
We may obtain the proof for a sequence (а,| of nonincreasing terms 
in a similar fashion or by considering the sequence {—a,). ШШ 


nj’ 
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"The notation S — I > S is an abbreviation 
for Susceptible — Infected — Susceptible and 
signifies that an infected person who becomes 
cured is not immune to the disease, but may 
contract it again. Examples of such diseases 

are gonorrhea and strep throat, 
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As an illustration of Theorem (11.9), the monotonic sequence 
{n/(n + 1)} illustrated in Figure 11.6 has the least upper bound (and 
limit) 1. 

There are many applications of sequences. In particular, sequences 
may be applied to the investigation of the time course of an S > I > S 
epidemic.* Suppose that physicians issue daily reports indicating the 
number of persons who have become infected with the disease and those 
who have been cured. We shall label the reporting days ав 1, 2, ..., 7... 
and let N denote the total population. In addition, let 


I, = number of persons who have the disease on day n 
F, — number of newly infected persons on day n 


C, — number of persons cured on day n. 


It follows that for every n > 1, 


1+3=1, + Fnsi — Cui 


Suppose health officials decide that the number of new cases on a given 
day is directly proportional to the product of the number ill and the num- 
ber not infected on the previous day. (This is known as the law of mass 
action and is typical of a population of students on a college campus.) 
Moreover, suppose that the number cured each day is directly propor- 
tional to the number ill the previous day. Hence 


Кыа -а!(Х-1, апа Cia = [БУ], 


where a and b are positive constants that can be approximated from early 
data. Substituting in the preceding formula for /,.,, we have 


Io, = 1, + al(N — I,) — bl: 


In the early stages of an epidemic, /, will be very small compared to N, 
and from the point of view of public health, it is better to overestimate the 
number ill than to underestimate and be unprepared for the spread of the 
disease. With this in mind, we drop the term —a,J/? in the formula for 
1,,, and investigate the early dynamics of the epidemic by examining 
the equation 


Ina, = I, aNI, — bI, = (1 + aN — b). 
If we let r 2 1 + aN — b, then /„,, = rl, and, therefore, 
IPM do—H9-PLh, hoe PEL. 2; =P Чи 
This gives us the following sequence of numbers of infected individuals: 
bod Pues ar bus. 


The number r = 1 + aN — b is of critical import. If r > 1, then, by Theo- 
rem (11.6)(ii), Пт, ..„ J, = = and an epidemic is in progress. In this case, 
when п is large, 1, is no longer small compared to М, and the formula (ог 
I,,, becomes invalid. If < 1, then, by Theorem (11.6)(i), lim,..,, 1, = 0 
and health officials need not be concerned. The case r — 1 results in the 
constant sequence /;.1,...., Li. 


EXERCISES 11.1 


EXERCISES 11.1 


Exer. 1—16: The expression is the mth term a, of а se- 
quence {a,}. Find the first four terms and lim, ., a,, 


if it exists. 
n 
3n +2 
imi 
3 + 2n? 
5-5 
" (2n =н +1) 
”-1 
2 
п? + 9 





9 


11 (-1у7! » 


13 ] + (0.1)" 


15 1 - (-1)'*! 


п? + 4п+5 


бп — 5 
Sn + 1 








100п — 
n? +4 


NR 


n1 
к) n+1 





Ехег, 17-42: Determine whether the sequence con- 
verges or diverges, and if it converges, find the limit. 


17 (87-27 


fen “I " 
20 
п 








31 (2^"sin n) 


- n? n? 
2n—1 2n4+1 
35 {cos лп! 


37 {п!”"} 


n !9? 
secn 


41 (/”л-1-4 





18 {8 – rl 


21 (1000 — n} 





In (n + 1) 


30 


19 {arctan n} 


(1.0001)" 
= [op | 


| "beu 


28 {е "In n) 
{(—1)"n33-"} 
4m + 5n+1 
2n – п2 + 5 


b] 


{4 + sin izn] 


- t 


40 


42 





ier | 


fn? 1 
{wn +n — л; 


43 A stable population of 35,000 birds lives on three is- 
lands, Each year 10%, of the population on island A 
migrates to island B, 20°, of the population on island 


[c] 45 


[с] 4 


[с] 47 


[c] 48 
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В migrates to island С, and 5°, of the population on 
island С migrates to island A. Let A,, B„, and C, denote 
the numbers of birds on islands A, B, and C, respec- 
tively, in year n before migration takes place. 


(а| Show that 
A,+; = 094, + 0.05C, 
B,., =0.1A, + 0.80B, 
and 
C,., = 095C, + 0.20B,. 
[b] Assuming that lim,..,, An liM,- В,. and іт, „С, 
exist, approximate the number of birds on each is- 
land after many years. 


A bobcat population is classified by age as kittens (less 
than one year old) and adults (at least one year old). 
All adult females, including those born the prior year, 
have a litter each June, with an average litter size of 
three kittens. The survival rate of kittens is 50%, while 
that of adults is 664% per year. Let К, be the num- 
ber of newborn kittens in June of the nth year, let A, 
be the number of adults, and assume that the ratio of 
males to females is always 1. 


[a] Show that К„,, —34,,, and A4,,, = 34, + 4K,. 

[b] Conclude that A,,, = ЧА, and K,., = К,, and 
that A, = (12^! A, and K, =({5)""'K,. What can 
you conclude about the population? 

Terms of the sequence defined recursively by a, = 5 and 

a, , = Na, may be generated by entering 5 and pressing 

[ух | repeatedly. 

{ај Describe what happens to the terms of the sequence 
as k increases. 

[b] Show that a, = 5'?", and find lim, .... a,. 

If a sequence is generated by entering a number and 

pressing 1х) repeatedly, under what conditions does 

the sequence have a limit? 

Terms of the sequence defined recursively by a, = 1 and 

a +1 = COS а, тау be oe by PE 1 (in radian 


(a) Describe what faapai to terms of the sequence as 
k increases. 
[b] Assuming that іт, ..„ а, = L, prove that L = cos L. 
(Hint: іт, а, у = L.) 
! 


A sequence {x,} is defined recursively by the formula 

Хк =X — tan x, 

[a] If x, = 3, approximate the first five terms of the se- 
quence. Predict lim, . Xp- 


[b] If x, = 6, approximate the first five terms of the se- 
quence, Predict lim, , x,- 

(с) Assuming that lim, x, = L, prove that L= лп 
for some integer n. 
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INFINITE SERIES 


[c] 49 Approximations to VN may be generated from the se- 
quence defined recursively by 


[a] Approximate x5, ху, X4, Xs, xq if N = 10. 

(ы) Assuming that lim,..., x, = L, prove that L= VN. 
[c] 50 The famous Fibonacci sequence is defined recursively by 

бух) =k + Gy, With a, = @, = 1, 

[a] Find the first ten terms of the sequence. 


[b) The terms of the sequence r, = a, . ,/a, give approxi- 
mations to r, the golden ratio. Approximate the first 
ten terms of this sequence. 


11.2. CONVERGENT OR DIVERGENT SERIES 


(<) Assuming that lim, ., r, = т, prove that 
т= ЦІ + 4/5). 


[c] Exer. 51-52: If f is differentiable, then a sequence {а„} 
defined recursively by a,., = f(a,), for k > 1, will con- 
verge for any a, if the derivative f' is continuous and 
| fF (31 € В < 1 for some positive constant В. 


(a) For the given f, verify that the sequence {a,} con- 
verges for any a, by finding a suitable B. 

(5) Approximate, to two decimal places, lim, ,, a,, if 
a, = 1 and also if a, = —100. 





5 а 
52 f(a,) = ——— + 2 


51 f(a,) = } sin a, cos а, + 1 
ар +l 


We may use sequences to define expressions of the form 
0.6 + 0.06 + 0.006 + 0.0006 + 0.00006 + · · ·. 


where the three dots indicate that the sum continues indefinitely. In Defi- 
nition (11.11) we call such an expression an infinite series. Since only finite 
sums may be added algebraically, we must define what is meant by this 
“infinite sum." As we shall see, the key to the definition is to consider 
the sequence of partial sums |S,1. where S, is the sum of the first k numbers 
of the infinite series. For the preceding illustration, 


S, = 0.6 

S, = 0.6 + 0.06 = 0.66 

S, = 0.6 + 0.06 + 0.006 = 0.666 

5, = 0.6 + 0.06 + 0.006 + 0.0006 = 0.6666 


and so on. Thus, the sequence of partial sums (5,| may be written 


0.6, 0.66, 0.666, 0.6666, 0.66666, .... 


It will follow from Theorem (11.15) that 


S,7% as пә x. 


From an intuitive point of view, the more numbers of the infinite series 
that we add, the closer the sum gets to 3. Thus, we write 


2 = 0.6 + 0.06 + 0.006 + 0.0006 + ++: 


and call 3 the sum of the infinite series. 

With this special case in mind, let us introduce terminology that will 
be used throughout the remainder of this chapter. In the following defini- 
tion, we assume that ац, 45. .... d,. ... are the terms of some sequence. 
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Definition (11.11) ме EIL dn iod Р 
An infinite series (or simply a series) is an expression of the form 
а, Ds! bg Edu s. 
or, in summation notation, 


x 


Уа OF уа, 


п= 1 


: А wy 
Each number a, is a term of the series, and a, is the nth term. 


- ee a 





Sometimes there is confusion between the concept of a series and that 
of a sequence. Remember that a series is an expression that represents an 
infinite sum of numbers. A sequence is a collection of numbers that are 
in one-to-one correspondence with the positive integers. The sequence of 
partial sums in the next definition is a special type of sequence that we 
obtain by using the terms of a series. 

As in the special case introduced at the beginning of this section, we 
define the sequence of partial sums of a series as follows. 


(i) The kth partial sum S, of the series У a, is 5 О, 147 





Definition (11.12) 


5,6 =а + 05^ 4. ' 
(ii) The sequence of partial sums of the series У a, is 
Dijana ed ep tds 


By Definition (11.12)(i), 


$4 =a, 

$;-4,-d; 

S; =a; +а + a, 

S4 =a, +.@, + d4- а. 


To calculate $4, Sẹ. S-, and so on, we add more terms of the series. 
Thus, $үооо is the sum of the first one thousand terms of Y a,. If the 
sequence (S, has a limit S, we call 5 the sum of the series У а,, as in the 
next definition. 


Definition (11.13) 1 дан à 
A series Y a, is convergent (or converges) if its sequence of partial 
sums {S,} converges—that is, if 


lim $, = 5 for some real number S. 


am 
The limit S is the sum of the series У a,, and we write 
B 34335 EU, pom 


The series У a, is divergent (or diverges) if (5,| diverges. A divergent 
series has no sum. 
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For most series it is very difficult to find a formula for S,. However, 
as we shall see in later sections, it may be possible to establish the con- 
vergence or divergence of a series using other methods. In the remainder 
of this section we shall consider several important series for which we can 
find a formula for S,. 


EXAMPLE 1 Given the series 
3 ! І "T" n M 
1*2 2*3 34 n(n + 1) : 
(а) find Si, S5, Sz; Sy, Ss, and 5, 
(b) find 5, 
[c] show that the series converges and find its sum 


SOLUTION 
(a) By Definition (11.12), the first six partial sums are as follows: 





1-2 2 
1 | 2 
E633 473 
$ a4 m 1 » 13 
3 71:2 2:3 3:4 4 
ГНА РНЕ c M. 
“7-2 2:3"3:4 45 S 
4 1 5 
98 tte 69 06782 
85 1 6 
Ss = Sst 06= IIT 


(6) To find S,, we shall write the terms of the series in a different way. 
Using partial fractions. we can show that 
1 1 1 


а„= — =, 
"оп(п+1) n n+] 


Consequently the nth partial sum of the series may be written 
$„=а,+а,›+а,+®+а, 


PENE E чи) 


Regrouping, we see that all numbers except the first and last cancel, and 
hence 

Т _ тп 
= 1 441 





“п 


(c) Using the formula for S, obtained in part (b). we obtain 


lim $e Hinr — oe A, 


nx nox t+ 1 
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Thus, the series converges and has the sum 1. As in Definition (1 1,153 
we may write 
1 1 1 1 


|= -+ Tit —— +}, 
1-2 3-33-4 TS D 


The series У 1/[n(n + 1)] of Example 1 is called a telescoping series, 
since writing $, as shown in (b) of the solution causes the terms to telescope 
to 1 — [1/(n + 0]. 


EXAMPLE 2 Given the series 


Y (1). = 1+0) +14600) +600), 
1 


(ај find 5,, $5, $4, $4, Ss, and S, 
(b) find 5, 


(с) show that the series diverges 


SOLUTION 
(а) By Definition (11.12), 
S,=1, $,20, 5,-1, 8,-0, 5; =1, and S,=0. 
(b) We can write 5, as follows: 
ЭР” 3 if n is odd 


0 ifnis even 


[c] Since the sequence of partial sums (5,| oscillates between 1 and 0, it 
follows that lim,.. , S, does not exist. Hence the series diverges. 


EXAMPLE 3 Prove that the following series is divergent: 


33 4 n 


SOLUTION Let us group the terms of the series as follows: 
L-3-0-3-6-$-3-l- Gcr dgrG 5) + 
Note that each group contains twice the number of terms as the preceding 


group. Moreover, since increasing the denominator decreases the value 
of a fraction, we have the following: 


anle 
+ 
Ea 
d 
+ 
oti— 
V 
p UR 
+ 
| 
4 
=— 
+ 
ai= 
| 
~ w= 


I 


T 
Nbe tole 


> 
— 
хэ 
c 
+ 
ud. 
ы 
V 
l 
+ 
+ 
+ + 
ЮМ 
I 
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Definition (11.14) 


Theorem (11.15) 





Since the sum of the terms within each set of parentheses is greater than 
5. we obtain the following inequalities. 
S,>14+44+4> 36) 


1 
2 
++} >4@) 


542143 
5,6-141-41-1-41» 50) 
5,/-1414141-4141»60) 


It can be shown, by mathematical induction, that 
Sox > (к + DG) for every positive integer k. 


It follows that S, can be made as large as desired by taking n sufficiently 
large; that is, lim,., S, = c. Since |S,] diverges, the given series diverges. 





The series in Example 3 will be useful in later developments. It is given 
the following special name. 





The harmonic series is the divergent series 


(be Г. 
2 3 n 


4T: 





In the next section we shall give another proof of the divergence of 
the harmonic series. 

Certain types of series occur frequently in solutions of applied prob- 
lems. One of the most important is the geometric series 


a T ar ar? par! 


where a and r are real numbers, with a = 0. 





— un = Е E — | 


Let a # 0. The geometric series | 


а+ағг+а? + аг? + 


[i] converges and has the sum S = Го if |r| «1 
| Е | 
(li) diverges if |r| > 1 





PROOF If r=1, then S,=a+a+-+::+a=na and the series di- 
verges, since lim,,., 5, does not exist. 
If r = — 1, then S, =a if k is odd and S, = 0 if k is even. Since the 
sequence of partial sums oscillates between a and 0, the series diverges. 
If r # 1, then 


a+ar+ar? 4 4 ar"! 


LA 
I 


and r$, = ar + ar? + ar? ++ + + ar". 
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Subtracting corresponding sides of these equations, we obtain 
(1 —r)S, = a— ar. 
Dividing both sides by 1 — r gives us 
а ar" 
Sa = 1—-—1—. 
" ]-r 1-r 


Consequently 





lin: uc fin (a 
nx nx 1— ғ l-r 


Я а A ar" 
= lim - — lim - 
n- x 1 = nona 1 = 
a а ~ 
= -— lim r”. 


l—r 1-—rf4x 
If |r| < 1, then lim, г" = 0, by Theorem (11.6)(i), and hence 


: а 
lim 5, = = 5, 
nc l-r 
If |r| > 1, then lim, , r" does not exist, by Theorem (11.6)(ii), and 
hence lim, ., 5, does not exist. In this case the series diverges. mm 


EXAMPLE 4 Prove that the following series converges, and find its 
sum: 


6 
0.6 + 0.06 + 0.006 + --++—+--- 
= 


SOLUTION _ This is the series considered at the beginning of this section. 
It is geometric with a = 0.6 and r = 0.1. Since |r| < 1, we conclude from 
Theorem (11.15)(i) that the series converges and has the sum 

a 06 0.6 2 


1-2 1-061 00 3 





^ 


ta bo 


Thus, = 06 +006 + 0.006 ee t hn 


This justifies the nonterminating decimal notation 3 = 0.66666 . . . . 





EXAMPLE 5 Prove that the following series converges, and find its 
sum: 


TY. 2 
29-37 33 ne ган 

SOLUTION The series converges, since it is geometric with r=} < 1. 
By Theorem (11.15)(1), the sum is 











538 


Theorem [11.16] 


nth-term test (11.17) 


ILLUSTRATION 


CHAPTER 11 INFINITE SERIES 





If a series У a, is convergent, then lim a, = 0. 


n- = 


PROOF The nth term a, of the series can be expressed as 
a, = б, — $,-4- 
If S is the sum of the series У a,, then we know lim,..,, S, = S and also 
lim: ар $,., = 5. Hence 
lim a, = lim (S, —$,.,) = lim $, — lim $, (-5-8-0, ша 


n-* n^ x n= x n-* x 


The preceding theorem states that if a series converges, then its nth 
term a, has the limit 0 as n — x. The converse is false—that is, if 
lim,- a, = 0, it does not necessarily follow that the series У a, is con- 
vergent. The harmonic series (11.14) is an illustration of a divergent series 
Уа, for which lim, ., а, = 0. Consequently, to establish convergence of 
a series, it is not enough to prove that lim,..,. а, = 0. since that may be 
true for divergent as well as for convergent series. 

The next result is a corollary of Theorem (11.16) and the preceding 
remarks. 


(i) If lim a, # 0, then the series Y a, is divergent. 


n^ 


(ii) If lim a, = 0, then further investigation is necessary to deter- 


nx 


mine whether the series Y a, is convergent or divergent. 


The next illustration shows how to apply the nth-term test to a series. 


SERIES nTH-TERM TEST CONCLUSION 
зэ 3 ыг i lim 7 5 i= : #0 Diverges, by (11.17)(i) 
= 52, lim 5 =0 me ero 
=ý lim —=0 ga 
"= in na s/n 
- 2 = lim с — Diverges, Бу (11.17)(i) 


We shall see in the next section that the second series in the illustration 
converges and that the third series diverges. 

The next theorem states that if corresponding terms of two series are 
identical after a certain term, then both series converge or both series 
diverge. 
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Theorem (11.18) 


Theorem (11.19) 


ГУ a, and У b, are series such that a; = b; for every j > k, where k 
is a positive integer, then both series converge or both series diverge. 


PROOF By hypothesis, we may write the following: 


Уу dy = 4, +а, +: +а + ey ska ee 
Yb = by + bg ter t+ be tae, to tant 
Let S, and T, denote the nth partial sums of Y, a, and У b,, respectively. 
It follows that if n > k, then 
S, — 5S, = T,— T, 
or S, = T, + (S; — Ty). 
Consequently lim S, = lim T, + (S, — Tj), 


n3 aw = 
and hence either both of the limits exist or both do not exist. This gives 
us the desired conclusion. If both series converge, then their sums differ 
by 5, -— Ty. кыш 


Theorem (11.18) implies that changing a finite number of terms of a 
series has no effect on its convergence or divergence (although it does 
change the sum of a convergent series). In particular, if we replace the 
first k terms of Y a, by 0, convergence is unaffected. It follows that the 
series 


[n «8d attt. лс 
converges or diverges if Y a, converges or diverges, respectively. The 
series ау + а; ^: is obtained from У a, by deleting the first k 


terms. 
Let us state this result for reference as follows. 


For any positive integer К, the series 
ac x 
у) a= а +а,+::· and Y aa. tt 
n-1 n=k+1 


either both converge or both diverge. 


EXAMPLE 6 Show that the following series converges: 


| 1 1 
[aes are) Ce) + 





SOLUTION The series can be obtained by deleting the first two terms 
of the convergent telescoping series of Example 1. Hence, by Theo- 
rem (11.19), the given series converges. 
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Theorem (11.20) 


Theorem (11.21) 
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The proof of the next theorem follows directly from Definition (11.13). 





If Y a, and Ў, b, are convergent series with sums А and В, respec- 
tively, then 
(i) У (a, + b,) converges and has sum А + B 
(i) > са, converges and has sum cA for every real number c 
(ш) У (a, — b,) converges and has sum A — B 


It is also easy to show that if Y a, diverges, then so does У ca, for 
every c #0. 


EXAMPLE 7 Prove that the following series converges, and find its 


sum: 
ef 37 "a 
t 
p3 Р +1) 3" | 


SOLUTION The telescoping series У 1/[л(п + 1)] was considered in 
Example 1, where we found that it converges and has the sum 1. Using 
Theorem (11.20)(ii) with c = 7 and a, = 1/[n(n + 1)], we sce that the series 
x 7/[п(п + 1)] converges and has the sum 7(1) = 7. 

The geometric series У 2/3" ! converges and has the sum 3 (see Exam- 
ple 5). Hence, by Theorem (11.20)(1), the given series converges and has 
the sum 7 + 3 = 10. 








У a, is а convergent series and У b, is divergent, then Y (a, + b,) 
is divergent. | 





PROOF As in the statement of the theorem, let Y a, be convergent 
and У b, be divergent. We shall give an indirect proof—that is, we shall 
assume that the conclusion of the theorem is false and arrive at a contra- 
diction. Thus, suppose that У (a, + b,) is convergent. Applying Theorem 
(11.20)(ii). we find that the series 


3, [(а, E b,) Em ay] = > b, 
is convergent. This contradicts the fact that Y. ^, is divergent, and hence 


our supposition is false; that is, У (a, + b,) is divergent. mm 


EXAMPLE 8 Determine the convergence or divergence of the series 


x 1 1 
A (s T ;) 


SOLUTION Since Y (1/5") is a convergent geometric series and Y (1/n) 
is the divergent harmonic series, the given series diverges. by Theo- 
rem (11.21). 
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We may apply infinite series to the S — I — S epidemic discussed at 
the end of Section 11.1. Suppose that instead of /, (the number ill on day 
n) we are interested in the total number S, of individuals who have been 
ill at some time between the first and nth days. As in our earlier discussion, 
let us overestimate 5, by approximating the number F„+; of new cases 
on day n+ 1 by aNI,. Thus, 

$„=1,+ЕЁ›+ЕЁ;+ Fg t tE, 
= Ii + ам, ч ам, + амі; шайыр, > GNI. 3. 
Recalling that I, = r^^ 'I,, with r = 1 + aN — b, we obtain 
5, =1, aNI, + aNrl, ч aNr7l, ++ ам 21, 
= 1, +aNI (l rre rm). 
As in the proof of Theorem (11.15), this may be written 


1 n-1 
8.4, «avt [, -- s 3! 





If r « 1, then 





1 
lim $,— I, + ам, - ) 








21-39 
(OC"Ud—aMJ 


If а and b are approximated from early data, this result enables health 
officials to determine an upper bound for the total number of individuals 
who will be ill at some stage of the epidemic. 


EXERCISES 11.2 





Exer. 1-6: Use the method of Example 1 to find (a) S,, Exer. 7—16: Use Theorem (11.15) to determine whether 
S, and S,; (Ы) S,; and |с} the sum of the series, if it the geometric series converges or diverges; if it con- 
converges. verges, find its sum. 
E =2 3 3 
me ue UTR eee E 
"2 nr Sn 3 did за =, 
2 5 3 3 
2 —— 25, stes 
2, (5n + 2)(5п + 7) 834 (—4) T tai Ы 
x 1 x —] -1 -1үл! 
3 Бы ү 3 3 9 1 +H —|]+°"+(— spes 
p 4n? – 1 p 9n? + àÓu— 2 (=) x) 
D n e e л-1 
s B юэ ( ен) ла 
= 1 КЕМЕРИ л | 37 
6 у ———— (Hint: Rationalize the denominator.) 11:037 4-000374 pp 
n=1J/n+1+/n (100)" 
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12 0.628 + 0000628 +- +62854... 
| | (1000) 

13 2 2 S1 14 Y (-sy-u 
n=l n=1 

15 Y (—-1y^! 16 У way! 
п=1 n=1 


Exer. 17—20: Use Theorem (11.15) to find all values of 
x for which the series converges, and find the sum of 
the series. 


1771—х+х?—х%+ з +(—1/'х”+ 
BL +x? + xP Herr xyes: 











1 (х—3) (х—3)? (x — 3)" 
иг ын хамж о ттт 
(x — 1)? (х= 1)" 
20 X— : ... а ... 
3-(х-1- 3 ++ y + 


Exer. 21-24: The overbar indicates that the digits under- 
neath repeat indefinitely. Express the repeating decimal 
as a series, and find the rational number it represents. 


21 0.23 22 5.146 
23 3.2394 24 2.71828 
Exer. 25-32: Use Example 1 ог 3 and Theorem (11.19) 


or (11.20) to determine whether the series converges or 
diverges. 








25 Е. «ли .- 4 — H ++ 
4.5* 5-6  @+3(@+% 
26 1 ES 1 +e 1 Mi 
10-11 11-12 7 (n + 9n + 10) 
27 2 + а О Еи ИЕ жээ 
1-2 2-3 n(n + 1) 
ee ea M 
142 253 n(n + 1) 
ТЕРЕ dos aus 
4 5 n+3 
30 67177! os + (nt 1+ 
3 3 
313424 +-+: 
2 n 


Ехег. 33—40: Use the nth-term test (11.17) to deter- 
mine whether the series diverges or needs further 
investigation. 


€ ЭҢ m 1 


33 
„1 Sn— 1 2 





4 бан ээн 
n=1 1 + (0.3)" 
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35 36 —— 
ре тү PE 
ac 1 ac 
37 У — 38 Y nsin 





eo 2n 
» nari) ar (5 = 3) 


Exer. 41-48: Use known convergent or divergent series, 
together with Theorem (11.20) or (11.21), to determine 
whether the series is convergent or divergent; if it con- 
verges, find its sum. 


“МӨЧ — «219-97 


511 І c І 4 
45 „нс ше 46 ——— 
EA E Ы n(n + | 2, Р 4-1) ‘| 
со 5 5 2 1 1 
47 — — — р 48 —— 
3, Р +2 n+ 3) 3, (. аж! 1) 





[c] Exer. 49-50: For the given convergent series, (а) ap- 


proximate S,, S,, and S, to five decimal places and 
[b] approximate the sum of the series to three decimal 
places. 





Let 5, be the nth partial sum of the harmonic series. If 
M = 3, use Example 3 to find a positive integer m such 
that $„ > M, апа approximate S,, to two decimal places. 


Work Exercise 51 if M = 8. 


[c] 5! 


[c] 52 


53 Prove or disprove: If Y a, and У b, both diverge, then 
У (a, + b,) diverges. 

54 What is wrong with the following “proof” that the diver- 
gent geometric series Y 7. ү(-1)"77 has the sum 0? (See 
Example 2.) 

у car 

п= 1 
= [1 +(-10]+ (11+ (-D] - [1 -(-D] 9 
=04+04+0+::-=0 

55 A rubber ball is dropped from a height of 10 meters. If 


it rebounds approximately one-half the distance after 
each fall, use a geometric series to approximate the total 
distance the ball travels before coming to rest. 


56 The bob of a pendulum swings through an are 24 cen- 
timeters long on its first swing. If each successive swing 
is approximately five-sixths the length of the preceding 
swing, use a geometric series to approximate the total 
distance the bob travels before coming to rest. 
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57 If a dosage of Q units of a certain drug is adminis- 


61 


tered to an individual, then the amount remaining in the 
bloodstream at the end of t minutes is given by Ое“, 
where c > 0. Suppose this same dosage is given at suc- 
cessive T-minute intervals. 


(a) Show that the amount A(k) of the drug in the blood- 
stream immediately after the kth dose is given by 
A(k) = Уно Ое "T. 

[b] Find an upper bound for the amount of the drug in 
the bloodstream after any number of doses. 


(c) Find the smallest time between doses that will en- 
sure that A(k) does not exceed a certain level M for 
М >Q. 


Suppose that each dollar introduced into the economy 
recirculates as follows: 85% of the original dollar is spent, 
then 85% of that $0.85 is spent, and so on. Find the eco- 
nomic impact (the total amount spent) if $1,000,000 is 
introduced into the economy. 


In a pest eradication program, N sterilized male flies are 
released into the general population each day, and 907, 
of these flies will survive a given day. 


(a) Show that the number of sterilized flies in the popu- 
lation after n days is N + (0.9)№ +++ + (0.9 ^! N. 

[b] If the long-range goal of the program is to keep 
20,000 sterilized males in the population, how many 
such flies should be released each day? 


A certain drug has a half-life in the bloodstream of about 
2 hours. Doses of K milligrams will be administered 
every four hours, with K still to be determined. 


(a) Show that the number of milligrams of drug in the 
bloodstream after the nth dose has been adminis- 
tered is K + 1K ++ + 0)" К, and that this sum 
is approximately {К for large values of n. 


[b] If more than 500 milligrams of the drug in the blood- 
stream is considered to be a dangerous level, find the 
largest possible dose that can be given repeatedly 
over a long period of time. 


(с) Refer to Exercise 57. If the dose K is 50 milligrams, 
how frequently can the drug be safely administered? 


The first figure shows some terms of a sequence of squares 
SO, URP: О Let ap, Ag, and P, denote the side, 
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area, and perimeter, respectively, of the square S,. The 
square S,,, is constructed from 5, by connecting four 
points on S,, with each point a distance of Іа, from a 
vertex, as shown in the second figure. 

[a] Find a relationship between a,,, and a. 


[b] Find a,, An, and Р,. 


2 oo 
(c) Calculate У P, and У A,. 


пт 1 п= 1 











62 The figure shows several terms of a sequence consisting 


of alternating circles and squares. Each circle is inscribed 
in a square, and each square (excluding the largest) is 
inscribed in a circle. Let 5, denote the area of the nth 
square and C, the area of the nth circle. 


(ај Find relationships between 5, and C, and between 
C; and Sogi 

[b] What portion of the largest square is shaded in the 
figure? 

EXERCISE 62 











In the preceding section we established the convergence or divergence of 
several series by finding a formula for the nth partial sum $„ and then de- 
termining whether or not lim,,_.,, S, exists. Unfortunately, except in special 
cases such as a geometric series or a telescoping series, it is often impos- 
sible to find an explicit formula for S,. However, we can develop tests for 
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Theorem (11.22) 
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convergence or divergence of a series ¥ a, that employ the nth term a,. 
These tests will not give us the sum S of the series, but instead will tell us 
only whether the sum exists. This is sufficient in most applications, be- 
cause knowing that the sum exists, we can usually approximate it to any 
degree of accuracy by adding a sufficient number of terms of the series. 

In this section we shall consider only positive-term series —that is. 
series Y a, such that a, > 0 for every n. Although this approach may 
appear to be very specialized, positive-term series are the foundation for 
all of our future work with series. As we shall see later, the convergence 
or divergence of an arbitrary series can often be determined from that of 
a related positive-term series. 

The next theorem shows that to establish convergence or divergence 
of a positive-term series, it is sufficient to determine whether the sequence 
of partial sums {S,„} is bounded. 





If Y a, is a positive-term series and if there exists a number M such 
that 


S, =a, +a, +: +а, < M 


for every n, then the series converges and has a sum S < M. If no 
such M exists, the series diverges. 





PROOF — If{S,} is the sequence of partial sums of the positive-term series 
© a, then 


S1 «584 mr Ж б 55 


and therefore (5,| is monotonic. If there exists a number M such that 
5, < M for every n, then {S,} is bounded monotonic. As in the proof of 
Theorem (11.9), 


lim $, 2. $ « M 


== 


for some 5, and hence the series converges. If no such M exists, then 
lim, .,, S, = » and the series diverges. mm 


We may use the nth term a, of a series У a, to define a function f 
such that /(n) — a, for every positive integer n. In some cases, if we replace 
n with x, we obtain a function that is defined for every real number x > 1. 
For example, 


; = : 1 
given Y —, let /(л)=-—у. 
— n? m 


Replacing n with х. we obtain f(x) = 1/x*, which gives us the desired 
function f. Note that 


£1 а. | ' 
У = У Л) Л) ЛО) fm 
n=1 


a=1 
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FIGURE 11.9 
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Integral test (11.23) 








The next result shows that if a function f obtained in this way satisfies 
certain conditions, then we may use the improper integral (7 f(x) dx to 
test the series У„—{ /(п) for convergence or divergence. 





If Y a, is a series, let f(n) = a, and let f be the function obtained 
by replacing n with x. If f is positive-valued, continuous, and de- 
creasing for every real number x > 1, then the series У a, 


(1) converges if A f(x) dx converges 


(ii) diverges if r f(x) dx diverges 


PROOF As in the hypotheses, we let f(n) = a, and consider f(x) for 
every real number x > 1. A typical graph of this positive-valued, con- 
tinuous, decreasing function is sketched in Figure 11.8. If n is a positive 
integer greater than 1, the area of the inscribed rectangular polygon 
illustrated in Figure 11.8 is 


У fk) = SO + f) +: ftn). 


К 


te 


Similarly, the area of the circumscribed rectangular polygon illustrated 
in Figure 11.9 is 


n-1 
Y. fk) = Р) + f) +: fin — 1). 
kaer 
Since || f(x) dx is the area under the graph of f from 1 to n, 
n | Шу п-1 
Y fd < [^ feodx « Y, fib. 
k=2 k=1 


If S, denotes the nth partial sum of the series /(1) + f(D) +- + f(n) +. 
then this inequality may be written 


S, — fl) < f foo dx < S... 


The preceding inequality implies that if the integral fý f(x) dx converges 
and equals K > 0, then 


- 


S$,—f(0€K. or $, К+ (1) 


for every positive integer п. Hence, by Theorem (11.22), the series Y fi) 
converges. 
If the improper integral diverges, then 


lim | f(x) dx = ос, 
and since Ji SOx) dx € $„_ |. we also have Їр, ., S,- 1 = 00; that is, the 
series У f(n) diverges. mm 
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In using the integral test (11.23) it is necessary to consider 
x » P 2 
!, f(x) dx = im f f(x) dx. 


Thus, we must integrate f(x) and then take a limit. If f(x) is not readily 
integrable, a different test for convergence or divergence should be 
employed. 


EXAMPLE 1 Use the integral test (11.23) to prove that the harmonic 
series 


тэлэн 
2 2 п 


diverges (see Example 3 of Section 11.2). 


SOLUTION Since a, = 1/п, we let f(n) = 1/n. Replacing n by x gives 

us f(x) = 1/x. Because f is positive-valued, continuous, and decreasing 
for x 2 1, we can apply the integral test (11.23): 

x] : 1 Р j 

Ї — dx = lim Ї —dx = lim E «| 

box (5a 9X гэх i 


= lim [Int — In 1] = x 


tx 


The series diverges, by (11.23)(ii). 


EXAMPLE 2 Determine whether the infinite series У ne^" converges 
or diverges. 


SOLUTION Since a, = ne^", we let f(n) = ne ^"^ and consider f(x) = 
хе. If x > 1, f is positive-valued and continuous. The first derivative 
may be used to determine whether / is decreasing. Since 


f'(x) = е7 — 2xe^* = e^*' (1 — 2x?) «0, 


f is decreasing on [1, 22). We may therefore apply the integral test as 
follows: 


x ший * t зээ? « ý T t 
f xe * dx — lim Ї хе“ dx = lim | —})е | 


ix i 


КОНИ 1.2 
"oz Him o 7 2 | 72; 


Hence the series converges, by (11.23)(i). 





In Example 2 we proved that the series У ne "° converges and therefore 
has a sum S. However, we have not found the numerical value of S. The 
number 1/(2e) in the solution is the value of an improper integral, not the 
sum of the series. If desired, we could approximate S by using a partial 
sum $,, with n sufficiently large. (See Exercise 59.) 
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An integral test may also be used if the function f satisfies the condi- 
tions of (11.23) for every x > К for some positive integer К. In this case 
we merely replace the integral in (11.23) by f f(x) dx. This corresponds 
to deleting the first k — 1 terms of the series. 

The following series, which is a generalization of the harmonic series 
(11.14), will be useful when we apply comparison tests later in this section. 


Definition (11.24) ' х 
p-series, ог a hyperharmonic series, is а series of the form 
“уп 2Р ? 


where р is a positive real number. 


Note that if p = 1 in (11.24), we obtain the harmonic series. The fol- 
lowing theorem provides information about convergence or divergence of 
p-series. 


Theorem (11.25) | 
ao 
The p-series Y. — 
п=1 П 


(i) converges if p > 1 


(li) diverges if p < 1 


PROOF The special case р = 1 is the divergent harmonic series. Sup- 
pose that р is a positive real number and p # 1. We shall employ the inte- 
gral test (11.23), letting /(n) = l/n" and considering f(x) = 1/x? =x”. 
The function f is positive-valued and continuous for x > 1. Moreover, 
for these values of x we see that f'(x) = —px "^! < 0, and hence f is de- 
creasing. Thus, f satisfies the conditions stated in the integral test (11.23), 


and we consider 
ю l xi-? К 
Ї dx = E 
) ox? i-o гэю11-401 
lim (t! ^? — 1). 


E E 


ò t - è 
lim Ї x? dx = lim 





If p > 1, then p — 1 > 0 and the last expression may be written 


1 1 | 
[slim (е) 415,07 0275. 
Thus, by (11.23)(i). the p-series converges if p > 1. 

If 0 € p « 1, then 1 — p > 0 and 





— — lim (t! ^? — 1) = oo. 
1 а р tog 
Hence, by (11.23)(ii), the p-series diverges. 
If p < 0, then lim,_.,, (1/п”) # 0 and, by (11.17)(i), the series diverges. 
Е 


| о -2-2-7-2-2- 
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The following illustration contains some special p-series. 














ILLUSTRATION 
p-SERIES VALUE OF p CONCLUSION 
- CUR ae Б EET m onverges, by 
Ё п? oF ge ре (11.25)(i), since 2 > 1 
[251 fee p=} Diverges, by 
n=1./n 2 43 : (11.25)(ii), since } < 1 
а 1 1 1 Converges, Бу 
= = ar = $ s 
E! n? i+ 732 7 332 7 аг. (11.25)(i), since 3 > 1 
о d 1 1 Diverges, by 
та - — =.) 


The next theorem allows us to use known convergent (divergent) series 
to establish the convergence (divergence) of other series. 


Basic comparison tests (11.26) 
Let У a, and E b, be positive-term series. 
(i) If Y. b, converges and a, < b, for every positive integer n, then 
a, converges. 
(п) If У b, diverges and a, > b, for every positive integer n, then 
У a, diverges. 


PROOF Let S, and T, denote the nth partial sums of У a, and У b, 
respectively. Suppose Y 5, converges and has the sum T. If a, < b, for 
every n, then 5, < T, « T and hence, by Theorem (11.22), Y a, converges. 
This proves part (i). 

To prove (ii), suppose У h, diverges and a, > b, for every n. Then 
S, > Т,, and since T, increases without bound as п becomes infinite, so 
does $,. Consequently Y a, diverges. mm 


The convergence or divergence of a series is not affected by deleting 
a finite number of terms, so the condition a, < b, or a, > b, of (11.26) is 
only required from the kth term on, for some positive integer К. 

A series У d, is said to dominate a series Y c, if c, < d, for every posi- 
tive integer n. In this terminology, (11.26)() states that a positive-term 
series that is dominated by a convergent series is also convergent. Part (ii) 
states that a series that dominates a divergent positive-term series is also 
divergent. 


EXAMPLE 3 Determine whether the series converges or diverges: 


7 


2 1 
(а) È 2-5 (b) 2, 


#=2 {/п — 1 
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Limit comparison test (11.27) 


FIGURE 11.10 


a, 
b, 
0 c с 3с d 
5 ^ 
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SOLUTION 
(a) For every n > 1, 


b od HP 
2-5 $ V5] 


Since У (1/5)" is a convergent geometric series, the given series con- 
verges, by the basic comparison test (11.26)(i). 
(b) The p-series Y ln diverges, and hence so does the series obtained 
by disregarding the first term 14/1. If n > 2, then 


| 1 3 1 
>—— and hence —— > 


vn—l xn 4n—1 n 





It follows from the basic comparison test (11.26)(11) that the given series 
diverges. 





When we use a basic comparison test, we must first decide on a suitable 
series У b, and then prove that either a, < b, or a, > b, for every n greater 
than some positive integer К. This proof can be very difficult if a, is a 
complicated expression. The following comparison test is often easier to 
apply. because after deciding on У h,. we need only take a limit of the 
quotient a,/b, as n > 2. 








Let Y a, and У b, be positive-term series. If 


а d 
lim —2c20, 


nx On 


| then either both series converge or both diverge. 





PROOF  Iflim,., (a,/b,) = c > 0, then a,b, is close to c if n is large. 
Hence there exists a number N such that 
€ a, 


3с 
3 « b, « 5 whenever n>N 


(see Figure 11.10). This is equivalent to 


3c 
э" 


2 
5 On «a, < whenever n> М. 


If the series ¥ a, converges, then © (c/2)5, also converges, because it is 
dominated by Y a,. Applying (11.20)(ii). we find that the series 


BN Le 
zaze) G)” 
p — c 2 
converges. 


Conversely. if Y b, converges, then so does У a,, since it is dominated 
by the convergent series У (3c/2)5,. We have proved that ў, а, converges 
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ILLUSTRATION 


if and only if Y 5, converges. Consequently Y a, diverges if and only if 
Y b, diverges. mm 


If, in (11.27), the limit equals О or ос, it may be possible to determine 
whether the series Y a, converges or diverges by using the comparison 
test stated in Exercise 51 or 52, respectively. 

To find a suitable series У b, to use in the limit comparison test (11.27) 
when a, is a quotient, a good procedure is to delete all terms in the 
numerator and denominator of a, except those that have the greatest effect 
on the magnitude. We may also replace any constant factor c by 1, since 
У b, and У cb, either both converge or both diverge (see Theorem 11.20). 
The next illustration demonstrates this procedure for several series У a,. 


DELETING TERMS OF 





а, LEAST MAGNITUDE CHOICE OF 5, IN (11.27) 
Зп + 1 3л 3 1 
"oda +n? —2 4n? 4n? n? 
2 5 5 1 
Jn? +2n +7 Jn? n n 
Уп? + 4 an? P 1 1 
5 - ——g£- = — == 73 /3 
бй —n—1 6n? 6m 6n?” n? 


EXAMPLE 4 Determine whether the series converges or diverges: 


: 1 = 3п°+5п 
b Бом крда 
| ! 3, Pin? + 1) 


4 3 


п=1 үп" + 1 


SOLUTION 
(a) The nth term of the series is 





If we delete the number 1 in the radicand, we obtain b, = 1/3) n, which 
is the nth term of a divergent p-series, with p = 3. Applying the limit 
comparison test (11.27) gives us the following: 


2) 
; 8 А үл” : id 
lim -* = lim —— = lim "| ; -120 
bp: эй Yn? +1 scNmU +1 


Since У b, diverges, so does У а,. нэ 

It is important to note that we cannot use b, = 1/</n? with the basic 
comparison test (11.26), because a, < b, instead of a, > b,. 
(6) The nth term of the series is 





Зп? + 5n 
a, = э"? = Эл” 
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Deleting the terms of least magnitude in the numerator and denominator, 
we obtain 

3n? 3 
Fw 2 
and hence we choose b, = 1/2". Applying the limit comparison test (11.27) 
gives us 


1, 


OE . 3n?4+5n 2" . 98D) + 5п 
lim — = lim ——› к— ; 
n- x 5, х—°х 2 (n^ + 1) 1 х=» Й + 1 





Since, by Theorem (11.15)(i). У b, is a convergent geometric series (with 
r — 1 < 1), the series Y a, is also convergent. 


8n Jn Е 
EXAMPLE 5 Let а, = сэн" Ea git Determine whether Y a, con- 
© n^ n^n 


verges or diverges. 


SOLUTION To find a suitable comparison series У Б„, we delete all but 
the highest powers of n in the numerator and denominator, obtaining 


Applying the limit comparison test (11.27), with b, = 1/n*?, we find 


lim 2" = jj 8n +n? n? 
а e 
sob аз ӘРИНИ 1 
Р En” + п? 
= lim — =8>0. 


ы 


азо 48 ЫН" 


Since У b, is a convergent p-series with p = > 1, it follows from (11.27) 


that ¥ a, is also convergent. 


We shall conclude this section with several general remarks about 
positive-term series. Suppose У a, is a positive-term series and the terms 
are grouped in some manner. such as 


(d, +4) 44,414, +a, +а + а) +. 
If we denote the last series by Y b,, so that 
bi =a, +42, Б, =аз, by =a; +ü; +а +4, ..., 


then any partial sum of the series Y b, is also a partial sum of 3, а, It 
follows that if Y a, converges, then У b, converges and has the same sum. 
A similar argument may be used for any grouping of the terms of У a,. 
Thus, if a positive-term series converges, then the series obtained by grouping 
the terms in any manner also converges and has the same sum. We cannot 
make a similar statement about arbitrary divergent series. For example, 
the terms of the divergent series Y ( — 1)" may be grouped to produce a 
convergent series (see Exercise 54 of Section 11.2). 
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Next, suppose that a convergent positive-term series Y a, has the sum 
S and that a new series У b, is formed by rearranging the terms in some 


way. For example, Y 5, could be the series 


а + dg +a, +а; +ау +а +77. 


If T, is the nth partial sum of Y b,, then it is a sum of terms of Y а,. If 
m is the largest subscript associated with the terms a, in T,, then T, < 
Sm < S. Consequently T, < S for every n. Applying Theorem (11.22), we 
find that Y b, converges and has a sum T < S. The preceding proof is 
independent of the particular rearrangement of terms. We may also regard 
the series У a, as having been obtained by rearranging the terms of Y. b, 
and hence, by the same argument, S < T. We have proved that if the 
terms of a convergent positive-term series У a, are rearranged in any man- 
ner, then the resulting series converges and has the same sum. 





Exer. 1-12: (a) Show that the function f determined by 
the nth term of the series satisfies the hypotheses of the 
integral test. (b) Use the integral test to determine 
whether the series converges or diverges. 


2 | 
= (3 + 2n 





“= arctan n 
1 





n=1 3 п? 


10 


12 


х 1 
372 
n7 (4 + n) 
x n 
net пі +1 


£ 1 


S ulli 
nz n(2n — 5) 
£ 1 


nm 1 41683 


Exer. 13-20: Use a basic comparison test to determine 
whether the series converges or diverges. 


= 1 
13 


a | 
= у n3" 





* arctan n 
ку тшн 
п= 1 п 


"r2 


nai n*--nm-1 


16 


20 


nm 4-1 


$ 2+ cosn 
— — 


n=1 п" 


£, агсѕесп 


b 


wt (Q3 


Exer. 21-28: Use the limit comparison test to determine 
whether the series converges or diverges. 


21 


23 


25 


27 





п уп +9 


22 


26 


28 


: 2 

n 134 Vn 

x 1 

«24 Уп + 1)(n +2) 


3n + 5 
оп?" 





x n? 
Lamm 
= 


12-41 


Ехег, 29-46: Determine whether the series converges ог 
diverges. 


29 


33 


35 


37 


41 


© 2п+п? 


Sa w+ 


1+ 2” 


7,139 








ы M 

У sin 

z n? 
о (2п + 1)? 
n= (n? + 1)? 





32 


42 


= n> + 4n? + 1 
n= 2n? + n* +2 


© n+Inn , 


L 


VU mod enel 


: 1 


2, 


274 піп + lin + 2) 


x 1 
¥ tan 


n=1 п 





* п+1пп 
5 


: 
am^ ne tf | 
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„т = а Y | 165) 
п =: 

n=1 n+ 3" sat Z| 
2 Inn £ sinn + 2" 

as Y —- 46 T 
E n? Ж n+ 5" 


Exer. 47-48: Find every real number k for which the 
series converges. 
1 s 1 


47 - ——— 
à їйл „= n (Па n* 


49 (a) Use the proof of the integral test (11.23) to show that, 
for every positive integer n > 1. 


1 1 1 
In(n+ 1)<1+2+=4-+++-<14 Inn. 
2 3 n 


(5) Estimate the number of terms of the harmonic series 
that should be added so that 5, > 100. 


50 Consider the hypothetical problem illustrated in the 
figure: Starting with a ball of radius 1 foot, a person 
stacks balls vertically such that if r, is the radius of the 
kth ball, then r,., =r,\n/(n + 1) for each positive 
integer n. 

[a] Show that the height of the stack can be made arbi- 
trarily large. 

[b) If the balls are made of a material that weighs 1 Ib ft^. 
show that the total weight of the stack is always less 
than 4z pounds. 


EXERCISE 50 


51 Suppose Y a, and У b, are positive-term series. Prove 
that if lim,- (d,/b,) = 0 and Y 5, converges, then У а, 
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converges. (This is not necessarily true for series that 
contain negative terms.) 


52 Prove that if lim, (a,/5,) = ж and У b, diverges, then 
Y. a, diverges. 


53 Let Y a, bea convergent, positive-term series. Let f(n) = 
än and suppose f is continuous and decreasing for x > N 
for some integer N. Prove that the error in approxi- 
mating the sum of the given series by Y. , a, is less 
than [5 f(x) dx. 

Exer. 54-56: Use Exercise 53 to estimate the smallest 


number of terms that can be added to approximate the 
sum of the series with an error less than E. 


1 1 х 1 
54 У —. Е = 0.001 55) -, Е=001 
nci "m 


n=1 N“ 1 


x 


56 Y ч. E=0.05 
„= n (ln л)? 





57 Prove that if a positive-term series Y a, converges, then 
Y (La) diverges, 

58 Prove that if a positive-term series Y a, converges, then 
Y vaa, . | converges. (Hint: First show that the follow- 
ing is true: y ae < (à, + ay43)/2.) 





[c] Ехег, 59-60: Approximate the sum of the given series 
to three decimal places. (Use Exercise 53 to justify the 
accuracy of your answer.) 


59 Y пе" 
n=} 


je. 


X 
1 
60 У а 
n71 n 
Graph, on the same coordinate axes, y = x and y= 
In (x*) for k = 1, 2. 3 and 1 € x < 20, and then use the 


graphs to predict whether the series Y 


converges 
n= In (n^) 


or diverges for k = 1. 2, and 3. 


[c] 62 Graph, on the same coordinate axes, у = x and у= 
(In x) for К = 1, 2. 3 and 1 < x < 200, and then use the 


D 


graphs to predict whether the series У z 
n=1 (In ny 





converges 


or diverges for k = 1, 2, and 3. 


For the integral test to be applied to a positive-term series Y a, with 
a, = f(n), the terms must be decreasing and we must be able to integrate 
f(x). This often rules out series that involve factorials and other compli- 
cated expressions. We shall now introduce two tests that can be used to 
help determine convergence or divergence when other tests are not ap- 
plicable. Unfortunately, as indicated by part (iii) of both tests, they are 
inconclusive for certain series. 
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Ratio test (11.28) 





АА - А4 
Let У a, be a positive-term series, and suppose 


а бул 
lim ++ = L, 
iin. ei 


(i) If L< 1, the series is convergent. 


ЦЭ! 


(i) If L > 1 or imisa 





= cc, the series is divergent. 


(iii) If L= 1, apply a different test; the series may be convergent ог 
divergent. 


PROOF 

(i) Suppose lim,,.... (@,,+1/d,) = L < 1. Let r be any number such that 
0<L<r< 1. Since a,.,/a, is close to L if п is large, there exists ап 
integer N such that whenever n > М, 


4 


+1 
U—«r ог а < 4,7: 
а, 


Substituting N. N + 1, N + 2,... for n, we obtain 
буза S Ayr 
АРЕ Oris au 


буух Sen ЕД” 
and, in general, 


m 


акан < ах" whenever т > 0. 


It follows from the basic comparison test (11.26)(1) that the series 
Une + Uy oa + цэг + ON +m ae tes 


converges, since its terms are less than the corresponding terms of the con- 
vergent geometric series 
Ayr + Ayr? ++ ам" e n 


Since convergence or divergence is unaffected by discarding a finite num- 
ber of terms (see Theorem (11.19)), the series Y; , a, also converges. 
(й) Suppose lim, .., (a, ,,/a,) = L > 1. If r is a real number such that 


1, > к > 1, then there exists an integer N such that 


a $ 
"tl к> 1 whenever п> №. 


а, 


Consequently a,,, > a, if n > N. Thus, lim,.., a, #0 and, by the nth- 
term test (11.17)(i), the series ¥ a, diverges. 
The proof for lim, . (а, + ,/a,) = x is similar and is left as an exercise. 
(1) The ratio test is inconclusive if 


n= Gy 


for it is easy to verify that the limit is 1 for both the convergent series 
У (1/07?) and the divergent series У (1/n). Consequently, if the limit is 1, 
then a different test must be employed. mm 
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EXAMPLE 1 Determine whether the series is convergent or divergent. 
x 3" x 3" 

а — b = 

(а) P» n! (b) E. n* 

SOLUTION 

(a) Applying the ratio test, we have 


"+1 


л : 1 
lim —— = lim { 4,4, — 
nx 4, nx an 





i 355 yl 
= lim —— + Зи 
wa QT 3" 
T 3 
= lim —— = 0) 
no + 
Since 0 < 1, the series is convergent. 
(b) Applying the ratio test, we obtain 
z А : Элс „аў 
lim “+ = lim ——,: = 
n^ x ay, n= с (n F 1) 3 
3n? 
= lim —5———— = 3. 


пз ^ + 2п + 1 


Since 3 > 1, the series diverges, by (11.28)(ii). 


n 


: л 
EXAMPLE 2 Determine the convergence or divergence of Y ; T 
n= 1 П. 


SOLUTION Applying the ratio test gives us the following: 


а o EEA nt 
lim —— = lim | — — + — 
noe G азе (П+1)! п 
‚ (nd 1 

= lim ————-:-— 

ao (1-1) n 


. (n4 1y Н n+1\" 
= lim —- = lim 
nox n nx n 


iy 
-im (141) =e 
neus n 


The last equality is a consequence of Theorem (7.32)(ii). Since e > 1, the 
series diverges. 


If Y a, is a series such that lim,- (a,. (/4,) = 1, we must use a differ- 
dnt test (see (iii) of (11.28)). The next illustration contains several series of 
this type and suggestions on how to show convergence or divergence. 
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ILLUSTRATION 





- а 
SERIES Y a, lim —— SUGGESTION 
Show convergence by using 


LT MNT | the limit comparison test (11.27) 
a=1 90 — [п n with b,, = 1 и. 


х 2m + Зп + 4 


ё 3:84 Show divergence by using the 
= = : l limit comparison test (11.27) 
amb fe’ tla +s with b, = 1/,/n. 


z Inn Show divergence by using the 
БО: integral test (11.23). 


The following test is often useful if a, contains powers of n. 








Root test (11.29) Г ae : : 
Let У a, be a positive-term series, and suppose 


lim а, = L. 


n- © 
(i) If L< 1, the series is convergent. 
| (ii) If L> 1 or lim,- Va, = æ, the series is divergent. 


(iii) If L= 1, apply a different test; the series may be convergent 
or divergent. 


PROOF ШЕ < l.let us consider any number r such that 0 € L<r < 1. 
By the definition of limit, there exists a positive integer N such that if 
n > N, then 


va, <r or a, sr. 


Since 0 <r < l. Уут" is a convergent geometric series, and hence. 
by the basic comparison test (11.26), Уу у а, converges. Consequently 
Ух, а, converges. This proves (i). The remainder of the proof is similar 
to that used for the ratio test. ms 


x 3*1 
EXAMPLE 3 Determine the convergence or divergence of Y 


n=1 п" 


SOLUTION Applying the root test yields 


naa V nx 
53 *(1/m 
= lim ——— = 0. 
n- x n * 





Since 0 < 1, the series converges. We could have applied the ratio test; 
however, the process of evaluating the limit would have been more 
complicated. 
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а 
Exer. 1-10: Find lim ~, and use the ratio test to 
йай (8: 


determine if the series converges or diverges or if the 
test is inconclusive. 














2 3n+ 1 x 3" 
1 
p 2^ : n=l n? +4 
7. 5" Р 2" 1 
3 4 
2 п(3"* 1) 3, S"(n + 1) 
xr 100" х m?.10 
е 2, п! 9 2, п! 
x n+3 : 3n 
7 ay 
Boa a om n? + 1 


10 тн 
n=1 n ı (n+ 1) 


Exer. 11—18: Find lim Уа,» and use the root test to 


determine if the series converges or diverges or if the 
test is inconclusive. 








e ] c (In ny E A 
11 È a 12 2, aa 13 x =: 

6 se ton » gl? 
4 15 — 
М 2 an 29 53 їр 





Ехег, 19-40: Determine whether the series converges or 
diverges. 














2 vn x ул 
1 —— — хэн 
9 mal 24384 
х 99"(n5 + 2) е. n3?" 
21 у 5 2 201 
2 п2102" 3 as S" i 
х 2 * nl 
" А. п? + е" Mm + 1 
6 ZW z n! £ n" 
25 n! 26 - 27 x 
3, (5 d. п" i 107773 
= 10+ 27 x (n!) x (2n)! 
= nel n! n=} (2n)! Кез Э? 
m = 1 ü - (2n)" 
к пуал XB (Sn + 3n !y 
* Inn x 
33 —— 34 PR 
жет (1.01) 2, 
х 1 = arctan n 
35 Y ntan- 36 Y 5 
"-1 п n71 n^ 
37 3 TH вэ. 
"EY n n=2 (In n)" 
| | 13:3 | Е: 2 (2n — 1) 
pep n 
"n. ын? ad 4.7: (3n — 2) 
492 346 4-6 2-4-6-----(2л) 
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The tests for convergence that we have discussed thus far can be applied 
only to positive-term series. We shall next consider infinite series that 
contain both positive and negative terms. One of the simplest, and most 
useful, series of this type is an alternating series, in which the terms are 
alternately positive and negative. It is customary to express an alternating 
series in one of the forms 


or 


a, — â, + @3 — а +" + (—1)" la, tere 


—40, 445 — dy d4 —:** M (—1ya, + 77) 


with a, > 0 for every k. The next theorem provides the main test for conver- 
gence of these series. For convenience we shall consider Y. , (—1)' 'a,. 
A similar proof holds for Y 7. , (—1)"a,. 
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FIGURE 11.11 


ax 





Alternating series test (11.30) 





The alternating series 
» (—1)""'a, = а; —d,+a3—a,+°°-+(—1)""'a,+°-- 
n=1 

is convergent if the following two conditions are satisfied: 

(i) a, > a+, > О for every К 

(ii) lim a, — 0 


n-* oc 


PROOF By condition (i), we may write 
а 2а; 2 ау 2 44 205 >> а 2а 2. 
Let us consider the partial sums 

Зу. Sy ҮҮ ҮЛ ЛЛУ, 


which contain an even number of terms of the series. Since 


Son = (а — а,) + (4,— Ag) +°°* + (0, — а») 


and a, — ар. > 0 for every k, we see that 
0:<385:< Secu Уус 


that is, (5,1 is a monotonic sequence. This fact is also evident from Fig- 
ure 11.11, where we have used a coordinate line / to represent the follow- 
ing four partial sums of the series: 


S,;=a;, Sy=a,;—a,, 93= а – а +03, 845—a4—a454 a4— 0; 
You may find it instructive to locate the points on / that correspond to 5, 
and S,. 

Referring to Figure 11.11, we see that 5,, < a, for every positive inte- 
ger п. This may also be proved algebraically by observing that 


S3 =a; — (a, = аз) ши (a4 — ds) m (25528 — d3i-1) — 22, < al. 


Thus, {$›„} is a bounded monotonic sequence. As in the proof of Theo- 
rem (11.9), 
lim 5,,-45«а, 
n-*x 
for some number 5. 
If we next consider a partial sum $,,. , having an odd number of terms 
of the series, then 5...1 = Soy + бана and, since lim, 45,4, = О, 


m Sar = lim: 35, = $. 


п-• x noo 


Because both the sequence of even partial sums and the sequence of odd 
partial sums have the same limit S, it follows that 


im $,—5$ € 4; 


nx 


that is, the series converges. шш 
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EXAMPLE 1 Determine whether the alternating series converges or 
diverges. 


Р 2n x 2n 
е Sa -1у7! 
lal 2, GH 7 3 18 2, U -a 





SOLUTION 


2n 

L t = = ас эл4 

(а) Le a, = fin) = 2—3 
To apply the alternating series test (11.30), we must show that 


li) a, > а. ; for every positive integer k 
(ii) lim, a, = 0 


There are several ways to prove (i). One method is to show that f(x) = 
2x/(4x? — 3) is decreasing for x > 1. By the quotient rule, 





yy _ (4x? — 3)(2) — (2x)(8x) 
f(x) = ax? 3) 
—§x7 — 6 


By Theorem (4.13), f(x) is decreasing and, therefore, f(k) 2 f(k 4- 1); that 
is, а, > d, . | for every positive integer k. 

We can also prove (i) directly, by proving that a, — a,,, > 0. Thus, 
if a, = 2n/(An? — 3), then for every positive integer k, 


шаг: Ak + 1) 
07017 432 53 Ak + —3 
8k? + 8k + 6 = 





= (ак? — 3)(4k? + 8k + 1) 7 


Still another technique for proving that a,>a,,, is to show that 
d, 44/4, < 1. 
To prove (ii), we see that 
2n 


= ee 


Thus, the alternating series converges. 
(b) We can show that a, > a,., for every К; however, 
2n 1 


Kui mdi жап 
ор аг 72518 LE 


and hence the series diverges, by the nth-term test (11.17)(i). 








The alternating series test (11.30) may be used if condition (i) holds for 
k 7 m for some positive integer m, because this corresponds to deleting 
the first m terms of the series. 
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If a series converges, then the nth partial sum S, can be used to approx- 
imate the sum S of the series. In many cases it is difficult to determine the 
accuracy of the approximation. However, for an alternating series, the next 
theorem provides a simple way of estimating the error that is involved. 


Let Уус ү(-1)/7 ‘a, be an alternating series that satisfies conditions 
(i) and (ii) of the alternating series test. If S is the sum of the series 
and 5, is a partial sum, then 


[zm ET ME 


that is, the error involved in approximating 5 by S, is less than or 
equal to a, . |. 


PROOF The series obtained by deleting the first n terms of Y, ( — 1)" 'a,, 
namely 


(= 1)"а, у + (7-1) *'a,5 +(—1)"*?а„„, +. 
also satisfies the conditions of (11.30) and therefore has a sum R,. Thus, 
5-5, = К, =(— 1)"(а, 1 — n+? Toda dna 9) 


and |R, = dye, — pea + бүхэл 


Employing the same argument used in the proof of the alternating series 
test, we see that | R,| € о, |. Consequently 


E= 





$ —$,| - |А, | адал 


which is what we wished to prove. ms 


In the next example we use Theorem (11.31) to approximate the sum 
of an alternating series. In order to discuss the accuracy of an approxima- 
tion, we must first agree on what is meant by one-decimal-place accuracy. 
two-decimal-place accuracy, and so on. Let us adopt the following con- 
vention. If E is the error in an approximation, then the approximation 
will be considered accurate to k decimal places if | E | < 0.5 x 10^*. For 
example, we have 








1-decimal-place accuracy if 





E| «05 x 107! = 005 
2-decimal-place accuracy if | E| < 0.5 x 1072 = 0.005 


3-decimal-place accuracy if | E| < 0.5 x 107? = 0.0005. 








EXAMPLE 2 Prove that the series 


Fog | 
es 2 ST sim Rise 
яа ш ӨС ий 





is convergent, and approximate its sum 5 to five decimal places. 
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Definition (11.32) 





SOLUTION The nth term a, = 1/(2n — 1)! has the limit 0 as n — x, 
and a, > à, | for every positive integer К. Hence the series converges, by 
the alternating series test. If we use S, to approximate S, then, by Theo- 
rem (11.31), the error involved is less than or equal to a,,, = 1/(2n + 1)!. 
Calculating several values of a,; у. we find that for n = 4, 


| 
Bip" 0.0000028 < 0.000005. 


Hence the partial sum 5, approximates 5 to five decimal places. Since 





t t 4 
iiim bi T 

=f E dk ЖИНИ 

Е 6 120 5040 ^ ] 


we have S x 0.84147. 
It will follow from (11.48)(a) that the sum of the series is sin 1. and 
hence sin 1 = 0.84147. 


The following concept is useful in investigating a series that contains 
both positive end negative terms but is not alternating. It allows us to 
use tests for positive-term series to establish convergence for other types 
of series (see Theorem 11.34). 


| A series У a, is absolutely convergent if the series 
X la =la |+ la| lad t 


is convergent. 


Note that if Y a, is a positive-term series, then |a, | = а,. and in this 
case absolute convergence is the same as convergence. 


EXAMPLE 3 Prove that the following alternating series is absolutely 
convergent: 


= 3^ F n? 


SOLUTION Taking the absolute value of each term gives us 


which is a convergent p-series. Hence, by Definition ( 11.32), the alternating 
series is absolutely convergent. 
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EXAMPLE 4 The alternating harmonic series is 


аз | 1.1 Я 1 
-1771-41-5:Ж5:-194Ж204(-1У7! 
3, п 2 3 4 (=H n т 
Show that this series is 
[a] convergent (b) not absolutely convergent 


SOLUTION 
(a) Conditions (i) and (ii) of the alternating series test (11.30) are satisfied. 
because 


1 1 1 
Д > £i for every k and нм E 0. 


Hence the alternating harmonic series is convergent. 


te 
О 
б 
Е 
=. 


(b) To examine the series for absolute convergence, we appl 
tion (11.32) and consider 


1 
3 4 n 





1 td 
(=н 
ЕД п 2 2 
This series is the divergent harmonic series (see Example 3 of Section 11.2). 
Hence, by Definition (11.32), the alternating harmonic series is not ab- 
solutely convergent. 


Series that are convergent but not absolutely convergent, such as the 
alternating harmonic series in Example 4, are given a special name, as 
indicated in the next definition. 





A series У a, is conditionally convergent 11) a, is convergent and 
Y. | a, | is divergent. 





The following theorem tells us that absolute convergence implies 
convergence. 


If a series Y a, is absolutely convergent, then У a, is convergent. · 


PROOF  Ifweletb, = a, + |a, | and use the property — |а, < a, < |а, |. 
then 


0<а„+|а„|<2|а„|, or 0€b,x2]a,|. 


If * a, is absolutely convergent, then У |a, | is convergent and hence, by 
Theorem (11.20)(ii), У 2|a,| is convergent. If we apply the basic com- 
parison test (11.26), it follows that Y b, is convergent. By (11.20)(iii), 
Y. (b, — |a, |) is convergent. Since b, — |а, | = an, the proof is complete. mm 
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EXAMPLE 5 Let Y a, be the series 


Ld l 1 1 l 1 1 
25% Z 24125128 yg 


where the signs of the terms vary in pairs as indicated and where 
\а„| = 1/2". Determine whether Y a, converges or diverges. 


SOLUTION The series is neither alternating nor geometric nor positive- 
term, so none of the earlier tests can be applied. Let us consider the series 
of absolute values: 


1 l | 1 l 
„НЫ 5 367734678 


This is a geometric series with r = }, and since } < 1, it is convergent, by 
Theorem (11.15)(i). Thus, the given series is absolutely convergent and 
hence, by Theorem (11.34), it is convergent. 


EXAMPLE 6 Determine whether the following series is convergent or 
divergent: 
яп2 583 sin n 

2737 n? 





sin | + 


SOLUTION The series contains both positive and negative terms, but it 
is not an alternating series, because, for example, the first three terms are 
positive and the next three are negative. The series of absolute values is 


ж 


sin n 











Since 4--:-- < 


the series of absolute values У | (sin n)/n* | is dominated by the convergent 
p-series У (1/n?) and hence is convergent. Thus, the given series is ab- 
solutely convergent and therefore is convergent, by Theorem (11.34). 





We see from the preceding discussion that an arbitrary series may be 
classified in exactly one of the following ways: 

(1) absolutely convergent 

(1) conditionally convergent 

(iii) divergent 


Of course, for positive-term series we need only determine convergence 
or divergence. 
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The following form of the ratio test may be used to investigate absolute 
convergence. 


Ratio test for absolute . 
convergence (11.35) Let Y. a, be a series of nonzero terms, and suppose 


An+1 
a 


lim 


n- со 


=L. 








(i) If L< 1, the series is absolutely convergent. 


Gn+1 


(ii) If L> 1 or lim 


ao 


= 20, the series is divergent. 








(ii) If L= 1, apply a different test; the series may be absolutely 
convergent, conditionally convergent, or divergent. 


The proofis similar to that of (11.28). Note that for positive-term series 
the two ratio tests are identical. 
We can also state a root test for absolute convergence. The statement 


is the same as that of (11.29), except that we replace \/a, with «|а, |. 


EXAMPLE 6 Determine whether the following series is absolutely 
convergent, conditionally convergent. or divergent: 


ГА 2 
617 +A 


51-35 эл 


п= 1 2 


SOLUTION Using the ratio test (11.35), we obtain 


lim | “n+! 


п. 1х 














(0+ 1)2 +4 2" 
2814 zs 
1 (m? + 2п+ 5 


а, 





/ 


Hence, by (11.35)(i), the series is absolutely convergent. 


It can be proved that if a series У a, is absolutely convergent and if the 
terms are rearranged in any manner, then the resulting series converges 
and has the same sum as the given series. This is not true for conditionally 
convergent series. If ¥ a, is conditionally convergent, then by suitably re- 
arranging terms, we can obtain either a divergent series or a series that 


* See, for example, R. C. Buck, Advanced converges and has any desired sum S.* 
Calculus, Third Edition (New York: We now have a variety of tests that can be used to investigate a series 


McGraw-Hill, 1978), pp. 238—239. 





for convergence or divergence. Considerable skill is needed to determine 
which test is best suited for a particular series. This skill can be obtained ы 
by working many exercises involving different types of series. The follow- 
ing summary may be helpful in deciding which test to apply: however, 
some series cannot be investigated by any of these tests. In those cases 
it may be necessary to use results from advanced mathematics courses. 
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Summary of convergence and divergence tests for series 










































































| ТЕ$Т | SERIES CONVERGENCE OR DIVERGENCE | COMMENTS | 
k ——— — 4-- - - 4 
nth-term Ya, Diverges if lim, ., a, #0 Inconclusive if lim, . , а, = 0 
+ — — ^ — + — - — 
> Ч " мр : a iA : : 
Geometric | Э. АР" (i) Converges with sum $ = i if r| < 1 Useful for comparison tests if 
series беи on ee | ш the nth term а„ of a series is 
| (ii) Diverges if |r| > 1 similar to аг"! | 
- E - - T : 
p-series v 1 (i) Converges if p> 1 Useful for comparison tests if 
| явул” (ii) Diverges if p « 1 the nth term a, of a series is 
similar to V/n" 
| {— i 
Integral * d, (i) Converges if E f(x) dx converges The function / obtained from 
AM яа ун | а, = f(n) must be continuous, 
a, = f(n) | (ii) Diverges if Ї f(x) dx diverges positive, decreasing, and readily 
integrable. 
‘a те” Т Т 
Comparison | Y а,. У b, (i) If Y b, converges and a, < b, for The comparison series Y. b, is 
i0. bos every n. then Y a, converges. often a geometric series or a 
п , п . €T . ... 
(ii) If Y b, diverges and a, > b, for p-series. To find b, in (iii). 
every n, then Y. a, diverges consider only the terms of a, that 
Р, , n X 
NT t have the greatest effect on the 
(iii) If lim, ., (a,/b,) = c > 0, then both : 
j \ magnitude. 
series converge or both diverge. 
= и = Би — 
Ratio a су [Ans . — 
a If lim |= | = L (or эс), the series Inconclusive if L — 1 
з с X « " 
7 o e dor bsolutelv) if L « 1 Useful if a, involves factorials or 
Ч) ийш (absolutely) 1 < nth powers 
(1) diverges if L= 1 (ог =) If a, > 0 for every n. the absolute 
| value sign may be disregarded. 
иш 4- нь 
Коо! AA If lim,..,  |а„| = L(or x), the series Inconclusive if L = 1 
(i) converges (absolutely) if L < 1 Useful if a, involves nth powers 
(ii) diverges if L > 1 (or x) If a, > 0 for every п, the absolute 
value sign may be disregarded. 
= ЗЕ ЕЕЕ 4. 2 
Alternating У (—1)"a Converges if a, > ау: у for every К and Applicable only to an alternating 
series d 5f) ЇЇ s ar cU series 
n 
: + 4 E на Ё 
У [а,| Уа, If V [а, | converges, then У a, converges. Useful for series that contain 








both positive and negative terms 








EXERCISES 11.5 


тт 


Exer. 1-4: Determine whether the series (а) satisfies con- 
ditions (i) and (ii) of the alternating series test (11.30) 
and |b] converges or diverges. 





1 yy 
1 


е п? + 7 nt 

¥ " yin 4 ] 
з Y (-1f(1 +e 4 Y (1 

n=1 PX! e^t] 


Exer. 5-32: Determine whether the series is absolutely 
convergent, conditionally convergent, or divergent. 


- l 

1 
& Y (у, 
п= 1 п 


1 3 
8 у (= Лу: = 2 


P 3 (eme — 
r= In(n + 1) n=1 п? + 4 


n=1 
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9 


13 


15 


19 


21 


23 


25 


27 


29 


31 
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EM (= 














Es 
x ӨР” 
PX IE] 
p (07 
ка n! 
гуй п? +3 
X! M бя--5 р 
x Yn 
= |)" E Y 
PX ! nal 
ie 
5 1 
—1)" nsin — 
2, | нэ 
yew = 
nyln n 
z pw 
=1(—5)”" 
Н 1+4" 
-1ү 
zt түз" 
: cos лп 
wel 
2, | n 
x k 1 
PA } 4° +5 


14 


22 


24 


26 


28 
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7 4 
Жа 
1 


In n [€] Exer. 33-38: Approximate the sum of each series to 
three decimal places. 

















x 1 x 
п-п У (= 1)" — 34 —1)"*! 
ў, (— 1)" 33 P ) n! 2, t 1) (2n)! 
1 3 1 
35 x (=f ts A Xie 
& n=l 
sin n ` i PE ч „ү 
37 Y (-1) 5 м >. (-17-1- 
п iym +4 п=1 n=l п\2 
(n+ 1) [c] Exer. 39—42: Use Theorem (11.31) to find a positive 
eps integer n such that 5, approximates the sum of the series 
n+l to four decimal places. 
Inn 
MA. j\ Paks. а 1 
(Wy » $c. s Y car 
n=1 =i Jn 
arctan л 
У (—1Y > ж 1 x 1 
a 41 (—1)" 42 —1)" 
п P ) T EO ) 463 


Exer. 43-44: Show that the alternating series converges 
for every positive integer k. 





+p" х (In nf 
^ 43 (—1) 
(—n) P 
44 Y NT LA 
e п=1 Уп 
(2п--1)л д: ius 
= 45 If Y a, and Y. b, are both convergent series, is Y a,b, 
4 convergent? Explain. 
2 (—1) F л 46 If Y a, and Y b, are both divergent series, is Y a,b, 
n divergent? Explain. 


As stated in the chapter introduction, the most important reason for devel- 
oping the theory in the previous sections is to represent functions as power 
series—that is, as series whose terms contain powers of a variable x. To 
illustrate, if we use the formula S = a/(1 — r) for the sum of a geometric 
series (see Theorem (11.15)(1)). we obtain 





+ хх ++ х= ; 


provided | x | < 1. If we let f(x) = 1/(1 — x) with |x| < 1, then 
Лх) = LEX HAA HO HE RM 


We say that f(x) is represented by this power series. To find a function 
value f(c), we can let x = c and find the sum of a series. For example, 


fi | гү гү 1 
Farrel te И ТЭЭ [i гн” “най. 
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Later we shall apply other techniques to express many different types of 
functions as series. 

The following definition may be considered as a generalization of the 
notion of a polynomial to an infinite series. 


Let x be a variable, A power series in x is a series of the form 
«x 
Y, ax” = ag aix + gx? +o ад? s 
n-0 


where each a, is a real number. 


If a number c is substituted for x in the power series Y. o a,x", 
we obtain 


x 

У aC = dg + aye + ds rag" e 

n=0 
This series of constant terms may then be tested for convergence or diver- 
gence. To simplify the nth term, we assume that x° = 1, even if x = 0. 
The main objective of this section is to determine all values of x for which 
a power series converges. Every power series in x converges if x = 0, since 


ag + a,(0) + a3(0) ++ +> + 4,00)" + +++ = ag. 


To find other values of x that produce convergent series, we often employ 
the ratio test for absolute convergence (11.35), as illustrated in the follow- 
ing examples. 

















EXAMPLE 1 Find all values of x for which the following power series 
is absolutely convergent: 
| і 1:2 a Н o. 
TE х ЫГ "р Tae zn 
SOLUTION If we let 
Kg i 
Lm "^ = gr? 
then 
u : [бирт 5 
lim |+| = lim ‘— 
nx Uy nca gn : nx" 
2 d Dx . (nd | 
= im | = lim ( - ШИШ 
n>a 5n pote \ ӘЙ 





By the ratio test (11.35), with L = $| x |, the series is absolutely convergent 
if the following equivalent inequalities are true: 


їЇх| «1, |х| 25, -3-23-23 


The series diverges if 1| x | > 1—that is, if x > 5 or x< —5. 
If 1|x| = 1. the ratio test is inconclusive, and hence the numbers 5 
and —5 require special consideration. Substituting 5 for x in the power 
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series, we obtain 
LE Le 4443 р oH ip эхэ, 
which is divergent, by the nth-term test (11.17), because lim, a, # 0. If 
we let x = —5, we obtain 
1—1+2—3+4-+-++(-1)"+---, 


which is also divergent. by the nth-term test. Consequently the power 
series is absolutely convergent for every x in the open interval (— 5, 5) 
and diverges elsewhere. 





EXAMPLE 2 Find all values of x for which the following power series 
is absolutely convergent: 


SOLUTION We shall employ the same technique as was used in Exam- 
ple 1. If we let 




















1 x 
d, = — x" = – 
ший п! 
then 
3 1 ! 
suus. Ний , x" n! 
lim | —— | = lim | -——— = 
n-»m | Ж nx |(п+ 1)! x 
: x 
= lim = lim [x| =O, 
nx |N + лэх! 1 





The limit 0 is less than 1 for every value of х, and hence. from the ratio 
test (11.35), the power series is absolutely convergent for every real num- 
ber x. 








EXAMPLE 3 Find all values of x for which У n!x" is convergent. 


SOLUTION Теѓи, = n!x". If x # 0. then 
(n+ Dy! 


nix" 


Зайл |» На 


na x 


lim 


nx 














Uy 


lim |(n + 1)x| = lim (n + 1)|x| = x 


L imde.“ nx 


and, by the ratio test (11.35), the series diverges. Hence the power series 
is convergent only if x = 0. 








Theorem (11.38) will show that the solutions of the preceding examples 
are typical in the sense that if a power series converges for nonzero values 
of x, then either it is absolutely convergent for every real number or it is 
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Theorem (11.37) 


Theorem (11.38) 


FIGURE 11.12 
У a,x" with radius of convergence r 


Absolutely 
Divergent convergent Divergent 
x 
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absolutely convergent throughout some open interval (—r, r) and diverges 
outside of the closed interval [ —r. r]. The proof of this fact depends on 
the next theorem. 


(i) If a power series У a,x" converges for a nonzero number c, then 
it is absolutely convergent whenever |x| < |e]. 

(ii) If a power series ¥ a,x" diverges for a nonzero number d, then 
it diverges whenever |x| > |d]. 





PROOF If Ya," converges and c #0, then, by Theorem (11.16), 
lim, a,c" = 0. Employing Definition (11.3) with є = 1, we know that 
there is a positive integer N such that 

|a,c"| <1 whenever nz М. 
a,c" x" 


e 


х 





Consequently — |a,x"| = = |a,c"| < 




















с 


provided n > N. If х | < |c|, then | x/c| < 1 and У | x/c|" is a convergent 
geometric series, Hence, by the basic comparison test (11.26), the series 
obtained by deleting the first N terms of Y. | a,x" | is convergent. It follows 
that the series У | a,x"| is also convergent, which proves (i). 

To prove (ii), suppose the series diverges for x = d x 0. If the series 
converges for some number c, with |c, | > |d|, then, by (i), it converges 
whenever | x | < |с, |. In particular, the series converges for x = d, contrary 
to our supposition. Hence the series diverges whenever |x| > |d|. шш 


We may now prove the following. 








If Y a,x" is a power series, then exactly one of the following is true: 
1 (i) The series converges only if x = 0. 
(н) The series is absolutely convergent for every x. 


(1) There is a number r > 0 such that the series is absolutely con- 
vergent if x is in the open interval (—r,r) and divergent if 
x«- -ror x >t. 





PROOF If neither (i) nor (ii) is true, then there exist nonzero numbers 
c and d such that the series converges if x — c and diverges if x — d. Let 
S denote the set of all real numbers for which the series is absolutely con- 
vergent. By Theorem (11.37), the series diverges if | x| » |d|, and hence 
every number in 5 is less than |d|. By the completeness property (11.10), 
S has a least upper bound r. It follows that the series is absolutely conver- 
gent if | x | <r and diverges if |x| >r. ша 


Case (iii) of Theorem (11.38) is illustrated graphically in Figure 11.12. 
The number r is called the radius of convergence of the series. Either con- 
vergence or divergence may occur at —r or r, depending on the nature 
of the series. 
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FIGURE 11.13 
Intervals of convergence 


FIGURE 11.14 


1 
Interval of convergence of У — x" 


NH 


The totality of numbers for which a power series converges is called 
its interval of convergence. If the radius of convergence r is positive, then 
the interval of convergence is one of the following (see Figure 11.13): 


(л), (ғ), [-rr). [-r,r] 


To determine which of these intervals occurs, we must conduct separate 
investigations for the numbers x = r and x = —r. 

In (i) or (ii) of Theorem (11.38), the radius of convergence is denoted 
by 0 or с, respectively. In Example 1 of this section, the interval of con- 
vergence is ( — 5, 5) and the radius of convergence is 5. In Example 2, the 
interval of convergence is (— э, 20) and we write r= œ. In Example 3, 
r — 0. The next example illustrates the case of a half-open interval of 
convergence. 


EXAMPLE 4 Find the interval of convergence of the power series 


SOLUTION Note that in this example the coefficient of x? is 0, and the 
summation begins with n = 1. We let u, = x"/n and consider 


х" 























2114 : 3 7 /п 
lim |—— | = lim |— | = li Ы 2 
n- x Un п |n + 1 х пә | уп + 1 
| п 
= lim /——|х|=(1)|х| = |х]. 
п» 1941 


It follows from the ratio test (11.35) that the power series is absolutely 
convergent if |x| < 1—that is, if x is in the open interval (— 1. 1). The 
series diverges if x > 1 or x < — 1. The numbers 1 and — 1 must be inves- 
tigated separately by substitution in the power series. 

If we substitute x = 1, we obtain 


e d 1 1 1 
У Uy = 1 +# 24+ 4 4 eee, 








n=1 vn у 2 ` 3 м п 
which is a divergent р-ѕегіеѕ. with p = 3. И we substitute x = —1, we 
obtain 
a ] 1 1 (— 1)" 
У =_(—1'=—1+— ie ee 5, 
Цаг! NP) 43 үл 


which converges, by the alternating series test. Hence the power series 
converges if —1 < x < 1. The interval of convergence [—1, 1) is sketched 
in Figure 11.14. 





We shall also consider the following more general types of power 
series. 





11.6 POWER SERIES 571 





Definition (11.39) Г = E — 2-3 Уу 
Let c be a real number and х a variable. A power series in x — c is 
a series of the form 





Ў а(х — с)" = ay + a (x — с) + ах — e + + ах – о)" +, 
n=0 


where each a, is a real number. 





To simplify the nth term in (11.39), we assume that (x — c)" = 1 even 
if x = с. As in the proof of Theorem (11.38), but with x replaced by x — с, 
exactly one of the following cases is true: 


[i] The series converges only if x — c = 0—that is, if x = c. 
lii) The series is absolutely convergent for every x. 
[ii] There is a number r > 0 such that the series is absolutely conver- 


FIGURE 11.15 gent if x is in the open interval (c — r, c + r) and divergent if x < c — r 
Y a(x — с)" with radius of convergence r OL SCT, 
Absolutely Case (iii) is illustrated in Figure 11.15. The endpoints c — r and c +r 


Divergent convergent Divergent of the interval must be investigated separately. As before, the totality of 
———————PL y numbers for which the series converges is called the interval of convergence, 


‹ r € cr ^ andr is the radius of convergence. 


EXAMPLE 5 Find the interval of convergence of the series 


1 1 1 
> с — 3)2 БАГ, ПШ. ТЩ -(x— n ЭР 
D-25 3*4 y e: (-—1) IM 3)" + 


SOLUTION _ If we let 

















x — 3)" 
emt, 
nl 
then 
lim +| = нт (к=з заар 
(e| | 4| moe? (К-3| 
Р п + 1 
E-- те 











| 
3 
TN 
+|+ 
N = 
=~ 
= 
| 
w 


на 


=(!)|х—3|=|х—3|, 


By the ratio test, the series is absolutely convergent if |x — 3| < 1— that 
is, if 
—1<х—3<1, ог 2«x«4. 


Thus, the series is absolutely convergent for every x in the open inter- 
val (2, 4). The series diverges if x< 2 or x > 4. The numbers 2 and 4 
each require separate investigation. 
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FIGURE 11.16 
Interval of convergence of 
1 
У(-1" (x — 3)" 
nal 
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If we substitute x — 4 in the series, we obtain 


1 
2: — À S I 
2 3 *i ты 


which converges. by the alternating series test. Substituting x = 2 gives 


us 


t. 1 | 
ї+2+2+ = +——+ 
273 п+ 1 


which is the divergent harmonic series. Hence the interval of convergen 
is (2, 4], as illustrated in ре 11.16. 





———————————————— 


Exer. 1-30: Find the interval of convergence of the 


power series. 





ы 
iM 
ч 
z| 
> 
a 


-1р 3 ENT 
n=l Nn 





13 


15 





——X 
n=0 (2n)! 
х 32" 
2, n+1 


x 2 


n 
21 Y (x 4y 


n=0 = 


19 





(х 2-4 2)" 


7 n 
== 
- > | add 





= Inn 
25 2, E (X — ey 


: E 1 куы 
27 a 1)" net ON 


(x — 3y 


10 


14 


T6 


20 


22 


26 


28 


x 
E. х" 
= d 
"топ +4 
г _ zy 
N ( 3) "nl 
a 
n=1 п 


У = x 
azı In (n + 1) 





mM» 


5 х 
а= 1 4", п 


z 10"+1 


-, (32^ 





= ЭР" үп 
P n(n + 1) М 4 


* ! 
V (3n)! 


„=% (2n)! ` 


A 


y (—1y 8-3 


"-1 NI n3" 


s M 


2n 


nzo NE 
E. | 

— (x — 5)" 
gar MOM 


х 


— — (x + 3)" 
EA 2n +1 


x 


у Барс 


((х--27 


5—0 — 12 
952037" . 


1 
—— (3x +4)" 


"70 Nan +4 


[c] 


д" D 5n * 1 
29 Ї (-1y = (x — 4y зо Y (-1y* = (х — 1)" 
п п 


Ехєг, 31-34: Find the radius of convergence of the 
power series. 





Tee ese (2n — 1) 
|)" 

^" 2 “Sep aaa 

3 2:4-6----- (2n) 

x 
- 25373 10-5, (3n + 1) 
E ar (n+ 1)! 

33 ` 1 n Vt (x ES sy 

“л! ко 10" 


Ехег. 35-36: Find the radius of convergence of the 
power series for positive integers с and 4. 


(сп)! 


n=o (ИГ 


х 1! 
35 M tc x" 
по nn + d)! 


„п 


37 Bessel functions are useful in the analysis of problems 
that involve oscillations. If x is a positive integer. the 
Bessel function J,(x) of the first kind of order z is defined 
by the power series 


x (—1y X 2n*x 
Jáx)- У —— ? 
" n=o niin + x)! (3) 


Show that this power series is convergent for every real 
number. 





38 Refer to Exercise 37. The sixth-degree polynomial 


x^ ux* ОО 


ME. „м. 
4 64 2304 

is sometimes used to approximate the Bessel function 
7 (х) of the first kind of order zero for 0 < x < 1. Show 


that the error E involved in this approximation is less 
than 0.00001 . 


Exer. 39-40: Refer to Exercise 37. For the given 2, find 
the first four terms of the series for J,(x) and graph J, 
on the given interval. 


[0. 2] 


39 х= 0; 40 х= 1: [0.4] 
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41 


42 


43 


If lim, .., а, | = k and k 40, prove that the radius of 
convergence of Y a,x" is 1/k. 


Iflim,.., |@,.,/a,| = k and k # 0, prove that the radius 44 If Y a, is absolutely convergent, prove that Y a,x" is 
of convergence of Y a,x" is 1/k. 


absolutely convergent for every x in the interval [ — 1, 1]. 


45 Ifthe interval of convergence of Y a,x" is (—r, r], prove 
that the series is conditionally convergent at r. 


46 If Y a,x" is absolutely convergent at one endpoint of its 


S thine 4 anc f 4 V „2 . ez oy 
If} a,x" has radius of convergence r, prove that У ах?” interval of convergence, prove that it is also absolutely 
has radius of convergence yr. 


convergent at the other endpoint. 
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A power series Y a,x" determines a function f whose domain is the inter- 
val of convergence of the series. Specifically, for each x in this interval 
we let f(x) equal the sum of the series; that is, 


fíx) = а, + ax + ax? Fax" +75. 


If a function f is defined in this way, we say that У a,x" is a power series 
representation for f (x) (or of /(x)). We also use the phrase f is represented 
by the power series. 

Numerical computations using power series provide the basis for the 
design of calculators and the construction of mathematical tables. In 
addition to this use, power series representations for functions have far- 
reaching consequences in advanced mathematics and applications. The 
proof of Theorem (11.41) will show that e* may be represented as follows: 


ы 
w 


This will allow us to consider е* as a series instead of as the inverse of 
the natural logarithmic function. As we shall see, algebraic manipulations, 
differentiation, and integration can be performed by using the series for 
е^, instead of previous methods. The same will be true for trigonometric, 
inverse trigonometric, logarithmic, and hyperbolic functions. In the next 
example we consider a power series representation for a simple algebraic 
function. 


EXAMPLE 1 Finda function f that is represented by the power series 
| —2axEÜ xP ote (=x y. 

SOLUTION |х| < 1, then, by Theorem (11.15)(i), the given geometric 

series converges and has the sum 


a 1 _ 1 
Л di-[-- 1-8 





Hence we may write 
1 2 3 пып 
= HERS (Ду), 


This is a power series representation for f(x) = 1/(1 + x) on the interval 
(— 1,1). 
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Theorem (11.40) 





If a function / is represented by a power series in x, then 


Дуне y aqux" 


п=0 


for every x in the interval of convergence of the series. Since a polynomial 
in x is a finite sum of terms of the form a,x", it may not be surprising 
that f has properties similar to those for polynomial functions. In partic- 
ular, in the next theorem (stated without proof) we see that f has a deriva- 
tive f” whose power series representation can be found by differentiating 
each term of the series for f. Similarly, definite integrals of f(x) may be 
obtained by integrating each term of the series У a,x". In the statement 
of the theorem, note that for the nth term а,х" of the series, we have 


D,(a,x") = па,х" ^! and Ї t" dt = э ритм ыг 
aX па„х ап a ( а а . 
х m п 0 " " п | k n n 1 





Suppose a power series У a,x” has a radius of convergence r > 0, 
and let f be defined by 


Јо) =D) ax" = ag + ах + gx? cay? +: Бат +: 
n=0 


8 


for every x in the interval of convergence. If —r < x < r, then 








i) f(x) = a, + 2а,х + Заух? 9 na, xn! + У na,x^ ^! 
x x? x? "+1 UC 
(il) L f(t) dt = aox + a, гайг Бал, Te A Ay 
x 
"Pa p 





The series obtained by differentiation in (i) or integration in (ii) of 
Theorem (11.40) has the same radius of convergence as У a,x". However, 
convergence at the endpoints x =r and x = —r of the interval may 
change. As usual. these numbers require separate investigation. 

As a corollary of Theorem (11.40)(i). a function that is represented by 
a power series in an interval (—r, r) is continuous throughout (ғ. г) (see 
Theorem (3.11)). Similar results are true for functions represented by 
power series of the form » а(х — с)". 


EXAMPLE 2 Usea power series representation for 1/(1 + x) to obtain 
a power series representation for 


TEE if |х|«1. 


SOLUTION From Example 1. 


| 
-1-Х4-3Х1-Х 
1-х 


vex (AI ан И [xf LL 
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If we differentiate each term of this series, then, by Theorem (11.40)(i), 


1 
- = —1 + 2x — 3x? — +++ + (—1)'nx"* v, 
(1 + x) 


By Theorem (11.20)(ii), we may multiply both sides by — 1, obtaining 


l › 
„== 1 — 2x + 3х2 + +==++(=1] Fn) +> 
(1 + х)? 





И | S| 1. 





EXAMPLE 3 Find a power series representation for In(1 + x) if 
|х| «1. 


SOLUTION К |x| < 1, then 


In (1 кю [у dt 





~ р tter—-+++(-1)t"+---] dt, 


where the last equality follows from Example 1. By Theorem (11.40)(ii), 
we may integrate each term of the series as follows: 


In (1+ - tde— fria | 2а- 1-1) Јна 
x 27x Cas x ntl “|x 
И > и е 7 
0 2 о 3 o п+ 1 0 


In (1 тэ" ЭРЭЭ... 





Hence 





if |x| <1. 





EXAMPLE 4 Use the results of Example 3 to calculate In (1.1) to five 
decimal places. 


SOLUTION Та Example 3 we found a series representation for In (1 +x) 
if |x| < 1. Substituting 0.1 for x in that series gives us the alternating 
series 
(01P (0.18 (01^ (015 

: 34 ge 
= 0.1 — 0.005 + 0.000333 — 0.000025 + 0.000002 — ·· ·. 


In (1.1) 2 0.1 — 





If we sum the first four terms on the right and round off to five decimal 
places, we obtain 
In (1.1) z 0.09531. 


By Theorem (11.31), the error Е is less than or equal to the absolute value 
0.000002 of the fifth term of the series, and therefore the number 0.09531 
is accurate to five decimal places. 
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Theorem (11.41) 





EXAMPLE 5 Find a power series representation for arctan x. 


SOLUTION Ме first observe that 


x l 
arctan x — 5 dt. 

01-17 
Next we note that if |t| < 1, then, by Theorem (11.15)(i) with a = 1 and 
r= —{?, 

| 2 4 n,2n 
;—7l—t^410* —.(-Iypm ee 
| 4 t7 
By Theorem (11.40)(ii), we may integrate each term of the series from 0 
to x to obtain 
3 х? 22441 
arctan х = x — Ж---335-(-1ү- pore, 
3 5 2n+1 

provided |x| < 1. It can be proved that this series representation is also 
valid if |x| = 1. 





In the next theorem we find a power series representation for e*. 


If x is any real number, 


* 1 3 n 
Es ida I д» з=»: 
Р "NUN n! 
eo МИНИН = = 





PROOF We considered the indicated power series in Example 2 of the 
preceding section and found that it is absolutely convergent for every real 
number x. If we let f denote the function represented by the series, then 
M a 
o= Y Y. 


n=0 П. 


Applying Theorem (11.40)(i) gives us 


: У пх"! x x"-1 
fain $5 -295 
п п n-a4 (п 1)! 
2 x3 n 
=1+х + 2! + 3! + + n! 


that is, 
f(x) = f(x) for every x. 
If. in Theorem (7.33). we let y = f(t), t = x, and c = 1. we obtain 
A(x) = fOe. 
However, 


0? 0" 
ЛО) -1-0-4-2-4 2 4-083--1 


Э! 


ү о о EEE IE EEE ED EDIE EEE 
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and hence Hx) =e", 


which is what we wished to prove. mm 


Note that Theorem (11.41) allows us to express the number e as the 
sum of a convergent positive-term series, namely 


| | 
e=1+1 Ta ar Эр” 
We can use a power series representation for a function to obtain rep- 
resentations for other related functions by making algebraic substitutions. 
Thus, by Theorem (11.41), if x is any real number, 


2 :3 х" 


Х-1 , x x | 
е = Tov T vr 


To obtain a power series representation for e ^^. we need only substitute 


— x for x: 
Ea dde xP CX (—х)" 
e t= -Х - BEI 
2! 3! n! 
х2 х? „п 
a, MEN _ ж 5 5 ages = n" rs 
ог е*=1—х+ 2373 4 + (— 1) = + 


By Theorem (11.20)(i), we may add corresponding terms of the series for 
e~“ and е *, obtaining 
e g* p; t 
n'^u'* "ug 
(Note that odd powers of x cancel.) We can now find a power series for 
cosh x = (ех + e^?) by multiplying each term of the last series by 1 (see 
Theorem (11.20)(1)). Thus. 
— x5 xt 
cosh xX = “р э! + 4! = ёр (2n)! + 
We could find a power series representation for sinh x by using 
l(e* — е^) or by differentiating each term of the series for cosh x. It is 
left as an exercise to show that 
„3 х? v" +1 


4 x 
sinh x = x RR oS кч 4 
ut RE (2 + 1! 


EXAMPLE 6 Find a power series representation for хе ?*. 


SOLUTION First we substitute — 2x for x in Theorem (11.41): 


(-2x) | (—2xp (—2х)" 
272% „Эш sas 8 ... 
€ = | +(—2xX) + ә! + Ч + + n! + Я 
5 3 2 
x \ x 
074€ — f — Ve 22 (95 17-95: 2эү — 
ог е =f 2x + (2°) 55 29% + + | Ар SET 
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Multiplying both sides by x gives us 
x? x* x" *1 
2х е — Dx? 4 (22) 7. — (23 usc. гезуне 480 
хе =x — 2x + (2°) 5; (2°) 37 + + (— 2)" Я + Р 
which may be written as 
aT 


= X 
сле ш.Эү 
хе = ) (=2) гэ 

п=0 п. 








EXAMPLE 7 Approximate ЇГ e^* dx. 


SOLUTION We cannot use the fundamental theorem of calculus to 
evaluate the integral, because we do not know of an antiderivative for 
е“. Although we could use the trapezoidal rule or Simpson's rule, the 
following method is simpler and, in addition, produces a high degree of 
accuracy using a sum of only two terms. Letting x = —t? in Theo- 
rem (11.41), we obtain 

4 n,2n 


for every t. Applying Theorem (11.40)(ii) vields 


0.1 p 0.1 p 0.1 
et [rl inl 
(0.1? (0.1)* 
ын “ 


-01- - 
i 10 


If we use the first two terms to approximate the sum of this convergent 
alternating series, then, by Theorem (11.31), the error is less than the third 
term (0.1)°/10 = 0.000001. Hence 


Tm 0.001 
ЇГ e? dx = 04 = = 009967, 


which is accurate to five decimal places. 








The method used in Example 7 is accurate because the numbers in 
the interval (0, 0.1] are close to 0. The method would be much less accu- 
rate (for the same number of terms of the series) if, for example, the limits 
of integration were 3 and 3.1. 

Thus far, the methods we have used to obtain power series represen- 
tations of functions are indirect in the sense that we started with known 
series and then differentiated or integrated. In the next section we shall 
discuss a direct method that can be used to find power series representa- 
tions for a large variety of functions. 
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Exer. 1-4: (а| Find a power series representation for 
f(x). (b) Use Theorem (11.40) to find power series rep- 
resentations for f'(x) and {> f(t) dr. 





! ft) e Lus |х| «4 
2 Јо) =» 151531 
з Лх) = 5. 15154 
4 Л) = уь 15153 


Ехег. 5-10: Find a power series in x that has the given 
sum, and specify the radius of convergence. (Hint: Use 
(11.15), (11.40), or long division, as necessary.) 








х? "TE. x 
1 — х? 1-х" 2 — 3x 
" ge E 23 
Ai х-1 х-2 
11 [a] Prove that 
X ү” 
In(1 —x3)-2 — Y if |x| « t. 
"11 


12 


[b] Use the series in (а) to approximate In (1.2) to three 
decimal places, and compare the approximation with 
that obtained using a calculator. 


Use the first three terms of the series in Exercise 11(a) to 
approximate In (0.9), and compare the approximation 
with that obtained using a calculator. 


13 Use Example 5 to prove that 
EN ЗЕ. 
6 4/30 3"(2n + 1) 


14 


(a) Use the first five terms of the series in Example 5 to 
approximate л/4. 

(b) Estimate the error in the approximation obtained in 
(a). 


Exer. 15-26: Use a power series representation obtained 
in this section to find a power series representation for 


F(x). 


15 


17 f(x) = xje * 


fix) = xe?* 16 f(x)= yon 


18 f(x) = xe ?* 


19 
20 
21 
22 
23 
25 


f(x) = x In(1 + x7), |х|«1 
f(yy=xin(l—x), |х| «1 
f(x) = arctan 4х, |х| «1 
f(x) = x4 arctan (x*), |x| «1 
f(x) = sinh ( —5x) 24 f(x) = sinh (x?) 


f(x) = x? cosh (х?) 26 у(х) = cosh( —2x) 


[c] Exer. 27-32: Use an infinite series to approximate the 
integral to four decimal places. 


27 


31 


33 


34 


35 


pya I 1/2 2 
— dx 28 arctan x^ dx 
о ш 0 





1+х 
70.2 arctan х j pi х? , 
фу ах 
liy x 40. Ty 
7 0.5 › 
| e * 19 dy 32 e * dx 
о о 


Use the power series representation for (1 — x7)" to 
find a power series representation for 2x(1 — x^) 7. 


Use the method of Example 3 to find a power series rep- 
resentation for In (3 + 2x). 


Refer to Exercise 37 of Section 11.6. Use Theorem (11.40) 
to prove the following. 


(ај If Jo(x) and J,(x) are Bessel functions of the first 
kind of orders 0 and 1, respectively, then 


D, Jo(x) = —J (x). 


[b] If J,(x) and J (х) are Bessel functions of the first kind 
of orders 2 and 3, respectively, then 


Га х) dx = хах) + С. 


Light is absorbed by rods and cones in the retina 
of the eye. The number of photons absorbed by a photo- 
receptor during a given flash of light is governed by the 
Poisson distribution. More precisely, the probability p, 
that a photoreceptor absorbs exactly n photons is given 
by the formula p, = е ^"/n! for some 4 > 0. 

(а) Show that Y 7-, p, = 1. 

[b] Sight usually occurs when two or more photons are 


absorbed by a photoreceptor. Show that the prob- 
ability that this will occur is 1 — e 44 + D). 


Exer. 37-38: Find a power series representation for f(x). 
(If the integrand is denoted by g(r), assume that the 
value of g(0) is lim, ~o g(1).) 


32 fix) = | dt 


^x In (1 — t) xe — 1 


dt 





38 /(х) = Ї 


20 t 
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In the preceding section we considered power series representations for 
several special functions, including those where f(x) has the form 


| х 
-, in(1 + х), arctanx, е*, 


or cosh x, 

1+х 
provided х is suitably restricted. We now wish to consider the following 
two general questions: 


Question 1: If a function f has a power series representation 


f(x) = У ад" or /(х) = Y, a,(x 0)", 


п= 0 


what is the form оГа,? 


Question 2: What conditions are sufficient for a function f to have a 
power series representation? 


Let us begin with question 1. Suppose 


f(x) = У a,x" = ag ах + ах? ад? ах 
л= 0 
and the radius of convergence of the series is r > 0. By Theorem (11.40)(i), 
à power series representation for f'(x) may be obtained by differentiating 
each term of the series for f(x). We may then find a series for f(x) by 
differentiating the terms of the series for f'(x). Series for f""(x), f'*(x), and 
so on, can be found in similar fashion. Thus, 


f'(x) = а, + 2ayx + Зазх? + 4a4x? +++ = Y пад"! 
пт 1 


f" (x) = 2а, + (3: 2)азх + (4: 3)agx? +" = У пп – a,x"? 


n-2 


х 


У n(n — D(n — 2)а,х" 2, 


п= 3 


Il 


f"(x) = (3° 2)а, + (4: 3: 2)agx + 


and for every positive integer К, 
f(x) = У n(n — 1)(n — 2) +++ (п — k + tja,x"^*, 


n=k 
Each series obtained by differentiation has the same radius of conver- 
gence г as the series for f(x). Substituting 0 for x in each of these series 
representations, we obtain 
ЛО) =a), f'(0)—2a, /f"(0-22a, (0) =(3- 2a. 


and for every positive integer k, 


1940) = k(k — 1)(k — 2) + - - (1)a,. 
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Maclaurin series for f(x) (11.42) 


Taylor series for f(x) (11.43) 





If we let k = n, then 


f'"(0) = л! a,. 


Solving the previous equations for бо. ау. 4... :. we see that 
4 /”(О) 7710) 
o = J (0). Wim ! (0), аз = 2 s H3 3.2 ‚ 


and, in general, 


£0) 
а= 
We have proved that the power series for f(x) has the form stated in the 
next theorem. It is called a Maclaurin series for {(x)—named after the 
Scottish mathematician Colin Maclaurin (1698—1746). 





If a function f has a power series representation 
У) = » ax" 
п= 0 


with radius of convergence r > 0, then f (0) exists for every posi- 
tive integer К and a, = f "(0)/n!. Thus, 


ГО да 


f(x) = f(0) + f(x -- 57 x 


(n) 
n: 





Employing the type of proof used for (11.42) gives us the next theo- 
rem. If c 40, we call the series a Taylor series for f(x) at c—named 
after the English mathematician Brook Taylor (1685—1731). 


If a function f has a power series representation 
| f(x) = Y, ах — с) 
п= 0 


with radius of convergence r > 0, then /'(с) exists for every posi- 
tive integer К and a, = f™(c)/n!. Thus, 


f(x) = fle) + /'(с)(х — с) en (к=) Начин 


"(пу 
+ Тэн (Х-2/- 
n: 


Note that the special Taylor series with с = 0 is the Maclaurin series 
(11.42). If we use the convention f(c) = f(c). then the Maclaurin and 
Taylor series for f may be written in the following summation forms: 

| © ДО) ; с. FX) 
fij = у x" and /(х) = 3. i a (x 


"E cy 
sao H! n=0 





m. 
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Definition (11.44) 


Taylor's formula with 
remainder (11.45) 





EXAMPLE 1 By Theorem (11.41), e* has the following power series 
representation: 


ё-1-х4 i 0? Idee 
Verify that this is a Maclaurin series. 
SOLUTION If f(x) = e", then the nth derivative of f is f(x) = ех and 
Оре 1 form-—0,1,2,... 


Hence the Maclaurin series (11.42) is 


x f (0) x ] n 1 9 1 
х= KE 4 BEA 
2, п! 3, п! 2! 


which is the same as the given series. 


Theorems (11.42) and (11.43) imply that if a function / is represented 
by a power series in x or in x — c, then the series must be a Maclaurin 
or Taylor series, respectively. However, the theorems do not answer ques- 
tion 2 posed at the beginning of this section: What conditions on a func- 
tion guarantee that a power series representation exists? We shall next 
obtain such conditions for any series in x — c (including c — 0). Let us 
begin with the following definition. 





Let c be a real number and let f be a function that has n derivatives 
at c: f (c), f" (c), ..., f" (c). The nth-degree Taylor polynomial Р,(х) 
of f at c is 


” А, (п), 
P(x) = f(c) + /'(с)(х — с) + а (x —c)? +094 ёс. (x — е)". 
In summation notation, 
Ч (А), 2 
РД} = 5 38. (x — cy. 
ко К! 


If c = 0 in (11.44), we call P,(x) the nth-degree Maclaurin polynomial 
of f. Note that P,(x) in (11.44) is the (n + I)st partial sum of the Taylor 
series (11.43). If we let c = 0, then Рх) is the (n + 1)st partial sum of 
the Maclaurin series (11.42). The next result will lead to an answer to 
question 2. 


Let f have n + 1 derivatives throughout an interval containing c. 
If x is any number in the interval that is different from c, then there 
is a number z between c and x such that 


fe) 


(n+ D! ee, 


f(x) = Рх) + R(x), where R,(x) = 
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Тпеогет [11.46] 
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PROOF If x is any number іп the interval that is different from 
c, let us define R,(x) as follows: 


R,(x) = f(x) — Рх) 
This equation may be rewritten as 
f(x) = P,(x) + RAX): 


All we need to show is that for a suitable number z, R,(x) has the 
form stated in the conclusion of the theorem. 

If ¢ is any number in the interval, let y be the function defined by 
ТЭМ... ft) 


x-i: Х-1) | — RAX PER 
(x—ty- t n! (x "| AX) orti 


2! 
If we differentiate each side of the equation with respect to t (regarding х 
as a constant), then many terms on the right-hand side cancel. You may 
verify that 

FNA (x — t)" 

= 


(x — t)" + Rx): (n + 1) 
(x 


g(t)= c= err t 


By referring to the formula for g(t), we can verify that g(x) = 0. We also 
see that 
: (х с Bt 
gle) = f(x) — [P,(x)] — R,(x) oa 

= f(x) — Р(х) — R,(x) 

= f(x) — [P,(x) + R,(x)] 

= f(x) — f(x) = 0. 
Hence, by Rolle’s theorem, there is a number т between с and x such 
that g'(z) = 0; that is, 





(п+ 1), b; cura 
47 (2) (x — z)" + Rx): (n + 1) (x 218 = 0, 
п! (x — cyr*! 
Solving for R,(x). we obtain 
ferns 
К (х) = —— ux x — cpr. 
ux) а с) 


which is what we wished to prove. mm 


If с = 0. we refer to (11.45) as Maclaurin’s formula with remainder. 
The expression R,(x) obtained in Theorem (11.45) is called the Taylor 
remainder of f at c. If c = 0, R,(x) is the Maclaurin remainder of f. In the 
next theorem we shall use the Taylor remainder to obtain sufficient con- 
ditions for the existence of power series representations for a function /. 


Let f have derivatives of all orders throughout an interval contain- 
ing c, and let R,(x) be the Taylor remainder of f at c. If 

lim R,(x) = 0 
for every x in the interval, then f(x) is represented by the Taylor 
series for f(x) at c. 
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PROOF The Taylor polynomial Р,(х) is the (n + 1)51 term for the se- 
quence of partial sums of the Taylor series for f(x) at c. By Theo- 
rem (11.45), Р(х) = f(x) — R,(x), and hence 

Ба Р(х) = lim f(x) — ма R,(x) = f(x) — 0 = f(x). 
Thus, the sequence of partial sums converges to f(x), which proves the 
theorem. sm 


In Example 2 of Section 11.6 we proved that the power series Y x"/n! 
is absolutely convergent for every real number x. Since the nth term of 
a convergent series must approach 0 as n — оо (see Theorem (11.16)), we 
obtain the following resulting. 








If x is any real number, | 


We shall use Theorem (11.47) in the solution of the following 
example. 


EXAMPLE 2 Find the Maclaurin series for sin x, and prove that it 
represents sin x for every real number x. 


SOLUTION Let us arrange our work as follows: 
f(x) = sin x 1(0) = 
f'(x) = cos x f'(0) = 1 
f"(x) = —sinx f'(0) = 0 


f'"(x) = —cos x f" (0)2 — 
Successive derivatives follow this pattern. Substitution in (11.45) gives us 
the following Maclaurin series: 
„3 45: х? -2n+ 1 
sin х= х 2+ aH 4 (0) + 
375 7 UU On Di 
At this stage all we know is that if sin x is represented by a power 
series in x, then it is given by the preceding series. To prove that sin x 
is actually represented by this Maclaurin series, let us employ Theo- 
rem (11.46) with c — 0. If n is a positive integer, then either 


|f["*Xx)| =|cosx| or |f'"*"(x)| = |sin x. 


Hence | f^* (2) < 1 for every number z. Using the formula for R,(x) in 
Theorem (11.45), with c — 0, we obtain 


[queria "HE. 
(n + 1)! 


|х| | 


| Rua) | = (п+ i 





It follows from Theorem (11.47) and the sandwich theorem (11.7) that 
lim,,, | К„(х)| = 0. Consequently lim, ., R,(x) = 0, and the Maclaurin 
series representation for sin x is true for every x. 
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EXAMPLE 3 Find the Maclaurin series for cos х. 


SOLUTION We could proceed directly, as in Example 2: however, let 
us obtain the series for cos x by differentiating the series for sin x 
obtained in Example 2. This gives us 


The Maclaurin series for е^ was obtained in Theorem (11.41) by an 
indirect technique (see also Example | of this section). We shall next give 
a direct derivation of this important formula. 


EXAMPLE 4 Find a Maclaurin series that represents e* for every real 
number x. 


SOLUTION | If f(x) = e*, then f(x) = e* for every positive integer К. 
Hence f^ (0) = 1, and substitution in (11.42) gives us 


„а „3 п 
Fic] ка ее р-де» 
ямааг Ы п! 
As in the solution of Example 2, we now employ Theorem (11.46) to 
prove that this power series representation of е“ is true for every real 
number x. Using the formula for R,(x) with ¢ = 0, we obtain 
f" * B(z) " е? 
Rx) =" рх" = grt 
(п +1)! (n+ 1)! 
where z is a number between 0 and x. If 0 < x. then е? < e*, since the 
natural exponential function is increasing. and hence for every positive 
integer n, 


X 


0< Rx) < етта, 
(n+ 1)! 
By Theorem (11.47), 
: gt E" x"*1 
lim — xr) = eF lim ——— = 
n- x (A + 1)! naw (b+ 1)! 


and by the sandwich theorem (11.7). 


lim R,(x) = 0. 


Ш 


If x < 0, then z < 0, and hence о < e? = 1. Consequently 


n+l 


(n + 1)! 





0 <|R,(x)| < | 





and we again see that R,(x) has the limit 0 as n > ос, It follows from 
Theorem (11.46) that the power series representation for е“ is valid for all 
nonzero x. Finally, note that if x = 0, then the series reduces to e? = 1. 
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EXAMPLE 5 Find the Taylor series for sin x in powers of x — (7/6). 


SOLUTION The derivatives of f(x) = sin x are listed in Example 2. If 
we evaluate them at c = z/6, we obtain 


(л Í du B (л 1 419 43 
45)» J (0-2 Г(0)--8 J ()--2 


and this pattern of four numbers repeats itself indefinitely. Substitution 
in (11.45) gives us 


poo E мау Ж І n\? 3 A À ээн 
бахе e (x-§ 99V. 6)  239V 6 


The nth term u, of this series is given by 


1 л п 
n2 __ GM sd = ә 
(—1) Zinj (5 z) if n= 0;2 A буз. 


/3 л! 
-]-»*--—(x——-—) ifn=1,3,5,7,... 
t=) п) x 6 r 
The proof that the series represents sin x for every x is similar to that 
given in Example 2 and is therefore omitted. 








The next example brings out the fact that a function f may have de- 
rivatives of all orders at some number c, but may not have a Taylor series 
representation at that number. This shows that an additional condition, 
such as lim,..,, R,(x) = 0, is required to guarantee the existence of a 
Taylor series. 


EXAMPLE 6 Let f be the function defined by 


f(x) le Ux ifx £0 
x)= 
` 0 ifx=0 


Show that f(x) cannot be represented by a Maclaurin series. 


SOLUTION By Definition (3.6), the derivative of f at 0 is 


(x) — (0 571/s* /х 
fO = tim =F) үр — s lim үү. 


x0 ES 





The last expression has the indeterminate form 2/2. Applying 
L'Hópital's rule (10.2), we see that 





fit) ee Ма er ofi 

x70 (—2/x")e x0 4e 
It can be proved that /"(0) = 0, /7(0)--0, and, in general, /'"(0) = 0 
for every positive integer n. According to Theorem (11.42), if f(x) has a 
Maclaurin series representation, then it is given by 
0 .. 0 
aX == bP Ree 


f(x) = 0 + Ox + : 
n! 
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Important Maclaurin series (11.48) 


(а) 


19) 


(с) 


(d) 


(е) 


If) 


(9) 


which implies that f(x) = 0 throughout an interval containing 0. How- 
ever, this contradicts the definition of f. Consequently f(x) does not have 
a Maclaurin series representation. 


As a by-product of Example 6, it follows from Theorem (11.46) that 
for the given function f, lim,» R,(x) #0 at c = 0. 

We next list, for reference, Maclaurin series that have been obtained 
in examples in this section and Section 11.7. These series are important 
because of their uses in advanced mathematics and applications. 








INTERVAL OF 
MACLAURIN SERIES CONVERGENCE 
in d + fom Tet€E(-I dia - ( ) 
sin x = x — — CER ees = = m ТЭГ — 00, 00 
a ^ 3 oH (2n 4- 1)! 
sos x = |] x? х! x^ ... 1)" T 844 ^ 
COS X — =a a a + (— яу + (— оо, со) 
xs 2 х? 37 44 x" ... е О 
е* = teh gpk ay ot dp (— <, 90) 
-2 A. E ntl 
X х х х 
шб a ын (4 
2 3 4 P ] 
3 :9 7 2п+ 1 
х х X 
Qu €. ТЕ СОАУ p d саа 44.1 
3 5 ( ETE [ ] 
х? х? x x?n*1 
sinh х= х + е Е d (- 90, 90) 
эг $t 7 (2п + 1)! | 
shi nd x? x* x?" 
cosh x = uc Tid" + Om! (— 00, со) 


We can use Maclaurin or Taylor series to approximate values of func- 
tions and definite integrals, as illustrated in the next two examples. 


EXAMPLE 7 Use the first two nonzero terms of a Maclaurin series to 
approximate the following. and estimate the error in the approximation: 


(ај sin (0.1) {b} sin x for any nonzero real number x in [ — 1, 1] 





SOLUTION 

(а) Letting x = 0.1 in the Maclaurin series for sin x (see (11.48)(a)) yields 
Ып (0.1) 01 0.001 4 0.00001 
шил цэнийн 120 


By Theorem (11.31), the error involved in approximating sin (0.1) by 
using the first two terms of this alternating series is less than the third 
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term, 0.00001/120 = 0.0000000.8. To six decimal places. 


0.001 
sin (0.1) x 0.1 — E x 0.099833. 


(b) Using the first two terms of (11.48)(a) gives us the approximation 
formula 
= j 
пх=х——. 
6 
Ву Theorem (11.31), the error involved in using this formula for a real 
number x is less than | x? |/5!. 


EXAMPLE 8 Approximate ih sin (х2) dx to four decimal places. 


SOLUTION Substituting х? for x in (11.48)(a) gives us 


ad ue A ee 
лийн ы ЮМ ш 


Integrating each term of this series, we obtain 


US at edidi! Am 1. І “рээ 
o 02068773 — ха 1300 75,600 | 


Summing the first three terms yields 
[i sin (x2) dx ж 0.31028. 


By Theorem (11.31), the error is less than +5 ор = 0.00001. 


Note that in the preceding example we achieved accuracy to four 
decimal places by summing only three terms of the integrated series for 
sin (x*). To obtain this degree of accuracy by means of the trapezoidal 
rule or Simpson’s rule. it would be necessary to use a large value of n for 
the interval [0. 1]. However, if the interval were [10, 11]. the efficiency 
of each method would be quite different. This brings out an important 
point. For numerical applications, in addition to analyzing a given prob- 
lem, we should also strive to find the most efficient method for computing 
the answer. 

To obtain a Taylor or Maclaurin series representation for a function 
f. it is necessary to find a general formula for /'""(x) and, in addition. to 
investigate lim,.., R,(x). Because of this, our examples have been re- 
stricted to expressions such as sin х, cos x, and е“. The method cannot 
be used if, for example, f(x) equals tan x or sin”! x, because f™(x) be- 
comes very complicated as n increases. Most of the exercises that follow 
are based on functions whose nth derivatives can be determined easily or 
on series representations that we have already established. In more com- 
plicated cases we shall restrict our attention to only the first few terms 
of a Taylor or Maclaurin series representation. 
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Exer. 1—6: If f(x) = X z-o a,x", find a, by using the for- 
mula for a, in (11.42), 


1 /(Х) = её?” 2 J= 3 f(x) =sin 2x 


| 1 
4 f(x) = cos 3x 5 fix) 6 f(x) — -- 
f(x) = cos 3x fix) Wm f(x) TEET 


7 Let f(x) = cos x. 


(8) Use the method of Example 2 
lim, ., R,(x) = 0. 


[b] Use (11.42) to find a Maclaurin series for f(x). 
8 Let f(x) =e™. 


(81 Use the method of Example 4 to prove that 
lim, R,(x) = 0. 


to prove that 


(b) Use (11.42) to find a Maclaurin series for f(x). 


Exer. 9—14: Use a Maclaurin series obtained in this 
section to obtain a Maclaruin series for f(x). 

9 f(x) 2 x sin 3x 10 f(x) =x? sin x 
11 f(x) cos (—2x) 12 f(x) = cos (x?) 
13 f(x) = cos? x (Hint: Use a half-angle formula.) 
14 f(x) = sin? x 


Exer. 15-16: Find a Maclaurin series for f(x). (Do not 
verify that lim, ,, R,(x) = 0.) 


15 f(x) = 10* 16 f(x) = In 3 + x) 


Exer. 17—20: Find a Taylor series for f(x) at c. (Do not 
verify that lim, ,,, R,(x) = 0.) 


л/3 
-3 


17 f(x)=smx; с= я/4 18 f(x) = egs x: c= 
19 f(x) le 22 20 f(x) = е“; с= 
21 Find a series representation for e^* in powers of x + 1. 
22 Find a series representation of In x in powers of x — 1. 
Exer. 23-28: Find the first three terms of the Taylor 
series for f(x) at c. 


23 f(x)- sec x; с= n/3 
24 f(x) = tan x: c — n/4 
25 J(x)—smn^'x; се 

26 f(x) -tin !x; с-1 

27 f(x) = хех; с=—1 
28 f(x) = сѕс х; с = 2л/3 


Ехег. 29—38: Use the first two nonzero terms of a 
Maclaurin series to approximate the number, and esti- 
mate the error in the approximation. 


s 30 
le e 


N € 


31 cos 3 


[e] 


c 


32 sinl' 33 tan ! 0.1 34 In 1.5 


as (' ех dx 


о 


37 | 5 cos (x?) dx 
ü 


12 

36 j^ x cos (x?) dx 
о. 

38 ie tan”! (x?) dx 


Exer. 39-42: Approximate the improper integral to four 
decimal places. (Assume that if the integrand is f(x), 





then /(0) = іт, f(x).) 

39 fi 1 = х ax P sin x is 
JO x* JO x 
n2ln(l 4 x =e 

es [m ж DERE a 
0 x 40 х 


Exer. 43-44: |a) Let g(x) be the sum of the first two 
nonzero terms of the Maclaurin series for f(x). Use 
g(x) to approximate [5 f(x) dx and [1 f(x) dx. (5) Graph, 
on the same coordinate axes, f and g for 0 < x < 2, and 
then use the graphs to compare the accuracy of the ap- 
proximations in (a). 


43 f(x) = sin (x?) 44 f(x)— sinh x 


45 Use (11.48)(d) to find the Maclaurin series for 


; 1 +х 

f(x) = In х 

1-х 

46 Use the first five terms of the series in Exercise 45 to 


calculate In 2, and compare your answer to the value 
obtained using a calculator or table. 


47 [a] Use (11.48)(e) with x = 1 to represent л as the sum 
of an infinite series. 

[b] What accuracy is obtained by using the first five 
terms of the series to approximate л? 

[c] Approximately how many terms of the series are re- 
quired to obtain four-decimal-place accuracy for z? 


48 [a] Use the identity 


1 
tan`! 5 + tan 


to express л as the sum of two infinite series, 


(6) Use the first five terms of each series in (a) to ap- 
proximate л. and compare the result with that ob- 
tained in Exercise 47. 


49 [n planning a highway across a desert, a surveyor must 

make compensations for the curvature of the earth when 

measuring differences in elevation (see figure). 

(а) If s is the length of the highway and R is the radius 
of the earth, show that the correction € is given by 
C = R[sec (s/R) — 1]. 

(6) Use the Maclaurin series for sec x to show that C is 
approximately s*/(2R) --1587) (24R?). 








590 CHAPTER 11 INFINITE SERIES 


(c) The average radius of the earth in 3959 miles. Esti- 51 If a large downward force of P pounds is applied to a 
mate the correction, to the nearest 0.1 foot, for a cantilever column of length L at a point x units to the 
stretch of highway 5 miles long. right of center (see figure), the column will buckle. The 


EXERCISE 49 horizontal deflection д can be expressed as 


Line of sight ô= x(seckL —1) with k= /P/R,. 
where R is a constant called the flexural rigidity of the 


material and 0 < kL “7.2. Use Exercise 49(b) to show 
that 6 = $PxL?/R if P is small. 





EXERCISE 51 
P 
6 
| 
50 The velocity v of a water wave is related to its length L | 
and the depth h of the water by | 
| 
x gL 2лһ 
р? = —— tanh =, | 
2л Ё | 
where g is a gravitational constant. 
[a] Show that tanh x = x — ix? if x = 0. 
[b] Use the approximation tanh x = x to show that 
г? = gh if h/L is small. 
(с) Use part (a) and the fact that the Maclaurin series 
for tanh x is an alternating series to show that if 
L > 20h. then the error involved in using г? x gh is 52 Show that cos x = 1 — 1х2 + xt — 516 is accurate 
less than 0.0029. to five decimal places if 0 < x < 7/4. 


11.9 APPLICATIONS OF TAYLOR POLYNOMIALS 


In Example 7(b) of the preceding section, we used the first two nonzero 
terms of the Maclaurin series for sin x to obtain the approximation 
formula 


x 


6 E 


sinxzx— 


By Definition (11.44), the expression on the right-hand side of this formula 
is the third-degree Taylor polynomial Р.(х) of sin x at c = 0. Thus, we 
could write 


sin x = P(x). 


Using additional terms of the Maclaurin series for sin x would give us 
other approximation formulas. To illustrate, 
as 5 


4 х 
яЯпХАХ- 


X 
3 T 5! = Р.(х). 


By Theorem (11.31), the error involved in using this formula is less than 
| x7 |/7!. Thus, the approximation is very accurate if x is close to 0. 
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FIGURE 11.17 








FIGURE 11.18 





FIGURE 11.19 
`d 














We can use this procedure for any function f that has a sufficient 
number of derivatives. Specifically, if f satisfies the hypotheses of Taylor’s 
formula with remainder (11.45), then 


f(x) = Р(х) + Кх), 


where P,(x) is the nth-degree Taylor polynomial of f at c and R,(x) is the 
Taylor remainder. If lim, ., R,(x) = 0. then, as n increases, P,(x) > f(x); 
hence the approximation formula f(x) = P,(x) improves as n gets larger. 
Thus. we can approximate values of many different transcendental func- 
tions by using polynomial functions. This is a very important fact, because 
polynomial functions are the simplest functions to use for calculations— 
their values can be found by employing only additions and multiplications 
of real numbers. 

As another illustration. consider the exponential function given by 
f(x) = е^. From (11.48)(c), the Maclaurin series for e* is 

x* x x 
NL А 
Ped quas dent рн, 

If we approximate e* by means of Taylor polynomials (with c = 0), we 
obtain 


еа Р(х) =1+х 


2 


x? 
ех = P(x)=1+x+— 

2 

. es 

X^ x 
e = P(x) =1+x+ > + 6 


and so on. These approximation formulas are accurate only if x is close 
to 0. To approximate e* for larger values of x. we may use Taylor poly- 
nomials with c z 0. 

The accuracy of the preceding three approximation formulas for e* is 
illustrated by the graphs of the functions P,, P}, and P, in Figures 11.17— 
11.19. It is of interest to note that the graph of y = P,(x) = 1 + x in Figure 
11.17 is the tangent line to the graph of y — e* at the point (0, 1). You 
may verify that the parabola y = Рх) = 1 + x + 1x? in Figure 11.18 has 
the same tangent line and the same concavity as the graph of v = e* at 
(0. 1). The graph of y = P(x) in Figure 11.19 has the same tangent line 
and concavity at (0, 1) and also the same rate of change of concavity, since 
P(0) = D? e], . . In general. we can show that for any positive integer 
n, PP(0) = Di e*], s. As n increases without bound, the graph of the 
equation y = P,(x) more closely resembles the graph of y = е“. 

The table on the following page indicates the accuracy of the approxi- 
mation formula е* = P(x) for several values of x. approximated to the 
nearest hundredth. If more accuracy were desired, we could use any larger 
positive integer n to obtain 


2 „3 п 
" х х х 
GF REA) oda S os 


We can use this remarkably simple formula to approximate e* to any 
degree of accuracy. 
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Theorem (11.49) 


x —1.5 





-i9 „йй 01405 10 15 
e 0.22 0.37 061 1 165 272 448 
Р(х) 0.06 033 0.60 1 1.65 267 4.19 


In the remainder of this section we shall use Taylor polynomials to 
approximate values of functions that satisfy the hypotheses of Taylor's 
formula with remainder (11.45). Using the conclusion f(x) = P,(x) + R,(x) 
of that theorem, we see that the error involved in approximating f(x) by 
Р (х) is 

f(x) — Рх) | = | Rx). 
The complete statement of this result is given in the next theorem. 


Let f have n + 1 derivatives throughout an interval containing c. 
If x is any number in the interval and x 3 c, then the error in ap- 
proximating f(x) by the nth-degree Taylor polynomial of f at c, 











"(c "(n y 
Р(х) = fle) + (0) — c) + ж. (x —cP xe / "s = ey, 
is | 8,(х) |, where 
f") 
Rx) =: 2 (x ср 
ЕИ? 


and z is the number between c and x given by (11.45). 


In the next two examples, Taylor polynomials are used to approximate 
function values. If we are interested in k-decimal-place accuracy in the 
approximation of a sum, we often approximate each term of the sum to 
k + 1 decimal places and then round off the final result to k decimal places. 
In certain cases this may fail to produce the required degree of accuracy; 
however, it is customary to proceed in this way for elementary approxi- 
mations. More precise techniques may be found in texts on numerical 
analysis. 


EXAMPLE 1 Let f(x) = In x. 

(а) Find Рух) and R(x) atc = 1. 

(b) Approximate In 1.1 to four decimal places by means ОГР-(1.1), and use 
R,(1.1) to estimate the error in this approximation, 


SOLUTION 
(а) ^s in Theorem (11.49), the general Taylor polynomial P,(x) and 
Taylor remainder R,(x) at c = 1 are 


; "(1) : FW 
Рух) = f(1) + f'(D(x — 4-41 = r+ “(х 


3 
— 1) 


"44 - 
Кух) Wm (x — 1)*, 


and 4! 


11.9 APPLICATIONS OF TAYLOR POLYNOMIALS 593 





where z is a number between | and x. Thus. we need the first four deriva- 
tives of f. It is convenient to arrange our work as follows: 


f(x) = In x fll) =0 
/'(х)= х”! fü) 1 
Т(х)- —х? Ў) = —1 
a s даг 0) = 2 


f(x) ын —6x 4 Т Цэ) 25 —%62 4 


Substituting in Р(х) and R,(x), we obtain 





1 23 
P4(x) 2 0 + I(x — 1) - э! (х= 1!) + 31 (=i 
| д — 687“ . 4 ЦАРЯ 4 
and Кух) — 4! (x 1) — 43 (Х-- 1) " 
where z is between | and x. \ 


(b) From part (a), 
In 1.1 x P,(1.1) = 0.1 — 10.1? + 10.1), 
or In 1.1 + 0.0953. 


To estimate the error in this approximation, we consider 





0.1)? 
КУ.) - На , where 1 <= < 1.1. 
Since z > 1, 1/2 < 1 and therefore 1/2* < 1. Consequently 
0.1)* 0.000! 
| R(1.1)| = -Si == = 0.000025. 











Because 0.000025 < 0.00005, it follows from Theorem (11.49) that the 
approximation In 1.1 = 0.0953 is accurate to four decimal places. 


If we wish to approximate a function value f(x) for some х, it is desir- 
able to choose the number c in Theorem (11.49) such that the remainder 
R,(x) is very close to 0 when п is relatively small (say. n = 3 or n = 4). 
This will be true if we choose c close to x. In addition. we should choose 
c so that values of the first п + 1 derivatives of f at c are easy to calculate. 
This was done in Example 1, where to approximate In x for x = 1.1 we 
selected c = 1. The next example provides another illustration of a suit- 
able choice of c. 


EXAMPLE 2 Use a Taylor polynomial to approximate cos 61 , and 
estimate the accuracy of the approximation. 


SOLUTION Ме wish to approximate f(x) = cos x if x = 61 . Let us 
begin by observing that 61 is close to 60 , or л/3 radians, and that it is 
easy to calculate values of trigonometric functions at л/3. This suggests 
that we choose c = z/3 in (11.49). The choice of n will depend on the 
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degree of accuracy we wish to attain. Let us try n = 2. In this case, the 
first three derivatives of f are required and we arrange our work as follows: 


(m 1 
f(x) =cos x J (1) -5 


3 
Т(х--ш x r(3) = — Y 


| 
f'"(x) = —cos x r(§) ==: 


f(x) = sit к Г) =sinz 


As in Theorem (11.49), the second-degree Taylor polynomial of f at c = 2/3 


is 
1 4/3 л 1 тү 
Pix) 2-2: (х )-a6- 1. 


Since x represents a real number, we must convert 61° to radian measure 
before substituting into Р(х). Writing 


61° = 60° 4 1° = 2 


and substituting, we obtain 


л т 1 [JAM 1728. 
P($ 135) 73 C5) (135) - aao) наах 


and hence 
cos 61 = 0.48481. 


To estimate the accuracy of this approximation, we consider 


f"(z) gc. 3 snz/ ү 
у 3/| уаш a р 


where z is between л/3 and x. Substituting x = (л/3) + (л/180) and using 
the fact that |sin z| < 1, we obtain 
ЖА. Жы 
= Раг. “эгчийн 
71311180 


R ло, л sinz / л WV 
“үз.” 160 3! \180 


Thus, by Theorem (11.49), the approximation cos 61° = 0.48481 is accu- 
rate to five decimal places. If we desire greater accuracy. we must find a 
value of n such that the maximum value of | К„[(т/3) 4-(л/180) | | is within 
the desired range. 


Кх) | = 














< 0.000001. 























EXAMPLE 3 If f(x) = е", use the Taylor polynomial Р(х) of f at 
c = 0 to approximate e, and estimate the error in the approximation. 


SOLUTION For every positive integer k, f'"(x)— ех, and hence 


f" (0) = e° = 1. Thus, using n= 9 and c = 0 in Theorem (11.49) yields 


p i | x? x? x? 
(х) = 1+ х + 2! tar aid 9r 
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and therefore 
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e РИШ АЗЕР Т ү t+ 


This gives us e x 2.71828153. 
To estimate the error, we consider 


R(x) = 10! хэ, 


If x = 1, then 0 < z < 1. Using results about e* from Chapter 7, we have 
€ « e! < 3, and 


| Ro(1)| - 


3 
« < 0.000001 . 


e 
(0 10! 


10! 





Hence the approximation e = 2.71828 is accurate to five decimal places. 
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Exer. 1—4: (а) Find the Maclaurin polynomials Р,(х), 
Px), and P,(x) for f(x). (6) Sketch the graphs of Р,, 
PP. and f on the same coordinate plane. (c) Approxi- 
mate f(a) to four decimal places by means of P,(a), and 
use Ё (а) to estimate the error in this approximation. 


1 f(x) = вїп x; а = 0.05 
2 f(x) = cos х: а-02 
з f(x)=In(x+1); a=09 
4 f(x) 2tan tx; a-041 


[c] Exer. 5-6: Graph, on the same coordinate plane, f, Р,, 


P, and P, for -3 <x <3. 
5 f(x) = sinh x 6 f(x) = cosh x 


Exer. 7-18: Find Taylor's formula with remainder 
(11.45) for the given f(x), c, and n. 


7 f(X) «sin х, eu si 
8 f(x) = cos х, (-01/4, п= 3 
9 f(x) 2 Nx. с=4, п = 

10 fix)=e *, H= n=3 
11 f(x) = tan x, ё=@ А n2 
12 Ї3)-21/Х-41), 822, mnes 
13 f(x) = l/x, £e—2. ges 
та fix) = ax, ё=—8, n=3 
15 /(Х)-:148/43, uel, п=2 
16 f(x) =Insin x, c=n/6, n=3 
17 f(x) z хє", с--1, п= 4 
18 f(x) = log x. с-10, n2 


[e] 


e] 


Exer. 19-30: Find Maclaurin’s formula with remainder 
for the given f(x) and n. 


19 f(x)=In(x+1), n=4 
20 f(x) =sin x, п= 7 
21 f(x) = cos х, n=8 
22 f(x)-tam "x, w=3 
23 f(x) = ег, n= 5 
24 f(x) =secx n=3 
25 fix)=Vin—1P7, п-5 
26 1(х)-44-х n=3 
27 f(x) = arcsin x, n=2 
28 f(x) =e; n=3 
29 f(x) =2x* — 5x2, n=4andn=5 
30 f(x) = cosh x. n=4andn=5 


Exer. 31—34: Approximate the number to four decimal 
places by using the indicated exercise and the fact that 
л/180 ~ 0.0175. Prove that your answer is correct by 
showing that | R,(x)| «0.5 х 1075, 


31 sin 89" (Exercise 7) 32 cos 47 (Exercise 8) 


зз 4403 (Exercise 9) 34 e ! ?' (Exercise 10) 


Exer. 35-40: Approximate the number by using the in- 
dicated exercise, and estimate the error in the approxi- 
mation by means of К,(х). 


35 —1/(2.2) (Exercise 13) 
36 (—83 (Exercise 14) 
37 In 1.25 (Exercise 19) 
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38 sin 0.1 (Exercise 20) 
39 cos 30 (Exercise 21) 


40 log 10.01 (Exercise 18) 


Exer. 41-46: Use Maclaurin's formula with remainder 
to establish the approximation formula, and state, in 
terms of decimal places, the accuracy of the approxi- 
mation if | x| € 0.1. 


е 1 


41 cosx=1— > 42 YI +x elt ox 
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3 3 
x : х" 
бо: T мап х к—-—- 
-2 хі 
45 (1 +0) ах + 3 
3 
x" 
46 cosh x = 1 T 


47 Let P,(x) be the nth-degree Maclaurin polynomial. If 
f(x) is a polynomial of degree n. prove that f(x) = P,(x). 


The binomial theorem states that if k is a positive integer, then for all 


numbers а and b, 


k(k — 1) 


(а bf =a? + kb = i 


Э! 


д КЕ D- d n+ а "bh ases 4 Б, 


п! 
If we let a = Тапа b = х, then 
(1 + х) = 1 TT T t m 
2! 
k(k— 1)---(k—n- 1), Е 
+ т Хро 


If k is not a positive integer (ог 0), it is useful to study the power series 
Y a,x" with dy = | and a, = k(k — 1)::*(k —n+ 1)/n! for n> 1. This 
infinite series has the form 


(К 
1+Кх+ 


=} ж... Mem kant)... 
ә! ХЭ До — »! -Х 


п 


and is called the binomial series. If k is a nonnegative integer, the series 
reduces to the finite sum given in the binomial theorem. Otherwise, the 
series does not terminate. Using the formula for а,. we can show that 


ai. нийн 


"n 
m 


— lim 


и-* 1 








k—n 
1 











Ix| 2 [x]. 





Hence, by the ratio test (11.35), the series is absolutely convergent if| x | « 1 
and is divergent if | x | > 1. Thus, the binomial series represents a function 


J such that 


f(x)21-4 Y 


x kk—l1)--(k—n-l), 4 |, 
T x* E eek 
п= 1 . 





We have already noted that if k is a nonnegative integer, then f(x) = 
(1 + х)“. We shall now prove that the same is true for every real number 
k. Differentiating each term of the binomial series gives us 


f(x) 2 К+ k(k — 1)x + 


82-41 


ИК(С-1)::4(К-пнл-1) 
+ шинжин Ч x 
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and therefore 


nk(k — 1)-:-(k —n-4 1) 
+ -Х 
n! 


n 





Xf'(x) = kx + k(k — Dx? + 
If we add corresponding terms of the preceding two power series, then 
the coeflicient of x" is 


(n+ Dk(k— D)*--(k—n) | nk(k — 1) (kK —n 4+ 1) 
+ 
(n+ 1)! n! 





which simplifies to 


1) (к-п M 


n! 


[(k — n) + n] ES ka,. 


Consequently 
fx) 9- xf'(x) = Y, ka," = АХ), 
n-0 


or, equivalently, 
JANI + x) — К/(х) = 0. 
If we define the function g by g(x) = f(x)/(1 + x)‘. then 
(1 + хуу (х) — Д(х)К(1 + x)! 
(1.4. x)* 


у) = Me) _ 
= (1 + xt E 





g(x) = 





0. 


It follows that g(x) = c for some constant c; that is, 


f(x) 


2 SR es ep 

(1 +x} 
Since /(0) = 1, we see that c = 1 and hence f(x) = (1 + x)“, which is what 
we wished to prove. The next statement summarizes this discussion. 


Binomial series (11.50) 
If |x| « 1, then for every real number К. 








(1+ хў = 1 dde HEN d ebd 
+ = ‚зш. ый: D on 
n! 


EXAMPLE 1 Find a power series representation for 4/1 + x. 


SOLUTION Using (11.50) with k = 4, we obtain 


1. 08—10 2108-18-32 
3° 21 X4 3! X qe 
Vis costi 
436 1) ес Á Р 
п! 
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which may be written 


3 y = 2 =, 
Vitx=l+ 5x 3.21 * +35 avt 
1-2---(3n—4 
+(—1)"*! жай. 
3": п! 


for |x| < 1. The formula for the nth term of this series is valid provided 
n> 2. 


EXAMPLE 2 Find a power series representation for 4/1 + х^. 


SOLUTION The power series can be obtained by substituting x* for x 
in the series of Example 1. Hence, if |x| < 1, then 


1:2::* (3n — 4) 
—x 


EXAMPLE 3 Approximate ЇГ 3/1 + x* dx. 


SOLUTION Integrating the terms of the series obtained in Example 2 
gives us 


o 


[ит x* dx = 0.3 + 0.000162 — 0.000000243 + +- 


Consequently the integral may be approximated by 0.300162, which is 
accurate 10 six decimal places, since the error is less than 0.000000243. 
(Why?) 


The binomial series can be used to obtain polynomial approximation 
formulas for (1 + х)“. To illustrate, if |x| < 1, then from Example 1, 


41--х 5 1-4х. 


Since the series is alternating and satisfies (11.30) from the second term 
onward, the error involved in this approximation is less than the third term, 





1 „2 
gX 
EXERCISES 11.10 
Exer. 1-12: Find a power series representation for the S (1 — xp 5 6 (1 — xy? 
expression, and state the radius of convergence. хэн 4 
шше 7 (1-х)-5 8 (14 x) 
1 (4|41--х (b) V1 — x? Р 
i 9 (1+x)3 то x(1 + 2x)~? 
2 (а) (Ы) 5 EUNT T cL E rd 
VÀ + х 41 — x? 11 Y¥8+4+x (Hint: Consider 24/1 + 5x.) 


з (+x)? 4 (tars 12 (4+ x)? 





[n 
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Exer. 13-14: (а) Obtain a power series representation [c] Exer. 21-22: For the given k, graph f(x) (1 + x)“ 


for f(x) by using the given relationship. (6) Find the and g(x) = 1 + kx on the same coordinate plane for 
radius of convergence. —1 < x < 1. Use the graphs to estimate the largest closed 
rx 3 i i = x 1, 
тз. (жй 'x sn x= 1, АЛ —t*) di interval on which 1769--600156 
21 k=4 22 k=3 


vee ee Eas: ow аш” | 2 
14 fo)-sinh x sah х= Ї (уул +) dt 23 Refer to Exercise 44 of Section 10.4. The formula for the 

period T of a pendulum of length L, initially displaced 

from equilibrium through an angle of 0, radians, is given 


by the improper integral 


7-9 f. D 40. 


Ехег. 15-20: Approximate the integral to three decimal 
places, using the indicated exercise. 





1/2 : 
15 Ї Vl+x' dx (Exercise 1) 








2 1 . | 
16 : ———— dx (Exercise 2) N g *" «cos 0— cos 0, 
V1 +e" : M : : 
X By making the substitution sin u =(1/k)sin 10, with 
17 p (1— x?P5 ах (Exercise 5) k = sin 100, it can be shown that 
IL 12 1 
0.4. 5 an di ! P 
18 Ї (1 —x*?4dx (Exercise 6 aks = = d. 
0 аж. - Ng Jo 41-43 sin? u 
: 1 jas : NE Lov) ithe 
, jh 3 T Be inii [aj Use the binomial series for (1 — x) to show that 
w IL f 1.5 
| T=2n | ї 272! 
4 | 9 j 
0 | а mes sy dx (Exercise 8) E. N 
0 (1+ 5x?) [b] Approximate T if 0, = 7/6. 


11.11 REVIEW EXERCISES 


Exer. 1—6: Determine whether the sequence converges п + cosn 





: уйл 324 15 Y (02-4-91-2)" 
or diverges, and if it converges, find the limit. nat A=) ” 2, nl 
In (п? +1) > !100(0.99)"! 17 T e 18 Y (—1y r n 
1 х 2 (100(0.997" дэн ин п? + 1 
: 1 - (0.9)" 
n 10" 4 l б2р 19 Y (-1-- 20 Y (-1)" 
no " ^ "71 үп п=2 In n 
/ an * 5л 
А | no n | 4 (o +) | мэ f dizi 
Jn+4 Vn+9) n п У —--— э» S (17 
net ocn ami п? — 1 
Exer. 7—32: If the series is positive-term, determine 23 v (p! уп = V сар 2п +3 
whether it is convergent or divergent; if the series con- = "+1 "=1 п! 
tains negative terms, determine whether it is absolutely E Ж ый 
convergent, conditionally convergent, or divergent. 25 Y ——; — 
"1 п 
t b (ә 1\2 
;* EE 3 i V Ont i 2 24 р ‚(2-49 (2n) 
n=t n(n + 1)(n + 2) „=o (n+ IP - "Do T е п! 
: зүг! L 1 2 (2ny “Ний. 
“x ю Y 27 У — Ў = 
ai ( 3) n=o2 4 (1)" “= n^" es “0-9 
p Janel x | Я е?" - | 5 
- 5 29 У, зо У, ( 
1 = ns" 1 12 m 3" ie 2 im (2n — 1)! im] |a" Vi 
! "E M : Inn r tan !m 
13 37 Е п. 14 s^ x 1 31 3, (—1)" ^ 32 У - 
“(| In (n +1) пп? + 1 n=2 " smi In 
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Exer. 33—38: Use the integral test (11.23) to determine 
the convergence or divergence of the series. 


w | : n 


33 5 34 У 
n=1 (3n a эр a=2 N n? -1 
i e 1 
35 Ы -aa 369 
p п n (In ny 
, 10 ‹ 1 
37 У 
NE ? — 4n 
п=1 л + 8 n-s5H 


Exer. 39-40: Approximate the sum of the series to three 
decimal places. 


40 > (-1"" 


n=1 


: 1 
39 ),(-1771-- 
nel 


(2n + 1)! n^(n? + 1) 


Exer. 41—44: Find the interval of convergence of the 
series. 


rone 1 2 2n 
41 2. F : x" 42 Уу T 1 y — iF 
n=o (— 3) n=O Jn +1 
43 v і ( 10)” 44 Y ( 1)" 
— xo = (= 
xc $2" „=> n (In n)? 


Exer. 45-46: Find the radius of convergence of the series. 


z (2m)! - 
45 У х" 46 у = 
„0 (n + 5)! 


„= (n!)? 


(x + 5)" 
Exer. 47—52: Find the Maclaurin series for f(x), and 
state the radius of convergence. 

1 — cos х 


47 f(x) = 
0 if x =0 


48 f(x) = xe ™ 


ifx 0 


49 f(x) = sin x cos x 


50 f(x) = In (2 + x) 51 f(x) =(1 + x)? 


| 
52 f(x) — 
; 
yl—x* 
53 Find a series representation for e * in powers of x + 2. 


54 Find a series representation for cos x in powers of 


x — (7/2). 


55 Find a series representation for yx in powers of x — 4. 


[c] Exer. 56-60: Use an infinite series to approximate the 


number to three decimal places. 


! э 5 
56 1/Уе 57 1 хте * dx 


58 Г, J(x) dx with f(x) = (sin x)/y x if x 0 and (0) = 0 


0.25 


59 4101 60 e 925 
Exer. 61-62: Find Taylor's formula with remainder for 


the given f(x), c, and n. 


61 f(x) 2Incos x, c=7/6, п= 3 


62 f(x) 24x—1, ¢=2, n=4 
Exer. 63-64: Find Maclaurin’s formula with remainder 
for the given f(x) and n. 


x? 


n3 64 Ї(х)- n=6 


63 f(x)=e 
|— x 


65 Use Taylor's formula with remainder to approximate 
cos 43 to four decimal places. 

66 Use Taylor's formula with remainder to show that the 

approximation formula 

sin x =x — dx? 4, 


is accurate to four decimal places for 0 < x < 7/4. 
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TOPICS FROM 
ANALYTIC GEOMETRY 


INTRODUCTION 


The conic sections, also called conics, can be obtained 
by intersecting a double-napped right circular cone 
with a plane. By varying the position of the plane, we 
obtain an ellipse, a parabola, or a hyperbola, as illus- 
trated in the computer art on this page. Degenerate 
conics are obtained if the plane intersects the cone in 
only one point or along either one or two lines that 
lie on the cone, 

Conic sections were studied extensively by the an- 
cient Greeks, who discovered properties that enable 
us to state their definitions in terms of points and lines. 
A remarkable fact about conic sections is that al- 
though they were studied thousands of years ago, they 
are far from obsolete. They are important for present- 
day investigations in outer space and for the study of 
the behavior of atomic particles. 

Much of the material in this chapter may be re- 
view, because it also appears in precalculus textbooks. 
However, methods of calculus are required to solve 
problems that include finding equations of tangent 
lines to conics, calculating areas and volumes of re- 
gions determined by conics, and proving reflective 
properties used in the design of telescopes and search- 
light reflectors. 


sete 
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12.1 PARABOLAS 


Definition (12.1) 


FIGURE 12.1 





| Directrix 


In this section we define a parabola and derive equations for parabolas 
that have either vertical or horizontal axes. 


A parabola is the set of all points in a plane equidistant from a fixed 
point F (the focus) and a fixed line / (the directrix) in the plane. 


We shall assume that F is not on /, for this would result in a line. If P 
is a point in the plane and P' is the point on / determined by a line through 
P that is perpendicular to / (see Figure 12.1). then, by Definition (12.1), 
Р is on the parabola if and only if the distances (Р, Р) апа d(P, Р”) are 
equal. The axis of the parabola is the line through F that is perpendicular 
to the directrix. The vertex of the parabola is the point V on the axis half- 
way from F to 1. 

To obtain a simple equation for a parabola, place the y-axis along the 
axis of the parabola, with the origin at the vertex V, as shown in Fig- 
ure 12.2, In this case, the focus F has coordinates (0, p) for some real 
number p x 0, and the equation of the directrix is у = — p. (The figure 
shows the case p > 0.) By the distance formula, a point Р(х, y) is on the 
parabola if and only if 


v(x — 0 + (у — p? = yx — xy + (у + р). 


FIGURE 12.2 








y= —P Рў, —p) 


We square both sides and simplify: 
(x — 0)? + (у — р)? = (у + р)? 
x? ae у? 25 2ру a р? эж у? + 2py + р? 


Хх? = 4py 


An equivalent equation is y = 4 x*. 
4р 
We have shown that the coordinates of every point (х, у) оп the 
parabola satisfy x? = 4py. Conversely, if (x, v) is a solution of x? = 4py. 
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then by reversing the previous steps we see that the point (x, y) is on the 
parabola. If p > 0, the parabola opens upward, as in Figure 12.2. If p « 0, 
the parabola opens downward. The graph is symmetric with respect to 
the y-axis, since substitution of —x for x does not change the equation 
x? = 4py. 

If we interchange the roles of x and у, we obtain у? = 4px, or, equiv- 
alently, x = y?/(4p). This is an equation of a parabola with vertex at the 
origin, focus F(p. 0). and opening right if p > 0 or left if p < 0. 

For convenience we often refer to the parabola x? = 4ру (or y^ = 4px) 
instead of the parabola with equation x? = 4py (or у? = 4px). 

The next table summarizes our discussion. 


Parabolas with vertex 
V(0, 0) (12.2) 














EQUATION GRAPH FOR p> 0 GRAPH FOR p «0 
Ay Ay 
x? = 4ру 
Р 1 
-— ae 
даг” 
y = 4px 
= | .. 
= 4р у 





We see from (12.2) that for any nonzero real number a, the graph of 
у = ax? or x = ay? isa parabola with vertex V(0. 0). Moreover, a = 1/(4p), 
or, equivalently, р = 1/(4а), where |p| is the distance between the focus 
F and vertex V. To find the directrix l, recall that / is also a distance |р | 
from V. 
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FIGURE 12.3 





FIGURE 12.4 











EXAMPLE 1 Find the focus and directrix of the parabola у = —{х?, 
and sketch its graph. 


SOLUTION The equation has the form y = ax? with a= —}. As in 
(12.2), a = 1/(4p), ог 


4 1 . 8 
7 4a 


Р (-5) 2 

The parabola opens downward and has focus Р(0. — 3). as illustrated in 
Figure 12.3. The directrix is the horizontal line y = 3. which is a distance 
3 above V, as shown in the figure. 


EXAMPLE 2 

(а) Find an equation of a parabola that has vertex at the origin, opens 
right, and passes through the point P(7, — 3). 

(b) Find the focus. 


SOLUTION 
(a) The parabola is sketched in Figure 12.4. By (12.2). the equation of the 
parabola has the form x — ay? for some number a. If P(7, —3) is on the 
graph. then 


7-а(-3У, or а=. 
Hence an equation for the parabola is x = Jy. 
(b) The focus is a distance p to the right of the vertex, where 
1 1 9 
j= ——À— = =. 
4a 4) 28 


Thus, the focus has coordinates (55. 0). 


To extend our discussion to a parabola with vertex not at the origin, 
we use a translation of axes, as illustrated in Figure 12.5, where the x- 
and y-axes are shifted to positions — denoted by x’ and у’ that are par- 


FIGURE 12.5 
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Translation of axes 
formulas (12.3) 
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allel to their original positions. Every point P in the plane then has two 
different ordered pair representations: Р(х. v)in the xy-system and P(x’, у”) 
in the x'y'-system. If the origin of the new x'y'-system has coordinates 
(h, k) in the xy-plane, as illustrated in Figure 12.5, we see that 


х=х'+һ and vv +k. 


These formulas are true for all values of h and k. Equivalent formulas are 
х=х—һ and у=у—К. 


This gives us the following. 


If (x, у) are the coordinates of a point P in an xy-plane and if (x'. у) 
are the coordinates of P in an x'y'-plane with origin at the point 
(h, k) of the xy-plane, then 


(1 х-2-ЕЛ, poy +k 
1) x'—x—h, у=у—К 


If. in the xy-plane, a certain collection of points is the graph of an equa- 
tion in x and y, then to find an equation in x' and у' that has the same 
graph in the x'y’-plane, we substitute x’ + h for x and у + k for y. Con- 
versely, if a set of points in the x’y’-plane is the graph of an equation in 
x’ and у”, then to find the corresponding equation in x and у, we sub- 
stitute x — h for x' and y — k for y’. 

The following discussion illustrates (12.3). We know that 


(х)? = 4py' 


is an equation of a parabola with vertex at the origin O' of the x'y"-plane. 
Using translation of axes formulas (ii). we see that 


(x — А)? = 4p(y — К) 


is an equation of е same parabola in the xy-plane with vertex V(h, k). 
The focus is F(h, k + p), and the directrix is y = k — p. 

Squaring the left side of (x — h)? = 4p(y — К) and simplifying leads to 
an equation of the form 


у = ах + bx «c, 


where a, b, and c are real numbers. Conversely. if с 4-0, then the graph 
of y = ax? + bx + c is a parabola with a vertical axis. As with y = ax?, 
we can show that a = 1/(4p), or p = 1 (4a). 

Similarly, if we begin with (y)? = 4px' and use (12.3). we obtain 


(y — К)? = 4p(x — h), 


which is an equation of a parabola in the xy-plane with vertex V(h, k), 
opening right if p > 0 or left if p < 0. This equation may be written in the 
form x = ау? + by + c, where a = 1/(4p), or p = 1/(4a). 

The next table summarizes this discussion. For convenience, we have 
taken V(h, k) in the first quadrant. 
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Parabolas with vertex 
V(h. k) (12.4) 


EQUATION GRAPH FOR p > 0 GRAPH FOR p « 0 | 


AY D у a 


vih. К) 


(x — hy? = 4p(y — К) 
у= ах? + bxc 














P = да 
(y — k)? =4р(х — h) 
X= ay? + Бу + ‹ 
(Л, К) 
Е | 
p= 4а 





If a is any nonzero real number, then, by (12.4), the graph of the equa- 
tion у = ах? + bx + cis a parabola with vertical axis. We could find the 
vertex V(h, k) algebraically, by completing squares and changing the equa- 
tion to the form (x — h)? = 4p(y — k). Another method for finding V is 
to use a derivative. Since the tangent line at V is horizontal, we can find 
the x-coordinate h of Бу differentiating у = ax? + bx + cand then solv- 
ing the equation dy/dx = 0 for x, as follows: 


dy b 
-э24х-5-0, or х= — 
dx 20 


The y-coordinate k of V can be found by substituting —h/(2a) for x in 
у = ax? + bx + c. The coordinates of the focus F and an equation of the 
directrix / may then be determined by using p = 1/(4a). 

The second derivative d? y/dx? = 2a tells us that the parabola is con- 
cave upward if a > 0 or downward if a < 0. 





12.1 PARABOLAS 





FIGURE 12.6 
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EXAMPLE 3 Discuss and sketch the graph of y = 2x? — 6x + 4. 


SOLUTION By (12.4), the graph is a parabola with vertical axis. As 
noted in the preceding discussion, the vertex V is the point at which the 
tangent line is horizontal. Thus, we consider 
ly 6 3 
J- =4х—6=0, ог T=] 
Letting x = 3 in the given equation, we obtain 
у= 23)? — 68) + 4 = —}. 


Hence the vertex is V(3, —}). 
The coefficient of x? is a = 2, so 


1 1 1 


P= да 40) 8: 


Since the parabola opens upward, the focus F is a distance p = $ above V. 
This gives us 


FG, —3 + #) = FG. —9. 


The directrix is the horizontal line / that is a distance р = $ below V. 
Therefore an equation for / is 


у=—}—{, or у= –{. 


The graph is sketched in Figure 12.6. Note that the y-intercept is 4 
and the x-intercepts (the solutions of 2x? — 6x + 4 = 0) are 1 and 2. 


For equations of the form x = ay? + by + c, we can find the y-coor- 
dinate k of the vertex V(h, К) by solving the equation dx/dy = 0 for y. The 
x-coordinate h of V can then be found by substituting k for y in the equa- 
tion. In this case the parabola opens right or left, and V is the point at 
which the tangent line is vertical, since dx/dy = 1/(dy/dx). 


EXAMPLE 4 Discuss and sketch the graph of x = у? + 4y + 11. 


SOLUTION Ву (12.4), the graph is a parabola with horizontal axis. To 
find the y-coordinate of the vertex И (the point at which the tangent line 
is vertical), we consider 


б =y+4=0, о у= –4. 
dy 


Substituting —4 for y in the given equation, we obtain 
x = }(—4) + 4(—4) + 11 = 3. 


Hence the vertex is V(3, —4). 
The coefficient of у? is a = 3; thus, 
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FIGURE 12.7 





FIGURE 12.8 
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-——-—.. 
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The parabola opens right. so the focus F is a distance 3 to the right of V. 
This gives us 


FB +4, —4) = FG, —4). 


The directrix is the vertical line /, a distance 3 to the left of V. Therefore 
an equation for / is 


х-3-4, or y=% 


The parabola is sketched in Figure 12,7. 





EXAMPLE 5 Find an equation of the parabola with vertex V(—4, 2) 
and directrix y = 5. 


SOLUTION The vertex and directrix are shown in Figure 12.8. The 
dashes indicate a possible shape for the parabola. It follows that an equa- 
tion of the parabola is 


(x — В)? = 4p(y— k}, 
with h = —4, К = 2, and p = — 3. This gives us 
(x + 4)? = —12(y — 2). 


This equation can be expressed in the form y = ах? + bx + с, as follows: 


x? + 8x + 16 = —12y + 24 
12y = —x? = 8x +8 
y=- — 3х +3 


EXAMPLE 6 Traffic engineers are designing a stretch of highway that 
will connect a horizontal highway to one having a 207, grade (slope 4), 
as illustrated by the side view in Figure 12.9, The smooth transition is to 
take place over a horizontal distance of 800 feet, with a parabolic-shaped 
highway connecting points 4 and B. 

(а) Find an equation of the parabola with vertex A that has a tangent line 
of slope 0 at A and 4 at B. 


FIGURE 12.9 





| 
| 
| | 
в---800Ї----эч 
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(b) Find the difference in elevation between B and the horizontal portion 
of the highway. 

(c) Set up an integral for the length of the highway between A and B. 
(d) Evaluate the integral in (c). 


SOLUTION 
(a) If we introduce an xy-plane, as in Figure 12.9, then a parabola with 
vertex (0. 0) and opening upward has the equation y = ax? for some 
number a. The slope m of the tangent line at any point Р(х, у) on the 
parabola is 

dy 


т = — = 2ах. 
4х 


Thus, the tangent line has slope 0 at A (the origin). The transition at B 
is smooth if m = 1 when x = 800; that is, if 

1 = 2a(800), ог а = зоо. 
Hence an equation of the parabola is y = gdoox^. 
(b) The difference in elevation between B and the horizontal portion of the 
highway is the y-coordinate of B. Thus, we let x = 800 in the equation 
found in (a), obtaining 


y = яду (800)? = 80 ft. 
(c) By (6.14), the length (in feet) of the parabolic-shaped highway between A 


and B is 
L pe 1 ‘dy 2 | ге h sk: х X i: 
= T x. >= ET T xX. 
o / p ow Jo у 7 \4000) ' 


(d) The value of the integral in (c) can be found by using either the trigo- 
nometric substitution x, 4000 = tan 0 followed by integration by parts or 
the table of integrals in Appendix IV. For an approximate value we can 
use the trapezoidal rule or Simpson's rule. Using Formula 21 from the 
table of integrals. 


= и а? - 
[ve +? du = уа +u’ +—In|u+ уа? + и*|+ C, 
and the substitution 


—— TEN: s 
и = 000X, du = 4000 dN 


and noting that u = 4 when x = 800, we obtain the following: 


L = 4000 А i Л + и? du 


—— 1 —" 1/5 
= 4000] 5 vi + + ain |e Vl + | 
2 2 Jo 
1 + 4/26 
= 80, 26 + 2000 In ( = ) 
> 805 ft 


It is of interest to note that d(A. B) = 804 ft. 
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FIGURE 12:10 
Path of a baseball 





FIGURE 12.11 
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There are many applications of parabolas. If, as shown in Figure 12.10, 
a baseball player throws a ball in a nonvertical direction and if gravity is 
the only force acting on the ball (that is, air resistance and other outside 
factors are negligible), then the path of the ball (or any projected object) 
is parabolic. We can use this fact (which will be proved in Chapter 15) 
to determine where the ball (or object) will land. to find its maximum 
height, and so on. 

The shapes of cables in certain types of suspension bridges are para- 
bolic. However, as we pointed out in Section 8.3, for a freely hanging 
cable, the curve is a catenary, not a parabola. 

An important property is associated with tangent lines to parabolas. 
Suppose / is the tangent line at a point P(x,, у,) on the parabola y? = 4px, 
and let F be the focus. As in Figure 12.11, let > denote the angle between 
Гапа the line segment FP, and let fj denote the angle between / and the 
horizontal half-line with endpoint P. In Exercise 42 you are asked to prove 
that x = fj. This reflective property has many applications. For example, 
the shape of the mirror in a searchlight is obtained by revolving a parabola 
about its axis. If a light source is placed at F, then, by a law of physics 
(the angle of reflection equals the angle of incidence). a beam of light will 
be reflected along a line parallel to the axis (see Figure 12.12(i)). The same 
principle is employed in the construction of mirrors for telescopes or solar 
ovens—a beam of light coming toward the parabolic mirror, parallel to 
the axis, will be reflected into the focus (see Figure 12.12(ii)). Antennas 
for radar systems, radio telescopes, and field microphones used at football 
games also make use of this property. 


FIGURE 12.12 


(i) Searchlight mirror (il) Telescope mirror 






































Light rays Light rays 
EM — < — 
— ~ 
зү. 
Light source Eye piece 
-—— E 
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EXERCISES 12.1 


Exer. 1—6: Find the vertex, focus, and directrix of the 
parabola. Sketch its graph, showing the focus and the 
directrix. 


2 x=2y? 
з 2y? = —3x 4 х? = —3y 


5 у= х? 6 у? = -100х 





Exer. 7-16: Find the vertex and focus of the parabola. 
Sketch its graph, showing the focus. 


7 y2x!—4x 42 

8 у= 8x? + 16x + 10 
9 y?—12= 12x 

10 y? — 20y + 100 = 6x 
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11 
12 
13 
14 
15 
16 


у? — 4y — 2x -4=0 

у? + 14у + 4х +45 20 
4x? + 40x + y + 106 = 0 
у = 40х — 97 — 4x? 

x? + 20у = 10 


4х? + 4х + 4у +1 = 0 


Ехег, 17-24: Find an equation of the parabola that sat- 
isfies the given conditions. 


17 
18 
19 
20 
21 
22 
23 


24 


25 


26 


27 


28 


focus F(2, 0), directrix x = —2 


focus F(0, —4), directrix y = 4 
vertex V(3, —5), directrix x — 2 
vertex V(—2,3), directrix y = 5 
focus F(— 4, 0) 


focus F(1, 0) 


vertex V( — 1. 0). 
vertex И(1, —2), 


vertex at the origin, symmetric to the y-axis, and passing 
through the point (2, — 3) 


vertex V( — 3, 5), axis parallel to the x-axis, and passing 
through the point (5, 9) 


A searchlight reflector is designed so that every cross 
section containing its axis of symmetry is a parabola 
with the light source at the focus. Where is the focus if 
the reflector is 3 feet across at the opening and 1 foot 
deep? 


Find an equation of the parabola that has a vertical axis 
and passes through A(2, 5), B( —2, — 3), and C(1, 6). 


Let R be the region bounded by the parabola x? = 4y 
and the line / through the focus that is perpendicular to 
the axis of the parabola. 


(a) Find the area of R. 


[ЫЈ If R is revolved about the y-axis, find the volume of 
the resulting solid. 

{с) If R is revolved about the x-axis, find the volume of 
the resulting solid. 


Work (a)-(c) of Exercise 27 if R is the region bounded 
by the graphs of у? = 2x — 6 and x = 5. 


A paraboloid of revolution is formed by revolving a pa- 

rabola about its axis. Paraboloids are the basic shape 

for a wide variety of collectors and reflectors. Shown in 

the figure is a (finite) paraboloid of altitude h and radius 

of base r. 

(a) The focal length of the paraboloid is the distance р 
between the vertex and the focus of the parabola. 
Express p in terms of r and Л. 


15) Find the volume of the paraboloid. 
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Refer to Exercise 29. A radio telescope has the shape of 

a paraboloid of revolution with focal length p and diam- 

eter of base 2a. 

(a) Show that the surface area 5 available for collecting 
radio waves is 


Бари 2 \ 3/2 n 
ro (143, EA 
3 7 4р° 


15) One of the largest radio telescopes, located in Jodrell 
Bank, Cheshire, England, has diameter 250 feet and 
focal length 50 feet. Approximate S to the nearest 
square foot. 


One section of a suspension bridge has its weight uni- 
formly distributed between twin towers that are 400 feet 
apart and that rise 90 feet above the horizontal roadway, 
A cable strung between the tops of the towers has the 
shape of a parabola, with center point 10 feet above the 
roadway. Suppose coordinate axes are introduced. as 
shown in the figure. 


[3] Find an equation for the parabola. 


[b] Set up an integral whose value is the length of the 
cable. 

Ic) If nine equispaced vertical cables are used to support 
the рагабойс cable, find the total length of these 
supports. 


EXERCISE 31 
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32 


33 


34 


35 


Let R be the region bounded by the parabola x = ay? generates the inside surface of the mercury, is a solu- 
and the line / through the focus that is perpendicular to tion of the differential equation y’ = (097 /0)х, where g = 
the axis of the parabola. Find the area of the curved 32 ft/sec?. 

surface obtained by revolving R about the x-axis. (a) Show that y = Jo? x? + f(0). 

A parabolic arch has a center height of К feet, as shown (5) For what value of œ is the focus of the parabola in 
in the figure. Prove that the height of the largest rectan- (a) 2 feet from the vertex? 


gle that can fit under the arch is 35K feet. EXERCISE 36 


EXERCISE 33 








Prove that the point on a parabola that is closest to the 


н Р 37 The parabola у? = 4р(х + р) has its focus at the origin 
focus is the vertex. р ] р\ р) g 


and axis along the x-axis. By assigning different values 


A child throws a ball at an angle of 45 from the edge to p, a family of confocal parabolas is obtained, as shown 
of a plateau, above a hill that has slope — 3. as shown in the figure. Families of this type occur in the study of 
in the figure. electricity and magnetism. 

[3] If the ball lands 50 feet down the hill. find an equa- {з} Show that there are exactly two parabolas in the 
tion for its parabolic path. (Disregard the height of family that pass through a given point Р(х, у) if 
the child.) y, #0. 

[b] What is the maximum height of the ball off the [b] Show that the two parabolas in (a) are mutually 
ground? orthogonal that is, the tangent lines at P(x,. у) 


EXERCISE 35 are perpendicular. 


EXERCISE 37 





36 A cylindrical container, partially filled with mercury, is 38 A focal chord is a line segment that passes through the 
rotated about its axis at the rate of œ radians/sec (see focus of a parabola and has its endpoints on the parab- 
figure). From physics, the function f. whose graph ola. If 4B is a focal chord, prove that the tangent lines 
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at A and B 
[3] are perpendicular 


[b] intersect on the directrix 


| Exer. 39—40: Refer to Exercise 37. Graph, on the same 


coordinate axes, the confocal parabolas x? = 4p( y + p) 
for the given values of p. Estimate the points of inter- 
section and verify that the tangent lines at these points 


are perpendicular. 
39 p= 1.3, —1 40 p=0.2, —2.1 


41 Let m and hb be nonzero real numbers. 


43 Suppose the tangent line / to a parabola at P intersects 
the directrix at О, as shown in the figure. If F is the focus, 
prove that angle PFQ is a right angle. 


EXERCISE 43 





Directrix 
\ 


(a) If the line у = mx + b intersects the parabola у? = 
4px in only one point. show that p = mb. 


[b] Show that the slope of the tangent line to y? = 4px 


at P(x,. уу) is ух), 


42 Establish the reflective property of the parabola. (Hint: 
Show that d(Q, F) = d(F. P) in Figure 12.11, and use the 


result in Exercise 41.) 


12.2 ELLIPSES 


FIGURE 12.13 


Definition (12.5) 








Ап ellipse may be defined as follows. (Foci is the plural of focus.) 


An ellipse is the set of all points in a plane, the sum of whose dis- 
tances from two fixed points (the foci) in the plane is constant. 


We can construct an ellipse on paper as follows: Insert two pushpins 
in the paper at any points F and Р”, and fasten the ends of a piece of 
string to the pins. After looping the string around a pencil and drawing 
it tight, as at point P in Figure 12.13, move the pencil, keeping the string 
tight. The sum of the distances d(F. P) and d(F', P) is the length of the 
string and hence is constant; thus, the pencil will trace out an ellipse with 
foci at F and F'. By changing the positions of F and F' while keeping the 
length of the string fixed, we can vary the shape of the ellipse considerably. 
If F and Р’ are far apart so that d(F, Р) is almost the same as the length 
of the string, the ellipse is flat. If d(F, Р) is close to zero, the ellipse is 
almost circular. If F = F', we obtain a circle with center F. 

By introducing suitable coordinate systems, we may derive simple 
equations for ellipses. Let us choose the x-axis as the line through the 
two foci F and F'. with the origin at the midpoint of the segment ГР. 
This midpoint is the center of the ellipse. If F has coordinates (c. 0) with 
c > 0, then, as in Figure 12.14, on the following page, F’ has coordinates 
(— с, 0). Hence the distance between F and F’ is 2c. The constant sum of 
the distances of P from F and F' will be denoted by 2a. To obtain points 
that are not on the x-axis, we must have 2a > 2c—that is, a > c. By 
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FIGURE 12.14 














definition, P(x, y) is on the ellipse if and only if the following equivalent 


equations are true: 
d(P, Е) + d(P, Е) = 2a 


у(х — cp + (у = 0)? + V(x +c)? + (y — 0) = 2а 





Vx — e + y? = 2a — Vix + oy + у? 


Squaring both sides of the last equation gives us 


x? — 2ex c? + у? = 4a? — Aa (x + с) + y? + x? + 2ex + С? + у?, 


or ау(х+ с) y! =a? + х. 
Squaring both sides again yields 

a^(x? + 2ex + с? + у?) = a* + 2a cx  c?x?, 
ог x(a? — с?) + а?у? = a?(a? — с?). 
Dividing both sides by а2 07-02), we obtain 


2 > 


х у 





Recalling that a > c and therefore a? — c? > 0, we let 
b= ү/а? – с2, or Б? =a? – с?. 


This gives us 


42 " у? | 
a b 


Since c > 0 and b? = a? — c?, it follows that a? > b? and hence a> b. 
We have shown that the coordinates of every point (x, у) on the ellipse 
in Figure 12.15 satisfy the equation (x?/a?) 4-(у2/52) = 1. Conversely, if 


FIGURE 12.15 


wa b) 
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FIGURE 12.16 


Theorem (12.6) 
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(x. y) is a solution of this equation, then by reversing the preceding steps 
we see that the point (x, y) is on the ellipse. 

We may find the x-intercepts of the ellipse by letting y — 0 in the equa- 
tion. Doing so gives us x?/a? = 1, or x? = a?, and consequently the x- 
intercepts are a and — a. The corresponding points V(a, 0) and V'( — a, 0) 
on the graph are the vertices of the ellipse (see Figure 12.15). The line seg- 
ment VV is the major axis. Similarly, letting x = 0 in the equation, we 
obtain y?/b? = 1, or y? = h?. Hence the y-intercepts are b and — b. The 
segment between M'(0, — Р) and M(0, b) is the minor axis of the ellipse. 
The major axis is always longer than the minor axis, since a > b. 

Applying tests for symmetry, we see that the ellipse is symmetric with 
respect to the x-axis, the y-axis, and the origin. 

The preceding discussion may be summarized as follows. 


The graph of the equation 


x у> 
ЗЭЭР pi zx] 

for a? > b? is an ellipse with vertices (+a, 0). The endpoints of the 
minor axis are (0, +b). The foci are (+c, 0), where c? = a? — Ь?. 


a 


EXAMPLE 1 Discuss and sketch the graph of 4x? + 18y? = 36. 


SOLUTION To obtain the form in Theorem (12.6), we divide both sides 
of the equation by 36 and simplify. This leads to 


which is in the proper form, with a? = 9 and b? = 2. Thus, a = 3 and 
b = у 2: hence the endpoints of the major axis are (+3, 0), and the end- 
points of the minor axis are (0, +,/2). Since 

e=a—b?=9-2=7, or c=,/7, 


the foci are (+,/7, 0). The graph is sketched in Figure 12.16. 


EXAMPLE 2 Find an equation of the ellipse with vertices (+4, 0) and 
foci (+2, 0). 


SOLUTION Та the notation of Theorem (12.6), a = 4 and с = 2. Since 
c? = а? — b?, we see that b? = a? — с? = 16 — 4 = 12. This gives us 


We sometimes choose the major axis of the ellipse along the y-axis. 
If the foci are (0, +c), then by the same type of argument used previously, 
we obtain the following. 
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The graph of the equation 


> 
w 
2 


for a? > b? is an ellipse with vertices (0, +a). The endpoints of the 
minor axis are (+b, 0). The foci are (0, +c), where c? = a? — b?. 


A typical graph is sketched in Figure 12.17. 

The preceding discussion shows that an equation of an ellipse with 
center at the origin and foci on a coordinate axis can always be written 
in the form 


-+—=1, or qx + py! = pq. 
р 4 
with p and q positive and р 4 q. If p > q, the major axis is on the x-axis, 
and if q > p. the major axis is on the y-axis. It is unnecessary to memorize 
these facts, because in any given problem the major axis can be determined 
by examining the x- and y-intercepts. 


EXAMPLE 3 Sketch the graph of 9x? + 41? = 25. 


SOLUTION The graph is an ellipse with center at the origin and foci 
on one of the coordinate axes. To find x-intercepts, we let y = 0, obtaining 


9х2 = 25, or x= +3. 


4у2 = 25, or у= +3. 


5 
5 


This enables us to sketch the ellipse (see Figure 12.18). Since 3 
major axis is on the y-axis. 
To find the foci, we first calculate 


Thus, c = 54/5/6 and the foci are (0, + 5 / 5/6). 


We can use the translation of axes formulas (12.3) to extend our work 
to an ellipse with center at any point C(h, k) in the xy-plane. For example, 
since the graph of 


QGY | (QY. i 
а? b? 


is an ellipse with center at О’ in an x’y'-plane (see Figure 12.19, on the 
next page). its equation relative to the xy-coordinate system 15 


(х — А)2 (у — ky 
5 + 


Ex. 
a? b? 
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FIGURE 12.19 
AY y- 


O'th, К) 














Squaring the indicated terms in the last equation and simplifying gives 

us an equation of the form 
Ах? + Cy? + Dx + Ey + Е = 0), 

where the coefficients are real numbers and both 4 and С are positive. 
Conversely, if we start with such an equation, then by completing squares 
we can obtain a form that displays the center of the ellipse and the lengths 
of the major and minor axes. This technique is illustrated in the next 
example. 


EXAMPLE 4 Discuss and sketch the graph of the equation 
16x? + 9y? + 64x — 18у — 71 = 0. 
OLUTION We begin by writing the equation in the form 
16(х2 -4x )+9(у2 2р )=71. 
Next, we complete the squares for the expressions within parentheses: 
16(x? + 4х + 4) + 9(? – 2y - 1) = 714+ 6449 


By adding 4 to the expression within the first parentheses we have added 
64 to the left-hand side of the equation, and hence we must compensate 
by adding 64 to the right-hand side. Similarly, by adding | to the expres- 
sion within the second parentheses we have added 9 to the left side, and 
consequently we must also add 9 to the right side. The last equation may 
be written 


16(x + 2 + 9(у — 1)? = 144. 
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Dividing by 144, we obtain 





REI =y 
+ - 


9 16 l, 
which is of the form 
er + oy l. 
9 16 
with x’ = x + 2 and у = y — 1. This corresponds to letting h = —2 and 


k = 1 in the translation of axes formulas. 

The graph of the equation (х22/9 + (у)2/16 = 1 is an ellipse with cen- 
ter at the origin O' in the x'y'-plane and major axis on the y’-axis. It fol- 
lows that the graph of the given equation is an ellipse with center C( — 2, 1) 
in the xy-plane and major axis on the vertical line x — —2. Using a — 4 
and b — 3 gives us the ellipse in Figure 12.20. 

To find the foci, we first calculate 


с2 = а%*—Ь? = 16—9=7. 


The distance from the center of the ellipse to the foci is с = y7. Since the 
center is (—2, 1), the foci are (—2. 1 + 47). 


In the next two examples we apply methods of calculus to solve several 
problems involving ellipses. 


EXAMPLE 5 


(a) Use implicit differentiation to find a formula for the slope of the tan- 
gent line at the point Р(х,, v,) on the ellipse 


where a > b > 0. 


(b] Apply the formula found in (a) to determine where the tangent line is 
horizontal or vertical. 


(c) Prove that an equation of the tangent line at P(x,, yı) is 








A qo as] 
a^ h* 

SOLUTION 
(а) Differentiating the equation of the ellipse implicitly, we obtain 

2x 2уу b?x 

— H—--20, or у = ——-. 

а р? ау 
Hence the slope m of the tangent line at Р(хү, у) is m = — (2х) / (а?у). 


(Ы) The tangent line is horizontal if b^x = 0, or x = 0. This gives us the 
endpoints (0. +b) of the minor axis. 
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The tangent line is vertical if а?у = 0, ог у = 0. This gives us the ver- 
tices (+a, 0) of the ellipse. 


(с) Using the formula for m in (a), we find that an equation of the tangent 
line at P(x,, y) is 


We may change the form of this equation as follows: 
a*y,y — а?у? = —b?x,x + b?x? 
b?x,x + а?уџу = b?x? + а?у? 
Dividing both sides by a?b? gives us 
2 2 
хх ууу xi у 
PM SU 
ae b а Б 
Since P(x,, уу) is on the ellipse, (хү, уу) is a solution of the equation in 
(a). and hence the right-hand side of the last equation equals 1. This com- 
pletes the proof. 


EXAMPLE 6 Find the area of the region bounded by an ellipse whose 
major and minor axes have lengths 2a and 2h, respectively. 


SOLUTION Ву Theorem (12.6), we see that an equation for the ellipse is 
(x^/a?) + (y?/b?) = 1. Solving for y gives us 
b 5 


> 
у= + үа? — x’. 


а 


The graph of the ellipse has the general shape shown in Figure 12.16, апа 
hence, by symmetry, it is sufficient to find the area of the region in the 
first quadrant and multiply the result by 4. By (5.19), 


a b a 3 > 
A= 4 [| ydx =4- Ї ма! — х? dx. 
0 а 40 


If we make the trigonometric substitution x = a sin 0, then 


> 


ма? — x? =acos@ and dx= a cos 0 40. 


Since the values of 0 that correspond to x = 0 and x = a are 0 = 0 and 
0 = 1/2. respectively, we obtain 


b 
а 


= 2аЬ [o + isin 20|, ? 2ab[z/2] = xab. 


2 „ М zj2 | + cos 20 
Ї "2 42 cos? 0 40 = 4аЬ ji ae 
0 0 2 


dx 
|1 


| 


As a special case, if b = a, the ellipse is a circle and A = za?. 

Ellipses can be very flat or almost circular. To obtain information 
about the roundness of an ellipse, we sometimes use the eccentricity e (not 
to be confused with the base of the natural logarithms). Eccentricity is 
defined as follows, where a, b, and c have the same meanings as before. 
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FIGURE 12.21 


Halley's comet 


* 
(Өзил + 
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The eccentricity е of an ellipse is 


Consider the ellipse (x? a?) + (у?/Ь?) = 1. and suppose that the length 
2a of the major axis is fixed and the length 2b of the minor axis is variable. 
Since Ja? — b? < а, we see that 0 « e « I. If e x 1. then ya? — b? = 
а and hence b x 0. In this case the ellipse is very flat. If e + 0, then 
a? — b? = 0 and a x b. In this case the ellipse is almost circular. 

After many years of analyzing an enormous amount of empirical 
data, the German astronomer Johannes Kepler (1571-1630) formulated 
three laws that describe the motion of planets about the sun. (These laws 
will be proved in Chapter 15.) Kepler's first law states that the orbit of 
each planet in the solar system is an ellipse with the sun at one focus. 
Most of these orbits are almost circular, and hence their corresponding 
eccentricities are close to 0. To illustrate, for Earth, e = 0.017: for Mars, 
e = 0.093; and for Uranus. e x 0.046. The orbits of Mercury and Pluto 
are less circular, with eccentricities of 0.206 and 0.249, respectively. 

Many comets have elliptical orbits with the sun at a focus. In this 
case the eccentricity e is close to 1, and the ellipse is very flat. As in the 
next example. we use the astronomical unit (AU) that is, the average 
distance from the earth to the sun— to specify large distances. (1 AU = 
93,000.000 miles.) 


EXAMPLE 7 Halley's comet has an elliptical orbit with eccentricity 
e — 0.967. The closest that Halley's comet comes to the sun is 0.587 AU. 
Approximate the maximum distance of the comet from the sun, to the 
nearest 0.1 AU. 


SOLUTION Figure 12.21 illustrates the orbit of the comet, where c is 
the distance from the center of the ellipse to a focus (the sun) and 2a is 
the length of the major axis. 
Since a — c is the minimum distance between the sun and the comet, 
we have (in AU) 
а-с-0587, ог а= с + 0587. 

Ѕіпсе е = с/а = 0.967, 

с = 0.967a = 0.967(c + 0.587) 

с = 0.967c + 0.568. 


Thus, 
0.568 
)033с = 0.568 ‹ 2-3 5: 172 
0.033c = 0.5 and ‹ 0.033 | 
Consequently 
а = с + 0.587 
а = 17.2 + 0.587 = 17.8, 
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and the maximum distance between the sun and the comet is 


ачси 178-172, or a+e7x35.0AU. 


An ellipse has a reflective property analogous to that of the parabola 
discussed at the end of Section 12.1. To illustrate, let / denote the tangent 
line at a point P on an ellipse with foci F and Р”, as shown in Figure 12.22. 
If x is the angle between F'P and Гапа if f/ is the angle between FP and 
1, it can be shown that х = fj. Thus, if a ray of light or sound emanates 
from one focus, it is reflected to the other focus. This property is used 
in the design of certain types of optical equipment. It is also evident in 
whispering galleries —that is, rooms with elliptically shaped ceilings, in 
which a person who whispers at one focus can be heard at the other focus. 
Examples of whispering galleries may be found in the Rotunda of the 
Capitol Building in Washington, D.C., and in the Mormon Tabernacle 
in Salt Lake City. 


Exer. 1-14: Find the vertices and foci of the ellipse. 21 eccentricity $, vertices У(0, +4) 
кына х Ani] DIE HUM 22 eccentricity 3, vertices on the x-axis, 
, х? Рт A 4 x " p adi passing through (1, 3) 
» ^ 25 16 23 x-intercepts +2, —y-intercepts +4 
3 4x? + y! = 16 4 y +9х = 9 24 x-intercepts +1, — y-intercepts +4 
5 5х? + 2y? = 10 6 3х2 + 232 = 8 25 The arch of а bridge is semielliptical, with major axis 


7 4x? + 25у? = 1 

в 1032 + х2= 5 

9 4x? + 9у2 — 32x — 36у + 64 = 0 

10 x? + 2y? + 2х — 20у + 43 = 0 

11 9x? + 16у? + 54x — 32у — 47 = 0 
12 4x? + 9у* + 24x + 18у +9 = 0 

13 25x? + 4y? — 250x — 16у + 541 = 0 


14 4x? + y? = 2у 


Exer. 15-24: Find an equation for the ellipse that 
has its center at the origin and satisfies the given 


conditions. 
15 vertices V(+8,0), foci F(+5, 0) 


16 vertices V(O, +7), foci F(0, +2) 


horizontal. The base of the arch is 30 feet across, and 
the highest part is 10 feet above the horizontal roadway, 
as shown in the figure. Find the height of the arch 6 feet 
from the center of the base. 


EXERCISE 25 








17 vertices V(0, +5), minor axis of length 3 


та foci F( 3-3, 0), minor axis of length 2 26 Assume that the length of the major axis of the earth's 


19 vertices V(0, +6), passing through (3, 2) 


20 passing through (2, 3) and (6, 1) 


orbit is 186,000,000 miles and the eccentricity is 0.017. 
Find, to the nearest 1000 miles, the maximum and mini- 
mum distances between the earth and the sun. 








622 CHAPTER 12 TOPICS FROM ANALYTIC GEOMETRY 


27 


28 


29 


A line segment of length а + b moves with its endpoints EXERCISE 30 
A and B on the coordinate axes, as illustrated in the 
figure. Prove that the point P traces an ellipse. 


EXERCISE 27 





31 If tangent lines to the ellipse 9x? + 4y? = 36 intersect 
the y-axis at the point (0, 6), find the points of tangency. 





32 [a] Show that the circumference C of the ellipse with the 


From a point P on the circle x^ + у? = 4, a line segment equation (х2/42) + (y?/b?) = 1 is given by 

PQ is drawn perpendicular to the diameter AB, and the vo ЕЕ 

midpoint M is found (see figure). Find an equation of С = 4а Ё v1 — e? sin? 0 40, 

the collection of all such midpoints M. and sketch the 1 я 9” - ор 
шэг where e is the eccentricity. (This is an elliptic integral, 


which cannot be evaluated using the methods of 

EXERCISE 28 Chapter 9.) 

i [b] The planet Mercury travels in an elliptical orbit with 
e = 0.206 and a = 0.387 AU. Use part (a) and Simp- 
son's rule, with n = 10, to approximate the length of 
the orbit. 

< Find the maximum and minimum distances between 
Mercury and the sun. 


Exer. 33-34: Find equations of the tangent line and 
normal line to the ellipse at the point P. 


зз 5x? + 4y = 56; Р(-2,3) 
34 9х2 + 4y? = 72; Р(2, 3) 


35 Find the volume of the solid obtained by revolving the 
region bounded by the ellipse Р?х? + а?у? = a?b? about 
the x-axis. 





Refer to Figure 4.56 in Chapter 4. In a spring-mass sys- 


: : Work Exercise 35 with the region revolved about the 
tem, the total energy Е (the sum of the potential energy ны — E 


and kinetic energy) is given by E = mv? + Jkx?, where санж 

х is the displacement of the mass m from equilibrium, v 37 The base of a solid is a region bounded by an ellipse 
is the velocity of the mass, and k is the spring constant with major and minor axes of lengths 16 and 9, respec- 
in Hooke's law. tively. Find the volume of the solid if every cross section 


by a plane perpendicular to the major axis has the shape 


{ај For a given initial velocity and displacement, the 
of a square. 


total energy of the system is constant. Show that c 


and x are related by an equation whose graph is an 38 Work Exercise 37 with the cross section having the 
ellipse, and find the lengths of the major and minor shape of an equilateral triangle 
axes. 


39 A common model for human limbs is the elliptical frus- 
tum shown in the figure on the next page, where cross 
sections perpendicular to the axis of the frustum are 


ib) Find a relationship between the area А of the ellipse 
in (a) and the total energy E. 


An ellipse has a vertex at the origin and foci F(p, 0) elliptical and have the same eccentricity. For human 
and F(p + 2c, 0), as shown in the figure. If the focus limbs, the eccentricity typically varies from 0.6 to values 
at F, is fixed and (х. y) is on the ellipse, show that near 1. ПА = a,/b, = a5/b, and if L is the length of the 
lim, ‚‚ y? = 4px. (Thus, a parabola may be considered limb, show that the volume V is given by the equation 


as an ellipse with “опе focus at infinity.") V = (InL/k)(at + аа, + ад). 





12.3 HYPERBOLAS 


EXERCISE 39 


40 The base of a right elliptic cone has major and minor 
axes of lengths 2a and 2h, respectively. Find the volume 


if the altitude of the cone is h. 
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42 Find the dimensions of the rectangle of maximum area 
that can be inscribed in an ellipse of semiaxes a and b 
if two sides of the rectangle are parallel to the major 
axis. 


43 Prove that if a normal line to a point P(x,, у,) on ап 
ellipse passes through the center of the ellipse, then the 
ellipse is a circle. 


44 Establish the reflective property of the ellipse by showing 
that x = [ in Figure 12.22. 


[c] Exer. 45-46: Graph, on the same coordinate axes, the 
given ellipses. (a) Estimate their points of intersection. 
(5) Set up an integral that can be used to approximate 
the area of the region bounded by and inside both 





41 The shape of the earth's surface can be approximated ellipses. 
by revolving the ellipse (х2/а2) + (y?/b?) = 1, with a = х2 у? х2 (y-24y 
6378 km and b = 6356 km, about the x-axis. Approxi- "ato Sp g! 
mate the surface area of the earth to the nearest 10° km?. | 2 ! ! 
(Hint: Use (6.19) with f(x) = Vb? — (b?/a?)x? , and make Р” x xf at (x 19) $ у? x4 
the substitution u = (b/a)x.) 39 24 4.1 2.5 


12.3 HYPERBOLAS 


Definition (12.9) 


FIGURE 12.23 


As 











The definition of a hyperbola is similar to that of an ellipse. The only 
change is that instead of using the sum of distances from two fixed points, 
we use the difference. 


A hyperbola is the set of all points in a plane, the difference of 
whose distances from two fixed points in the plane (the foci) is a 
positive constant. 


To find a simple equation for a hyperbola, we choose a coordinate 
system with foci at F(c, 0) and F’(—c, 0) and denote the (constant) dis- 
tance by 2a. Referring to Figure 12.23, we see that a point Р(х, y) is on 
the hyperbola if and only if either one of the following is true: 


d(P, F’) — d(P, Е) = 2a 
ог d(P, F) — d(P, Е) = 2a 


For hyperbolas (unlike ellipses), we need a < ¢ to obtain points on the 
hyperbola that are not on the x-axis, for if P is such a point, then from 
Figure 12.23 we see that 


dP, Е) < d(F’, Е) + аР, ЕЭ, 


because the length of one side of a triangle is always less than the sum 
of the lengths of the other two sides. Similarly, 


d(P, Е) < dF’, F) + d(P, F). 
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Theorem (12.10) 
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Equivalent forms for the previous two inequalities are 
d(P. F) — Р.Е) < dF’. F) 
and Р. F') — Р.Е) < Е, E): 


Since the differences on the left-hand sides of these inequalities both equal 
2a and since d(F’, F) = 2c. the last two inequalities imply that 2a < 2c, 
ora < с. 

The equations (Р, Е) — Р. Е) = 2a апа d(P. Е) — Р, F') = 2a 
may be replaced by the single equation 


(Р. F) — d(P, Р) = 2a. 


Using the distance formula to find (Р, F) and d(P, Е). we obtain an equa- 
tion of the hyperbola: 


Vix — e? + (y — 07 — yx + e) + (y — 0y | = 2а 


Employing the type of simplification procedure that we used to derive ап 
equation for an ellipse, we can rewrite the preceding equation as 


b? =? —a? with b»0, 


2 2 


we obtain E: - E ES 
а В 

We have shown that the coordinates of every point (х, у) on the hyper- 
bola in Figure 12.23 satisfy the last equation. Conversely, if (x. у) is a 
solution of that equation, then by reversing the preceding steps we see that 
the point (х, y) is on the hyperbola. 

By tests for symmetry, the hyperbola is symmetric with respect to both 
axes and the origin. The x-intercepts are +a. The corresponding points 
Via, 0) and V'(—a, 0) are the vertices, and the line segment УУ is the 
transverse axis of the hyperbola. The origin is the center of the hyperbola. 
The graph has no y-intercept, since the equation — y?/h? = 1 has no 
solution. 

The preceding discussion may be summarized as follows. 


The graph of the equation 


is a hyperbola with vertices (+a, 0). The foci are (+c, 0), where 
с? = а? b. 





If we solve the equation (х?/а?) — (у?/Ь?) = 1 for у, we obtain 





boa 
y= +- үх? – а?. 
а 
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There are no points (x. у) on the graph if x? — a? < 0, ог, equivalently, 
-а <x <a. There are points P(x, y) on the graph if x > a or x € ~a. 
The line y — (b/a)x is an asymptote for the hyperbola because the 
vertical distance p(x) between the point P(x, у) on the hyperbola and the 
corresponding point P(x. у) on the line approaches 0 as x increases 
without bound. To prove this. we note that if x > 0, then 
b b — 5 


p(x) = — x — — Wx? — а? = -(x— Jx^ — a7). 
a a a 


We can show, by rationalizing the numerator, that 





x —a/x* — a? a? 
l х+ух?—а° 
: - b а? 
Непсе lim p(x) = lim - ——————; = 0. 
x- a xeOx--4x^-—a 


Similarly, lim,- p(x) = 0. We can also show that the line y = ( —b/a)x 
is an asymptote for the hyperbola in Theorem 12.10. 

The asymptotes y = +(h/a)x serve as excellent guides for sketching 
the graph. A convenient way to sketch the asymptotes is to first plot the 
vertices V(a. 0). И(—а,0) and the points W(0, b), W'(0, —b) (see Fig- 
ure 12.24). The line segment W'W of length 2b is the conjugate axis of 
the hyperbola. If horizontal and vertical lines are drawn through the 
endpoints of the conjugate and transverse axes, respectively, then the 


FIGURE 12.24 
YF | | 


a р 


M 





W0. b) 


Vtu. 0) 
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FIGURE 12.25 
9х? — 4y? = 36 





FIGURE 12.26 
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diagonals of the resulting rectangle have slopes b/a and — b/a. Hence, by 
extending these diagonals we obtain lines with equations y = (+h/a)x. The 
hyperbola is then sketched as in Figure 12.24, using the asymptotes as 
guides. The two curves that make up the hyperbola are the branches of 
the hyperbola. 


EXAMPLE 1 Discuss and sketch the graph of 9x? — 4y? = 36. 


SOLUTION Dividing both sides by 36 gives us 


which is of the form stated in Theorem (12.10), with a? = 4 and Р? = 9. 
Hence a = 2 and b = 3. The vertices (+2, 0) and the endpoints (0, +3) 
of the conjugate axis determine a rectangle whose diagonals (extended) 
give us the asymptotes. The graph of the equation is sketched in Fig- 
ure 1225. 

The equations of (ће asymptotes, у = +3x, can be found by referring 
to the graph or to the equations y = + (b/a)x. 

To find the foci, we calculate 


с2 = а +62 =4 + 9 = 13. 
Thus, c= V13 and the foci are (+ /13, 0). 





The preceding example indicates that for hyperbolas it is not always 
true that a > b, as is the case for ellipses. Indeed, we may have a < b, 
а> Б, or a = b. 


EXAMPLE 2 A hyperbola has vertices (+3, 0) and passes through the 
point P(5, 2). Find its equation, foci, and asymptotes. 


SOLUTION We begin by sketching a hyperbola with vertices (+3, 0) 
that passes through the point P(5, 2), as in Figure 12.26. 
An equation of the hyperbola has the form 


Since Р(5, 2) is on the hyperbola, the x- and y-coordinates satisfy the last 
equation; that is, 


25 4 


—— =I, 
9 р? 


Solving for b? gives us b? = ł, and hence the desired equation is 


or, equivalently, x? — 4,? = 9, 
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To find the foci, we first calculate 


2 


e=a+h7=94+2=4%. 


Hence c = 4/4 = 34/5, and the foci are (+3,/5. 0). 
The general equations of the asymptotes are y = +(b/a)x. Substituting 
à = 3 and b = 3 gives us y = +4y. 


If the foci of a hyperbola are the points (0. +c) on the y-axis, then 
by the same type of argument used previously. we obtain the following 
theorem. 


Theorem (12.11) 
The graph of the equation 


is a hyperbola with vertices (0, +a). The foci are (0, +c), where 
e =a? 4b. 


For the hyperbola in the preceding theorem, the endpoints of the con- 
jugate axis are W(b, 0) and W'( — b, 0). We find the asymptotes as before, 
by using the diagonals of the rectangle determined by these points, the 
vertices, and lines parallel to the coordinate axes. The graph is sketched 
in Figure 12.27. The equations of the asymptotes are y = +(a/b)x. Note 


FIGURE 12.27 
y x 
Ци 
a b 






! Wb, 0) 
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FIGURE 12.28 
4y? — 2х? = 1 
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the difference between these equations and the equations y = +(b/a)x for 
the asymptotes of the hyperbola considered first in this section. 


EXAMPLE З Discuss and sketch the graph of 4y? — 2x? = 1. 


SOLUTION We may obtain the form in the last theorem by writing the 
equation as 





yg xi 
ЖОЕТ 
Thus, а=} $=), c-a4-b-1 
and consequently 
a= b= уй, с= E 


The vertices are (0, +4), the foci are (0, 3- У3/2), and the endpoints of the 


conjugate axes are (+ 2/2, 0). The graph is sketched in Figure 12.28. 
To find equations of the asymptotes, we can use y = +(a/b)x, obtain- 
ing y = +(/2/2)x. 


As was the case for ellipses, we may use translations of axes to gen- 
eralize our work. The following example illustrates this technique. 
EXAMPLE 4 Discuss and sketch the graph of the equation 

9x? — 4y? — 54x — 16y + 29 = 0. 


SOLUTION We arrange our work as follows: 
9(x?— 6x )-4у-4у)  )2—29 
9(x? — 6x + 9) — 4(y? + 4y + 4) = —29 + 81 — 16 
9(x — 3)? — 4(y + 2)? = 36 


w= EEJ _ 


4 9 





This equation is of the form 


aF _ WP у 
4 E C 


with x’ 2 x — 3 and у = у + 2. Thus, we translate the x- and y-axes to 
the new origin C(3, —2). The graph is a hyperbola with vertices on the 
x'-axis (the line y — — 2) and 


а? = 4, bP = 9) 05 = +b? = 13, 


Hence 





FIGURE 12.29 
(x—3 (y+ 2)? _ 
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= } 
4 9 
Ay 
(3: 1) 

Ф 

x 
(3. —2) į 
L — —® — 4 





As illustrated in Figure 12.29, the vertices are (3 + 2, —2)—that is, (5, — 2) 
and (1, —2). The endpoints of the conjugate axis are (3, —2 + 3)—that is, 
(3, 1) and (3, — 5). The foci are (3 + 4/13, —2), and equations of the asymp- 
totes are 


у+2= + 


“эн 


(x — 3). 


The results of the last three sections indicate that the graph of every 
equation of the form 


Ax? + Cy? + Dx + Ey + F = 0 


is a conic, except for certain degenerate cases in which a point, one or 
two lines, or no graph is obtained. Although we have considered only 
special examples, our methods are perfectly general. If A and C are equal 
and not 0, then the graph, when it exists, is a circle ог, in exceptional 
cases, a point. If A and C are unequal but have the same sign, then by 
completing squares and properly translating axes, we obtain an equation 
whose graph, when it exists, is an ellipse (or a point). If A and C have 
opposite signs, an equation of a hyperbola is obtained or possibly, in the 
degenerate case, two intersecting straight lines. If either A or C (but not 
both) is 0, the graph is a parabola or, in certain cases, a pair of parallel 
lines. 

We shall conclude this section with several applications of hyper- 
bolas. 


EXAMPLE 5 Coast Guard station A is 200 miles directly east of 
another station B. A ship is sailing on a line parallel to, and 50 miles 
north of. the line through stations A and B. Radio signals are sent out 
from A and B at the rate of 980 ft/usec (microsecond). If. at 1:00 Р.м., the 
signal from B reaches the ship 400 usec after the signal from A, locate 
the position of the ship at that time. 


SOLUTION Let us introduce a coordinate system, as shown in Fig- 
ure 12.304). on the following page, with the stations at points A and B 
on the x-axis and the ship at P on the line y = 50. Since at 1:00 P.M. it 
takes 400 usec longer for the signal to arrive from B than from A, the 
difference d, — d, in the indicated distances at that time is 


d, — 4, = (980)(400) = 392,000 ft. 
Dividing by 5280 (ft/mi) gives us 


392,000 
- = -- = 2424 | 
4,-4: 5280 74.2424... mi. 


At 1:00 r.m., point P is on the right branch of a hyperbola whose equation 
is (x^/a?) — (y?/b?) = 1 (see Figure 12.30(11)). consisting of all points whose 
difference in distances from the foci B and А is d} — dz. In our derivation 
of the equation (x?/a?) — (y?/b?) = 1 we let d, — d, = 2a; it follows that 
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FIGURE 12.30 
(i) (1) 





B( — 100, 0) 





A(100, 0) * 





in the present situation 


a- 742424... 
i 2 


Since the distance c from the origin to either focus is 100, 
b? = с? — a? = 10,000 — 1378, ог b?a 8622. 


Hence an (approximate) equation for the hyperbola that has foci A and 
B and passes through P is 


= 37.1212... and а? = 1378. 


2 2 


[a сш 
1378 8622 ` 
If we let y = 50 (the y-coordinate of P), we obtain 
x* 2500. i 
1378 8622 ` 


Solving for x gives us х 5: 42.16. Rounding off to the nearest mile, we 
find that the coordinates of P are approximately (42, 50). 





PAE ЫН An extension of the method used in Example 5 is the basis for the 


navigational system LORAN (for Long Range Navigation). This system 
involves two pairs of radio transmitters, such as those located at T, Т” 
and S, 5' in Figure 12.31. Suppose that signals sent out by the transmitters 
at T and T' reach a radio receiver in a ship located at some point P. 
The difference in the times of arrival of the signals can be used to determine 
the difference in the distances of P from T and T’. Thus, P lies on one 
branch of a hyperbola with foci at T and Т”. Repeating this process for the 
other pair of transmitters, we see that P also lies on one branch of a 
hyperbola with foci at $ and S’. The intersection of these two branches 
determines the position of P. 

In the next example we use a definite integral to find the volume 
of a solid of revolution obtained from a region that has a hyperbola as 
part of its boundary. 








12.3 HYPERBOLAS 


FIGURE 12.33 
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EXAMPLE 6 The region bounded by the hyperbola with equation 
(x?/a?) — (y?/b?) = 1 and a vertical line through a focus is revolved about 
the x-axis. Find the volume V of the resulting solid. 


SOLUTION The region and the solid of revolution are sketched in 
Figure 12.32(1). The point F(c, 0), with c = /a? + b?, is a focus of the 
hyperbola. As in Figure 12.32(ii), we consider the disk generated by a 
vertical rectangle of height y and width dx. The volume of the disk is 
ny? dx. 

FIGURE 12.32 

(i) (ii) 


Е(с, 0) 
——— X» 


x 





Applying the limit of sums operator |, we obtain 





-7 [c(c? — 3a?) — а(а? — 3a?)] 


2 
= ^ [Va? + b*(b? — 2a?) + 24°]. 


The surface of the solid in Example 6 is part of the hyperboloid gen- 
erated by revolving the entire hyperbola about the x-axis. We shall study 
hyperboloids in detail in Chapter 14. 

A hyperbola has a reflective property analogous to that of the ellipse 
discussed at the end of Section 12.2. To illustrate, let | denote the tan- 
gent line at a point P on a hyperbola with foci F and F', as shown in 
Figure 12.33. If x is the acute angle between ЕР and Гапа if fj is the 
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acute angle between FP and l, then x = fj. If a ray of light is directed 
along the line /, toward Р, it will be reflected back at P along the line 
|, toward Р”, This property is used in the design of telescopes of the 
Cassegrain type (see Exercise 43). 


EXERCISES 12.3 


Exer. 1-18: Find the vertices and foci of the hyperbola. 
Sketch its graph, showing the asymptotes and the foci. 


17 
18 


e aui F OS 

9 4 49 16 

y * i 45.9. 

9 4 49 16 

у? — 4х? = 16 6 х? – 2у? = 
x-y =l 8 y? — 16x? = 1 
x? — 5y? = 25 10 4у2 — 4x? = 1 
Зх? — у? = –3 12 16x? — 36? = 1 


25x? — 16у? + 250x + 32у + 109 = 0 
y? — 4х2 — 12у — 16x + 16 = 0 

4y? — x? + 40у — 4х + 60 = 0 
25x? — 9y? + 100x — 54у + 10 = 0 
9y? — x? — 36у + 12x — 36 = 0 

4x? — y? + 32x — 8y + 49 = 0 


Ехег. 19-28: Find an equation for the hyperbola that has 
its center at the origin and satisfies the given conditions. 


foci F(0, +4), 
foci F( +8, 0), 
foci F( +5, 0), 
foci F(0, +3), 
foci F(0, + 5), 
vertices V(+4,0), passing through (8, 2) 


vertices V(0, +1) 
vertices V(+5, 0) 
vertices V(+ 3, 0) 
vertices V(0, +2) 


conjugate axis of length 4 


vertices V(+3,0), asymptotes y = +2х 


foci F(0, + 10), asymptotes y = cix 


x-intercepts +5, — asymptotes y = +2х 
y-intercepts +2, — asymptotes y = tix 
The graphs of the equations 
2 2 2 
à y 
3 Pel and L-Le-i 
a D b 


are called conjugate hyperbolas. Sketch the graphs of 
both equations on the same coordinate plane, with a = 5 
and b — 3. Describe the relationship between the two 


graphs. 


30 In 1911, the physicist Ernest Rutherford (1871—1937) 


discovered that when alpha particles are shot toward the 
nucleus of an atom, they are eventually repulsed away 
from the nucleus along hyperbolic paths. The figure illus- 
trates the path of a particle that starts toward the origin 
along the line y = }x and comes within 3 units of the 
nucleus. Find an equation of the path. 


EXERCISE 30 






Nucleus 


A cruise ship is traveling a course that is 100 miles from, 
and parallel to, a straight shoreline. The ship sends out 
a distress signal, which is received by two Coast Guard 
stations A and B, located 200 miles apart, as shown in 
the figure. By measuring the difference in signal recep- 
tion times, officials determine that the ship is 160 miles 
closer to B than to A. Where is the ship? 


EXERCISE 31 











EXERCISES 12.3 
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32 See Example 5 of Section 12.2. Prove that an equa- 
tion of the tangent line to the graph of the hyperbola 
(х?/а?) — (y?/b?) = 1 at the point P(x,, y,) is 

хх Уу. 


ша. 
а? b? 


33 If tangent lines to the hyperbola 9x? — y? — 36 intersect 
the y-axis at the point (0, 6), find the points of tangency. 


34 Find an equation of a line through P(2, — 1) that is 
tangent to the hyperbola x? — 4у? = 16. 


Exer. 35-36: Find equations of the tangent line and 
normal line to the hyperbola at the point P. 


35 2x? — 5? =3; P(—2,1) 
36 3y? — 2x? = 40; Р(2, —4) 


Exer. 37-38: Let R be the region bounded by the hyper- 
bola with equation 5^x^ — а?у? = а?Ь? and a vertical 
line through a focus. 


37 Find the area of the region R. 


38 Find the volume of the solid obtained by revolving R 
about the y-axis. 


39 Let R be the region bounded by the right branch of the 
hyperbola x? — y? — 8 and the vertical line through the 
focus. Find the area of the curved surface of the solid 
obtained by revolving R about the x-axis. 


40 Show that the vertex is the point on a branch of a hyper- 
bola that is closest to the focus associated with that 
branch. 


41 Some comets travel along hyperbolic paths with the sun 
at a focus, as illustrated in the figure. If an equation of 
the path of the comet is 12x? + 24x — 4y? + 9 = 0, ap- 
proximately how close (in AU) does the comet come to 
the sun? (Hint: See Exercise 40.) 


EXERCISE 41 





Comet 


42 Establish the reflective property of the hyperbola by 
showing that x = / in Figure 12.33. 


43 The Cassegrain telescope design (dating to 1672) makes 
use of the reflective properties of both the parabola and 
the hyperbola. Shown in the figure is a (split) parabolic 
mirror, with focus at F, and axis along the line /, and 
a second hyperbolic mirror, with one focus also at F, 
and transverse axis along l. Where do incoming light 
waves parallel to the common axis finally collect? 


EXERCISE 43 


Hyperbolic mirror 


F 


Parabolic mirror 


44 Let | denote the tangent line at a point P on a hyper- 
bola (see figure). If I intersects the asymptotes at О and 
R, prove that P is the midpoint of QR. 


EXERCISE 44 





Exer. 45-46: Graph, on the same coordinate axes, the 
given hyperbolas. (а) Estimate their first-quadrant point 
of intersection. (5) Set up an integral that can be used to 
approximate the area of the region in the first quadrant 
bounded by the hyperbolas and a coordinate axis. 

(x — 0.1)? у 


2 


(y-01? (х-028- 











45 =l; SE 2. 
16 0.5 | 012 01 
(y-05* _ (х 01) _ | x? (3-03)? , 
Е: 53 0.9 216 
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12.4 ROTATION OF AXES 


We may obtain the x'y'-plane used in a translation of axes by moving the 
origin О of the xy-plane to a new position C(h, К) without changing the 
positive directions of the axes or the units of length. We shall next introduce 
a new coordinate plane obtained by keeping the origin O fixed and rotating 
the x- and y-axes about О to another position, denoted by x’ and у. A 
transformation of this type is a rotation of axes. 
FIGURE 12.34 Consider the rotation of axes in Figure 12.34, and let ф denote the 
, acute angle through which the positive x-axis must be rotated in order 
to coincide with the positive x -axis. If (x, y) are the coordinates of a point 
P relative to the xy-plane, then (х, у) will denote its coordinates relative 
to the new x'y'-plane. 
Let the projections of P on the various axes be denoted as in Fig- 
ure 12.34, and let 0 denote angle POQ'. If p = d(O, P), then 


x’ = p cos б, y —psin 0 


x = p cos (0 + ф), y=psin(0+ @). 





O(x, 0) Applying the addition formulas for the sine and cosine, we see that 
x = p cos 0 cos ф — p sin Ü sin ф 
у = рїп 0 cos ф + p cos 0 sin ф. 


Using the fact that x’ = p cos 0 and у' = p sin 0 gives us (i) of the next 
theorem. The formulas in (ii) may be obtained from (i) by solving for x' 
and у. 





Rotation of axes formulas (12.12) m 
If the x- and y-axes are rotated about the origin O, through an acute 


angle ф, then the coordinates (x, у) and (х, у) of a point P in the 
xy- and x'y"-planes are related as follows: 


(i) x 2x cos ġ —y sino, y= x' sin ф+ y соѕ ф 








(i) x = хсоѕф + ysin, y = —xsinó + y cos ф 





FIGURE 12.35 
у= 1/х 


EXAMPLE 1 The graph of xy=1, or, equivalently, y = 1/x, is 
sketched in Figure 12.35. If the coordinate axes are rotated through an 
angle of 45°, find an equation of the graph relative to the new x’y’-plane. 


SOLUTION We let ф = 45° in rotation of axes formulas (12.12)(i): 


(V2) _ (v2) v2.0  y 
x (2) y (2) - 9 (х =y) 


ÍA I> РЧ 
(v2 [v2 _ v2 Ta y 
«(Se (2) 2 (x + y) 


Substituting for x and y in the equation xy — 1 gives us 


ll 


y 


"A даг 
7 (% y) 3 € +у)=1. 
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This reduces to ——-— ex]. 





which is an equation of a hyperbola with vertices (x42, 0) on the x'-axis. 
Note that the asymptotes for the hyperbola have equations у = + ’ in 
the new system. These correspond to the original x- and y-axes. 





Example | illustrates a method for eliminating a term of an equation 
that contains the product xy. This method can be used to transform any 
equation of the form 


Ax? + Bxy + Cy? + Dx + Ey + Е = 0, 


where B 5 0, into an equation in x' and y' that contains no x'y' term. Let 
us prove that this may always be done. If we rotate the axes through an 
angle ф, then using rotation of axes formulas (12.12)(i) to substitute for 
x and y gives us 


A(x' cos ф — у' sin ф)? + В(х' cos ф — у' sin ф)(х' sin ф + у' cos ф) 
+ C(x’ sin ф + у cos 6)? + D(x’ cos ф — у sin ф) 
+ E(x' sin ф + у cos Q) + F 

='0, 


By performing the multiplications and rearranging terms, we may write 
this equation in the form 


A(x’)? + В'х'у' + С(у)? + рх + Ey + Е' = 0 
with 
A' = А cos? ф + B cos o sin ó + C sin? $ 
В = XC — A) sin ф cos ф + B (cos? ф — sin? ф) 
C' = Asin? ф — B sin $ cos ф + С cos? ф 
D' = Dcos ó + E sin ф 
Е = —D sin ф + Ecos o 
F= Е, 
To eliminate the x'y' term, we must select @ such that B' = 0; that is, 
(С — A) sin ф cos ф + B (cos? ф — sin? ф) = 0. 
Using double-angle formulas, we may write this equation as 
(C — A) sin 29 + B cos 2ф = 0, 


which is equivalent to 
А-С 
t 2ġ = ——. 
cot 2ф В 


This proves the next result. 
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FIGURE 12.36 


Theorem (12.13) 








To eliminate the xy-term from the equation 
Ax? + Bxy + Cy? + Dx + Ey + F =0, 
where B # 0, choose an angle ф such that 


tide T — 





with 0° < 2ф < 180° 





and use the rotation of axes formulas. 








The graph of any equation in x and y of the type displayed in the pre- 
ceding theorem is a conic, except for certain degenerate cases. 

When using the preceding theorem, note that sin 2ф > 0, since 0^ < 
2 < 180°. Moreover, because cot 20 = cos 2ó/sin 20, the signs of cot 20 
and cos 2ф are always the same. 


EXAMPLE 2 Discuss and sketch the graph of the equation 
41x? — 24ху + 34y? — 25 = 0. 


SOLUTION Use the notation of Theorem (12.13): 


A — 41, B= —24, С = 34 
7 


41—34 
халдан, а 





Since со! 2ф is negative, we choose 20 such that 90° < 2ф < 180°, and 
consequently cos 26 = — эх. We now use the half-angle formulas to obtain 


— 1—cos 26 — 1-1-5) 4 
sing = сөн - F 2 5 

1 + cos 2 ЇГ--(-3) 3 
TENES e ЫГ -1 Nd 


N 2 5 








Thus, the desired rotation of axes formulas are 
х= їх – у and у= х iy. 


After substituting for x апа у in the given equation and simplifying, we 
obtain the equation 


(xy + Xy = 1. 
The graph therefore is an ellipse with vertices at (+1, 0) on the x'-axis. 


Since tan ф = sin ф/соѕ ф = (3)/(3) = $, we obtain ф = апт! (3). To the 
nearest minute, ф + 53 8'. The graph is sketched in Figure 12.36. 





The next theorem states rules that we can apply to identify the type 
of conic before rotating the axes. 





12.4 ROTATION ОР AXES 


Identification theorem (12.14) 
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The graph of the equation 
Ах? + Bxy + Cy? + Dx + Ey + Е = 0 
is either a conic or a degenerate conic. If the graph is a conic, then 
it is 
(i) a parabola if B? — 44C = 0 
(ii) an ellipse if B? — 4AC <0 
| (ili) a hyperbola if B? — 44C > 0 





PROOF — If the x and y axes are rotated through an angle $, using the 
rotation of axes formulas gives us 


A(x’)? + B'x'y' + C(yP + рх + Ey +F = 0. 
Using the formulas for A’, B', and C' on page 635, we can show that 
(B'? — 4А'С' = B? — 4АС. 
For a suitable rotation of axes, we obtain B' = 0 and 
A(x')? + С'(у)? + рх + Ey + F' = 0. 

Except for degenerate cases, the graph of this equation is an ellipse if 
АС» 0(А' and C' have the same sign), a hyperbola if A’C’ < 0 (A’ and 
C' have opposite signs), or a parabola if A’C’ = 0 (either A’ = 0 or C = 0). 
However, if В’ = 0, then B? — 44C = —44A'C', and hence the graph is an 


ellipse if B^ — 4AC «0, a hyperbola if B? — 4AC > 0, or a parabola if 
B? – 4АС = 0. шш 


The expression B? — 4AC is called the discriminant of the equation in 
the identification theorem (12.14). We say that this discriminant is invariant 
under a rotation of axes, because it is unchanged by any such rotation. 


EXAMPLE 3 Use the identification theorem (12.14) to determine if 
the graph of the equation 
41x? — 24xy + 34y? —25=0 
is a parabola, an ellipse. or a hyperbola. 
SOLUTION The equation was considered in Example 2, where we per- 


formed a rotation of axes. Since A = 41, B = —24, and C = 34, the dis- 
criminant is 


B? — 4AC = 576 — 4(41)(34) = — 5000 < 0. 


Hence, by the identification theorem, the graph is an ellipse. 





In some cases, after eliminating the xy term, it may be necessary to 
translate the axes of the х у-соогашайе system to obtain the graph, as 
illustrated in the next example. 











FIGURE 12.37 





EXERCISES 12.4 
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EXAMPLE 4 Discuss and sketch the graph of the equation 
x? + 24/3xy + 3у2 + 84/3x — 8y + 32=0. 


SOLUTION Using A = 1, B = 243, and С = 3, we see that 
B? — ДАС = 12—12=0. 
By the identification theorem (12.14), the graph is a parabola. 
To apply a rotation of axes, we calculate 
А-С 1-4 | 
cot 2¢ = - = = Ee 
B 2, 3 43 
Hence 20 = 120°, ф = 60°, and 





sin ф = E cos ф = 5. 


The rotation of axes formulas (12.12)(i) are as follows: 


^ 43 , E 3 

dar хэн 5 —3W — 90) 
8.23. lomasg 
2.3 X +53 = 59% + y) 


Substituting for х апа у in the given equation and simplifying leads to 
40)? — 16у + 32 = 0, 
or, equivalently, (х)? = 4(y' — 2). 


The parabola is sketched in Figure 12.37, where each tic represents two 
units. Note that the vertex is at the point (0, 2) in the x’y’-plane, and the 
graph is symmetric with respect to the y'-axis. 











Exer. 1—13: (а) Use the identification theorem (12.14) to 8 x? + 4xy + Ay? + 6 Sx — I8BJ5y +45 =0 


determine whether the graph of the equation is à pa- 
rabola, an ellipse, or a hyperbola. [b] Use a suitable 


9 40x? — 36xy + 25y? — 8/13x — 124/13у =0 


rotation of axes to find an equation for the graph in an 10 18x? — 48xy + 82y7 + 6 10x  24/10y — 80 = 0 


x’y’-plane, and sketch the graph, labeling vertices. 


Dx! — Ixy + y? - 22x - 242y =0 
2 x! -2xy +y? + Ax + Ay = 0 

3 5x? — 8xy + Sy? 29 

4 х? – ху + y =" 

5 11%? + 10,/3ху+ у2 =4 

6 7x? — 48xy — 7y? = 225 

7 


11: 5х2 + 6/3xy — y! + 8x—843y — 1220 
12 15x? + 20xy — 4,/5x + 8/5y — 100 =0 
13 32x* — 72ху + 53у? = 80 


с Exer. 14-16: Graph the equation. 
14 L1x? — L3xy +y? — 29x — 19y =0 
15 21x? — Axy + L5y? — Ax + p—1=0 


16x? — 24xy + 9y? — 60x — 80у + 100 = 0 16 3.2х2 — 4J2xy + 2.5y? + 21y + 3x —21=0 


num 
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12.5 REVIEW EXERCISES 


Exer. 1-16: Find the vertices and foci of the conic, and 
sketch its graph. 


1 у? = 64x 

2 у= 8x? + 32х + 33 

з 9y? = 144 — 16x? 

4 9y? = 144 + 16x? 

5 x*-y?—4=0 

6 25x? + 36y? = 1 

7 25у = 100 — x? 

8 3x7 + 4у? — 18x + 8) + 19 = 0 
9 х? —9,? + 8x + 90y — 210 = 0 
10 x 22:2 + 8y +3 

11 4x? + 9y? + 24x — 36y + 36 = 0 
12 4х2 — y? — 40x — 8r + 88 = 0 
13 у? —8x+8y + 32=0 


14 4x? + y? — 24х + Ay + 36 = 0 





15 x? — 92 + 8+7=0 
16 у? — 2x7 + 6у + 8x —3 =0 


Exer. 17-26: Find an equation for the conic that satisfies 
the given conditions. 


17 hyperbola with vertices V(0, + 7) and endpoints of con- 
jugate axis (+ 3, 0) 


18 parabola, with focus F(—4, 0) and directrix x = 4 

19 parabola, with focus F(0, — 10) and directrix у = 10 

20 parabola, with vertex at the origin, symmetric to the 
x-axis, and passing through the point (5. — 1) 

21 ellipse, with vertices V(0, + 10) and foci F(0, +5) 

22 hyperbola. with foci F(+ 10, 0) and vertices И(+ 5, 0) 

23 hyperbola. with vertices V(0. +6) and asymptotes 
у= +9x 

24 ellipse. with foci F( + 2, 0) and passing through the point 
2,2) 

25 ellipse, with eccentricity į and endpoints of minor axis 
(+5, 0) 

26 ellipse, with eccentricity 3 and foci F( +12, 0) 

27 A bridge is to be constructed across a river that is 200 
feet wide. The arch of the bridge is to be semielliptical 
and must be constructed so that a ship up to 50 feet 


wide and 30 feet high can pass safely through the arch, 
as shown in the figure. 
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(ај Find an equation for the arch. 


[b] Approximate the height of the arch in the middle of 
the bridge. 


EXERCISE 27 





28 A point Р(х. y) is the same distance from (4, 0) as it is 
from the circle x^ + y? = 4, as illustrated in the figure. 
Show that the collection of all such points forms a branch 
of a hyperbola, and sketch its graph. 





29 Find equations of the tangent line and normal line 
to the hyperbola 4x? — 9y? — 8x + бу — 36 = 0 at the 
point P(—3, 2). 

30 Tangent lines to the parabola y — 2x? + 3x + 1 pass 
through the point P(2, — 1). Find the x-coordinates of 
the points of tangency. 

31 Prove that there is exactly one line of a given slope m 


that is tangent to the parabola x? = 4py, and show that 
its equation is y = mx — pnr. 

32 Consider the ellipse рх? + qy? = pq, with р> 0 and 
q > 0. Prove that if m is any real number, there are ex- 
actly two lines of slope m that are tangent to the ellipse. 


and show that their equations are у = mx + үр + qm’. 





33 Let R be the region bounded by a parabola and the line 
through the focus that is perpendicular to the axis, and 
let p be the distance from the vertex V to the focus F, 
as shown in the figure on the following page. Find the 
area of R. 
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EXERCISE 33 35 An ellipse having axes of lengths 8 and 4 is revolved 
about its major axis. Find the volume of the resulting 
solid. 


| 36 А solid has, for its base, the region in the ху-р!апс 
bounded by the graph of x? + y? = 16, Find the volume 
of the solid if every cross section by a plane perpendic- 
ular to the x-axis is half of an ellipse with semi-axis of 
length 5. 


37 Find the centroid of the region in the ху-рїале that is 
bounded by the hyperbola b^y? — a?x? = a7h? and а 
horizontal line y = ¢ through a focus. 








! 

38 Use the discriminant to identify the graph of each equa- 
| tion. (Do not sketch the graph.) 

| 

| 


[a] 2x? — 3xy + 4y? + 6x — 2у — 6-0 
| 5) 3x? + 2р -y — 2x 4+ y4420 
[6] х2 — 6xy + 9? -x—-3y- 5-0 


34 Let R be the region that is bounded by the parabola | | 
9y = 5x? — 39x + 90 and an asymptote of the hyper- Exer. 39-40: Use a suitable rotation of axes to find an 


bola 9y? — 4x2 = 36. equation for the graph in an x'y'-plane, and sketch the 
graph, labeling vertices. 


fa) Find the area of R. me а. 
39 х? — 8ху + 165? — 124/17x – 34/175 = 0 


[b] Find the volume of the solid obtained by revolving = 
R about the y-axis. 40 8x? + 12ху + 17у2 — 164/5х — 124/5у=0 


CHAPTER 
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PLANE CURVES AND 
POLAR COORDINATES 


INTRODUCTION 


The concept of curve is more general than that of the 
graph of a function, since a curve may cross itself in 
figure-eight style, be closed (as are circles and ellipses), 
or spiral around a fixed point, In fact, some curves 
studied in advanced mathematics pass through every 
point in a coordinate plane! 

The curves discussed in this chapter lie in an xy- 
plane, and each has the property that the coordinates 
x and y of an arbitrary point P on the curve can be 
expressed as functions of a variable г, called a param- 
eter. The reason for choosing the letter ¢ is that in 
many applications this variable denotes time and P 
represents a moving object that has position (x, y) at 
time t. In later chapters we use such representations 
to define velocity. acceleration, and other concepts 
associated with motion. 

In Sections 13.3 and 13.4 we discuss polar coordi- 
nates and use definite integrals to find areas enclosed 
by graphs of polar equations. Our methods are anal- 
ogous to those developed in Chapter 6. The principal 
difference is that we consider limits of sums of circular 
sectors instead of vertical or horizontal rectangles. 

The chapter closes with a unified description of 
conics in terms of polar equations. Such equations are 
indispensable in analyzing orbits of planets, satellites, 
and atomic particles. 
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13.1 PLANE CURVES _ 


Definition (13.1) 


FIGURE 13.1 
(i) Curve 


P(a) 


P(t) 


Pih) 





Definition (13.2) 
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If f is a continuous function, the graph of the equation y = f(x) is often 
called a plane curve. However, this definition is restrictive, because it ex- 
cludes many useful graphs. The following definition is more general. 


A plane curve is a set C of ordered pairs (f(t), g(t)), where f and g are 
continuous functions on an interval /. 


For simplicity, we often refer to a plane curve as a curve. The graph 
of С in Definition (13.1) consists of all points P(1) = ( f(t). g(t)) in an xy- 
plane, for t in J, We shall use the term curve interchangeably with graph 
of a curve. We sometimes regard the point P(t) as tracing the curve C as 
t varies through the interval /. 

The graphs of several curves are sketched in Figure 13.1, where / is a 
closed interval [a, b]. In (i) of the figure, Р(а) A Р(Р), and P(a) and P(b) 
are called the endpoints of C. The curve in (i) intersects itself; that is, two 
different values of t produce the same point. If P(a) = P(b), as.in Fig- 
ure 13.1(ii), then C is a closed curve. If P(a) = P(b) and C does not intersect 
itself at any other point, as in (iii), then C is a simple closed curve. 


(i) Closed curve (ш) Simple closed curve 





Р(а) = P(b) 








P(a) 





Pb) 





A convenient way to represent curves is given in the next definition. 


Let C be the curve consisting of all ordered pairs (f(t), g(t), where 
f and g are continuous on an interval /. The equations 

х= f(t) y= g(t), 
for t in Z, are parametric equations for C with parameter г. 


The curve C in this definition is referred to as a parametrized curve. and 
the parametric equations are a parametrization for C. We often use the 


PLANE CURVES 


FIGURE 13.2 
x=21,y=-1;-1 
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notation 

х= 00). у= 90); tin! 
to indicate the domain J of f апа g. Sometimes it may be possible to elim- 
inate the parameter and obtain a familiar equation in x and v for C. In 
simple cases we may sketch a graph of a parametrized curve by plotting 
points and connecting them in the order of increasing t, as illustrated in 
the next example. 


EXAMPLE 1 Sketch the graph of the curve C that has the parame- 
trization 


х-2, y=t?-1; —1<г<2. 


SOLUTION We use the parametric equations to tabulate coordinates 
of points P(x, y) on C as follows. 








е =й = 8 541412 

5|-2-1 D 171 ч 
г 1 

| y 0-1 -1 -10 3 3 








Plotting points leads to the sketch in Figure 13.2. The arrowheads 
on the graph indicate the direction in which P(x, v) traces the curve ав г 
increases from — I to 2. 

We may obtain a clearer description of the graph by eliminating the 
parameter. Solving the first parametric equation for t, we obtain t = їх, 
Substituting this expression for г іп the second equation gives us 

у = (4x? – t. 
The graph of this equation in x and y is a parabola symmetric with respect 
to the y-axis with vertex (0, — 1). However, since x = 2t and —1 € t <2, 
we see that —2 < x < 4 for points (x, у) on C. and hence C is that part 
of the parabola between the points ( —2. 0) and (4, 3) shown in Figure 13.2. 





As indicated by the arrowheads in Figure 13.2, the point P(x, y) traces 
the curve C from left to right as t increases. The parametric equations 


х--2, у=%®—1; -2zxrxl 


give us the same graph: however, as t increases, P(x, v) traces the curve 
from right to left. For other parametrizations, the point P(x, v) may oscil- 
late back and forth as t increases. 

The orientation of a parametrized curve C is the direction determined 
by increasing values of the parameter. We often indicate an orientation by 
placing arrowheads on C as in Figure 13.2. If P(x, у) moves back and forth 
as t increases, we may place arrows alongside of C. As we have observed, a 
curve may have different orientations, depending on the parametrization. 

The next example demonstrates that it is sometimes useful to eliminate 
the parameter before plotting points. 
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FIGURE 13.3 
X-—acost,y—asint;tin R 
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EXAMPLE 2 А point moves in a plane such that its position Р(х, у) 
at time г is given by 
x=acost, y=asint; tin В, 


where a > 0. Describe the motion of the point. 


SOLUTION We may eliminate the parameter by rewriting the para- 
metric equations as 


у 
—=cost, —=sint 
a a 


? > 2 
or х t y = а”. 


This shows that the point Р(х, у) moves on the circle С of radius a with 
center at the origin (see Figure 13.3). The point is at A(a, 0) when t = 0, 
at (0, a) when t = 7/2, at (—a, 0) when t = z, at (0, —a) when t = 37/2, 
and back at A(a, 0) when t = 2л. Thus, P moves around C in a counter- 
clockwise direction, making one revolution every 2л units of time. The 
orientation of C is indicated by the arrowheads in the figure. 

Note that in this example we may interpret г geometrically as the 
radian measure of the angle generated by the line segment OP. 





EXAMPLE 3 Sketch the graph of the curve C that has the parame- 
trization 


х--2401, у= 1+ 202; гіп В 
and indicate the orientation. 


SOLUTION To eliminate the parameter, we use the first equation to 
obtain t? = x + 2 and then substitute for г? in the second equation. Thus, 


у= 1 + 2(x + 2). 


FIGURE 13.4 
(1) (ii) 





2(х + 2) 
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This is an equation of the line of slope 2 through the point (—2, 1), as 
indicated by the dashes in Figure 13.4(i). However, since t? > 0, we see 
from the parametric equations for C that 


х--24022-2 and y=14 20? 31. 


Thus, the graph of C is that part of the line to the right of (—2, 1) (the 
point corresponding to t = 0), as shown in Figure 13.4(ii). The orientation 
is indicated by the arrows alongside of C. As t increases in the interval 
(— 20, 0], P(x, y) moves down the curve toward the point (—2, 1). As t 
increases in [0, ©), Р(х. y) moves up the curve away from (—2, 1). 





If a curve C is described by an equation у = f(x) for a continuous 
function f. then an easy way to obtain parametric equations for C is to let 


хээв ys 


where t is in the domain of f. For example, if y = х^, then parametric 
equations are 


x=t, у=; tinR. 
We can use many different substitutions for x, provided that as t varies 


through some interval, x takes on every value in the domain of f. Thus, 
the graph of y = x? is also given by 
Ker penu rmm 
Note, however, that the parametric equations 
x=sint, у= іп; гіп В 


give only that part of the graph of у = х? between the points (— 1, — 1) 
and (1, 1). 


EXAMPLE 4 Find three parametrizations for the line of slope т 
through the point (x,. v,). 
SOLUTION By the point-slope form, an equation for the line is 
у= у = тх x,). 
If we let x = t, then y — y, = m(t хү) and we obtain the parametrization 
х={, yy + m(t- х); tinR. 


We obtain another parametrization for the line if we let x — x, — t. 
In this case y — y, = mt, and we have 


Х-Х)-1, yy 4m tink. 


As a third illustration, if we let x — x, = tan t, then 


a л 
X=X,+tant, у= у +mtant, ——<г<. 


There are many other parametrizations for the line. 
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FIGURE 13.5 
x = зїп 21, y 2cost;0x t € 2л 
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Parametric equations of the form 


x=asinw,t, y-—bcosost 120, 


where a, b, сү, and œ, are constants, occur in electrical theory. The vari- 
ables x and y usually represent voltages or currents at time t. The result- 
ing curve is often difficult to sketch; however, using an oscilloscope and 
imposing voltages or currents on the input terminals, we can represent 
the graph. a Lissajous figure, on the screen of the oscilloscope. Computers 
are also useful in obtaining these complicated graphs. 


EXAMPLE 5 A computer-generated graph of the Lissajous figure 


x-sin2t, y-—cost; 05152 


is shown in Figure 13.5, with the arrowheads indicating the orientation. 
Verify the orientation and find an equation in x and y for the curve. 


SOLUTION Referring to the parametric equations, we see that as t in- 
creases from 0 to л/2, the point P(x, y) starts at (0, 1) and traces the part 
of the curve in quadrant I (in a generally clockwise direction). As t in- 
creases from л/2 to л. P(x, v) traces the part in quadrant III (in a counter- 
clockwise direction). For z € t € 37/2, we obtain the part in quadrant IV; 
and 37/2 € < 2л gives us the part in quadrant П. 

We may find an equation in x and y for the curve by employing trigo- 
nometric identities and algebraic manipulations. Writing x = 2 sin t cost 
and squaring, we have 


„ 


a 


4 sin? t cos 


X I, 
x 


3 


ог 4(1 — cos? t) cos? 1. 
Using y — cos t gives us 
x? = 4(1 — у?)у?. 
To express у in terms of x, let us rewrite the last equation as 
4y* — 4y? + x7 = 0 
and use the quadratic formula to solve for y? as follows: 


> 4+\/16— 16x? 1+ 1 – х? 
eT 8 = Д 


Taking square roots, we obtain 


1+/1—х°? 
ZEN > Я 


These complicated equations should indicate the advantage of expres- 
sing the curve in parametric form. 





A curve С is smooth if it has a parametrization x = f(t). y = g(t) on an 
interval / such that the derivatives f’ and д are continuous and not simul- 
taneously zero, except possibly at endpoints of J. A curve C is piecewise 
smooth if the interval J can be partitioned into closed subintervals with 
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FIGURE 13.7 





C smooth on each subinterval. The graph of a smooth curve has no corners 
or cusps. The curves given in Examples 1—5 are smooth. The curve in the 
next example is piecewise smooth. 


EXAMPLE 6 Thecurve traced by a fixed point P on the circumference 
of a circle as the circle rolls along a line in a plane is called a cycloid. Find 
parametric equations for a cycloid and determine the intervals on which 
it is smooth. 


SOLUTION Suppose the circle has radius а and that it rolls along (and 
above) the x-axis in the positive direction. If one position of P is the ori- 
gin, then Figure 13.6 displays part of the curve and a possible position of 
the circle. 


FIGURE 13.6 








Let K denote the center of the circle and T the point of tangency with 
the x-axis. We introduce, as a parameter t, the radian measure of angle 
TKP. The distance the circle has rolled is d(O, Т) = at. Consequently the 
coordinates of K are (at, a). If we consider an x'y'-coordinate system with 
origin at K(at, a) and if P(x’, y') denotes the point P relative to this system, 
then, by the translation of axes formulas with h = at and k = а, 


x-—ü +x, у=а+у. 


If, as in Figure 13.7, 0 denotes an angle in standard position on the x‘y’- 
plane, then 0 = (31/2) — t. Hence 


< 
Il 


“Зп . 
a cos Ü — a cos = -t]2-—asmt 


Р NE on 
y = аѕіп 0 = а ѕіп r = —acost, 


and substitution in x = at + x’, у =a + у gives us parametric equations 
for the cycloid: 


x=a(t—sint), y=a(l—cost); tin R. 
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Differentiating the parametric equations of the cycloid yields 


dx dy 5 
= «(1 — cos t), =asint. 

dt di 
These derivatives are continuous for every г, but are simultaneously 0 at 
t = 2лп for every integer n. The points corresponding to t = 2z7 are the 
x-intercepts of the graph, and the cycloid has a cusp at each such point 
(see Figure 13.6). The graph is piecewise smooth, since it is smooth on the 
t-interval [2zn. 2z(n + 1)] for every integer n. 


If а < 0, then the graph of x = a(t — sin t), у = a(1 — cos t) is the in- 
verted cycloid that results if the circle of Example 6 rolls below the x-axis. 
This curve has a number of important physical properties. To illustrate, 
suppose a thin wire passes through two fixed points А and B, as shown 
FIGURE 13.8 in Figure 13.8. and that the shape of the wire can be changed by bending 
A it in any manner. Suppose further that a bead is allowed to slide along 
the wire and the only force acting on the bead is gravity. We now ask 
which of all the possible paths will allow the bead to slide from A to B 
in the least amount of time. It is natural to believe that the desired path 
x is the straight line segment from А to B: however, this is not the correct 
answer. The path that requires the least time coincides with the graph of 
B an inverted cycloid with 4 at the origin. Because the velocity of the bead 
increases more rapidly along the cycloid than along the line through 4 and 
B, the bead reaches B more rapidly, even though the distance is greater. 
There is another interesting property of this curve of least descent. 
Suppose that А is the origin and B is the point with x-coordinate z |a |— 
that is, the lowest point on the cycloid in the first arc to the right of A. 
If the bead is released at any point between 4 and B. it can be shown that 

the time required for it to reach B is always the same. 
Variations of the cycloid occur in applications. For example, if a 
motorcycle wheel rolls along a straight road, then the curve traced by a 
fixed point on one of the spokes is a cycloidlike curve. In this case the curve 
does not have corners or cusps, nor does it intersect the road (the x-axis) 
as does the graph of a cycloid. If the wheel of a train rolls along a railroad 
track, then the curve traced by a fixed point on the circumference of the 
wheel (which extends below the track) contains loops at regular intervals. 

Other cycloids are defined in Exercises 33 and 34. 


EXERCISES 13.1 





Exer. 1-24: ja] Find an equation in x and y whose graph 5x24 —5  y-2t 3; tin R 
contains the points on the curve C. (5) Sketch the graph ё — tin R 

of C and indicate the orientation. 

1х=1-2, у=2+3; 0<1<5 7х=е ya tin R 
2x=1-2r, у=1+; —1<г<4 8 x — Nt, у=+4& t20 
Зхъ2 +1, y= =i; -1кг«2 9 x —2sin t, y23cost O<t<2n 


| 

| 
to 
lA 
lA 
һә 


48х-02-41, у=г 10 x=cost—2, y=sint +3: 0<1< 2л 
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24 


x = sect y=tane —л/2<1<п/2 
x = cos 2t, y= Sin i =-п<1<1п 
х==#, yz2lnt; г-0 

x =cos? t, y — sin? t 0=1< 2л 

X =sint, y=cse 1; O<t<7/2 
xime, ye; tin Е 

x — cosh £, y — sinh t; tin R 

х = 3 cosh t. у= 2 sinh t; tin È 

V= t у= 2-1 [rz 1 
x2-241-P, у=1 [rx 1 

xc у=ү?- 1+1; O<1<4 

х= 21, у= 81°; -1ztzl1 

x — (t 1p, y =(t +2); 0<1<2 

х = tan г, y= —nj2<t<n/2 


Exer. 25-26: Curves C,, Ca, C,, and C, are given para- 
metrically, for t in R. Sketch their graphs and indicate 


orientations. 
25 Du жез; уг! 
Ce о, у= 
Су x=sin*t, y=sint 
С Xm у= –е 
26 С, х=, y=1-t 
Cz x=1—- ver 
Cr; x= cost; y=sin®t 
Cy x-lnt—t, y=l+r—Int t>0 


Ехег, 27-28: The parametric equations specify the posi- 
tion of a moving point Р(х, y) at time г. Sketch the graph 
and indicate the motion of P as ¢ increases. 


27 


28 


(ај x = cos t. y-sint: 0О<г1<л 
[b] x 2 sin t, ys cóst; О<г<л 
id xt, yexX41-8; -tetsl 
(а) x = 2, у= 1-23 QOszr£el 
5)х-1-11, уй: lerse 
(с) x-6os?t, у= п? б atar 


Show that 


x=acost+h, y=bsint+k: 0<г<2л 

are parametric equations of an ellipse with center (h, k) 
and axes of lengths 2a and 2b. 

Show that 


x=asect+h, y=b tant + k: 


| л 
, unc t Æ 5 


л 3л 
-5<1< 
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32 


33 


34 


are parametric equations of a hyperbola with center 
(А. k), transverse axis of length 2a. and conjugate axis 
of length 2b. Determine the values of t for each branch. 


If P(x. у) and Р.(х,, у) are distinct points, show that 


х= (х=) х, y-(yy—yot y: tink 


are parametric equations for the line | through Р, 
and P,. 
Describe the difference between the graph of the hyper- 
bola (х?/а?) — (y?/b?) = 1 and the graph of 

x = a cosh Г. t in R. 


(Hint: Use Theorem (8.11).) 


у= Р єл t; 


A circle C of radius b rolls on the outside of the circle 
x? + у? =a?, and b <a. Let P be a fixed point on C, 
and let the initial position of P be A(a, 0). as shown in 
the figure. If the parameter / is the angle from the positive 
x-axis to the line segment from О to the center of C, 
show that parametric equations for the curve traced 
by P (an epicycloid ) are 





+b \ 
x = (a + b) cos t — b cos ( |) 


a+b 
b 





х 
ЕСЕ г); 0< г< 2л. 


EXERCISE 33 





Ala. U) 


If the circle C of Exercise 33 rolls on the inside of the 
second circle (see the figure on the following page), then 
the curve traced Бу P is а hypocycloid. 


{ај Show that parametric equations for this curve are 
a—h ` 
x = (a — b) cos t + b cos "E (1. 
) 


ad n 
г): (< 7 < 27. 
b 


7 


Р . fa 
y—(a—b)sint—h sn( 


[b] If b = 1а, show that x= a cos? t, v = «sin? t and 
sketch the graph. 
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EXERCISE 34 





Ala, 0) 


35 If b= {a in Exercise 33, find parametric equations for 
the epicycloid and sketch the graph. 

36 The radius of circle B is one-third that of circle A. How 

many revolutions will circle B make as it rolls around 

circle A until it reaches its starting point? (Hint: Use 

Exercise 35.) 


37 If a string is unwound from around a circle of radius а 
and is kept tight in the plane of the circle, then a fixed 
point P on the string will trace a curve called the involure 
of the circle. Let the circle be chosen as in the figure. If 
the parameter t is the measure of the indicated angle and 
the initial position of P is A(a, 0), show that parametric 
equations for the involute are 


X = a(cos t + t sin t), 


EXERCISE 37 


y = а(5іп t — t cos t). 





38 Generalize the cycloid of Example 6 to the case where Р 
is any point on a fixed line through the center C of the 
circle. If b = d(C, P), show that 


x-—at —bsint, y=a—bcost. 

Sketch a typical graph if b < a (a curtate cycloid) and if 
b > a (a prolate cycloid). The term trochoid is sometimes 
used for either of these curves. 





CHAPTER 13 PLANE CURVES AND POLAR COORDINATES 


39 Refer to Example 5. 


{г} Describe the Lissajous figure given by f(t) = a sin wr 
and g(t) = b cos wt fort > 0 and a = b. 

(5) Suppose f(t) = a sin wt and g(t) = b sin wt, where 
оу and œw, are positive rational numbers, and write 
w/w, as m/n for positive integers m and n. Show that 
if p = 2zn/o,. then f(t + p) = f(t) and g(t + p) = g(t). 
Conclude that the curve retraces itself every p units 
of time. 


40 Shown in the figure is the Lissajous figure given by 


xz2sin3t y=3sin 1.Sty (20. 


[a] Find the period of the figure—that is, the length of 
the smallest t-interval that traces the curve. 


[b] Find the maximum distance from the origin to a 
point on the graph. 


EXERCISE 40 





[c] Exer. 41-44: Graph the curve. 


41 х= З зіп? г, ў = 3:605 t; 0<г< 2л 
42 x=8 cost—2cos 4t, у= 8 sin 1—2 sin 4t; 0 <t < 27 
43 x= 3 — 2 sin t, у= 3 —– 2 со5 1; —8<r<8 
44 х= 2t — 3sin t y-2-—3cost; -8<1<8 


Ехег. 45-48: Graph the given curves оп the same со- 
ordinate axes and describe the shape of the resulting 
figure. 


[c] 5 Cy: x=2sin3, y=3cosd; —n/2<t<n/2 
C; x=}cost +}, ус18 01-44 0<t< 22 
Су: х= }с051— 3, у= TDsint- 3 O<1 < 22 
C4; x-4jcost, y= dint: O<st<2n 
Cs: x=} cost, y=tsin'e +}; nst<2n 
46 Cy: x=$cost+1, y=sint—1; -—2/2<t<n/2 
C; хэ4С061-1, y=sint +1; —n/2<t<x/2 
Cy x= y =2 tant: —л/4<1<л/4 
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47 C X= tant, 3 tan t; 


у= 

C; х= 1+1апг, y-23-—3tant; 
нэхэж 
у=з: 


Єз; »=4++ tant, 





O<t<n/4 48 Су: х-1-со81, y=1l+sint; 1/3 <1< 27 
0<1< п/4 C; x=1+tant, у= 1; 0<1< л/4 
O<t<n/4 
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Theorem (13.3) 


The curve C given parametrically by 
к-2, peP—- —Iztz2 


can also be represented by an equation of the form y = k(x), where k is а 
function defined on a suitable interval. In Example | of the preceding 
section, we eliminated the parameter t, obtaining 


y=k(x)=4x?-1 for —2<x <4. 
The slope of the tangent line at any point P(x, y) on C is 
k(x) = іх, or k(x) =4(20) = t. 


Since it is often difficult to eliminate a parameter, we shall next derive a 
formula that can be used to find the slope directly from the parametric 
equations. 


If a smooth curve C is given parametrically by x = f(t), у = g(t), 
then the slope dy/dx of the tangent line to C at P(x, y) is 
dy — dy/dt 


Ў dx 
dx" addi 74? provided u 350. 


PROOF  Ifdx/dt # Oat x = c, then, since f is continuous at c, dx/dt > 0 
or dx/dt < 0 throughout an interval [a,b], with a < c <b (see Theo- 
rem (2.27)). Applying Theorem (7.6) or the analogous result for decreasing 
functions, we know that f has an inverse function f~', and we may con- 
sider t = f ^ (x) for x in [ f(a), f(b)]. Applying the chain rule to y = g(t) 
and t = f ^ (х), we obtain 


dy  dydt — dyjdt 
dx dtdx аха” 


where the last equality follows from Corollary (7.8). =m 





EXAMPLE 1 Let C be the curve with parametrization 

Xm2b узГр-1 -146:42 
Find the slopes of the tangent line and normal line to C at Р(х,у). 
SOLUTION The curve С was considered in Example 1 of the preceding, 


section (see Figure 13.2). Using Theorem (13.3) with x = 2t and y = t? — 1, 
we find that the slope of the tangent line at Р(х, y) is 


dy dy 20 
dx аха 2 
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FIGURE 13.9 
x= 3, y= —St—1:tinR 








Second derivative in 
parametric form (13.4) 
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This result agrees with that of the discussion at the beginning of this sec- 
tion, where we used the form у = k(x) to show that m = ix = г. 

The slope of the normal line is the negative reciprocal —1/r, provided 
г + 0. 


EXAMPLE 2 Let С Бе the curve with parametrization 

x=r-3r, у= 12—51 1; tin В. 
(a) Find an equation of the tangent line to С at the point corresponding 
to t= 2: 


(b) For what values of t is the tangent line horizontal or vertical? 


SOLUTION 


(a) A portion of the graph of C is sketched in Figure 13.9, where we have 
also plotted several points and indicated the orientation. Using the para- 
metric equations for C, we find that the point corresponding to t = 2 is 
(2. —7). By Theorem (13.3), 


dy душ 2-5 
ах dx/dt 3?—3 





The slope m of the tangent line at (2, —7) is 


Applying the point-slope form, we obtain an equation of the tangent line: 
yt72-—4(x—2). or x+9y= —61 


(b) The tangent line is horizontal if dy/dx = 0 —that is, if 27 — 5 = 0, or 
t = $. The corresponding point on С is (6, — 2?), as shown in Figure 13.9. 

The tangent line is vertical if 3t? — 3 = 0. Thus, there are vertical tan- 
gent lines at the points corresponding to t = 1 and t = —1—that is, at 
(—2,:5) and (2,5). 


If a curve С is parametrized by x = f(t). у = g(t) and if у’ is a differen- 
tiable function of г, we can find 42у/дх? by applying Theorem (13.3) to y’ 
as follows. 


E ауа 


0 - edi 


d 
dx? dx 
It is important to observe that 
d'y дуја? 
dx? © 41х/4г27 





13.2 TANGENT LINES AND ARC LENGTH 


653 





FIGURE 13.10 
x-e'yee*5tinR 


ÀJ 








EXAMPLE 3 Let C be the curve with parametrization 


xag", уз tinR. 


(a) Sketch the graph of C and indicate the orientation. 
(b) Use (13.3) and (13.4) to find dy/dx and d^ y/dx?. 


(с) Find a function k that has the same graph as C, and use К(х) and k”(x) 
to check the answers to (b). 


(d) Discuss the concavity of C. 


SOLUTION 


(а) To help us sketch the graph, let us first eliminate the parameter. Using 
x—e'^' = l/e, we see that e' = 1/x. Substituting in y = е2' = (e)? gives us 


(x) | 
у = - = m 
x x^ 


Remembering that x = ег‘ > 0 leads to the graph in Figure 13.10. Note 
that the point (1. 1) corresponds to t = 0. If t increases in (— x, 0]. the 
point Р(х. y) approaches (1. 1) from the right as indicated by the arrow- 
head. If t increases in (0, x), P(x, y) moves up the curve, approaching 
the y-axis. 

(b) By (13.3) and (13.4), 


dy — dyjdt 2e 











CUNT Te ques, РЕР. fra = — 2e?! 
dx аха —e' 
Ж E 7 „3i 
d y ai 4) _ dy'/dt _ 2 aH бо“. 
ах? dx dx/dt —e' 


(c) From part (a), a function k that has the same graph as C is given by 
І 2 
К(х) = d^ xc for жей, 


Differentiating twice yields 
Кх) 2 —2x73 = —-2(e€ ') = —2e* 
К) 6x * = 6(67')- "= 62", 
which is in agreement with part (b). 


(а) Since d?y/dx? = 6e*' > 0 for every t, the curve С is concave upward at 
every point. 








If a curve C is the graph of y = f(x) and the function f is smooth on 
(а, b], then the length of C is given by fẹ 1 + [/(х)]? dx (see Defini- 
tion (6.14)). We shall next obtain a formula for finding lengths of para- 
metrized curves. 

Suppose a smooth curve С is given parametrically by 





==), ул 40 astsb. 


Furthermore, suppose С does not intersect itself—that is, different values 
of t between a and b determine different points on C. Consider a partition 
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FIGURE 13.11 
У 











> 


Theorem (13.5) 


P'of [a, b] given by à = fg «t, € t; €^ ct, = D. Let At; = — t4 
and let P, = (f(t); g(1,)) be the point on С that corresponds to t,. If 
d(P, .,. P,) is the length of the line segment P, ,P,, then the length Lp 
of the broken line in Figure 13.11 is 


Lp= Ў. (Р, 
к= 1 


As in Section 6.5, we define 


L= lim Lp 


\Р\|-0 
and call L the length of C from Р, to Р, if for every є > 0 there exists a 
д > 0 such that | Lp — L| < e for every partition P with || P || < ô. 
By the distance formula, 
d(P, _ |. P) = Nf — fit - 9] + Ealt) — att - 0p. 

By the mean value theorem (4.12), there exist numbers w, and z, in the 
open interval (|, |.) such that 

104) ын f(t = 1) = fw) At, 

g(t,) — g(t, 1) 4121 At. 
Substituting these in the formula for d(P,_,, P,) and removing the com- 
mon factor (Ar,)? from the radicand gives us 

АР, ү. P) = VS (wo)? + (oe) ]}* Aty: 


Consequently 


iN 


L= li Lp= lim Y [f'wJP + [g'(z)? At,, 


I| P\|+0 1211-0 k=1 
provided the limit exists. If w, = z, for every k. then the sums are Riemann 
sums for the function defined by J[/'(0)]^ + [g'(()]^. The limit of these 
sums is 





[= Ї 1101 + Eg OP. di 


The limit exists even if w, x z,; however. the proof requires advanced 
methods and is omitted. The next theorem summarizes this discussion. 





If a smooth curve C is given parametrically by x = f(t), y = g(t); 
à € t € b, and if C does not intersect itself, except possibly for t = a 
and t = b, then the length L of C is 


Е = Ї JLfF'p + [900] dt = £A) +6) ) (D a. 


The integral formula in Theorem (13.5) is not necessarily true if C 
intersects itself. For example. if C has the parametrization x = cos t, 
y =sint: 0 <t € 4л, then the graph is a unit circle with center at the 
origin. If t varies from 0 to 47, the circle is traced twice and hence inter- 
sects itself infinitely many times. If we use Theorem (13.5) with a — 0 and 
b = 4n, we obtain the incorrect value 4л for the length of C. The correct 
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value 2л can be obtained by using the t-interval (0, 27]. Note that in this 
case the curve intersects itself only at the points corresponding to t = 0 
and г = 2л, which is allowable by the theorem. 
If a curve C is given by y = k(x), with k’ continuous on [a, b], then 
parametric equations for C are 
х= у=}; asrab. 

In this case 

Ix dy 

T "cl = = k(t) = К(х), dt = dx, 
and from Theorem (13.5) 

iz Ї м + КОО ах. 


This is in agreement with the arc length formula given in Definition (6.14). 


EXAMPLE 4 Find the length of one arch of the cycloid that has the 
parametrization 


x=t—sint, y=1— cost; tin В. 
SOLUTION The graph has the shape illustrated in Figure 13.6. The 


radius а of the circle is 1. One arch is obtained if t varies from 0 to 27. 
Applying Theorem (13.5) yields 





L= E Vl — cos t}? + (sin t)? dt 





28 | Ч — 
= Ї 1-2со8 t + cos? t + sin? t dt. 
Since cos? t + sin? t = 1, the integrand reduces to 
/2 зан 2 cos t = /.Л == cost. 
ЛЭЭ” — 
Thus, L= /2/1 — cos t dt. 


0 


2 


Ву a half-angle formula, sin? 4t = 1(1 — cos t), or, equivalently, 


1 — cos t = 2 sin? Àt. 





Hence Vl — cos t = 4/2 sin? 3t = ,/2|sin $t |. 


The absolute value sign may be deleted, since if 0 < t < 2z, then 0 < 3t < л 
and hence sin 1t > 0. Consequently 


L= (7 22 sin it at = 2 [7" sin t dt 


-4| cos | = === Па. 





To remember Theorem (13.5), recall that if ds is the differential of arc 
length, then, by Theorem (6.17), 


(ds)? = (dx)? + (dy)?. 


Assuming that ds and dt are positive, we have the following. 
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Parametric differential of 
arc length (13.6) 


FIGURE 13.12 





Theorem (13.7) 


FIGURE 13.13 
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— dx\? (жуү 
=] 2 2 => — —— 
ds = (ах)? + (dy) (>) (2) dt 





Using (13.6), we can rewrite the formula for arc length in Theo- 


rem (13.5) as 
{= = ds. 


The limits of integration specify that the independent variable is t, not s. 

If a function f is smooth and nonnegative for a < x < b, then. by 
Definition (6.19), the area S of the surface that is generated by revolving 
the graph of y = f(x) about the x-axis (see Figure 13.12) is given by 


- x=h 
$ = Ї 2лу ds, 
ха 


where ds = 1 + [ f'(x)]? dx. We can regard 2лу ds as the surface area 
of a frustum of a cone of slant height ds and average radius у (see (6.18)). 

If a curve C is given parametrically by x = f(t), v = g(t);a € t € b and 
if g(t) > 0 throughout [a. b]. we can use an argument similar to that given 
in Section 6.5 to show that the area of the surface generated by revolving 
C about the y-axis is 5 = (1-7 2zy ds, where ds is the parametric differential 
of arc length (13.6). Let us state this for reference as follows. 


Let a smooth curve С be given by x = f(t), y = g(t); a < t < b. and 
suppose C does not intersect itself, except possibly at the point cor- 
responding to t = a and t = b. If g(t) > 0 throughout [a. b]. then the 
area 5 of the surface of revolution obtained by revolving C about 
the x-axis is 


гЬ b dx \? dy V 
S= fa 2ny ds = | 2nglt) (2) + (2) dt. 





The formula for 5 in Theorem (13.7) can be extended to the case in 
which y = g(t) is negative for some гіп [a,b] by replacing the variable y 
that precedes ds by | v |. 

If the curve C in Theorem (13.7) is revolved about the y-axis and if 
x = f(t) > 0fora x t € b (see Figure 13.13), then 


7 ~ 1 2 dy 2 
" 2nx ds = | dafin) (= + 3 4! 
а vu y V di di 


In this case we may regard 2лх ds as the surface area of a frustum of a 
cone of slant height ds and average radius x. 


EXAMPLE 5 Verify that the surface area of a sphere of radius a 
is 4ла?. 


SOLUTION If C is the upper half of the circle x? + у? = а?. then the 
spherical surface may be obtained by revolving C about the x-axis. Para- 
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metric equations for С are 
S=acost; yasint; Ost<x. 


Applying Theorem (13.7) and using the identity sin? + cos? = 1, we 


have 
ы "n : SE Pe Se. Se wa a fw: 
Se 1, 2ла sin t/a? sin? t + a? cos? t dt = 2ra? i sin t dt 
= —2na* [cos Ji = —2na?[—1 — 1] = 4ла?. 
EXERCISES 13.2 
Exer. 1-8: Find the slopes of the tangent line and the 19 х= Asin2t, у= 2 соѕ M 


normal line at the point on the curve that corresponds 
totzl. 





1 xt +1 у= 17 – 1 —2<<2 

2х-041, у=#—1; —2<t<2 

3x=4°-5 y=2t+3 tink 

4 = үзэл” tin R 

Exe, yeme tin R 

6 X — 4t. у=3 +4: t20 

7 х= 25901, у = 3 соѕ Г; Ostan 

8x=cost—2, y=sint +3; 0<1< 2л 

Ехег. 9—10: Let C be the curve with the given parametri- 20 х=$ пн, y=4sin 21 


zation, for гіп 2. Find the points on C at which the 
slope of the tangent line is m. 


9 x=, y--—6?7—18:; т=2 


Il 


10 х-11-1, ре 502 – 3; т = 4 


Exer. 11-18: (а) Find the points on the curve C at which 
the tangent line is either horizontal or vertical. (5) Find 
d?yjdx?. (cj Sketch the graph of C. 


131x240, уГ-12 гіп В 





12 х-17-4, y=r—4; tink 


, 





13 x1 4 1 y2st^-2t tinR 
14 х= 121—1, у=12— 5; гіп В 
wsze а [x0 Exer. 21—26: Find the length of the curve. 
= < = . у == Wt. 2 
16 X= 3/7 у= tinR 21 x= 51°, у= 20: 011 
ка 44. үз: NRE OS i 
с ж ba 293/2. 
17 х= cos? t, y sin? t; 0<i<2n 22 х= 3t, aia 05:54 
18 x 2 cosh t у = sinh t: tin R 23 х = е cost, y=e' sint; 0<1<л/2 
24 x = cos 2t, y=sin? t 0-1«л 


Ехег. 19-20: Shown is a Lissajous figure (see Example 5, 
Section 13.1). Determine where the tangent line is hori- 
zontal or vertical. 26 х 


25 x=tcost—sint, y=tsint+cost, 0<<л/?2 


te 


cos? 1. yz sin? t; Ог 











658 CHAPTER 13 PLANE CURVES AND POLAR COORDINATES 
[с] Ехег. 27-28: Use Simpson’s rule, with n = 6, to approx- Ехег. 35—38: Find the area of the surface generated by 

imate the length of the curve. revolving the curve about the y-axis. 

27 x=2cost, y=3sint; 0<1< 2л 35 х= 41/2. у= +1: 1t«4 

28 x=4 —t, у= 21; 0<г<1 36 x = ЗГ, у= 1+1; O<1<5 

Ехег. 29—34: Find the area of the surface generated by 37 x=e'sint, yze'cost; О<г<л/2 


revolving the curve about the x-axis. 


28: 0< г< 


38 x = 312, у 


sig = Ir ‘ 
ЭР ЭРЭР, у= Osts4 [c] Exer. 39—40: Use Simpson's rule, with л = 4, to approx- 


30 x — 4t, gætt Ixt«2 imate the area of the surface generated by revolving the 
curve about the given axis. 


31 x 2 t?, yzt—ie? 0zt«l 

5853-4811, rei-3 rrr. 39 х = соѕ (12), у-яп2: O<r<1: the xaxis 
1 маг IT ? аф . » vic 

33x-t—sint, y-l1—cost; б<г<2л VH EH AA eret 05:55 the pazis 

34 x — t, у=Й?+И7!; 1к:«2 


13.3 POLAR COORDINATES 


In a rectangular coordinate system, the ordered pair (a, b) denotes the 
= point whose directed distances from the x- and y-axes are b and a, respec- 
tively. Another method for representing points is to use polar coordinates. 
We begin with a fixed point O (the origin, or pole) and a directed half- 
line (the polar axis) with endpoint O. Next we consider any point P in the 


FIGURE 13.14 plane different from О. If, as illustrated in Figure 13.14, = d(O, P) and 0 
P(r, 0) denotes the measure of any angle determined by the polar axis and OP, 

» then г and 0 are polar coordinates of P, and the symbols (r, 0) ог P(r, 0) 

# are used to denote Р. As usual, 0 is considered positive if the angle is gen- 

ы erated by a counterclockwise rotation of the polar axis and negative if the 

Р rotation is clockwise. Either radian or degree measure тау be used for 0. 

P \ 0 The polar coordinates of a point are not unique. For example (3. л/4), 
o* (3, 91/4). and (3, — 77/4) all represent the same point (see Figure 13.15). 
Pole Polar ахі we shall also allow r to be negative. In this case, instead of measuring 


|r | units along the terminal side of the angle 0, we measure along the half- 
line with endpoint O that has direction opposite that of the terminal side. 
The points corresponding to the pairs (—3, 5/4) and (— 3, — 37/4) are 
also plotted in Figure 13.15. 


FIGURE 13.15 
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We agree that the pole О has polar coordinates (0, 0) for any 0. An 
assignment of ordered pairs of the form (r. 0) to points in a plane is a polar 
coordinate system, and the plane is an r6-plane. 
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FIGURE 13.16 









а radians 


FIGURE 13.18 
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A polar equation is an equation in r and 0. A solution of a polar equa- 
tion is an ordered pair (a, Р) that leads to equality if a is substituted for 
r and b for 0. The graph of a polar equation is the set of all points (in an 
"0-ріапе) that correspond to the solutions. 

The simplest polar equations are r — a and 0 — a, where a is a non- 
zero real number. Since the solutions of the polar equation r — a are of 
the form (a, 0) for any angle 0, it follows that the graph is a circle of radius 
[a | with center at the pole. A graph for a > 0 is sketched in Figure 13.16. 
The same graph is obtained for r= —a. 

The solutions of the polar equation 0 = а are of the form (r. a) for 
any real number r. Since the (angle) coordinate a is constant, the graph 
is a line through the origin. as illustrated in Figure 13.17 for the case 
0 «a < z/2. 

In the following examples we obtain the graphs of polar equations by 
plotting points. As you proceed through this section, you should try to 
recognize forms of polar equations so that you will be able to sketch their 
graphs by plotting few, if any, points. 


EXAMPLE 1 Sketch the graph of the polar equation r — 4 sin 0. 


SOLUTION The following table displays some solutions of the equa- 
tion. We have included a third row in the table that contains one- 
decimal-place approximations to r. 











0 ол * тя =: 2 Зл л 4 
| 6 4 3 2. 3 4 6 
мн — —— — — 
Р 0 2 2, 2 243 4 24 3 2, 2 2 0 
Мыл и {0 | 2 | 
r(approx.) | 0 2 28 з4 4 34 2.8 2. W 





The points in an r@-plane that correspond to the pairs in the table 
appear to lie on a circle of radius 2, and we draw the graph accordingly 
(see Figure 13.18). As an aid to plotting points, we have extended the 
polar axis in the negative direction and introduced a vertical line through 
the pole. 

The proof that the graph of r = 4 sin 0 is a circle is given in Exam- 
ple 6. Additional points obtained by letting 0 vary from л to 27 lie on the 
same circle. For example, the solution ( — 2, 77/6) gives us the same point 
as (2. 1/6); the point corresponding to (—24/2, 57/4) is the same as that 
obtained from (24/2. 7/4); and so on. If we let 0 increase through all real 
numbers, we obtain the same points again and again because of the peri- 
odicity of the sine function. 





EXAMPLE 2 Sketch the graph of the polar equation r — 2 + 2 cos 0. 


SOLUTION Since the cosine function decreases from 1 to —1 as 0 
varies from 0 to л. it follows that r decreases from 4 to 0 in this 0-interval. 
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FIGURE 13.19 
r=2+2cos0 


FIGURE 13.20 
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The following table exhibits some solutions of r = 2 + 2 cos 0, together 
with one-decimal-place approximations to r. 


л л х л 2л 3л 5л 
s ? т 4 323 4 6 7 
r 4 2-43 2-42 3 2 1 2—49 2-45 0 
r (approx.) 4 3.7 34 3 2 1 0.6 0.3 0 


Plotting points in an ré-plane leads to the upper half of the graph 
sketched in Figure 13.19. (We have used polar coordinate graph paper, 
which displays lines through О at various angles and concentric circles 
with centers at the pole.) 

If Ө increases from л to 27, then cos 0 increases from — 1 to 1 and, 
consequently, r increases from 0 to 4. Plotting points for t < 0 < 27 gives 
us the lower half of the graph. 

The same graph may be obtained by taking other intervals of length 
2л for 0. 


The heart-shaped graph in Example 2 is a cardioid. In general, the 
graph of any of the following polar equations, with a x 0, is a cardioid: 
r=a(l + cos 0) r — a(1 + sin 0) 
r — a(1 — cos 0) r — а(1 — sin 0) 
If a and b are not zero, then the graphs of the following polar equa- 
tions are limaçons: 
r=a+heos0 r—a--bsin 0 


Note that the special limaçons in which |а = |b) are cardioids. Some 
limacons contain a loop, as shown in the next example. 


EXAMPLE 3 Sketch the graph of the polar equation r = 2 + 4 cos 0. 


SOLUTION Coordinates of some points in an ré-plane that correspond 
to 0 < 0 < л are listed in the following table. 
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Note that r = 0 at 0 = 27/3. The values of r are negative if 27/3 < 0 < л, 
and this leads to the lower half of the small loop in Figure 13.20. Letting 
0 range from x to 2л gives us the upper half of the small loop and the 
lower half of the large loop. 
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FIGURE 13.21 





FIGURE 13.22 
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EXAMPLE 4 Sketch the graph of the polar equation r = a sin 20 for 
а> 0. 


SOLUTION Instead of tabulating solutions, let us reason as follows. If 
0 increases from 0 or 2/4, then 20 varies from 0 to 2/2 and hence sin 20 
increases from 0 to 1. It follows that r increases from 0 to a in the 0- 
interval (0, л/4]. If we next let 0 increase from 7/4 to 7/2, then 20 changes 
from z/2 to л and hence sin 20 decreases from | to 0. Thus, r decreases 
from a to 0 in the &-interval [2;4, л/2]. The corresponding points on the 
graph constitute the first-quadrant loop illustrated in Figure 13.21. Note 
that the point P(r, 0) traces the loop in a counterclockwise direction (indi- 
cated by the arrows) as 0 increases from 0 to 7/2. 

If 72<@<n, then xz € 20 € 2л and, therefore, г = a sin 20 < 0. 
Thus, if 2/2 < 0 < тл, then r is negative and the points P(r, 0) are in the 


fourth quadrant. If 0 increases from 7/2 to л. then we can show, by plot- 


ting points, that P(r, 0) traces (in a counterclockwise direction) the loop 
shown in the fourth quadrant. 

Similarly, for z < 0 < 37/2 we get the loop in the third quadrant, and 
for 37/2 € 0 < 2л we get the loop in the second quadrant. Both loops are 
traced in а counterclockwise direction as 0 increases. You should verify 
these facts by plotting some points with, say, a = 1. In Figure 13.21 we 
have plotted only those points on the graph that correspond to the largest 
numerical values of r. 


The graph in Example 4 is a four-leafed rose. In general, a polar equa- 
tion of the form 


r-asinnÜ or r=acos nd 


for any positive integer n greater than | and any nonzero real number a 
has a graph that consists of a number of loops through the origin. If n 
is even, there are 2n loops. and if n is odd. there are n loops (see Exer- 
cises 15—18). 

The graph of the polar equation r — a0 for any nonzero real number a 
is a spiral of Archimedes. The case a = 1 is considered in the next example. 


EXAMPLE 5 Sketch the graph of the polar equation r = 0 for 0 > 0. 


SOLUTION The graph consists of all points that have polar coordi- 
nates of the form (с. c) for every real number c > 0. Thus, the graph 
contains the points (0, 0), (7/2, 2/2), (л. л). and so on. As 0 increases, г 
increases at the same rate, and the spiral winds around the origin in a 
counterclockwise direction, intersecting the polar axis at 0, 2л, 4л,.... as 
illustrated in Figure 13.22. 

If @ is allowed to be negative, then as 0 decreases through negative 
values, the resulting spiral winds around the origin and is the symmetric 
image. with respect to the vertical axis, of the curve sketched in Fig- 
ure 13.22. 
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Relationships between rectangular 
and polar coordinates (13.8) 


Let us next superimpose an xy-plane on an ró-plane so that the posi- 
tive x-axis coincides with the polar axis. Any point P in the plane may 
then be assigned rectangular coordinates (x, y) or polar coordinates (r, 0). 
If r > 0, we have a situation similar to that illustrated in Figure 13.23(i). 
If r < 0, we have that shown in (ii) of the figure, where, for later purposes, 
we have also plotted the point P' having polar coordinates (|r|, 0) and 
rectangular coordinates (— x, — y). 


FIGURE 13.23 
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The following result specifies relationships between (x. y) and (r, 0), 
where it is assumed that the positive x-axis coincides with the polar axis. 


The rectangular coordinates (х, у) and polar coordinates (r, 0) of a | 
point P are related as follows: 


li) x —rcos0, y=rsin0 


p) r? = x? + y?, tan 0 => if x40 


PROOF Although we have pictured 0 as an acute angle in Figure 13.23, 
the discussion that follows is valid for all angles. If r>0 as in Fig- 
ure 13.23(i), then cos 0 = x/r, sin 0 = y/r, and hence 


х= ғс05 0, y=rsin0. 
Ifr < 0, then |r| = —r, and from Figure 13.23(11) we see that 
—X еж х ^ == — y 
cos 0 = =—_ =; sinüe.—-—z- 
"| =r r | =r r 


Multiplication by r gives us relationship (i), and therefore these formulas 
hold if r is either positive or negative. If r = 0, then the point is the pole 
and we again see that the formulas in (i) are true. 

The formulas in (ii) follow readily from Figure 13.23. шш 


We may use the preceding result to change from one system of coor- 
dinates to the other. A more important use is for transforming a polar 
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FIGURE 13.24 


FIGURE 13.25 
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equation to an equation in x and y, and vice versa. This is illustrated in 
the next three examples. 


EXAMPLE 6 Find an equation in x and y that has the same graph 
as the polar equation r = a sin 0, with a #0. Sketch the graph. 


SOLUTION From (13.8)(i), a relationship between sin 0 and y is given 
by у =r sin 0. To introduce this expression into the equation г = a sin 0, 
we multiply both sides by r, obtaining 


r^ = ar sin 0. 
Next, using r? = x? + y? and y = r sin 0, we have 
ч ? 
x? + у? = ау, 
ог x? + y? — ау = 0. 


Completing the square in y gives us 


— Чү (аү 

ХЭ УУ E = 2|” 

4 aV a\? 

or Х-Ч | 65:51 551515 
х ир: an’, 


In the xy-plane, the graph of the last equation is a circle with center 
(0. a/2) and radius |a |/2, as illustrated in Figure 13.24 for the case a > 0 
(the solid circle) and a < 0 (the dashed circle). 


Using the same method as in the preceding example, we can show that 
the graph of r = a cos 0, with a # 0, is a circle of radius a/2 of the type 
illustrated in Figure 13.25. 


EXAMPLE 7 Find a polar equation for the hyperbola x? — у? = 16. 


SOLUTION Using the formulas x = r cos 0 and у =r sin 0, we obtain 
the following polar equations: 


(r cos 0) — (r sin 0)? = 16 
r? cos? 0 — ғ sin? 0 = 16 
r? (cos? 0 — sin? 0) 2 16 
r? cos 20 — 16 
16 
cos 20 


r? = 16 sec 20 


4 


The division by cos 20 is allowable because cos 20 #0. (Note that if 
cos 20 = 0, then г> cos 20 ¥ 16.) 
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EXAMPLE 8 Find a polar equation of an arbitrary line. 


SOLUTION Every line in an xy-coordinate plane is the graph of a lin- 
ear equation ax + by = c. Using the formulas x = r cos дапа y = r sin 0 
gives us the following equivalent polar equations: 


ar cos 0 + br sin 0 = с 
ria cos 0 + b sin 0) = с 


ё 
r= — 
a cos 0 + b sin 0 


If we superimpose an xy-plane on an rO-plane, then the graph of a 
polar equation may be symmetric with respect to the x-axis (the polar 
axis), the y-axis (the line 0 = 2/2). or the origin (the pole). Some typical 
symmetries are illustrated in Figure 13.26, This leads to the next result. 


FIGURE 13.26 Symmetries of graphs of polar equations 
(i) Polar axis 











(ii) Line 0 = 72 (ш) Pole 


(7, т — 9) 
(ЭР, ==) (r. Ө) 











(i) The graph of r = /(0) is symmetric with respect to the polar 
axis if substitution of — 0 for 0 leads to an equivalent equation. 


(ii) The graph of r = /(0) is symmetric with respect to the vertical 
line 0 = z/2 if substitution of either (a) x — 0 for 0 or (b) —r for 
rand — 0 for 0 leads to an equivalent equation. 


(1) The graph of r = /(0) is symmetric with respect to the pole if 
substitution of either (a) — for r or (b) л + 0 for 0 leads to an 
equivalent equation. 


To illustrate. since cos ( — 0) = cos 0, the graph of the polar equation 
г = 2 + 4 cos 0 in Example 3 is symmetric with respect to the polar axis, 
by test (i). Since sin (л — 0) = sin 0, the graph in Example 1 is symmetric 
with respect to the line 0 = 7/2, by test (ii). The graph in Example 4 is 
symmetric to the polar axis, the line 6 = л/2 and the pole. Other tests for 
symmetry may be stated: however. those we have listed are among the 
easiest to apply. 

Unlike the graph of an equation in x and y, the graph of a polar equa- 
tion r — f(0) can be symmetric with respect to the polar axis, the line 
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FIGURE 13.27 








Theorem (13.10) 
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0 =т/2, or the pole without satisfying one of the preceding tests for sym- 
metry. This is true because of the many different ways of specifying a 
point in polar coordinates. 

Another difference between rectangular and polar coordinate systems 
is that the points of intersection of two graphs cannot always be found 
by solving the polar equations simultaneously. To illustrate, from Ex- 
ample 1, the graph of r = 4 sin 0 is a circle of diameter 4 with center 
at (2. л/2) (see Figure 13.27). Similarly, the graph of r = 4 cos 0 a is cir- 
cle of diameter 4 with center at (2. 0) on the polar axis. Referring to 
Figure 13.27, we see that the coordinates of the point of intersection 
Р(2 4/2, 2/4) in quadrant I satisfy both equations; however, the origin О, 
which is on each circle, cannot be found by solving the equations simul- 
taneously. Thus, in searching for points of intersection of polar graphs, 
it is sometimes necessary to refer to the graphs themselves, in addition to 
solving the two equations simultaneously. An alternative method is to use 
different (equivalent) equations for the graphs. 

Tangent lines to graphs of polar equations may be found by means 
of the next theorem. 


The slope m of the tangent line to the graph of r — f(0) at the point 
Р(г, 0) is 


lr. 
36 sin 0 + r cos 0 
m = 


dr 
sü—rsin 0 
10 cos ( r sin ¢ 


PROOF If (x,y) are the rectangular coordinates of P(r, 0), then. by 
Theorem (13.8), 


x=rcos@= f(0) cos 0 


r sin 0 = f(0) sin 0. 


y 


These may be considered as parametric equations lor the graph with 
parameter 0. Applying Theorem (13.3), we find that the slope of the tan- 
gent line at (x. v) is 


dy — dy/d0 1(0) cos 0 + f (0) sin 0 
dx Е 4х/ад E ПОТ — sin 0) + f/'(0) cos 0 
10) sin 0 + f(0) cos 0 
"1 f' 0) cos 0 — f(0) sin 8 


This 15 equivalent to the formula in the statement of the theorem. ma 


Horizontal tangent lines occur if the numerator in the formula for m 
is О and the denominator is not 0. Vertical tangent lines occur if the deno- 
minator is 0 and the numerator is not 0. The case 0/0 requires further 
investigation. 

To find the slopes of the tangent lines at the pole, we must determine 
the values of 8 for which r = /(0) = 0. For such values (and with r = 0 
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FIGURE 13.28 
= 2 + 2 соѕ 0) 
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and dr/d0 # 0). the formula in Theorem (13.10) reduces to m = tan 0. 
These remarks are illustrated in the next example. 


EXAMPLE 9 For the cardioid r = 2 + 2 cos 0 with 0 < 0 < 2л, find 
(a) the slope of the tangent line at 0 = 7/6 

[b) the points at which the tangent line is horizontal 

(c) the points at which the tangent line is vertical 


SOLUTION (ај The graph of r = 2 + 2 cos 0 was considered in Exam- 
ple 2 and is resketched in Figure 13.28. Applying Theorem (13.10), we find 


that the slope m of the tangent line is 
(—2 sin 0) sin 0 + (2 + 2 cos 0) cos 0 
т = — — - 
(—2 sin 0) cos 0 — (2 + 2 cos 0) sin 0 


2(cos? 0 — sin? 0) + 2 cos 0 
— —2(2 sin 0 cos 0) — 2 sin 0 
cos 20 + cos 0 
sin 20 + sin 0 ` 


At 0 = n/6 (that is, at the point (2 + 4/3, z/6)), 
cos (л/3) + cos (7/6) (1/2) + (/3/2) 


~ sin (7/3) + sin (7/6) | (4/3/2) + (1/2) 





15) To find horizontal tangents, we let 
cos 20 + cos 0 = 0. 
This equation may be written as 
2 cos? 0 — 1 + cos 0 = 0, 


ог (2 cos 0 — 1)(соѕ 0 + 1) = 0. 


From cos 0 = $ we obtain 0 = z/3 and 0 = 5z/3. The corresponding 


points are (3, 7/3) and (3, 57/3). 

Using cos 0 = — 1 gives us 0 = л. The denominator in the formula for 
m is 0 at 0 = x, and hence further investigation is required. If 0 = z, then 
r= 0 and the formula for т in (13.10) reduces to т = tan 0. Thus, the 
slope at (0, x) is m = tan л = 0, and therefore the tangent line is horizontal 
at the pole. 


(с) To find vertical tangent lines. we let 
sin 20 + sin 0 = 0. 
Equivalent equations are 
2 sin O cos 0 + sin 0 = 0 
and sin () (2 cos 0 + 1) = 0. 


Letting sin 0 = 0 and cos 0 = — 5 leads to the following values of 0: 0, л, 
21/3, and 42/3. We found. in part (b), that л gives us a horizontal tangent. 
The remaining values result in the points (4, 0), (1, 27/3). and (1, 47/3). 
at which the graph has vertical tangent lines. 
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Exer. 1—26: Sketch the graph of the polar equation. 


tr=5 2r2—2 

3 0 = —n/6 4 0 = п/4 

5 г= 3 соѕ 0 6 r= —2sin0 
7ү-4-4 40 8 r= —6(1 + cos 0) 
9 r=2+4sin0 10 r=1 + 2 соѕ 0 
11 r22— cos 0 12 r=5+3sin0 
13 r=4csc () 14 r= —3sec 0 
15 г = 8 cos 30 16 r = 2 ѕіп 40 

17 r= 3sin 20 18 г = 8 cos 50 

19 r? = 4 cos 20 (lemniscate) 20 r? = —16 sin 20 
21 r=e", 0 2 0 (logarithmic spiral) 

22 к= 6 sin? (0/2) 23 r=20, 020 
24 10-1, @> O(spiral) 


25 r= 2 + 2 sec Ü (conchoid) 
26 r= 1 — csc 0 


Ехег, 27—36: Find a polar equation that has the same 
graph as the equation in x and у, 


22 х----3 28 y=2 

29 x? + y? = 16 30 x? = 8y 
31 2y = —x 32 y= бх 
33 у*—х?=4 34 ху=8 


35 (x? + y?) tan`! (y/x) = ау, 
board curve) 


а > 0 (cochleoid, or Oui-ja 


36 x? + y? — 3axy = 0 (Folium of Descartes) 


Exer. 37—50: Find an equation in x and y that has the 
same graph as the polar equation and use it to help 
sketch the graph in an r-plane. 


37 rcosü = 5 38 rsin 0 = —2 

39 r= —3csc0 40 r=4sec 0 

41 r соѕ 20 = 1 42 r! біп 20 = 4 

43 rísin 0 — 2 cos 0) = 6 44 r(3 cos 0 — 4 sin 0) = 12 
45 rísin 0 + r cos? 0) = 1 46 rir sin? 0 — cos 0) = 3 
47 r= 8 sin 0 — 2 cos 0 48 г = 2cos 0 — 4 sin () 
49 r= tan 0 50 r=6cotl 


Exer. 51—60: Find the slope of the tangent line to the 
graph of the polar equation at the point corresponding 
to the given value of 0. 


51 r—-2cos0; 0 = л/3 


52 
53 
54 
55 


62 


63 


65 


r= —2sin 0; 0 = л/6 

"= 4(1 — ѕіп 0; 0-0 

r-1-42cos0; 0 = п/2 

r = 8 cos 30; 0 = п/4 

г = 2 sin 40; 0 = nj4 

r? = 4 cos 20; 0 = п/6 

r? = —2sin20; 0 = 3л/4 

к= 2°; б=т 

rü = 1; 0 = 2n 

If P,(r;. бу) and P(r, 0.) are points in an rÜ-plane, use 


the law of cosines to prove that 
[d(P4, P)? = ri 4 r3 — 2r,r, cos (0, — Ө). 


If a and 5 are nonzero real numbers, prove that the 
graph of r =a sin 0 + b cos 0 is a circle, and find its 
center and radius. 


If the graphs of the polar equations г = f(0) and r = g(0) 
intersect at P(r, 0), prove that the tangent lines at P are 
perpendicular if and only if 


(0g (0) + ft)g(0) = 0. 
(The graphs are said to be orthogonal at P.) 


Use Exercise 63 to prove that the graphs of each pair of 
equations are orthogonal at their point of intersection: 
(б| га-а0, r0=a 


fa}r=asin0, r=acos0 


If cos 0 # 0, show that the slope of the tangent line to 
the graph of r — f(0) is 


(dr/d0) tan 0) + r 
n= " 
! (4/40) — r tan 0 


A logarithmic spiral has a polar equation of the form 
r = ae" for nonzero constants a and b (see Exercise 21). 
A famous four bugs problem illustrates such a curve. 
Four bugs A, В, С, and D are placed at the four corners 
of a square. The center of the square corresponds to the 
pole. The bugs begin to crawl simultaneously—bug A 
crawls toward B. B toward C. C toward D, and D 10- 
ward A, as shown in the figure on the following page. 
Assume that all bugs crawl at the same rate, that they 
move directly toward the next bug at all times, and that 
they approach one another but never meet. (The bugs 
are infinitely small!) At any instant, the positions of the 
bugs are the vertices of a square, which shrinks and 
rotates toward the center of the original square as the 
bugs continue to crawl. If the position of bug A has polar 
coordinates (r, 0), then the position of B has coordinates 
(r, 0 + z/2). 
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EXERCISE 66 (bj The line through А and B is tangent to the path of 
bug A. Use the formula in Exercise 65 to conclude 
that dridü = —r. 
ic) Prove that the path of bug A is a logarithmic spiral. 
(Hint: Solve the differential equation in (b) by sepa- 
rating variables.) 
lll. [c] Exer. 67-68: Graph the polar equation for the given 
) values of 0, and use the graph to determine symmetries. 





67 г-288 014020: —z/3«0xm3 
4 
68 r= ——* 0<0 < 2л 
1+sin- ( 


[c] Ехег. 69-70: Graph the polar equations on the same 
coordinate plane, and estimate the points of intersection 


(a) Show that the line through А and B has slope of the graphs. 


sin 0 — cos 0 69 r= 8 cos 30, г=4— 2.5 соѕ 0 


sin 0 + cos 07 70 г-24820, r= (0+ cos? 0) 


13.4 INTEGRALS IN POLAR COORDINATES 


The areas of certain regions bounded by graphs of polar equations can be 

found by using limits of sums of areas of circular sectors. We shall call a 

FIGURE 13.29 region R in the rÜ-plane an А, region (for integration with respect to 0) 

if R is bounded by lines 0 = x and 0 = f for 0 € x < ff < 2x and by the 

=B graph of a polar equation r = /(0). where f is continuous and /(0) > 0 
on [z, f/]. An А, region is illustrated in Figure 13.29. 
Let P denote a partition of [x, f] determined by 


a=05< 0, <0,<°"* <0, =f 


and let Аб, = 0, — 0, fork = 1, 2,..., n. The lines 0 = 0, divide R into 
wedge-shaped subregions. If /(u,) is the minimum value and /(г,) is the 
maximum value of f on [0,..,. 0,]. then, as illustrated in Figure 13.30, 
the area AA, of the kth subregion is between the areas of the inscribed 
r= f) and circumscribed circular sectors having central angle A0, and radii f(t) 





FIGURE 13.30 
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FIGURE 13.31 
0 = В (Ди). wd 






Тпеогет (13.11) 


FIGURE 13.32 
0-8 


Guidelines for finding the area 
of an R, region (13.12) 


FIGURE 13.33 


and f(v,), respectively. Hence, by Theorem (1.15), 
57а] A0, < ДА, < 1760]? Аб,. 


Summing from k = 1 to k = n and using the fact that the sum of the AA, 
is the area A of К. we obtain 


2 | /(и)]? Ad, < А < PA ifte? Ad,. 


The limits of the sums, as the norm | P || of the subdivision approaches 
zero, both equal the integral [7 3[ f(0)]? 40. This gives us the following 
result. 


If f is continuous and /(0) > 0 on [x. f]. where 0 € x < fj < 2r. 
then the area A of the region bounded by the graphs of r = f(0). 
0 — x, and 0 = fi is 


A= (apro 40 = f^i 40. ж 


The integral in Theorem (13.11) may be interpreted as a limit of sums 
by writing 


A= ("Apri do= lim Y, EW] A6, 
« ЇРЇ-0 421 


for any number w, in the subinterval [0,..,. 0,] of [z. f]. Figure 13.31 is a 
geometric illustration of a typical Riemann sum. 

The following guidelines may be useful for remembering this limit of 
sums formula (see Figure 13.32). 


1 Sketch the region, labeling the graph of r — f(0). Find the 
smallest valuc ? = and the largest value 0 = fj for points 
(r, 0) in the sion. 

Sketch a t> ^i circular sector and label its central angle 40. 
Express the area of the sector in guideline 2 as Jr? d0. 


Apply the limit of sums operator [^ to the expression in guide- 
line 3 and evaluate the integral. 


EXAMPLE 1 Find the arca of the region bounded by the cardioid 
г = 2+ 2cos 0. 


SOLUTION Following guideline 1, we first sketch the region as in 
Figure 13.33. The cardioid is obtained by letting 0 vary from 0 to 2л: 
however. using symmetry we may find the area of the top half and multi- 
ply by 2. Thus, we use z = 0 and fi = л for the smallest and largest values 
of 0. As in guideline 2, we sketch a typical circular sector and label its 
central angle 40. To apply guideline 3, we refer to the figure, obtaining 
the following: 


radius of circular sector: r= 2 + 2 соѕ 0 


1p? 40 = 4(2 + 2 cos 0)? 40 


ni 
= 


area of sector: 
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FIGURE 13.34 
0-8 





FIGURE 13.35 
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We next use guideline 4, with x = 0 and 3 = л, remembering that apply- 
ing [5 to the expression }(2 + 2 cos 0)? dé represents taking a limit of 
sums of areas of circular sectors, sweeping out the region by letting 0 vary 
from 0 to z. Thus, 


A =2 [^19 2 cos 0? 40 
= |, (4+ 8 cos 0 + 4 cos? 0) dé. 
Using the fact that cos? 0 = 1(1 + cos 20) yields 
A = [7 (6 + 8 cos 0 + 2 cos 20) 40 


= [60 + 8 sin 0 + sin 20] = бл. 
We could also have found the area by using x = 0 and f = 2л. 


A region R between the graphs of two polar equations г = f(0) and 
r = g(0) and the lines 0 = x and 0 = ff is sketched in Figure 13.34. We 
may find the area A of R by subtracting the area of the inner region 
bounded by r = (0) from the area of the outer region bounded Бу r = f(0) 
as follows: 


A = S SLAO do — f” son? ao 


We use this technique in the next example. 


EXAMPLE 2 Find the area A of the region R that is inside the car- 
dioid r = 2 + 2 cos 0 and outside the circle r = 3. 


SOLUTION Figure 13.35 shows the region R and circular sectors that 
extend from the pole to the graphs of the two polar equations. The points 
of intersection (3, — 7/3) and (3, л/3) can be found by solving the equa- 
tions simultaneously. Since the angles æ and # in Guidelines 13.12 are 
nonnegative, we shall find the area of the top half of R (using x — 0 and 
В = 1/3) and then double the result. Subtracting the area of the inner re- 
gion (bounded by r — 3) from the area of the outer region (bounded by 
г = 2 + 2 соз 0), we obtain 


E m3 1 2 n/3 1 2 
А- 11 5(2 + 2 cos 0)? d0 — Ї 213) a| 
5 E (4 cos? 0 + 8 cos 0 — 5) d0 


As in Example 1, the integral may be evaluated by using the substitution 
cos? 0 = 1(1 + cos 20). It can be shown that 


A = 343 — л x 465. 





If a curve С is the graph of a polar equation r = /(0) from 0 = x to 
0 = р, we can find its length L by using parametric equations. Thus, as 
in the proof of Theorem (13.10), a parametrization for C is 


x-—f(0)cos0, y—f(0)sn0; «<0<f. 
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Differential of arc length in polar 
coordinates (13.13) 


FIGURE 13.36 


r= 1+ cos 0 
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Differentiating with respect to 0, we obtain 
dx 
40 
dY _ f(0) cos 0 + (6) sin Ө 
40. cos 0-4. sin 0. 


Using the trigonometric identity sin? 0 + cos? 0 = 1, we can show that 


SX TAIN Loos ши 
(5) + (2) = [/(0)]* rep. 


Substitution in Theorem (13.5) with t = Ө, a = 4, and b = f gives us 


E kaman toaa fF hs 2) 
L= Ї VLAD] + [f0] d0 = Ї "NC + (2) 40. 

As an aid to remembering this formula, we may use the differential of 
arc length ds = y(dx)? + (dy)? in (13.6). The preceding manipulations give 


us the following. 
5 dr 
ds= |r (8) 40 


= —/(#) sin 0 + f'(8) cos 0 





We may now write the formula for L as 


Б = ] ie ds. 


The limits of integration specify that the independent variable is 0, not s. 


EXAMPLE З Find the length of the cardioid r = 1 + cos 0. 


SOLUTION The cardioid is sketched in Figure 13.36. Making use of 
symmetry, we shall find the length of the upper half and double the re- 
sult. Applying (13.13), we have 





ds = \/(1 + cos 0) + (—sin 0) 40 





= 4/1 + 2 cos 0 + cos? 0 + sin? 0 d0 


2+2 cos 0 40 


= J/24/1 + cos 0 dé. 


0—- R f r 
L=2 f^" ds=2 |" 241 cos 0 dð. 


The last integral may be evaluated by employing the trigonometric iden- 
tity cos? 40 = $(1 + cos Ө), or, equivalently, 1 + cos 0 = 2 cos? 10. Thus, 


L-242 L V2 cos? 10 dé 
-4 | cos 30 a0 
= 8| sin ө], = 
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FIGURE 13.37 





Surfaces of revolution in polar 
coordinates (13.14) 


FIGURE 13.38 
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In the solution to Example 3, it was legitimate to replace cos? 10 
by cos 10, because if 0 < 0 < л, then 0 < 10 < 7/2, and hence cos 10) 
is positive on [0,7]. If we had not used symmetry, but had written L 
as fo^ Vr? + (dr/d0)* 40, this simplification would not have been valid. 
Generally, in determining areas or arc lengths that involve polar coordi- 
nates, it is a good idea to use any symmetries that exist. 

Let C be the graph of a polar equation r = f(0) for x < 0 < f. Let 
us obtain a formula for the area S of the surface generated by revolving 
С about the polar axis, as illustrated in Figure 13.37. Since parametric 
equations for С are 


x = /(0) соѕ 0, у= /(0)зп0; х5 0 < р. 
we may find 5 by using Theorem (13.7) with 0 = г. This gives us the (01- 
lowing result, where the arc length differential ds is given by (13.13). 
: =p 0-0 . 
About the polar axis: S = 12 27y ds = ee 2nr sin 0 ds 
About the line 0 = 1/2: S= s 2лх ds = ДЭ 2nr cos 0 ds 
When applying (13.14), we must choose x and [ so that the surface does 


not retrace itself when C is revolved, as would be the case if the circle 
r = cos 0, with 0 < 0 < л. were revolved about the polar axis. 


EXAMPLE 4 The part of the spiral r = е"? from 0 = 0 to 0=7 is 
revolved about the polar axis. Find the area of the resulting surface. 


SOLUTION The surface is illustrated in Figure 13.38. By (13.13), the 
polar differential of arc length in polar coordinates is 


ll 


ds = (e ?y + ($е®?)? 40 


5 m 
Л е" 40 = E e"? 40. 
Hence, by (13.14), 


x Ө@Ө=тх Ө=п 1 
$ = Ї 2ху ds = P 2nr sin () ds 


e? Jan 


/ j 


ы 15 
= ы 2ле"? sin ер 
0 J 


45т h e" sin 040. 


Using integration by parts or Рола 98 in the table of integrals (see 
Appendix ТУ), we have 


/5 , = J5 
5-3 а [ 0 — cos Д = “ = (е^ + 1) = 84.8. 
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EXERCISES 13.4 





Exer. 1—6: Find the area of the region bounded by the 15 у 

graph of the polar equation. 
1 r=2cos 0 2 r=Ssiné 
З г= 1 — соѕ () 4 г= 6 —– 6 іп () 4 = 
5 r=sin 20 6 r^ = 9 cos 20 


Exer. 7-8: Find the area of region R. 
7 К = {(7,0:0<0< n/2,0«r x e" 


8 R=({(r,0):0<0<2,0<r< 20) 





Exer. 9—12: Find the area of the region bounded by one 
loop of the graph of the polar equation. 


9 = 4 cos 20 10 к= 2cos 30 
11 rz 3 соѕ 50 12 r= sin 60 


16 
Exer. 13-16: Set up integrals in polar coordinates that 
can be used to find the area of the region shown in the 
figure. 





13 
Exer. 17—18: Set up integrals in polar coordinates that 
can be used to find the area of [a] the blue region and 
151 the green region. 

14 АУ 17 


t 
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Ехег. 19-22: Find the area of the region that is outside 
the graph of the first equation and inside the graph of 
the second equation. 


19 г=2 +2 с050, r=3 
28 £232, 
21 r22, 
22 r— ] — sin 6, 


т —4cos 0 

r? = 8 sin 20 

r—3sin 0 

Exer. 23-26: Find the area of the region that is inside 
the graphs of both equations. 

23 r — sin 0, 
24 r=2(1+sin 0), r=1 


г = 3 cos 0 
25 r=1+sin0, r= 5 ѕіп 0 
26 r? = 4 соѕ 20, г-1 


Exer. 27-32: Find the length of the curve. 
27 г= e ? from 0 = 010 0 = 2л 

28 r= 0 from 0 = 0 to 0 = 47 

29 r= cos? 10 from 0 = 0 to 0 = x 

30 r=2 from 0—0to 0 = п 

31 r— sin? 10 

32 г=2 – 2 соѕ 0 


13.5 POLAR EQUATIONS OF CONICS 
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[c] Exer. 33—34: Use Simpson's rule, with л = 4, to approx- 


imate the length of the curve. 
33 r= 0 + cos 0 from 0 = 0 to 0 = z/2 


34 r= sin 0 + cos? 0 from 0 —0 10 0 = л 


Exer. 35—38: Find the area of the surface generated by 
revolving the graph of the equation about the polar 
axis. 


35 r=2+2cos0 36 г? 24 cos 20 


37 r — 2a sin 0) 38 r — 2a cos 0 
Exer. 39—40: Use the trapezoidal rule, with л = 4, to ap- 
proximate the area of the surface generated by revolving 
the graph of the polar equation about the line 0 = n/2. 
(Use symmetry when setting up the integral.) 


39 r— sin? 0 40 г = cos? 0 


41 A torus is the surface generated by revolving a circle 
about а nonintersecting line in its plane. Use polar co- 
ordinates to find the surface area of the torus generated 
by revolving the circle x? + y? = a? about the line x = b, 
where 0 < a < b. 


42 Let OP be the ray from the pole to the point P(r, 0) 
on the spiral r = a, where a > 0. If the ray makes two 
revolutions (starting from 0 — 0), find the area of the 
region swept out in the second revolution that was not 
swept out in the first revolution (see figure). 


EXERCISE 42 


j au 


43 The part of the spiral r = e " from 0 = 0 to 0 = 7/2 is 
revolved about the line 0 — z/2. Find the area of the 
resulting surface. 


The following theorem combines the definitions of parabola, ellipse, and 
hyperbola into a unified description of the conic sections. The constant e 
in the statement of the theorem is the eccentricity of the conic. The point 
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F is a focus of the conic, and the line / is a directrix. Possible positions 
of F and ! are illustrated in Figure 13.39. 


Let F be a fixed point and / a fixed line in a plane. The set of all 
FIGURE 13.39 points P in the plane, such that the ratio Р, F)/d(P, О) is a positive 
constant e with d(P, О) the distance from P to l, is a conic section. 
The conic is a parabola if e = 1, an ellipse if < e < 1, and a hyper- 
bola if e > 1. 


Theorem (13.15) 


PROOF Ife = 1, then d(P, F) = d(P, О) and, by definition, the resulting 
сопіс is a parabola with focus F and directrix |. 

Suppose next that 0 < e < 1. It is convenient to introduce a polar 
coordinate system in the plane with F as the pole and / perpendicular 
to the polar axis at the point Did, 0), with d > 0, as illustrated in Fig- 
Directrix \ ure 13.40. If P(r, 0) is a point in the plane such that 4Р, F)/d(P, О) = 
e < l, then P lies to the left of |. Let C be the projection of P on the 
polar axis. Since 


Fl 
| 
| 


! 
Fe 


Focus 





d(P,F)=r and d(P,Q)=d—rcos Ө, 


FIGURE 13.40 4 : Эр М г : 
it follows that P satisfies the condition in the theorem if and only if the 


following are true: 
Р 


=й 
d — r cos 0 


г = de — er cos 0 





r(1 + e cos 0) = de 
de 
r= -— 

| + e cos 6 
The same equations are obtained if e = 1; however, there is no point (r, 0) 
on the graph if 1 + cos 0 = 0. 

An equation in x and y corresponding to r = de — er cos 0 is 





Vx? + y? = de — ex. 
Squaring both sides and rearranging terms leads to 
(1 — e?)? + 2de?x + у? = d? e. 


Completing the square and simplifying, we obtain 


й de? ү y? d?e? 
x+ ; —5 = a 
| 1 а) 1-6: (1 —– е)? 
Finally, dividing both sides by d*e?/(1 — е2)? gives us an equation of the 
form 
(х—)? у? 
+ >=1, 


а? b? 
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with h = —de*/(1 — e*). Consequently the graph is an ellipse with center 
at the point (h, 0) on the x-axis and with 


" d^e? " d*e* 
а= P p^ = 
(1 — e^) | — е? 
2 
: d*e 
Since с2 = 42 – Б? = = 
(1 — e*)- 


we obtain с = de*/(1 — е?) and hence | h| = c. This proves that F is a focus 
of the ellipse. It also follows that e = c/a. A similar proof may be given 
for the case e > |, шш 
FIGURE 13.41 
l We also can show that every conic that is not degenerate may be 
described by means of the statement in Theorem (13.15). This gives us a 
Г. 7 PEE formulation of conic sections that is equivalent to the approach used рге- 
viously. Since the theorem includes all three types of conics, it is some- 
times regarded as a definition for the conic sections. 

If we had chosen the focus F to the right of the directrix, as illustrated 
in Figure 13.41 (with d > 0), then the equation r = de/(1 — e cos 0) would 
have resulted. (Note the minus sign in place of the plus sign.) Other sign 
changes occur if d is allowed to be negative. 

If we had taken / parallel to the polar axis through one of the points 
(d. 1/2) or (d, 37/2), as illustrated in Figure 13.42, then the corresponding 
equations would have contained sin 9 instead of cos 0. 


D(d. z)&- – – 








FIGURE 13.42 
(i) (ii) 









dtc 


e sin 0 — _____— I| 


The following theorem summarizes our discussion. 


Theorem (13.16) | 
A polar equation that has one of the four forms 


de de 
r = — - € r= —— a 
1 + есоѕ 0 | + esin 0 


is а сопіс section. The conic is а parabola if е = 1, an ellipse if 
0<e <1, ora hyperbola if e > 1. 


EXAMPLE 1 Describe and sketch the graph of the polar equation 
10 


P ——, 
3--2cos 0 
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FIGURE 13.43 


HH- 








FIGURE 13.44 


10 


5 sn б +) | —10. =] 





i 
| 
Ї 
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SOLUTION We first divide numerator and denominator of the fraction 
by 3: 


10 


3 
r= — m 
1--3со80 


This equation has one of the forms in Theorem (13.16), with е = 2. Thus, 
the graph is an ellipse with focus F at the pole and major axis along the 
polar axis. We find the endpoints of the major axis by letting 0 = 0 and 
Ө = п. This gives us V(2. 0) and V'(10, x). Hence 


2a=d(V',V)=12, ot а= 6, 


The center of the ellipse is the midpoint (4, л) of the segment VV. Using 
the fact that e = c/a, we obtain 


c = ae = 6(3) = 4. 


Hence b? = a? — с? = 36 — 16 = 20. 


Thus, b = 4/20. The graph is sketched in Figure 13.43. For reference, we 
have superimposed an xy-coordinate system on the polar system. 


EXAMPLE 2 Describe and sketch the graph of the polar equation 
10 
22+ 35іпб' 


SOLUTION То express the equation in the proper form, we divide nu- 
merator and denominator of the fraction by 2: 


r= кен и E^ 

С 1+3зшб 

Thus, е = 3. апа, by Theorem (13.16), the graph is a hyperbola with a 
focus at the pole. The expression sin @ tells us that the transverse axis of 
the hyperbola is perpendicular to the polar axis. To find the vertices, we 
let 0 = 2/2 and 0 = 3z/2 in the given equation. This gives us the points 
V(2. 2/2). V'(— 10. 31/2), and hence 


2a= aV,V')=8, or a-4. 


The points (5. 0) and (5. л) on the graph can be used to sketch the lower 
branch of the hyperbola. The upper branch is obtained by symmetry, as 
illustrated in Figure 13.44. If we desire more accuracy or additional infor- 
mation, we calculate 

224815 40) =6 


апа b? = c? — а? = 36 — 16 = 20. 


Asymptotes may then be constructed in the usual way. 
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FIGURE 13.45 
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' 15 
EXAMPLE 3 Sketch the graph of the polar equation r = 1-15ай 
SOLUTION To obtain the proper form, we divide numerator and de- 
nominator by 4: 


Consequently e — 1, and, by Theorem (13.16), the graph is a parabola 
with focus at the pole. We may obtain a sketch by plotting the points that 
correspond to the x- and y-intercepts. These are indicated in the following 
table. 


л 
0 0 5 


а 


9 
I^ 
= 
їл 
_ 
ta 


r undefined 2 5 F 





Note that there is no point on the graph corresponding to 0 = 0, since the 
denominator 1 — cos Ө is 0 for that value. Plotting the three points and 
using the fact that the graph is a parabola with focus at the pole gives us 
the sketch in Figure 13.45. 





If we desire only a rough sketch of a conic, then the technique em- 
ployed in Example 3 is recommended. To use this method, we plot (if 
possible) points corresponding to 0 = 0, л/2, л, and 37/2. These points, 
together with the type of conic (obtained from the value of e), readily lead 
to the sketch. 


EXAMPLE 4 Find an equation in x and y that has the same graph as 
the polar equation 


15 


= 4—4sn6 


SOLUTION We multiply both sides of the polar equation by the lcd, 
4 — 4 sin 0, and then use relationships between rectangular and polar co- 
ordinates as follows: 


r(4 — 4 sin Ө) = 15 
4r = 15 + 4r sin 0 
4(+4/х2 + у?) = 15 + 4у 
Squaring both sides and simplifying yields 
16(x? + у?) = 225 + 120y + 16у? 
16x? = 120y + 225. 
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EXAMPLE 5 
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Find a polar equation of the conic with a focus at the 


pole, eccentricity е = 4, and directrix г = —3 sec 0. 


SOLUTION 


The equation r = —3 sec Ө of the directrix may be written 


r cos 0 = — 3, which is equivalent to x = —3 in a rectangular coordinate 
system. This gives us the situation illustrated in Figure 13.41, with d = 3. 
Hence a polar equation has the form 


de 
r= —____., 
1 — e cos 0 


We now substitute d = 3 and e = 3: 
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3() 
r= : 
1 — 1cos 0 
3 
r= = 
2 — cos 0 





Exer. 1-10: [a] Find the eccentricity and classify the 
conic. [b] Sketch the graph and label the vertices. 





12 12 
1 7=- 1 2r-5—— —À 
6 4-2 sin 0) 6 — 2sin 0) 
12 12 
3 r--———— 4 г= — 
2—6cos 0 2 + 6 соѕ ( 
3 3 
5 r= ———— 6 г = - 
2+ 2 соѕ 0 2— 2 $іп () 
4 4 sec 0 
7г=-—_ 8r- - 
cos 0 — 2 2 ѕес (0 — 1 
6 csc 0 
9r 10 r= csc () (esc 0 — cot 0) 


~ 2cc0 +3 
Exer. 11-20: Find equations in x and у for the polar 
equations in Exercises 1—10. 


Exer. 21-26: Find a polar equation of the conic with 
focus at the pole and the given eccentricity and equation 
of the directrix. 


21 е= 1; r=2sec0 22 2-4) r-4cs60 
23 е=4; r= —3cscÓ 24 ¢=3: г--4с( 
25 ё--1: rcosQ-sS 26 е=1; г їїб=—2 


27 Find a polar equation of the parabola with focus at the 
pole and vertex V(4, 7/2). 


28 Ап ellipse has a focus at the pole, center C(3, л/2). and 
vertex V(1, 37/2). 
[a] Find the eccentricity. 
[bj Find a polar equation for the ellipse. 


Exer. 29-32: Find the slope of the tangent line to the 
сопіс at the point corresponding to the given value of 0). 


12 л 
29 r= — — 02- 
6 -- 2 sin 0 6 
12 
30 rz ————— 0-0 
6 — 2 sin 0 
12 a 
Э1 r= AL 
2 — 6 соѕ 0 2 
12 л 
32 r= 


———; 0) = 
+ 6 cos 0 3 


һә 


Ехег. 33—36: Set up an integral іп polar coordinates that 
can be used to find the area of the region bounded by 
the graphs of the equations. 


33 r= 2sec 0; 0 = 7/6, 
0 = 1/6, 
35 (1 — cos 0) = 4; 0 = л/4 
36 (1 + sin0) 22: 0 = л/3 


0 =. nj3 


34 к= esc 0 cot 0: 0 = пу4 


37 Kepler' first law states that planets travel in elliptical 
orbits with the sun at a focus. To find an equation of an 
orbit, place the pole O at the center of the sun and the 
polar axis along the major axis of the ellipse (see figure). 


{ај Show that an equation of the orbit is 


(1 — е2)а 


y —, 
1 —ecos 0 


where е is the eccentricity and 2a is the length of the 
major axis. 
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[b] The perihelion distance rpe and aphelion distance ry, 
аге defined as the minimum and maximum distances, 
respectively, of a planet from the sun. Show that 
Foe = 41 — е) and rann = all + e). 


ph 


Р 
EXERCISE 37 






Polar axis 


13.6 REVIEW EXERCISES 


Exer. 1—4: [a] Find an equation in x and y whose graph 
contains the points on the curve C. |») Sketch the graph 
of C and indicate the orientation. 


1 2 
1 х=-+1, уё=——[; O<r<4 
t t 
2 x=cos*t—2, у= 8іпг+ 1; O<t<2n 
3 х= уи. у= 27% 120 
4 х= 3с051+ 2, у= —3sint—1; O<t<2n 


Exer. 5-6: Sketch the graphs of C,, C,, C,, and C,, and 
indicate their orientations. 





5 C: Хэ, y= 16-24: —4«t«4 
С: х=—/16—1, y-—«t: 05116 
Сү x=4 cost, y-d4sin t; 0<<2л 

3 : 
Ce ce, у= –416— е2; («104 
s N 

6 C: xt yt tin R 
C; xz үзэг” tin R 
Cy хээг", yee: rin R 
CU x-1-sn*f у=со% Ц tin R 


Exer. 7-8: Let С be the given parametrized curve. 
(a) Express dy/dx in terms of t. |b) Find the values of г 
that correspond to horizontal or vertical tangent lines to 
the graph of C. (с) Express d*y/dx? in terms of t. 
T=, у-20-4-1 rink 

8 x=t—2sint, у= 1 — 2со5: tink 
Ехег. 9—26: Sketch the graph of the polar equation. 
9 r=—4sin0 10 r= 10 cos 0 


1! r26—3cos 0 12 r=3+2cos0) 


38 Refer to Exercise 37. The planet Pluto travels in an 
elliptical orbit of eccentricity 0.249, If the perihelion dis- 
tance is 29.62 AU, find a polar equation for the orbit and 
estimate the aphelion distance. 


39 |a] Use Theorem (9.6) to show that 


1 2n 
k dü =————. 
-2 | — e cos () 


= 
Vvl—e- 








(5) Use Definition (5.29) to find the average distance of 
a planet from the sun. 

40 Refer to Exercises 37 and 39. Eros, with an average dis- 
tance from the sun of 1.46 AU, is an asteroid in the solar 
system. If Eros has an elliptical orbit of eccentricity 
0.223, find a polar equation that approximates the orbit 
and estimate how close Eros comes to the sun. 


13 r? = 9 sin 20 14 r? = —4 sin 20 


15 r=3sin 50 16 r = 2 $іп 30 

17 22-20 18 г-г 7, 020 

19 r=8sec 0 20 (3 соѕ 0 —2 sin 0) = 6 

21 r=4—4cos0 22 r=4cos* 10 

24 г = 6 соѕ 20 
8 


1-3 00 


23 г--6-гсо80 


25 r=- 26 r= 


3 + cos 0 





Exer. 27-32: Find a polar equation that has the same 
graph as the given equation. 


27 y! 24x 28 x? £j? – 3x + Ap = 0 
29 2x —3y = 8 30 x! + у? = 2ху 
31 y? =x? — 2x 32 х? = у? + 3y 


Exer. 33-38: Find an equation in x and y that has the 
same graph as the polar equation. 


33 r!- tan 0 34 r2 2 соѕ 04+ 3sin Ü 


35 r^ = 4sin 20 36 r? 2 sec 20 


37 0-3 38 r= —6 


Exer. 39-40: Find the slope of the tangent line to the 
graph of the polar equation at the point corresponding 
to the given value of 0. 


3 


: @=n/2 
2+2со$ 0 


39 r= 


40 rz e 0-4 


4) Find the area of the region bounded by one loop of 
r? = 4sin 20. 


13.6 REVIEW EXERCISES 


42 


43 


45 


46 


47 
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Find the area of the region that is inside the graph of 
r= 3 + 2sin 0 and outside the graph of r = 4. 


The position (x, у) of a moving point at time г is given 
by х= 2 sin t, y = sin? t. Find the distance the point 
travels from t = 0 to t = z/2. 

Find the length of the spiral r = 1/0 from 0 = | to 0 = 2. 
The curve with parametrization x = 21? + 1, y = 4t — 3; 
0 <t <1 is revolved about the y-axis. Find the area of 
the resulting surface. 


The arc of the spiral r = e" from () = 0 to 0 = 1 is re- 
volved about the line 0 = z;2. Find the area of the re- 
sulting surface. 


Find the area of the surface generated by revolving the 
lemniscate r? = а? cos 20 about the polar axis. 

A line segment of fixed length has endpoints 4 and B 
on the y-axis and x-axis, respectively. A fixed point P 


on AB is selected with ФА, P) = a and d(B, P) = b (see 
figure). If 4 and B may slide freely along their respective 
axes, a curve C is traced by P. If t is the radian measure 
of angle ABO, find parametric equations for C with 
parameter r and describe C. 


EXERCISE 48 
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VECTORS AND 
SURFACES 


INTRODUCTION 


A vector has two different natures, one geometric and 
the other algebraic. Both aspects are useful in ap- 
plications. Generally, geometry helps us develop an 
intuitive understanding of vector concepts; however, 
rigorous proofs require algebraic techniques. 

There are different ways to introduce vectors so 
that they can be applied in either two or three dimen- 
sions. In one approach we define vectors in three di- 
mensions and then specialize to vectors in a coordinate 
plane. Another procedure is to define vectors in a co- 
ordinate plane and then generalize to three dimen- 
sions. We shall use the latter method, beginning with 
the familiar xy-plane in Section 14.1 and then pro- 
ceeding to an xyz-coordinate system in Section 14.2. 
An advantage of this approach is that we can plot (and 
visualize) initial and terminal points of vectors more 
easily in the plane than in three dimensions. More- 
over, proofs of properties of vector addition and scalar 
multiples are shorter, because there is one less vector 
component to consider. Since the corresponding 
proofs in three dimensions follow exactly the same 
steps, it is unnecessary to reprove these properties in 
Section 14.2. 

In Sections 14.5 and 14.6 we discuss topics from 
solid analytic geometry that include lines, planes, and 
surfaces. Our main tool for sketching a surface is its 
trace on a plane. A good background in finding traces 
is helpful in analyzing the computer-generated graphs 
of surfaces considered in Chapter 16. 
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CHAPTER 14 VECTORS AND SURFACES 





14.1 VECTORS IN TWO DIMENSIONS 





FIGURE 14.1 
Q 


FIGURE 14.2 





FIGURE 14.4 
AC = AB + BC 


1 
f 
A 


Quantities such as area. volume, arc length, temperature, and time have 
magnitude only and can be completely characterized by a single real 
number (with an appropriate unit of measurement such as іп.2, ft^, ст, 
deg, or sec). A quantity of this type is a scalar quantity, and the corre- 
sponding real number is a sealar. A concept such as velocity or force has 
both magnitude and direction and is often represented by a directed line 
segment—that is, a line segment to which a direction has been assigned. 
Another name for a directed line segment is a vector. 

As shown in Figure 14.1, we use РО to denote the vector with initial 
point P and terminal point Q and indicate the direction of the vector by 
placing an arrowhead at Q. The magnitude of PO is the length of the 
segment PQ and is denoted by PO . As in the figure, we use boldface 
letters such as u and v to denote vectors whose endpoints are not specified. 
In handwritten work, a notation such as ог v is often used. 

Vectors that have the same magnitude and direction are said to be 
equivalent. In calculus, a vector is determined only by its magnitude and 
direction, not by its location. Thus. we regard equivalent vectors, such as 
those in Figure 14.1, as equal and write 


— — 


u= РО, «PO. and a 


Thus, a vector may be translated from one location to another, provided 
neither the magnitude nor the direction is changed. 

We can represent many physical concepts by vectors. To illustrate, 
suppose an airplane is descending at a constant speed of 100 mi/hr and 
the line of flight makes an angle of 20° with the horizontal. Both of these 
facts are represented by the vector v of magnitude 100 in Figure 14.2. The 
vector v is a velocity vector. 

A vector that represents a pull or push of some type is a force vector. 
The force exerted when a person holds a 5-pound weight is illustrated 
by the vector F of magnitude 5 in Figure 14.3. This force has the same 
magnitude as the force exerted on the weight by gravity. but acts in the 
opposite direction. As a result, there is no movement upward or 
downward. 

We sometimes use AB to represent the path of a point (or particle) as 
it moves along the line segment from A to В. We then refer to AB аз а dis- 
placement of the point (or particle). As in Figure 14.4. a displacement AB 
followed by a displacement BC leads to the same point as the single dis- 
placement AC. By definition, the vector AC is the sum of AB and BC, 
and we write 


Since vectors may be translated from one location to another, апу two 
vectors may be added by placing the initial point of the second vector on 
the terminal point of the first and then drawing the line segment from the 
initial point of the first to the terminal point of the second, as in Fig- 
ure 14.4. 
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FIGURE 14.5 Another way to find the sum is to choose vectors РО and PR that are 
PS = PQ + PR equal to AB and BC, respectively, and have the same initial point Р. as 


shown in Figure 14.5. If we construct parallelogram RPOS. then since 
PR- QS. it follows that PS = PO + PR. If PO and PR are two forces 
acting at Р. then PS is the resultant foree—that is, the single force that 
produces the same effect as the two combined forces. 

If c is a scalar and v is a vector, then cv is defined as a vector whose 
magnitude is | с | times the magnitude || v || of v and whose direction is either 
the same as that of v (if c > 0) or opposite that of v (if c « 0). Illustrations 
are given in Figure 14.6. We refer to cv as a scalar multiple of v. 

Throughout the remainder of this section we shall restrict our discus- 


FIGURE 14.6 sion to the special case in which all vectors lie in an xy-plane. If РО is 


such a vector, then, as indicated in Figure 14.7, there are many vectors 
/ / / | 





that are equivalent to РО; however. there is precisely one equivalent vector 
a = OA with initial point at the origin. This vector OA is designated as 
the position vector for PO. Thus, each vector determines a unique ordered 
pair of real numbers, the coordinates (a,, а) of the terminal point of its 
position vector. Conversely, every ordered pair (ац, a) determines the 
vector OA, where A has coordinates (a,. a3). Thus, there is a one-to-one 
correspondence between vectors in an xy-plane and ordered pairs of real 
numbers. This correspondence allows us to interpret a vector as both a 





FIGURE 14.7 directed line segment and an ordered pair. To avoid confusion with the 
y notation for open intervals or points, we use the symbol <a,, az) for an 
| Q ordered pair that represents a vector, and we denote it by a boldface letter. 
such as a = <a, az). The numbers a, and a, are the components of the 
ы vector <а|, az). Two vectors ба. a5» and (b,. b,» are equal if and only 
if a, = b, and a, = by. If A is the point (a,, а,) as in Figure 14.7, we call 

OA the position vector for <a,, а>. or for the point А. 


The preceding discussion shows that vectors have two different na- 
Position Maj. as) tures, one geometric and the other algebraic. Often we do not distinguish 


vector 


between the two. It should always be clear from our discussion whether 
we are referring to ordered pairs or directed line segments. We shall use 
the symbol V, for the set of all vectors <x, у). where x and y are real 
numbers. 

The magnitude |а || of the vector a = (а, az) is. by definition, the 
length of its position vector ОА, as illustrated in Figure 14.8. Another 
way of stating this is given in the following definition. 








FIGURE 14.8 
Y 
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Definition (14.1) 
FIGURE 14.9 


y 





FIGURE 14.10 


C(a, + bi; ay + Б.) 








Addition of vectors (14.2) 


Scalar multiple of a 
vector (14.3) 
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The magnitude | а || of the vector a = <a,, a) is 


lla || = || <a, a2) || = va} + aż. 





EXAMPLE 1 Sketch the position vectors for 
a = (—3,2), Ь-40,-2), с= <, 4) 


and find the magnitude of each vector. 


SOLUTION The position vectors are sketched in Figure 14.9. By Defini- 
tion (14.1), 





MEE EN ENE 
|b || = || <0, -25| = 0? + (-29 = JA - 2 
lel = | «4. Dl] = V@? + @? = VB = 1. 


Let a = <a,,a,)> and b = <b,, b,» be vectors in V,, and let ОА and 
OB be their position vectors, as illustrated in Figure 14.10. If OC is the 
position vector for е = (a, + b, à; + b,>, then it can be shown, using 
slopes, that О, A, C, and B are vertices of a parallelogram; that is, 

OA + ОВ = OC. 


This motivates the following definition of addition in Vj. 
(ay, a2) + (b, Б> = Ca, + b, a, + b2) 


Note that to add two vectors of V, we add corresponding components. 

It can also be shown that if c is a scalar, then the ordered pair deter- 
mined by cOA is (сац, cas), as illustrated in Figure 14.11 for c > 0. This 
suggests the following definition of scalar multiples in V3. 


FIGURE 14.11 





c(d,, а) = €ca,, Caz) 


Thus, to find a scalar multiple of a vector in V;, we multiply each 
component by the scalar. 
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FIGURE 14.12 





Definition (14.4) 


Theorem [14.5] 


EXAMPLE 2  Leta— (—1,3) and b= <4, 2). 
(a) Find a + b, —3b, and 2a + 3b. 
(b) Sketch position vectors for a, b, a + b, and —3b. 


SOLUTION 
(a) Applying Definitions (14.2) and (14.3), we have the following: 
a+b=¢-—1,3> + ¢4,2) =<—1 +4,3 + 2) = (3,55 
—3b = —244,2) = (—-3(4), —3(2)) = €-6, —3) 
2a + 3b = 2¢—1, 3) + 344,2) = ¢—2, 6 + (12, 6) = (10, 12) 


(b) Position vectors for a, b, a + b, and —3b are sketched in Figure 14.12. 


The zero vector 0 and the negative —a of a vector a = (a, a5) are 
defined as follows. 


0 = <0, 0> —a = —(4,,a,) = (—a,, –а,» 


In the next theorem we state some important properties of addition 
and scalar multiples of vectors for any vectors а, b, and c in V; and scalars 
c and d. There should be no difficulty in remembering these properties, 
since they resemble familiar laws of real numbers. 


(i) a+b=b+a (у) c(a + b) = ca + cb 


(i) a+ (b -- c) 2 (a + b) - € (vi) (c + da = ca + da 
(1) a -- 0 = а (vii) (cd)a = c(da) = d(ca) 
(м) а+(—а)=0 [vii] la =a 

(ix) 0a = 0 = c0 


PROOF Leta= <а;, a5? and b = ¢b,, b2). To prove (i), we note that 
actb-(a +b, a, +b) = <b, +a, Б, +a,>=b+a. 
The proof of (v) is as follows: 
c(a + b) = c(a, + by, az + b2) 
= (ca, + cb,. ca, + cb» 
= <сау,са»)у + <cb,, сЬ,У 
=ca+cb 


Proofs of the remaining properties are similar and are left as exercises. 
ты 


The operation of subtraction of vectors in V,, denoted by —, is defined 
as follows. 
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Definition (14.6 y TT | 
efinition ( | Let a = ау, а,) and b = (b,, b>. The difference a — b is 


a—b=a+(—D). 


Using Definitions (14.6), (14.4), and (14.2), we see that 


a—b=a+(—b)= <, а>) + <—h,, —b;» 
= «а, = by. az bs». 


Thus, to find a — b, we merely subtract the components of b from the 
corresponding components of a. 


EXAMPLE З If a=<5,—4)> and b= ¿—3, 2), find a—b and 








2a — 3b. 
SOLUTION 
a—b-45,—4»—(-3,2» = <5 —(—3), —4 — 2) = (8. —6) 
FIGURE 14:13 2a — 3b = 245, 4) — 3(—3, 2) = (10, —8) — (—9,6» = <19, — 14» 
34 - - — 
О(х + а,. у + аз) 
а 
IT We sometimes represent a nonzero vector a = (a,. а> of V; by a 
P(x. y) directed line segment РО with any initial point Р(х. y) and terminal point 
tur. ua) Q(x + a,. у + a). as illustrated in Figure 14.13. Note that the position 







vectors for РО and a are both 04, and that | РО | = ||a ||. We say that 
РО corresponds to а. or that а corresponds to PO. Strictly speaking, PO 


represents a: however, we often refer to PO as the vector a. The zero vector 
will be represented by any point in the plane. 
We shall make frequent use of the next theorem. 





Theorem (14.7) A ў 
If Р,(х,. y1) and P(x, у») are any points, the vector a in V, that 


FIGURE 14.14 corresponds to P,P, is 


а = (X; — Xy, Ya — У). 





PROOF The vector P,P, and the position vector for a = а. a> are 


illustrated in Figure 14.14. Since P, P; corresponds to a, we see that 
PV) \ з 

(ау. 45) 
х= х, +4, and у, = у, +а,. 


Solving for a, and a, gives usa = (X5 — ху, у, — у, >. ШШ 





EXAMPLE 4 Given the points P(—2, 3) апа 0(4, 5), 

(a) sketch PO and OP 

(b) find vectors a and b in V, that correspond to РО апа ОР 
(с) sketch the position vectors for a and b 
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FIGURE 14.16 
y 








О 


FIGURE 14.17 


p 








Definition (14.8) 


B(ca,. cas) 





SOLUTION 
(а) The vectors РО апа ОР are sketched in Figure 14.15. 
(6) By Theorem (14.7). 

а = <4 —(—2),5 – 3) =<6,2 

b=<—2-— 4,3 – 5) = –6, —2) = — <6, 2). 





(с) The position vectors 04 and OB for a and b are sketched in Fig- 
ure 14.15. 


FIGURE 14.15 


Q(4. 5) 





If a and b are arbitrary vectors, then 
b + (a — b) =a; 
that is, a — b is the vector that. when added to b, gives us a. If we represent 
a and b by vectors PQ and PR with the same initial point, as in Figure 14.16, 
then RO represents a — b. 

At the beginning of this section we used the symbol cAB to denote a 
vector whose direction is the same as that of AB if c > 0 or opposite that 
of AB if c <0. The next definition is the analogous concept for vectors 
in V. 

Nonzero vectors a and b in V, have 

(1) the same direction if b = ca for some scalar c > 0 

(ii) the opposite direction if b = ca for some scalar c < 0 


Let а= <аџ, а> and b= (b,, b». If b = са, then b, —ca, and 
b, = cay, and the position vectors ОА and OB for a and b lie on the same 
line through the origin, as illustrated in Figure 14.17. Moreover, if c > 0, 
then А and B are in the same quadrant (or on the same positive or 
negative coordinate axis). If e < 0 and A is not on a coordinate axis, then 
A and B are in diagonally opposite quadrants. 

We shall assume that the zero vector 0 has every direction. Do not 
think of this peculiar property as something that can be proved. It is 
merely a definition of convenience, which will help us state certain results 
about a vector a without adding the condition a # 0. Remember that 0 
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Theorem (14.9) 


Definition (14.10) 


i, j form for vectors (14.11) 


is also special in another way. It is the only vector that has zero 
magnitude! 

By definition, two vectors a and b in V, are parallel if and only if 
b = ca for some scalar c. Thus, nonzero vectors a and b are parallel if 
they have the same or opposite direction. Note that the zero vector is 
parallel to every vector a, since we can write 0 — 0a. 

The next theorem specifies the relationship between the magnitudes 
of a and ca. 








If a is a vector and c is a scalar, then ||ca || = |e |||a ||. 


PROOF Па = (<a, a}, then ca = (ca,. ca). Using Definition (14.1) 
and properties of real numbers gives us 


| са || = ca, + (cay? = са! + а?) 
Vc? Aat + а? = || | а ||. = 


Theorem (14.9) implies that the length of a directed line segment that 
represents ca is |c| times the length of a directed line segment that repre- 
sents a. This agrees with the geometric interpretation discussed at the 
beginning of this section and illustrated in Figure 14.6. 

The vectors i and j defined next will be useful in future developments. 


і= 1,0), 1-00,1» 


Both i and j have magnitude | since, by Definition (14.1), 








. 
| 
L ! 





= /17+0? 21 and lil = JO? + 1? =1. 


We may use i and j to obtain another way of denoting vectors in V,, as 
indicated by the next result. 





Ifa = (a, az}, then a= ai 4 аз). 


PROOF Using Definitions (14.1) and (14.2), we have 
(ay, 42> = (a,,0) + 0,4,» = а; <1, 0) + а,<0, 1) = аі +а,ј. шш 
The formula a = a,i + a,j for the vector a = <a}, a) has an interest- 
ing geometric interpretation. Position vectors for i, j, and a are sketched 


in Figure 14.18(i). Since i and j both have magnitude |, we see from Theo- 
rem (14.9) that 


{а | = [а 111 = [4,1 апа |[asi]| — [as] |l 3] — [as]. 


Hence, as in Figure 14.18(11), a,i and a,j may be represented by horizon- 
tal and vertical vectors of magnitudes |a, | and |a; |, respectively. The 
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Theorem (14.12) 





FIGURE 14.18 
(i) j 





position vector for a may be regarded as the sum of these vectors. For 
this reason a, is called the horizontal component and a, the vertical com- 
ponent of the vector a. 
The vector sum a,i + a,j is called a linear combination of i and j. Note 

that if b = (b,. b,» = b,i + b,j and if c is a scalar, 

(a,i + aaj) + (bii + baj) = (a, + bi + (а, + b3)j 

(a,i + a5j) — (bi + b,j) = (a, — Б) + (а — b3Jj 

clai + aj) = (cas) (сал). 

The preceding formulas show that we may regard linear combinations of 
i and j as ordinary algebraic sums. 


EXAMPLE 5 Ifa = Si + jand = 4i — 7j, express За — 2b as a linear 
combination of i and j. 


SOLUTION 
За — 2b = 3(5i + j) — 2041 — 7j) 
= (15i + 3j) — (8i — 14j) 

= 71+ 1j 


A unit vector is a vector of magnitude 1. The vectors і and j are unit 
vectors. 


If a 5 0, then the unit vector и that has the same direction as a is 


u= — 
— fall ^ 


PROOF If we let c = 1/||a ||. then c > 0 and, by Definition (14.8), the 
vector u — ca has the same direction as a. Moreover, by Theorem (14.9), 


lul] = leal] -1е1 a] = |а || = 1. em 
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EXAMPLE 6 Find the unit vector u that has the same direction as 
3i — 4j. 


SOLUTION By Definition (14.1), |а| = ./9 + 16 = 5. Hence, from 
Theorem (14.12). 


u = $Gi — 4j) = $i — $j. 


Vectors have many applications in physics and engineering. We shall 
conclude this section with an example from the field of aerodynamics. 


EXAMPLE 7 In air navigation, directions are specified by measuring 

from the north in a clockwise direction. Suppose an airplane with an air- 

speed of 200 mi/hr is flying in the direction 60 , and a wind is blowing 
FIGURE 14.19 directly from the west at 40 mi/hr. As in Figure 14.19, these velocities 
may be represented by vectors v and w of magnitudes 200 and 40, respec- 
tively. The direction of the resultant v 4- w is the true course of the airplane 
relative to the ground, and the magnitude ||v + w || is the ground speed 
of the airplane. Approximate the ground speed to the nearest mile per 
hour and the true course to the nearest degree. 


SOLUTION As in Figure 14.20, let us consider an xy-plane with the 
airplane at the origin, the y-axis on the north-south line, and v = гу, t3). 
Since d(O, A) = || v || = 200, it follows that 





FIGURE 14.20 гү = 200 cos 30° = 1004/3 and v, = 200 sin 30° = 100. 
Hence 

у= (100,/3.100» and w= 440, 05. 
The resultant is 


v +w = (1004/3 + 40, 1005. 





and the ground speed is 


|у + wi] = /(100./3 + 40)? + (100)? = 235 mi/hr. 





Biv, . 0) 


If 0 is the angle between v + w and the positive x-axis, then 
100 р 
tan 0 = — 20469 and 0 = (ап ' (0.469) = 25°. 
1004/3 + 40 


Hence the true course of the airplane is approximately 90 — 25° = 65°. 


EXERCISES 14.1 
pthini is a MÀ 


Exer. 1-6: Sketch the position vector of a and find ||а ||. Exer. 7-12: Find a 4 b, a — b, 2a, —3b, and 4a — 5b. 
1 а-42,5) 2 a=<¢-4, -7) 7 a= <2, —3), b= <1, 4) 
3 а=‹—5,0) 4а--18) 8 a=<¢-2,-5)>, Ь=‹—3,4) 


5 а= –4і + 5j 6 а= 21 — 3j 9 а= – <7, 2), = 4-2,1) 


EXERCISES 14.1 Ё 


18 à4.— 241, 5y. 
11 a= 3і + 2j. 


12 а= —Si + 2j. 


Exer. 13-18: Use components to express the sum or 
difference as a scalar multiple of one of the vectors a, 
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z—3-1.—45 
b--i- Sj 
b-i- 3j 


b, c, d, e, or f shown in the figure. 


EXERCISES 13-18 





13 a+b 
16 f— b 


Exer. 19-24: Find the vector a in V, that corresponds 
to PQ. Sketch PQ and the position vector for a. 


79 Pih —4), 
20 P(7, —3), 
21 P(2, 5), 

22 P(—4, 6), 
23 P(—3, —1). 
24 Р(2, 3). 


Exer. 25-28: Find a unit vector that has |») the same 
direction as a and {5 the opposite direction of a. 


25 а= —8i + 15j 26 а-5-3 


27 a= (2, —5) 


29 Find a vector that has the same direction as <—6, 3» 


and 


14 c— d 
17 b+d 


005. 3) 

QU —2.4) 
Q( —4. 5) 
Q(—4, —2) 
Q(6. —4) 
Qt — 6. 0) 


28 a= (0,6) 


[3] twice the magnitude 


(5) one-half the magnitude 


30 Find a vector that has the opposite direction of 8i — 5j 


and 


[a] three times the magnitude 


[b] one-third the magnitude 


31 Find a vector of magnitude 6 that has the same direction 


as a = 4i — 7j. 


32 


Find a vector of magnitude 4 that has the opposite direc- 
tion of a = (2. — 5). 


Exer. 33—34: Find all real numbers c such that 
(a) | ca || = 3, (5) са = —3, and (с са| = 0. 


33 


а = 3i — 4j 34 а= (—5,125 


Ехег, 35-48: Approximate the horizontal and vertical 
components of the vector that is described. 


37 


39 


41 


A quarterback releases the football with a velocity of 
50 ft/sec at an angle of 35 with the horizontal. 


A child pulls a sled through the snow by exerting a force 
of 20 pounds at an angle of 40° with the horizontal. 


The biceps muscle, in supporting the forearm and a 
weight held in the hand, exerts a force of 20 pounds. As 
shown in the figure, the muscle makes an angle of 108 

with the forearm. 


EXERCISE 37 





A jet airplane approaches a runway at an angle of 7.5 
with the horizontal, traveling at a velocity of 160 mi/hr. 


An airplane is flying in the direction 150° with an air- 
speed of 300 mi/hr. and the wind is blowing at 30 mi/hr 
in the direction 60 , Approximate the true course and 
the ground speed of the airplane. 


An airplane pilot wishes to maintain a true course in 
the direction 240° with a ground speed of 400 mi/hr 
when the wind is blowing directly north at 50 mi/hr. 
Find the required airspeed and compass heading. 

Two tugboats are towing a large ship into port, as 
shown in the figure. The larger tug exerts a force of 4000 


EXERCISE 41 


ч 
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pounds on its cable, and the smaller tug exerts a force 
of 3200 pounds on its cable. If the ship is to travel in a 
straight line from 4 to B, find the angle 0 that the larger 
tug must make with the line segment AB. 


42 Shown in the figure is an apparatus used to simulate 
gravity conditions on other planets. A rope is attached 
to an astronaut who maneuvers on an inclined plane 
that makes an angle of 0 degrees with the horizontal. 


(a) If the astronaut weighs 160 pounds, find the x- and 
y-components of this downward force (see figure for 
axes). 

[b] The y-component in part (a) is the weight of the as- 
tronaut relative to the inclined plane. The astronaut 
would weigh 27 pounds on the moon and 60 pounds 
on Mars. Approximate each angle 0 (to the nearest 
0.01 ) so that the inclined-plane apparatus will simu- 
late walking on these surfaces. 


EXERCISE 42 





14.2 VECTORS IN THREE DIMENSIONS 


43 Find scalars p and д such that 
p<3, —1> + 944,3» = (—6, —11). 

44 Ifa = (a,, az) and = (b,, b,) are any nonzero, non- 
parallel vectors and if с is any other vector, prove that 
there exist scalars p and q such that с = pa + qb. Inter- 
pret this fact geometrically. 

45 Under what conditions is ||a + b|| = ||a || + |Ы? 

46 [a] Let a = (a,, a5) be any nonzero vector, and let OA 
be the position vector for a. If O is the smallest non- 
negative angle from the positive x-axis to ОА, show 
that a = [|а ||(cos 0i + sin Aj). 

(6) Show that every unit vector in V, can be expressed 
in the form cos ĝi + sin 0j for some 0. 

47 Let гє = (Xo. у>, F = (x, у), and c > 0. Describe the 

set of all points Р(х, y) such that ||r — ro || = c. 


48 Let ro = (Xo, yo), r= (x, уу, and a= <a,,a,> #0. 
Describe the set of all points Р(х. y) such that r — rọ is 
a scalar multiple of a. 


Exer. 49—56: Prove the given property if a — ау» 
b = (b, b», с = (с,,с„), and p and q are real numbers. 


49 a+(b+c)=(a+b)+e 
50 a+0O=a 
52 la=a 


51 0а= 0 = p0 

53 (p + qa = pa + qa 
54 p(a — b) = pa — pb 

55 If pa = 0 and p x 0, then a = 0. 

56 If pa = 0 and a +0, then p = 0. 


FIGURE 14.21 





To discuss vectors in space. we use ordered triples and a three-dimensional 
coordinate system. An ordered triple (a, b, c) is a set fa, b, с) of three num- 
bers in which a is considered the first number of the set, b the second, 
and c the third. Two ordered triples (a,. а. ау) and (Б,, b;. by) are equal, 
and we write (d,. а, аз) = (by, bz, b3), if and only if a, = b,. а, = b,, and 
аз = b. The totality of ordered triples is denoted by R°. 

To obtain a rectangular coordinate system in three dimensions, we 
choose a fixed point O (the origin) and consider three mutually perpendic- 
ular coordinate lines (the x-, y-, and z-axes) with common origin O, as 
illustrated in Figure 14.21. We may regard the y- and z-axes as lying in 
the plane of the paper and the x-axis as projecting out from the paper. 
The-three coordinate lines determine three coordinate planes: the xy- 
plane, the yz-plane. and the xz-plane shown in Figure 14.22. 

The three axes determine a right-handed coordinate system. (If the x- 
and y-axes are interchanged, the coordinate system is left-handed.) The 
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FIGURE 14.22 FIGURE 14.23 
Coordinate planes Right-handed system 





FIGURE 14.24 


(0. 0, c) 


(0, b, c) 


(a, 0. с) ‚ Bye) 


(0, b, 0) 





(a, 0, 0) 


РА (a, b, 0) 


FIGURE 14.25 





terminology right-handed may be justified as follows. If, as in Figure 14.23, 
the fingers of the right hand are curled in the direction of a 90° rotation 
of axes in the xy-plane (so that the positive x-axis is transformed into 
the positive y-axis), then the extended thumb points in the direction of 
the positive z-axis. In this text we usually use right-handed coordinate 
systems. 

If P is a point, then the (perpendicular) projection of P on the x-axis 
has coordinate a. the x-coordinate of P. Similarly, the coordinates Р and 
c of the projections of P on the y- and --axes, respectively, are the y- 
coordinate and z-coordinate of P. We use P(a, b. c) or (a, b, c) to denote 
the point P with coordinates a, b, and c. If P is not on a coordinate plane, 
then the three planes through P that are parallel to the coordinate planes, 
together with the coordinate planes, determine a rectangular box of the 
type illustrated in Figure 14.24. 

The concept of plotting points in three dimensions is similar to that 
in two dimensions. Several points are plotted in Figure 14.25. To plot 
(3, 4, — 2), we first locate (3, 4, 0) on the xy-plane and then move down 2 
units. To plot ( —2, 3, 4), we first locate ( —2. 3, 0) on the xy-plane and 
then move up 4 units. 

The one-to-one correspondence between points in space and ordered 
triples of real numbers is a rectangular coordinate system in three dimen- 
sions, or an xyz-coordinate system. The three coordinate planes partition 
space into eight parts, called octants. The part consisting of all points 
Pía. b, c) with a, b, and c positive is the first octant. The remaining octants 
are usually not numbered. 

Let us derive a formula for the distance d(P,. P.) between two points 
P, and P,. If P, and P, are on a line parallel to the z-axis, as in 
Figure 14.26 on the following page, and if their projections on the z-axis 
are A,(0, 0, 2,) and A,(0, 0, z,), respectively, then d(P,, P5) = d(A,, А5) = 
|2 — 2, |. Similar formulas hold if the line through Р, and P, is parallel 
to the x- or y-axis. 
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FIGURE 14.26 







А›(0. 0, z3) 


A,(0, 0, z, 


Distance formula (14.13) 


FIGURE 14.28 








FIGURE 14.27 





To find the distance between two points P, and Р, that are not parallel 
to an axis, we consider a situation of the type illustrated in Figure 14.27. 
Triangle P, AP; isa right triangle, and hence. by the Pythagorean theorem, 

dP, P5) = у[4Р,. А]? + [d(A. P]. 

Since P, and А are in a plane parallel to the xy-plane, the distance for- 
mula (1.4) gives us [d(P,. A)]? = (x4 — ху)? (y — y, Y". From our pre- 
vious remarks, [d(A, Р]? = (г, — z,". Substituting in the preceding 
formula for d(P,. Р,), we obtain the following. 


The distance between Р(х. уу. z,) and Р(х», ys. 25) is 





d(P,, P3) = x; — xi + (v2 — Y + €; — zy. 


If P, and Р, are on the xy-plane so that z, = z, = 0, then (14.13) 
reduces to the two-dimensional distance formula (1.4). 


EXAMPLE 1 Find the distance between 4( — 1, — 3. Папа B(3, 4, —2). 


SOLUTION Using the distance formula (14.13), we have 


А. B) = (3 + 1? + (4+ 32 + (—2 — 1)? 





To discuss vectors in three dimensions. we include a third component 
and use symbols of the form 


а = Cai tz, a3), b = ¢b,, ba; Б>. 
The set of all such vectors is denoted by V}. Each concept discussed in 
the preceding section for V, readily extends to V. For example, if A is 
the point (а, а», 04), we refer to the position vector OA for a, illustrated 
in Figure 14.28, which also shows another vector РО that corresponds to 
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a. As in Section 14.1, we seldom distinguish between the geometric and 
algebraic natures of vectors. Magnitude of a vector, vector addition, and 
scalar multiples of vectors are defined as before by simply including an 
additional component as follows: 


|а|| = va? +43 + ai 
a+b= <a, + by, a, + by as + 03) 
са = (Cd. саз. сау) 


The zero vector in V, is 0 = <0,0,0>, and the negative of a is —а = 
(—aà,. —a3, —a3>. The theorems and definitions stated in (14.5) (14.9) 
extend to V4, the only change being the inclusion of a third component 
for each vector. The following examples contain specific illustrations of 
these concepts 


EXAMPLE 2 If a—42,5, —3» and b=(<—4, 1,7), find a+b, 
2a — 3b. and ||а ||. 
SOLUTION 
a+b= (2,5, —3) + (—4,1.7» = €—-2, 6, 4) 
2a — ЗЬ = 242, 5, —3) — 346 —4, 1, 7) = (4, 10, —6> — <— 12, 3, 21D 
= (16, 7, —27) 
lall = (2)? + (5)? + (— 3)? = 4/38 


EXAMPLE З If a=<15.—6.24>. b=<5,—2,8>, and c= 
<—4§,3, —12), show that a and b have the same direction and that a 
and ¢ have opposite directions. 
SOLUTION We see, by inspection, that 

a=3b, or Ь = 3а. 


Since the scalar 3 (ог 1) is positive, а and b have the same direction. 
Again, by inspection. 
а= —2с, or с= —38. 


Since the scalar —2 (or —}) is negative, a and e have opposite directions. 


EXAMPLE 4 Given the points P,(5. 6. —2) and Р,(— 3. 8, 7), find the 

vector a in И; that corresponds to P,P). 

SOLUTION By the analogue of Theorem (14.7) in V,. 
42(—3—5,8—6,742» = (—-8,2, 95. 


A vector a in V, is a unit vector if ||a|| = 1. The special unit vectors 


i — <1, 0. 05, j= «49, 1,05, k = <0. 9. 1D 
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FIGURE 14.29 





(1. 0. 0) 


FIGURE 14.30 


(0. 0, a) 






SD 


(a,. 0. 0) 


Midpoint formula (14.14) 


FIGURE 14.31 





are important, since any vector a = (a). az, d4) сап be expressed as a 
linear combination of i, j, and К. Specifically, 


а = Cdi, aa, d3) = (4l + a,j + ask. 


Position vectors for i, j. and К are sketched in Figure 14.29. Fig- 
ure 14.30 illustrates how the position vector for a = (d,. âz, ах) may be 
regarded as the sum of three vectors corresponding to ai, a,j, and a,k. 
It is often convenient to regard V, as a subset of V, by identifying the 
vector Са,, аг) with <a,,a,,0>. Thus, the unit vectors i = «X1, 0» and 
ј = <0, 1) are essentially the same as i = «1. 0, 0» and j = <0, 1, 05. 


EXAMPLE 5  Expressa — (3, —4, 2) in terms of i, j, and k, and find 
the unit vector u that has the same direction as a. 
SOLUTION We may write 
a = (3, —4, 2) = 3i — 4j + 2k. 
The magnitude of a is 
lal = 4/32 + (24? + 2? = 29. 
As in Theorem (14.12), a unit vector u having the same direction as a is 


1 І 3 
та=——(3—4}+2Ж =——1—-—[+—— 
а | 29 /29 29 429 


We shall conclude this section by using vectors to derive several useful 
formulas. The first may be stated as follows. 


The midpoint of the line segment from Pix, Уз, 21) to P(x, уз, 25) 
is 





2 . 2 , » 


= 


(5 T X3 Vy + Уз 2: а) 


PROOF Тет Р(х, у, 2) be the midpoint of the line segment P,P, (see 
Figure 14.31). The fact that P is halfway from P, to P, may be expressed 
in vector form as follows: 


ог {x= xy = ynzn Hd, —59; yp 215 
Equating components, we have 
x—-xy,-21(0- x). у-у = у, – JA. 2—@ү=%(2; — 21). 


Solving these three equations for x, y, and z gives us the following coordi- 
nates of the midpoint P: 


X=3(X,+%2) у= у y) z=4(2,;+2,) шш 
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FIGURE 14.32 





Theorem (14.15) 


EXAMPLE 6 Find the midpoint of the line segment from (2, —3, 6) 
to (3, 4, —2). 


SOLUTION The points are plotted in Figure 14.25. By Theorem (14.14), 
the midpoint is 


243 -3-44641-2ү (51 
? E ? * Э шин »7?] 


z < = - 





The graph of an equation in three variables x, у, and z is the set of all 
points Р(а, b, c) in a rectangular coordinate system such that the ordered 
triple (а. b, c) is a solution of the equation; that is, equality is obtained 
when a, b, and c are substituted for x, у, and т, respectively. The graph 
of such an equation is a surface. We can easily derive an equation for 
a sphere of radius r with center at Po(xo. Ур, 20). As illustrated in Fig- 
ure 14.32, a point Р(х, у, 2) is on the sphere if and only if || PP | =r. Ап 
equivalent statement is 








v (x - #9) У Yo)? + (2 — Zo) = г. 


Squaring both sides of the last equation gives us the following theorem. 


An equation of a sphere of radius ғ and center Р,(Хо, yo, Zo) is 


2 


(x — xo) + (y — Yo)? + (2 — 20)? =r’. 


If we square the expressions in (14.15) and simplify, then an equation 
of a sphere may be written in the form 


x? + y? +27 +ах + һу + с + = 0, 


where a, b, с. and d аге real numbers. Conversely, if we begin with ап 
equation of this form and if the graph exists, then by completing squares 
we can obtain the form in (14.15), and hence the graph is a sphere or a 
point. 


EXAMPLE 7 


Discuss the graph of the equation 


x+y? +22 6бх + 8у + 42 +4 = 0). 


SOLUTION We complete squares as follows: 
(x? = 6x) + (y? + 8y) + (22 + 42) = —4 
(x? — 6x + 9) + (y? + Ву + 16) + (22 + 42 + 4) 4-9 1644 
(x — 3)? + (у + AY + (2 + 2)? = 25 


Comparing the last equation with (14.15), we see that the graph is a sphere 
of radius 5 with center (3, —4, — 2). 
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EXERCISES 14.2 
Т 


Ехег. 1-6: Plot А and В and find {a} 4А, В), |b) the 
midpoint of AB, and (с) the vector in V, that corresponds 


to AB. 


1 A(2,4,—5), B(4, —2, 3) 

2 A(l,—2, 7), B(2,4, —1) 
3 A(—4,0,1), B(3, —2, 1) 

4 А(0, 5, —4). Bil. 1,0) 

5 A(1,0,0). — B(0, 1,1) 

5 A(0. 0,0), B( — 8. — 1.4) 


Exer. 7-12: Find (a) a+b, [b] a — b, їс) 5a — 4b, 
(dj 11а |1, and (е) || — 3a ||. 


b= (3, —3, —1у 
b= <—4,0, 1) 
9 a=3i—4j+2k, b=i+ 2j— 5k 


7 a= ¢—2, 6,1}, 


8 a= 1, 2, —3), 


10 a=2i—j+4k, b=i-k 
11 a=i+j, b= -—j+k 
12 a= 2i, b = 3k 


Exer. 13-14: Sketch position vectors for a, b, 2a, — 3b, 
a + b, and a — b. 


b- 4i, -2,2) 


14 а= —i -2j3k, b= —2j+k 
Exer. 15—16: Find the unit vector that has the same di- 
rection ав a. 


15 a-2(—2,5, —1) 16 а = 3i — 7j + 2k 


Exer. 17-18: Find the vector that has (ај the same 
direction as a and twice the magnitude of a, |^] the 
opposite direction of a and one-third the magnitude of 
a, and (с) the same direction as a and magnitude 2. 


17 а = 141 — 15j + 6k 18a—(—6.—3,6) 


Exer. 19-22: Find an equation of the sphere with center 
C and radius r. 

19 C(3, — 1,2); r=3 

20 C(4, —5, 1); r=5 

21 C(—5,0,1; r=4 

22 С(0, —3, —6); rz4/3 

Exer. 23—24: Find an equation of the sphere with center 


C that is tangent to (а) the xy-plane, {b} the xz-plane, and 
ic] the ус-рїапе, 


23 C(—2.4, —6) 24 C(3, —1,2) 


Exer. 25-26: Find an equation of the sphere that has 
endpoints of a diameter at 4 and B. 


25 A(1,4, —2, В(—7, 1.2) 
26 A(4, —3,4), B(0.3. — 10) 


27 Find an equation of the sphere that has radius | and 
center in the first octant and is tangent to each coordi- 
nate plane, 


28 Find an equation of the sphere that has center (2. 3, — 1) 
and contains the point (1, 7. —9). 

Ехег. 29-34: Find the center and radius of the sphere. 

29 x^! y? 42! 4x —2y 4-2:4-2-0 

30 x? + 24:2 —6x — 10у + 6z + 34 = 0 

31 х2 +5? +22 8x 4+ 824+ 16=0 

32 4x + 4y? + 422 —4x + 8y —3 = 0) 

33 x? + y?4 274 4y=0 

34 х фу + 27-2 = (0) 

Ехег, 35-42: Describe the region R іп a three-dimen- 

sional coordinate system. 

35 К = (х, yz] x y? + 22 <1) 

36 R= {(x, yz): x? + 5° +222 1! 

37 R= {(x, y, 2): |x| <1, [y| 2.|2| & 3) 

38 К = (x у. 2): |x| > 1, |y] 2 2, | 2| > 3) 


39 R= (хуул x? +9? < 25, |z| < 3} 


40 R= {(x, у, z): (7/4) + (92/9) > 1! 


tà 


41 R= {(x,y, 2): хут x 0! 
42 К = {(х, у, 2):4< х2 + у +22 < 9) 


43 Show that the line segments P,P), PP, and P,P’ (see 
ligure) that join the midpoints of the opposite edges of a 


EXERCISE 43 
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tetrahedron intersect at a point P, and each is bisected 
by that point. (Hint: Place vertex D on the z-axis and 
triangle ABC in the xy-plane.) 


44 A cube has edge of length k. The centers of the six faces 
of the cube are the vertices of an octahedron, as shown 
in the figure. 

(a) Find the coordinates of each vertex of the octa- 
hedron. 

15) Find the length of each edge of the octahedron in 
terms of k. 


EXERCISE 44 





X 


45 Coulomb's law states that the magnitude of the force of 
attraction between two oppositely charged particles is 
directly proportional to the product of the magnitudes 
q, and q, of the charges and inversely proportional to 


14.3 THE DOT PRODUCT 


the square of the distance d between them. Show that if 
a particle with charge +q is fixed at point А and a par- 
ticle of charge —1 is placed at B (see figure), then the 
force of attraction F at A is given by 


К — | 
= = , BA for some positive constant К. 
|BA|| 


EXERCISE 45 





46 Refer to Exercise 45. Particles of charge +q are placed 
and held fixed at points (1,0, 0), (0, 1, 0). and (0,0, 1). 
A charge of — 1 is then placed at P(x, y. 2). 
(a) Ifv = OP, show that the net force F on the negatively 
charged particle is given by 


se. g ү-1 Ү-1 v—k 
i 2 => (9-3 15 = KP) 

[b] The negatively charged particle is to be placed at a 
point P(x, y, 2), equidistant from the three positive 
charges, such that the net force acting on the particle 
is 0. Find the coordinates of P. 


Two useful concepts that involve vectors a and b are the dot product, which 
is a scalar, and the rector product, which is a vector. In this section we 
define the dot product. The vector product will be discussed in the next 


section. 


The dot product a · b of two vectors may be defined either geometrically 
or algebraically. We shall use the algebraic approach for two reasons: 


1. It сап be readily generalized for use in advanced mathematics 
courses such as linear algebra, where vectors in four or more dimen- 
sions are studied. 


2. It allows us to give easier proofs of properties of dot products. 


We shall consider geometric and physical interpretations of a b later in 


the section. 





Definition (14.16) 





The dot product a · b of a = <а;, az, аз) and b = ¢b,, ba, b3) is 


a: b = a,b, + a,b, + axby. 
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Properties of the 
dot product (14.17) 


Angle between a and b (14.18) 


The symbol a : b is read a dot b. The dot product is also referred to as 
the scalar product. or inner product. It is important to note that a: b is a 
scalar, not a vector. If a = (a;, а> and b = (hb,. b3) are vectors in К, 
then we define their dot product as a + b = a,b, + ар. 


EXAMPLE 1 Find a-b if 

(a) a = 2,4, 3), b= (1, 5, 2) 

(b) a = 3i — 2j + k, b = 4i + 5j — 2k 

SOLUTION 

(a) 2.4, —3> > <—1, 5, 2) = (2)(—1) + (4)(5) + (—3)2) = 12 
(Ы) (3i — 2j + К)- (4i + 5j — 2k) = (3)(4) + (—2)(5) + (0(—2) = 0 








Some properties of the dot product are listed next for any vectors a, b, 
сапа a scalar с. 





т а-а = jal)? 
(ii) а-5-45-а 

(ii) а: (6-е) =а-: Ьа: е 

(№) (ca): b = c(a · b) = a - (cb) | 
(у) 0-a=0 | 





PROOF We shall prove (iii) and leave proofs of the remaining proper- 
ties as exercises. Ifa = (а, a, аз). b = Ф,. Б. b», and e = <, 65, су) 
then 
а- (б + c) = <a; 4), ауу: (b, +c, bz + 3, by + ез) 
= а1( + сү) + alb; + c3) + ag(by + су) 
= a,b, + 4€, + aba + 026: + ashy + asc, 
= (a,b, + а,Ь, + азр) + (aye, + азс + йзсу) 
—a:b-ca:c. = 
We next show that there is a close relationship between dot products 
and the angle between two vectors. 





Let a and b be nonzero vectors. | 
(i) If b is not a scalar multiple of a and if OA and OB are the posi- 
tion vectors for a and b, respectively, then the angle 0 between 
a and b (or between OA and OB) is angle AOB of the triangle 
determined by points A, O, and B (see Figure 14.33). 


(il) If b = ca for some scalar c (that is, if a and b are parallel), then 
0 —0 ifc 0and 0 — z ifc <0. | 
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FIGURE 14.33 


Theorem (14.19) 





Corollary (14.20) 


The vectors a and b are orthogonal, or perpendicular, if 0 = 2/2. We 
shall assume that the zero vector 0 is parallel and orthogonal to every 
vector a. (Recall that 0 has every direction.) 





If 0 is the angle between nonzero vectors a and b, then 
a b = |а || ||b соѕ 0. 





PROOF Ifb z ca, we have the situation illustrated in Figure 14.33. Ap- 
plying the law of cosines to triangle AOB yields 


|| 4B |2 = |а|? + {|b ||? — 21а Ы|совд. 
Consequently 


(b, = а)? + (b — a + (Бу — аз)? 
= (aj + a$ + a3) + (bi + bł + bł) — 2||a || || b || cos 0, 
which simplifies to 
—2a,b, — 2a,b, — 2a4b, = —2 ||a ||||Ъ || cos 0. 


Dividing both sides of the last equation by —2 gives us the desired 
conclusion. 
If b — ca, then, by properties (iv) and (i) of Theorem (14.17). 


a:b—a-(ca) = с(а +a) = c ||a ||? 
Also, |a || 8) cos 0 = ||a ||||ca || cos 0 = |c] ||a ||? cos 0. 


If c > 0, then |с 





= c, 0 = 0, and |c | [а ||? cos 0 reduces to с||а ||?. Thus, 








abe Ја || || b cos 0. If c <0, then | = с, Ө= яп, and аваш 
геа ||? cos 0 reduces to c || a |. This completes the proof of the theorem. 
ын 


In words, Theorem (14.19) may be stated as follows: The dot product 
of two vectors is equal to the product of their magnitudes and the cosine of 
the angle between the vectors. In some texts this statement is used as the 
definition of the dot product, because it has an interesting geometric inter- 
pretation that is useful in applications. Two disadvantages of making it 
the definition are that it is difficult to visualize vectors in four or more 
dimensions and that it is cumbersome to use it to prove some of the prop- 
erties of the dot product. 

Dividing both sides of the formula in Theorem (14.19) by |а || || b | 
gives us the following. 





If 0 is the angle between nonzero vectors a and b, then 


NEL 


Їз ЫГ 
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Theorem (14.21) 





Cauchy-Schwarz inequality (14.22) 


FIGURE 14.34 





Triangle inequality (14.23) 


EXAMPLE 2 Find the angle between the vectors a = (4, —3. 1» and 
b=<—1, —2, 2). 


SOLUTION Applying Corollary (14.20), we have 
ab (4(—1) + (—3)(—2) + (000) 
cos 8 = < E = 
lallllb]| = 16 +94 114444 
4 4426 2426 
34/26 78 39 














Непсе 0 = arccos (2, 26/39) x агссоѕ (0.2615). 
Using a calculator or table, we obtain 
0 = 74.84 x 1.31 radians. 


The next theorem follows from Theorem (14.19). 





Two vectors a and b are orthogonal if and only if a - b = 0. 





EXAMPLE 3 Prove that the vectors are orthogonal: 
ај ї,ј (Ы) 3i — 7j + 2k, 101+ 4j — k 


SOLUTION The proof follows from Theorem (14.21). 
(a) i: j = 41.0.05 · 40, 1,0» = (1)(0) + (0)(1) + (00) = 0 
(b) Gi — 7j + 2k) - (10i + 4j — k) = 30 — 28 -2 = 0 





Each of the next two results about magnitudes is true for all vectors 
а and b. 


а-8 < [аы 


PROOF Тһе result is trivial if either a or b is 0. If a and b are non- 
zero vectors, then, by Theorem (14.19), |a: b| = [|а ||| b||| cos 0]. where 
0 is the angle between а and b. Since |cos0| < 1, |a+b| < |а |1. s 


If we represent a, b, and a + b geometrically, as in Figure 14.34, and 
use the fact that the length ||a + b|| of one side of the triangle cannot 
exceed the sum of the lengths of the other two sides, we obtain the follow- 
ing result. 


а  b|| < ||а|| + | 


Let us give an alternative algebraic proof of the triangle inequality, 
using the dot product. 
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ALGEBRAIC PROOF OF (14.23) Using properties of the dot product, 
we obtain 


|a + b|* =(a + b): (a+ b)=a-4 + Да: b) - b: b 
? + 2(a-b) + || b||?. 

[b || (see (14.22)). 
* +2 + |b 


Taking square roots, we have 


= |а| 





Since a: b < |a: b| < ||a 





|a + b]? < |а 











|? = qal + Ы). 


|a + b|| < ||a|| + ||Ь|. = 


FIGURE 14.35 The angle between vectors in V, was defined in (14.18). We define the 

Az angle between two vectors (directed line segments) PO and TR as the 
angle 0 between their corresponding vectors a and b in V. A typical angle 
is illustrated in Figure 14.35, where ОА and OB are position vectors for 
a and b, respectively. If 0 = 2/2, then РО and TR are orthogonal. 

The dot product of PQ and TR in Figure 14.35 is defined by 
PO: TR =a- b = ||а||||Ъ|| cos 0. 
Since || PO | = ||a || and || TR | = 161. 
PO- TR = | PỌ || TR | cos 0. 





If PQ and PR have the same initial point and if S is the projection 
of О on the line through P and R (see Figure 14.36), then the scalar 
| PQ||cos@ is called the component of PO along РК. abbreviated 
comppg РО. 





FIGURE 14.36 
COMPpR PO 
m о 


| 
| 
| 
0 | 


Pp—~_—" $ R 
PO cos Ө > 0) ЇРО| cos 8 < 0 





Note that the scalar || РО || cos 0 is positive if 0 < 0 < л/2 or negative 
if x/2 < 0 x n. If 0 = 7/2, the component is 0. It follows that 


compsg РО = || PO || cos 0 


2, РО-РК 
= || PQ || - їг 
| PQ || || PR || 
= nee 
= PO -——. PR. 
| PR|| 


One way to remember this fact is to use the following statement. 
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Theorem (14.24) | A 23 —— i c 
The component of PQ along PR equals the dot product of PQ with 


the unit vector that has the same direction as PR. 





We use Theorem (14.24) to define the component of a vector a along 
a vector b in V, as follows. 








Definition (14.25) Е — Ч " E 
_ Let a and b be vectors in V, with b 4 0. The component of a along 


b, denoted by comp, a, is 
1 
comp, a = а · ——- b. 





If a = аі + a,j + ak, then, by Definition (14.25), 
comp;a=a-i=a,, compja=a-j=a,, and comp,a=a-k=a,. 


Thus, the components of a along i, j, and k are the same as the compo- 
nents ац, а,, and a, of a. 


EXAMPLE 4 Ifa = 4i — j+ 5k and b = 6i + 3j — 2k, find 
(a) comp, a (b) comp, b 

SOLUTION 

(a) Using Definition (14.25), we have 


comp, a =a: b= (4i — j + Sk) (64 + 3j — 2k) 


| b | 


224-3-10 п, 
= 7 86. 


(b) Interchanging the roles of a and b in (14.25) yields 


І І 
comp, b = b-~—~ a = (6i + 3j — 2k): —— (4i — j + 5k) 
|a || Ja 

24-3- Ї 
= ы B 9 OS A 


42 42 





We conclude this section with an important physical interpretation for 
the dot product. Recall from Definition (6.20) that the work done if a 
constant force F is exerted through a distance d is given by W = Fd. This 
formula is very restrictive, since it can be used only if the force is applied 
FIGURE 14.37 along the line of motion. More generally, suppose a vector PO represents 
О a force, and its point of application moves along a vector PR. This is illus- 
trated in Figure 14,37, where a force PO is used to pull an object along a 
level path from P to R. Since 


R РО = PS + SO. 
SO does not contribute to the horizontal movement, and hence the motion 
from P to К is caused by PS alone. Applying (6.20) with F — || PS 






Force 









Motion 


and 
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4 = | PR ||. we find that the work W is 





W = (|| PS|)|| PR | 
= (|| PO | cos @)|| PR | = PỌ - PR. 





This is the motivation for the following definition. 





The work done by a constant force РО as its point of application 


| moves along the vector PR is РО РЕ. 


EXAMPLE 5 The magnitude and direction of a constant force are 
given by a = Si + 2j + 6k. Find the work done if the point of application 
of the force moves from P(1. —1, 2) to R(4, 3, —1). 





SOLUTION The vector in V, that corresponds to PR is 
b= (4—1,3—(—1), —1 —2) = 43,4, —3). 
If PO corresponds to a, then, by Definition (14.26). the work done is 
PỌ: PR=a-b=<5, 2,6) · (3,4, —3) = 15+ 8—18 = 5. 


If. for example, distance is in feet and the magnitude of the force is in 
pounds, then the work done is 5 ft-lb. If distance is in meters and force is 
in Newtons, then the work done is 5 joules. 








EXAMPLE 6 A small cart weighing 100 pounds is pushed up an in- 
cline that makes an angle of 30° with the horizontal, as shown in Fig- 
ure 14.38(1). Find the work done against gravity in pushing the cart a 
distance of 80 feet. 


SOLUTION Ме shall treat this as a two-dimensional problem and in- 
troduce an xy-coordinate system as shown in Figure 14.38(ii). The vector 
РО represents the force of gravity acting vertically downward with a mag- 
nitude of 100 pounds. The corresponding vector F in V; is 0i — 100j. The 


FIGURE 14.38 








(200, — 100) 
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point of application of this force moves along the vector PR of magnitude 
80. If PR corresponds to a = a,i + a,j, then referring to triangle PTR, we 


see that 


a, = 80 cos 30° = 40,/3, 


and hence 


а, = 80 sin 30° = 40 


a = 404/3i + 40]. 


The work done by gravity is PO : PR, or Е:а. Applying the definition 
of dot product yields 


F + a = (0i — 100j) - (40 ,/31 + 40j) = 0 — 4000 = — 4000 ft-lb. 


Thus, the work done against gravity is 


EXERCISES 14.3 


—F-a = 4000 ft-lb. 


LL 


Exer. 1-10: Given a = (—2, 3,1), b = (7,4, 5), and 
с= (1, —5, 2), find the number. 


1a-b Y be 
3 (аја (b 4- c) [pja:b-ra:c 
4 (а) (а - c): b (pja:b — e: b 


5 (2а + b): 3c 6 (a — b): (b + c) 
7 comp, b 8 comp, € 
9 comp, (a + c) 10 comp, € 


Exer. 11-14: Find the angle between a and b. 
11 a= —4i + 8j —3k, b=2i+j+k 

12 a=i— 7) + 4k, 
13 a=¢-2,-3,0>, b=<-6,0,4> 
14 a= (3, —5, — 1), 
Exer. 15-16: Show that a and b are orthogonal. 
b = 4i + 5j — 2k 

b = <2, —2, 5) 


Exer. 17-18: Find all values of с such that a and b are 
orthogonal. 


15 а = 3i — 2j + К, 
тоа = (4, — 1, —2), 


b-6c,c, —5> 


b= i + 22] — 3ck 


17 а= €c, —2, 3), 
18 а= 4i + 2j + ck, 


Exer. 19-24: Given points P(3, —2, —1), Q(1, 5,4), 
R(2,0, —6), and 5(-4,1,5), find the indicated 
quantity. 


19 PO-RS 20 OS: RP 
21 The angle between PÓ and RS 
22 The angle between 05 and RP 


23 The component of PS along OR 
24 The component of OR along PS 


Exer. 25-26: If the vector a represents a constant force, 
find the work done when its point of application moves 
along the line segment from P to Q. 


25 а= —i+ 5j— 3k; P(4,0, —7) 0(2,4,0) 
26 а = (8,0, —4); Р(—1, 2,5), 0(4, 1,0) 


27 A constant force of magnitude 4 pounds has the same 
direction as the vector a = i ј + k. If distance is mea- 
sured in feet, find the work done if the point of applica- 
tion moves along the y-axis from (0, 2, 0) to (0, — 1, 0). 


28 A constant force of magnitude 5 Newtons has the same 
direction as the positive z-axis. If distance is measured 
in meters, find the work done if the point of application 
moves along a line from the origin to the point P(1, 2, 3). 


29 A person pulls a wagon along level ground by exerting 
à force of 20 pounds on a handle that makes an angle 
of 30° with the horizontal (see figure). Find the work 
done in pulling the wagon 100 feet. 


EXERCISE 29 
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30 Refer to Exercise 29. Find the work done if the wagon is 
pulled, with the same force, 100 feet up an incline that 
makes an angle of 30° with the horizontal (see figure). 


EXERCISE 30 





31 If AB is a diameter of a sphere with center О and radius 
r and if P is a third point on the sphere, use vectors to 
show that APB is a right triangle. (Hint: Let v, = ОА, 
У, = OP. and write PA and PB in terms of v, and v3.) 

32 А rectangular box has length a, width b, and height c (see 
figure). If P is the center of the box, use vectors to find 


an expression for angle APB in terms of a, b. and c. 


EXERCISE 32 2 





33 Refer to Exercise 32. In the mineral sphalerite, each zine 
atom is surrounded by four sulphur atoms, which form 
a tetrahedron with the zinc atom at its center (see figure). 
The bond angle 0 is the angle formed by the S-Zn-S com- 
bination. Use vectors to show that the tetrahedral angle 


0 is approximately 109.5 , 


EXERCISE 33 ә 
5 


1 
\ 
\ 
\ Ч 
j 9 
Zn 
N = 
2 = 





34 Given a sequence A-B-C-D of four bonded atoms, the 


angle between the plane formed by А, B. and C and the 
plane formed by В, С. and D is called the rorsion angle 
0 of the bond. This torsion angle is used to explain the 
stability of molecular structures. If segment BC is placed 
along the z-axis (see figure), how can 0 be computed in 


terms of the components of vectors ВА and CD? 


EXERCISE 34 2 





The direction angles of a nonzero vector a = (ay. аз. аз> 
are defined as the angles x, fj, and y between the vectors 
i, |, and К. respectively, and the vector a. The direction 
cosines of а are cos х, cos $, and cos у. Prove the follow- 
ing: 

= ‚ cos f = 23 , cosy = +. 

jal |a || 


{а) cos x = - 
|a 

(Ы cos? x + cos? f| + cos? 7 = 1 

Refer to Exercise 35. 

[a] Find the direction cosines of a = (—2, 1, 5). 


(5) Find the direction angles and direction cosines of i. 
1, and К. 
ic} Find two unit vectors that satisfy the condition 
COS х = cos [) = cos у. 
Three nonzero numbers /, m, and n are direction numbers 
of a nonzero vector a if they are proportional to the di- 
rection cosines— that is. if there exists a positive number 
k such that 
[= К соѕ x, m = k cos fs, п = Ксоѕ у 
И d=(F +m + п2) 2, prove that cosx- l/d, 
cos B = md. cos у = nd. 
Refer to Exercise 37. If /,, m, n, and lz, Ma, n; are direc- 
tion numbers of a and b, respectively, prove that 
(а| a and b are orthogonal if and only if 


lil, + тут + түп, = 0 


(Ы a and b are parallel if and only if there is a number К 
such that /, = kl,, m, = km, and n, = kn, 
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Exer. 39-42: Prove the given property of vectors if 
a=(a,,a,,a,),b=¢b,,6,,6,), and с is a scalar. 

39 а`а = |а ||? 40 a:b—b.-a 
41 (ca): b = c(a: b) = a · (cb) 

42 0-a=0 


Exer. 43-52: Solve without using components for the 
vectors. 


43 Let a and b be nonzero, nonparallel vectors such that 
ca + db = pa + qb, where c, d, p, and q are scalars. 
Prove that c = p and d = q. 


44 Prove that if c is orthogonal to both a and b, then c is 
orthogonal to pa + qb for all scalars p and q. 
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Prove that ||а + b||? = ||a ||? + 2(a * b) + || b|?. 
Prove that ||a + b||? + ||a — b||? = 2(|a||? + |62). 


In the Cauchy-Schwarz inequality, under what condi- 
tions is |a + b| = ||a || || b ||? 


In the triangle inequality, under what conditions is 
{а + b|| = |а || + || bl]? 


Prove that ||a— [> |jal|— П. (Hint: Consider 
a = b + (a — b) and use the triangle inequality.) 


Prove that (а + b): (a — b) -a-a— b: b. 
Prove that a = 1(||а + b||? — ||a — Ь||?). 


Prove that comp, (a + b) = comp, a + comp, b. 





In this section we introduce the vector product (or cross product) a x b 
of two vectors a and b in V4. Unlike the dot product а · b, which is a 
scalar, the cross product is a vector. As we shall see, the vector a x b is 
orthogonal to both a and b. It is used in physics and engineering to 
describe rotational effects produced by forces. We could define a x b geo- 
metrically and then obtain an i, j, k-form by introducing a rectangular 
coordinate system; however, we begin with an algebraic definition. This 
approach disguises the geometric nature of a x b, but it leads to simpler 
proofs of properties. 

It is convenient to use determinants when working with vector prod- 
ucts, A determinant of order 2 is defined by 


а а, 


b, b, = а,Ь» - a,b}, 








where all letters represent real numbers. 


ILLUSTRATION 
2 
Hel 
f 


ны 
2-3 


-3 
; = (25) — (—3)(4) = 10 + 12 = 22 


: = (4)(—3) — (5)(2) = —12 — 10 = —22 


The preceding illustration demonstrates a property that is true for 
determinants of all orders: interchanging two rows changes the sign of a 


determinant. 


A determinant of order 3 is given by 


СА 


аз | = 


а, аз 


bs 
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This is sometimes called the expansion of the determinant by the first row. 
The value can be found by evaluating the second-order determinants on 
the right side of the equation. 


ILLUSTRATION 














(—20 — 2)(2) — (8 — (—1) + (-4 — 5)(3) 
= —-M 47 —27= 8 


Definition (14.27) = шин - Е z 
The vector product (or cross product) a x b of a = 4a,, a, аз> and 


b = (b, b;b;»is 


а а, 


b, bs 


а, а, 


i Б К. 


j+ 























The symbol a x b is read a cross b. Note that the formula for a x b 
can be obtained by replacing с,. €>, сз in our definition of a determinant 
of order 3 by the unit vectors i, j. k. This suggests the following notation 
for the formula in Definition (14.27). 


Notation for vector 


products (14.28) F IW 
axb-j|a, а, а, 
b, b, b, 


The symbol on the right side in (14.28) is not a determinant, since the 
first row contains vectors instead of scalars. However, determinant nota- 
tion is useful for remembering the more cumbersome formula in Defini- 
tion (14.27). With this distinction in mind, we shall use (14.28) to find 
vector products, as in the following example. 


EXAMPLE 1 Find a x b if a = (2, —1,6» and = (—3,5, 1). 


SOLUTION We proceed as follows: 


- ij k 
ах-| 2-1 6 
e» 3 d 
-1 6. | 2 6|, Я зә 
- 51-13 ait эж s 














(—1 — 30)i — (2 + 18)j + (10 — 3)k 
= —31i — 20j + 7k 





CHAPTER 14 VECTORS AND SURFACES 











If a is any vector in V}, then 
ax0=0=0:x a, 


for if one of the vectors in Definition (14.27) is 0. then each determinant 
has a row of zeros and hence is 0 (verify this fact). It is also easy to show 
that a x a = 0 for every a. 

The next theorem brings ош an important property of vector products. 


Theorem (14.29) 2 - 
The vector a х b is orthogonal to both a and b. 





PROOF By Theorem (14.21). it is sufficient to show that 
(axb):a—-0 and (ax b)-b=0. 


Taking the dot product of a x b in (14.27) with a = «а, а. a> gives us 




















i b) йз а а, а, ар ay 
ах) а- а|- аз аз 
B WI. [Бю "Бу BC 

= (azb; — a4b3)a, — (а,Ь; — а›Ь,)а› + (a,b, — ayb,)a, 

= asbaa, — aba, — ааз + azb, + абаз — аһа 

-0 
Hence a x b is orthogonal to a. The proof that (ах) 5-0 is 
similar. mm 


Let us interpret Theorem (14.29) geometrically. As illustrated in Fig- 
ure 14.39(1), if nonzero vectors a and b correspond to vectors РО апа РЁ 
with the same initial point P. then a x b corresponds to a vector PS that 
is orthogonal to both РО and PR. Hence PS is perpendicular to the plane 
determined by P. Q. and R. We shall write 


PS = РО x PR. 


FIGURE 14.39 


(i) (1) 
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Theorem (14.30) 


Corollary (14.31) 


The direction of PS may be obtained using the right-hand rule illustrated 
in Figure 14.39(11). Thus, if 0 is the angle between РО and PR and if 
the fingers of the right hand are curled such that a rotation through 0 
will transform PO into a vector that has the same direction as PR. then 
the extended thumb points in the direction of PO x PR. 

The following result describes the magnitude of a x b. 


If 0 is the angle between nonzero vectors a and b, then 
a x b|| -|а||8| sino. 


PROOF By Theorem (14.17)(i) and Definition (14.27), 
|a x b||? =(a x b): (a x b) 


3 2 


Р a; а, 
b, b, b, b, 
= (abs — аЬ)? + (a,b, — ab, Y + (a,b, — а›Ь,)? 
= а$Ь$ — 2a;ajb;b, + а$Ь5 + а?Ь5 — 2а|а5Ь,Ь,» 

+ aibi + aibi — 2a,a,b,b, + aibi 
= (a? + a3 + a3)(b] + bł + bł) — (a,b, + а,Ь, + aby)’. 


Uy 45 


b, b; 




















The last equality may be verified by multiplying the indicated expressions. 
In vector form. the preceding identity is 


|a x b|* = (|а |||[b |)? — (aby, 


or, since a * b = ||a ||||Ь || cos 0, 











(ахь = (|а b]? (аЬ? cos? 0 
= (||а || |6 || (1 — cos? 0). 
Hence |a x b||? = (|а |Ы) sin? 0. 








Taking square roots and observing that sin 0 > 0 (since 0 < 0 € л), we 
obtain 


|a x b|| = [|a|||| bl sin Ө. ша 


Two vectors a and b are parallel if and only if a x b — 0. 


PROOF Suppose a and b are nonzero vectors. If 0 is the angle between 
а and b, then the vectors are parallel if and only if 0 = 0 or 0 = x, or, 
equivalently, sin 0 = 0. By Theorem (14.30). the last statement is equiva- 
lent to a x b = 0. If either a or b is the zero vector. the proof is trivial, 
since 0 is parallel to every vector. шш 


To interpret |a x b|| geometrically, let us represent a and b by vectors 
РО and PR having the same initial point P. As in Figure 14.40, let 5 be 
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Properties of i, j, К (14.32) 


FIGURE 14.41 
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the point such that segments PQ and PR are adjacent sides of a par- 
allelogram with vertices P. О, К. and S. An altitude of the parallelo- 
gram is || b|| sin 0, and hence its area is [а || || | sin 0. Comparing this 
with Theorem (14.30). we see that the magnitude of the vector product 
a x b equals the area of the parallelogram determined by a and b. 


EXAMPLE 2 Find the area of the triangle determined by Р(4. —3, 1), 
006, —4, 7), and R(1, 2, 2). 


SOLUTION The vectors in V, corresponding to РО and PR are given 
by 
а= (6 — 4, —4— (—3),7 — 1) = Q2, — 1,6) 
Б-4411-44:3-41-313-413--4-3:8,15, 
From Example 1, 
a x b= —3li — 20j + 7k. 
Hence the area of the parallelogram with adjacent sides PQ and PR is 
|a x b|| = /961 + 400 + 49 = (1410. 


It follows that the area of the triangle is 14/1410 = 18.8. 


The vector products of the special unit vectors i, j, and k are of interest. 
For example, using Definition (14.27) with a = i = <1. 0. 0) and b = j = 
«0, 1,0)», we have 





"ЭРГЭЖ tie Ole 1 0|,,11 0 
ixi- | oi lo oli +o |k =x 
We can prove the following in similar fashion. 
1х)-К jxk=i К x i=j 
jx i= —k Кх)--1 ixk--j 


Ixi-]x]-k*k-0 


Figure 14.41 is a simple mnemonic device for remembering six of the 
formulas in (14.32). If we place the symbols i, j, К around a circle as shown 
and proceed in the clockwise direction (as denoted by the arrows), then 
the vector product of any two successive vectors is the next vector. To 
illustrate, i x j = k, For the counterclockwise direction, take the negative 
of the next vector, as inj x i= —k. 

The fact that i x j Aj x i shows that the vector product is not commu- 
tative. Moreover, the associative law does not hold, since, for example, 


ix(jxj-ix0-90, 


but ixj x j=k x j= –і. 
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Properties of the vector 


FIGURE 14.42 


product (14.33) 








The following properties are true for any vectors a, b, and сапа a 
scalar m. 

1 b x a= —(a x b) 

(ii) (ma) x b = m(a x b) =a x (mb) 

(iii) a x (b +c) = (a x b) + (a x c) 

(iv) (a + b) x e = (a x e) + (b x c) 

(м) (a x b)-c =a: (b х е) 

(vi) a x (b x c) = (a · e)b — (a · b)c 


PROOF Each property may be established by straightforward (but 
sometimes lengthy) applications of Definition (14.27). To prove (i), we let 
а = (d,, a>, 04? and b = ¢b,, b;, Б> and find 
b, b b, b 

з зу i E 
а, ay ay аз 


эха = 




















Since interchanging two rows of a determinant changes its sign, we obtain 




















а, a3). 8: dal. а, а, 
b --— "du - 
“а b, b, i b, b, d b, b; 4 
= —(a x b). 


To prove (iii), consider e = (c, с, Сз). The i component of a x (b + c) is 


= a(b, + c3) — ау(Ь› + c3) 


da аз 
b, tez by 4 c4 





= (a,b, = ü3b;) + (а›с» 2x: a4C>) 


а, а, 














b, b, 


which is equal to the i component of (a x b) + (a x c). A similar calcula- 
tion can be used to prove that the j and К components of a x (b + c) are 
the same as those of (a x b) + (a x c). This establishes (iii). The proofs of 
the remaining properties are left as exercises. mw 


C2 C3 


Formula (vi) of Theorem (14.33) is called the triple vector product of 
a, b, and c. 


EXAMPLE 3 Find a formula for the distance d from a point R to a 
line 1. 


SOLUTION Let P and О be points on І, as shown in Figure 14.42, and 
let 0 be the angle between РО and PR. Since d = || PR || sin 0, we obtain 
| PO х PR || = || PO ||| PR | sin Ө = || PỌ |4. 
dx ПРО x РК| 
|| PQ | 


Hence 
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EXAMPLE 4 Suppose a, b. and c represent adjacent sides of the ob- 
lique box in Figure 14.43. Show that (a x b): c| is the volume of the 
box. 


SOLUTION The area of the base of the box is |а x b||. Let 0 be the 
angle between с and a x b. Since a x b is perpendicular to the base, the 
altitude h of the box is given by л = ||c||| cos 0 |. We must use the ab- 
solute value | cos 0|. since 0 may be an obtuse angle. Thus, the volume 
V of the box is 


V = (area of base)(altitude) 
= |а x b||||e||| cos 0 | 
= |(а х 0-е], 


where the last equality follows from Theorem (14.19). 


The number (a х b): с considered in Example 4 is called the triple 
scalar product of a, b. and е. This number can be expressed as a deter- 
minant of order 3 that involves the components of the three vectors (see 
Exercise 21). 

Vector products are used to study rotational effects produced by 
forces. Suppose a force PQ acts at a point P in an object, as illustrated 
in Figure 14.44, where we have superimposed an xyz-coordinate system. 
The force tends to make the object rotate about a line through O that is 
perpendicular to the plane determined by PO and the position vector OP 
of P. The torque vector OT for the force (also called the moment of 
РО about 0) is defined by 

OT = OP x PO. 
In physics or mechanics, OT specifies both the magnitude and the direc- 
tion of the rotational effect induced by the force РО. ГОР represents the 
handle of a wrench and PO is the force applied to the end of the handle. 
then OT points in the direction that a (right-handed) bolt moves when 
the wrench is turned. 

Vector products are also useful in electromagnetic field theory. To 
illustrate, let us consider an electric dipole—that is. two point charges 
+q and — д that are always a constant distance d apart. If d is the vector 
shown in Figure 14.45(i), then ||d|| = d and the electric dipole moment р 
is defined as p = qd. Suppose. as illustrated in Figure 14.45(1), the electric 
dipole is placed in an electromagnetic field where every force vector E 
has the same magnitude and direction. The electric dipole will tend to 


FIGURE 14.45 


n “4 (ii) 
ЕД иг 
Р 9 


-4 
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rotate until it is aligned with the direction of the field; that is, the angle 
0 between 4 and E will approach 0. The torque Т caused by E at Р is 
given by T = p x E, and the work done by E in the alignment process is 


W=p-E. 


We shall consider other interpretations of the vector product in 


Chapter 15. 


EXERCISES 14.4 


Exer. 1-10: Find a x b. 
1 a= (1, —2;35, b= (2, 1, —4) 


2a=¢-5,1,-1, b= (3,6, —2)> 
3 а = <0, 1,27, b-= <1, 2,0) 

4 а = (0, 0, 45. b= ¢—7, 1,0) 
5a-S5i—6j—k, Ь= 31 + К 

6 а= 21 + ј, b = — 5) + 2k 
7a=—3i+j+2k, b= 91 — 3j — 6k 
8 а = 3і — j+ 8k, b= 5] 

9 а= 41 — 6) + 20, b= —2i+ 3) – К 
10 а = 3і, b = 4k 


Exer. 11—12: Use the vector product to show that a and 
b are parallel. 


11 а-1-6,-10,4), Ь--43,5,-2) 
b= 


12 a=2i—j+ 4k, —6i + 3j — 12k 


Exer. 13-14: Let a= (2,0, — 1), b= (—3,1,0), and 
c= (1, —2, 4). 

13 Find a x (b x c) and (a x b) x c. 

14 Find a x (b — c) and (a x b) — (a x c). 

Exer. 15-18: (а) Find a vector perpendicular to the plane 


determined by P, О, and R. [b] Find the area of the 
triangle POR. 


15 P(1,—1,2). Q(0,;3; —1), R(3, —4, 1) 
16 Р(-3,0,5), Q(2, —1, —3, R(4, 1, —1) 
17 Р(4,0,0), Q(0, 5, 0), R(0, 0, 2) 
18 P(—1,2,0), Q(0,2, —3), R(S. 0, 1) 


Exer. 19-20: Refer to Example 3. Find the distance 
from P to the line through О and К. 


19 P(3,1, —2), .0(2, 5, 1), R( —1.4,2) 
20 P(—2,5,1), Q(3, —1, 4, R(1,6, —3) 


21 ЇГ а= ау, аза), b— (b, bs b35, C= (04,05, сз), 
prove that 
а оа а, 
а:(6 хе) = (ах Б) :с= |6, ba bj] 
ё с» б 


Ехег. 22-23: Use Example 4 and Exercise 21 to find the 
volume of the box having adjacent sides AB, AC, and 
AD. 


22 A(0, 0, 0), В(1,—1,2), С(0,3,—1), D(3, —4, 1) 
23 A(2,1,—1), B(3, 0, 2), С(4; —2;1); D(5,—3,0) 


24 |f a, b, and c are represented by vectors with a common 
initial point, show that a * (b x е) = 0 if and only if the 
vectors are coplanar. 


25 Prove that (a x b): b = 0 for all vectors a and b. 


26 lf ax b=axc and a #0, does it follow that b = c? 
Explain. 


27 Leta #0. Ifa x b=a x cand a: b =а с, prove that 
b=, 


Exer. 28-31: Prove the given property if a = (a,, a,, 4,3, 
b = ¢b,,5,,6,), с = <с,, Ca, с,), and т is a scalar. 


28 (ma) x b = m(a x b) = a x (mb) 
29 (a+b) x c=(a x c) + (b хс) 

30 аху с-а: (b х c) 

31 a x (b x c) = (a: c)b — (a · Бе 


Exer. 32—37: Verify without using components for the 
vectors. 


32 (a + b) x (a — b) = 2(b x а) 


33 ах (хе) + х (ex a)+e x (a х) = 0 
(Hint: Use (vi) of Theorem (14.33).) 


34 (a x b) x c= (a-c)b—(b-cja 
а-с bee 
a:d b-d 
36 (a x b) x (c x d) = (а x b:d)c — (a x b: с) 


35 (a x b): (сх d) = 








37 (a x b): (bx c) x (exa) = (a: b x е)? 
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14.5 LINES AND PLANES 





In this section we describe lines and planes by using the vector concepts 
of parallel and orthogonal. respectively. We will assume that all lines and 
planes lie in an xyz-coordinate system. 

FIGURE 14.46 Let а--«а,,й», ах? be a nonzero vector in V3, let P,(x;, Yi, 21) be 


2 any point, and let OA be the position vector for a. As illustrated in Fig- 
ure 14.46, we describe the line 1 through Р(х. уу, тү) parallel to a as 


the set of all points P(x, y, 2) such that P,P is parallel to OA; that is, 
Р,Р-104 for some scalar t. 
In terms of vectors in V4. 
CX х,у y4,Z— Z4) = £404, 05,032 = (ust, ast, ast. 
Equating components and solving for x. y, and z gives us 
х= х Раі, yy +41, 2=— 2, + asl, 


where t is a real number. These are parametric equations for the line /, 
with parameter г. The points P(x, у, 2) on | are obtained by letting t take 
on all real values. We have proved the following. 








Theorem (14.34) Р 8 
Parametric equations for the line through P,(x,, Vi, Z1) parallel to 


| a = (d,, 45, 43) are 


X=X,+a,t, y—y-at, z-—zQ-as5 tin К. 





Note that the coefficients of t in ( 14.34 ) are the components of the vector 
a. We may obtain the same line by using any nonzero vector that is 
parallel to a, for in this case b = ca = (ca,.ca,, саз) and parametric 
equations for the line are 
х= ху + (сас, y= у + (са), z= z; + (саз); vin В. 


These equations determine the same line, since the point given Бу г can 
be obtained by letting v = г/с. 


EXAMPLE 1 

(а) Find parametric equations for the line / through P(5. —2. 4) that is 
parallel to a = (1, 2, — 35. 

(6) Where does l intersect the xy-plane? 

(c) Sketch the position vector for a and the line /. 


SOLUTION 


(а) To avoid fractions, we shall use the vector b = ба = <3, 12, — 4» 
instead of a. Applying Theorem (14.34). we obtain the following para- 
metric equations for /: 


х=5+3, уз--2-12, т=4—4; tinR 
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FIGURE 14.47 





К(5, 10, 0) 


FIGURE 14.48 





(b) The line intersects the xy-plane at the point R(x, у, z)ifz 24—4t—0 
(that is, if ! = 1). Letting t = 1 in the parametric equations from part (a), 
we find that the x- and y-coordinates of R are 


Х-5-31)-8 and у= —2 + 12(1) = 10. 


Hence R is the point with coordinates (8, 10, 0). 

(c) The position vector OA for a is shown in Figure 14.47. The line 1 
may be sketched by using the given point P(5, —2,4) and the point 
R(8, 10, 0) found in part (b). 





To find parametric equations for the line through two arbitrary points 
P(x), уу. 2) and Р.(хь, Va, Z2), as illustrated in Figure 14.48, we use the 
vector a that corresponds to P, P,;—that is, 


а= 955 — Xoo — Vis 22 — 215. 
Substituting in Theorem (14.34), we obtain the parametric equations 
хэх(4(Хо-ХЛ, y-2yit (ya у), 2=2,+(.—2,)5 tinR. 


Note that г = 0 gives us the point P,, t = 3 the midpoint of P,P;. and 
t = 1 the point Р,. Generally, as t varies from 0 to 1, the point P(x, y, 2) 
traces the line segment P,P . Other values of t give different points on l. 


EXAMPLE 2 Find parametric equations for the line / through 

P,(3, 1, —2) and P,(—2, 7, —4). 

SOLUTION The vector a in V, corresponding to P,P, is 
a4—(—2—3,7—1, —4+ 2) = <¢—5, 6, – 2). 

Applying Theorem (14.34), we find that parametric equations for / are 


х-3-5, у=1+6, z2—2-—2t; tin В. 





EXAMPLE 3 Let lines /, and l, have the respective parametrizations 
х--2-3, у-5-4, 2=1 +26 tin R 
х=1Ї—ь, у=3+2р 2, z=—4— 30; ріп К. 

Determine whether |, and /, intersect, and if so, find the point of inter- 


section. 


SOLUTION The lines intersect if there are values of t (for /;) and v (for 
1,) that give us the same point Р(х, y, 2). Hence we consider the following 
system of three equations in two variables: 


—24+3t= 1— v 3t+ v= 3 
5—4t— 3 +20 or, equivalently, —4t — w= —2 
1+ 2t = —4—3v 2t + 3v — —5 
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FIGURE 14.49 


Definition (14.35) 





Solving the first two equations of the system simultancously, we obtain 
t — 2 and v = —3. Substituting into the third equation, 2t + 3r = — 5, 
we obtain 2(2) + 3(—3) = —5, or —5 = —5. Since t = 2 and v = —3 is 
a solution of cach of the three equations, the lines intersect. The point of 
intersection may be found by letting t = 2 in the parametrization for |, 





or by letting v = —3 in the parametrization for /,. In either case we obtain 
the point P(4, — 3, 5). 
It is important to note that if the solution t = 2, and v = —3 of the 


first two equations in the system had not satisfied the third equation, then 
the lines would not have intersected. 


In the next definition we use the angle between two vectors (see (14.18)) 
to define the angle between two lines. We also use vectors to define parallel 
lines and orthogonal lines. 


Let 1, and l, be lines that are parallel to the vectors a and b, and 
let 0 be the angle between a and b (see Figure 14.49). 


(i) The angles between |, and l, are 0 and л — 0. 
(ii) The lines /, and l, are parallel if and only if a and b are parallel — 
that is, b — ca for some scalar c. 


(ш) The lines /, and l, are orthogonal if and only if a and b are 
orthogonal—that is, a : = 0. 


Note that the angle between /, and /, is defined for either 
intersecting or nonintersecting lines. 


EXAMPLE 4 Let lines /, and /, have the respective parametrizations 
for t in R: 


t 
I 

| 
to 
+ 


х-1-2, у-3-4, 


хэт-5-1,) у-2-3, 2=4 + 31 
Find the angles between /, апа /,. 
SOLUTION Referring to the coefficients of t, we see that /, and /, are 
parallel, respectively, to 
а= (2, —4, 1) and 65= 4—1, —3,3). 
If 0 is the angle between a and b, then, by (14.18). 


a'b (2)(— 1) + (—4)(—3) + (DB) 13 


cos 0 = T- uu: 
lallb]] = {34+16+1,Л+9+9 — 4399 


Hence, by Definition (14.35), the angles between /, and /, are given by 


13 1 
ü = cos ! —— = 0.86 radian = 49 
, 399 
x —0z 28 radians з 131". 
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As illustrated in Figure 14.50(i), if Р(х. уу. z,) is a point on a line /, 
then the plane through P, with normal line l is the set of points on all 
lines /' that are orthogonal to l at P}. To obtain an equivalent definition 


using vectors, choose another point Р, on Гапа consider the vector P,P, 
as in Figure 14.50(ii). The plane through P, with normal vector P,P; is 
defined as the set of all points P(x, y, 2) such that P,P is orthogonal to 
Р\Р;. 


FIGURE 14.50 


(i) f [ii] z 
| : 





x 


By Theorem (14.21), P is on the plane if and only if P,P,: P,P = 0. 
If a = <а,,а,,аз> corresponds to P,P, this is equivalent to 
(01,03, 43> ^ XX —X,, y — 7 — 2,9 = 0. 
Applying the definition of dot product (14.16) gives us the next result. 


Theorem (14.36) зэ? : 
An equation of the plane through P,(x,, y;. 2;) with normal vector 


а = a), a2, @3> Б 


a(x — x4) + a,(y — yi) + a3(z — 21) = 0. 


EXAMPLE 5 Find an equation of the plane through the point 
(5. — 2,4) with normal vector a = <1, 2, 3). 
SOLUTION Using Theorem (14.36), we obtain 
I(x — 5) + Xy + 2) + 3(2 — 4) = 0, 
or x + 2y + 3z—13=0. 


EXAMPLE 6 Find an equation of the plane determined by the points 
P(4, —3, 1), Q(6, —4, 7), and К(1, 2, 2). 


SOLUTION The points P, О, and R determine a plane that contains 
the triangle shown in Figure 14.51, on the following page. Vectors a and b 
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FIGURE 14.51 


e Oi ] ) 





corresponding to PO and PR are 


a=<2,-1,6> and b=¢—3,5,1). 


The vector a x bis normal to the plane determined by Р,О, and R. From 
Example 1 of Section 14.4, 


a x b= —3li — 20j + 7k. 
Using Theorem (14.36) with P, = P(4, —3. 1) апа the normal vector a x b 
gives us the equation 
—3l(x —4) — 20(y + 3) + Az — 1) = 0, 


Or —31x — 20у + 7z + 57 = 0. 


The equation of the plane in Theorem (14.36) may be written in the 
form 


ax + by -- ez 4: d = 0, 


where a = a,,b = b,,c = су, апаа = —a,x, — asy, — a42,. Conversely, 
given ax + by + cz + d = 0, with a, b, and c not all zero, we may choose 
numbers Хү, ¥,, and z, such that ax, + by, + cz, + d = 0. It follows that 
d = —ax, — by, — ez,, and hence 

ax + by + cz — ax, — by, — ez, = 0, 
or a(x — xy) + b(y — yı) + e(z 2) = O. 
According to Theorem (14.36), the graph of the last equation is a plane 
through Р(хү, уу. z,) with normal vector <a, b, с>. An equation of the 
form ax + by + cz + d = 0, with a, b, and c not all zero, is called a linear 


equation in three variables x. у, and т. We have proved the following 
theorem. 
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The graph of every linear equation ax + by + cz + d = 0 is a plane 
with normal vector <a, b, с>. 





For simplicity we often use the phrase the plane ax + by + cz + d = 0 
instead of the more accurate statement the plane that has equation 
ax + by-F ez d-0. 

To sketch the graph of a linear equation, we often find, if possible, 
the trace of the graph in each coordinate plane— that is, the line in which 
the graph intersects the coordinate plane. To find the trace in the xy-plane, 
we substitute 0 for z, since this will lead to all points of the graph that lie 
on the x y-plane. Similarly, to find the trace in the yz-plane or the xz-plane, 
we let x = 0 or y = 0, respectively, in the equation ax + by + cz + d = 0. 


EXAMPLE 7 Sketch the graph of the equation 2x + 3y + 4z = 12. 


SOLUTION We can easily find three points on the plane— namely, the 
points of intersection of the plane with the coordinate axes. Substituting 
0 for both y and z in the equation, we obtain 2x = 12, or x = 6. Thus, 
the point (6, 0, 0) is on the graph. As in two dimensions, 6 is called the 
x-intercept of the graph. Similarly, substitution of 0 for x and z gives us 
the y-intercept 4, and hence the point (0, 4, 0) is on the graph. The point 
(0, 0, 3) (or z-intercept 3) is obtained by substituting 0 for x and у. The 
trace in the xy-plane is found by substituting 0 for z in the given equation. 
This leads to 2x + 3y = 12, which has as its graph in the xy-plane a line 
with x-intercept 6 and y-intercept 4. This trace and the traces of the graph 
in the xz- and yz-planes are illustrated in Figure 14.52. 





Two planes with normal vectors a and b are 
|) parallel if a and b are parallel 
(ii) orthogonal if a and b are orthogonal 





EXAMPLE 8 Prove that the planes 2x —3y – 2 —5— 0 and 
—6x + 9y + 32 + 2 = 0 are parallel. 


SOLUTION By Theorem (14.37), the planes have normal vectors 
a = 42, —3, —1) and b = (—6,9, 3). Since В = — За, the vectors a and 
b are parallel and hence, by Definition (14.38), so are the planes. 





EXAMPLE 9 Find an equation of the plane through P(S, —2, 4) that 
is parallel to the plane 3x + y — 62 + 8 = 0. 


SOLUTION By Theorem (14.37), the plane 3x + y — 62 + 8 = 0 has а 
normal vector a = (3, 1, — 6. Hence an equation for a parallel plane has 
the form 


3x +y—6z+d=0 
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FIGURE 14.53 
(1) х=а 


(a. 0. 0) 


FIGURE 14.54 
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for some real number d. If P(5, — 2, 4) is on this plane, then its coordinates 
must satisfy the equation; that is, 


35)-1-2)-64)-4-0, or d- 1l. 
This gives us the equation 3x + y — 6z + 11 — 0. 


The vector i = (1, 0, 0) is a normal vector for the yz-plane. A plane 
that has an equation of the form x — x, = 0 (or x = x,) also has normal 
vector i and hence is parallel to the yz-plane (and orthogonal to both the 
xy- and xz-planes). The portion of the graph of x — a that lies in the first 
octant is sketched in Figure 14.53(i). Similarly, the graph of y = b is a 
plane parallel to the xz-plane with y-intercept b, and the graph of z = с 
is a plane parallel to the xy-plane with z-intercept c (see (ii) and (iii) of 
Figure 14.53). 


[il] y — b 





A plane with an equation of the form by 4- cz 4- d — 0 has normal 
vector a = (0, hb, c» and is orthogonal to the yz-plane, since a-i= 0. 
Similarly, graphs of ax + by + d = 0 and ax + cz + d = 0 are planes that 
are orthogonal to the xy-plane and xz-plane, respectively. 


EXAMPLE 10 Sketch the plane 3x + 5z = 10. 


SOLUTION The plane is orthogonal to the xz-plane and has x-intercept 
+? and z-intercept 2. Note that the trace in the yz-plane has equation 
5: = 10 and hence is a line parallel to the y-axis with z-intercept 2. 
Similarly, the trace in the xy-plane has equation 3x = 10 and is a line 
parallel to the y-axis with x-intercept +7. A portion of the graph showing 
traces in the three coordinate planes is sketched in Figure 14.54. 





Lines may be described as intersections of planes. If a line | is given 
parametrically as in Theorem (14.34) and if a,. a5, a, are different from 
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Symmetric form for a line (14.39) 





zero, we may solve each equation for /, obtaining 


х—х у= у 2-2 
кн b gas! 5b TA" 1 


а, а› а, 








It follows that a point P(x, y. 2) is on / if and only if the following equa- 
tions. called the symmetric form for 1, are satisfied. 





The symmetric form for a line is not unique, since in (14.39) we may 
use any three numbers h,. b;. b, that are proportional to a,, а. ау OT 
any point on / other than (x. Y,. 21). 

If, in (14.39), we take the indicated expressions in pairs, say 

X—X4 у-у X—X, 2-2, 


2 апа = — 
а, а, а, ау 


we obtain a description of / as an intersection of two planes, the first 
orthogonal to the xy-plane and the second orthogonal to the xz-plane. 
If one of the numbers ац, az, Or dy is zero, we cannot solve each equation 
іп (14.34) for t. For example, if a, = О and a,a, # 0. then the third equa- 
tion reduces to z = z,. and a symmetric form may be written as 


х—хү_у—Ў‹ 





ta 
- 


` - 


ay а» 


which again expresses / as an intersection of two planes, the first orthog- 
onal to the xy-plane and the second, z = z,, parallel to the xy-plane. A 
similar situation exists if a, = 0 or a; = 0. 


EXAMPLE 11 Find a symmetric form for the line through P,(3, 1, — 2) 
and P,(—2, 7; — 4). 


SOLUTION As in Example 2, a parametric representation for the line 
is 


х-3-5, у=1+6, z2—2—2G5 tin В. 


Solving each equation for г and equating the results, we obtain the 
symmetric form 








EXAMPLE 12  Let/ be the line of intersection of the two planes 
х-у+4т=4 and x+3y—2z=1. 


Find parametric equations for I. 


SOLUTION A point P(x, y, 2) is on / if and only if P is on each of the 
planes—that is, if and only if (х. y. z) is a solution of the system of 
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FIGURE 14.55 
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Р(х. уу, 21) 





equations 


2x— y+4z=4 
х+3Зу— 22 = 1 


or, equivalently, 


21Х- у-4-4 
х-3Зу-1- 22 


Let us regard this as a system of two equations in x апа у. By eliminating 
y from the system, we can express x in terms of т. Similarly, eliminating 
x from the system leads to a formula for y in terms of z. This procedure 
gives us the equivalent system 


x= 1 — 102 
у= —5+ 42 
By letting z take on every real value t, we obtain the solutions of the 
system—that is, the points on /. Thus, parametric equations for / are 
х=ф- 0, y2—4-$9t 12-14 tin В. 


In the next example we use vector methods to find the distance from 
a point to a plane. 


EXAMPLE 13 Find a formula for the distance Л from a point 
Po(xo. Yo. zo) to the plane ax + by + cz +d = 0. 


SOLUTION As in Figure 14.55, let P,(x,. у;, z,) be any point in the 
plane, and let n be a normal vector to the plane. The vector p cor- 
responding to P,P, is 

р = (Xo — Xi. Jo — J15 Zo — 21). 


Referring to the figure, we see that 


h =|comp, p| = 








-". 
Р Tn] 


Since <a, b, c) is a normal vector to the plane, we may let 








! І 
ue о <a, b, ex. 
| п | var + b? + с 
Consequently 
h= p : | " ИЕ а(хо 27 Ху) + Муо У) 2 C(Zo Зэ? 21) 
d Ja? + b? + с? 








|(axo + byo + czo) + (—ax, — by; — сг)| 
Ja? +b + с? | 
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Since P, is on the plane, (хү. Y,. z,) is a solution of ax + by + cz + d = 0, 
and hence ах, + by, + cz, + d =0, or d = —ax, — by, — cz,. Thus, the 
preceding formula for / may be written 
i= [axo + byo + ĉzo + d| 
Va? + + с? 





Two lines are skew if they are not parallel and do not intersect. In 
the next example we find a formula for the shortest distance between skew 
lines. 


EXAMPLE 14 Find a formula for the shortest distance d between two 
skew lines /, and l;. 


FIGURE 14.56 SOLUTION Choose points P,, О, on l, and P}, О, on l, as illustrated 
ГА in Figure 14.56. By Theorem (14.29), P,Q; х P,Q; is orthogonal to both 
p P,Q, and P,Q), and hence a unit vector n orthogonal to both P,Q, and 

PQ; is 


| „Бой SS 
= =z а Р PS 2). 
' | P,Q, x P,Q, orco 


Let us consider planes through Р, and Р,, respectively, each having 
normal vector n. These planes are parallel and contain /, and l}, respec- 
tively. The distance d between the planes is measured along a line parallel 
to the common normal n, as shown in the figure. It follows that d is the 
shortest distance between |, and /,. Moreover, 














d = | comp, P,P;| = |n: Р,Р,| 
—€—————É— P « P. 3) * P4 Pal 
| P,0; x Р.0; |(P,0, 29> 122 
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Exer. 1—4: Find parametric equations for the line é Р,(-3,1,-4), Р(7. 11, —8) 
through P parallel to a. 

25 ББ); 37V. „2 
| P(4,2,—-3); a=G,2,4) р Fj69.5 Реб.) 


2 Р(5,0,-2) а=‹—1,—4,1) 8 P,(2, —2,4), P4(2, —2. —3) 


з P(0,0,0); a=j 9 If | has parametric equations x = 5 — 3t, y= —2 t. 
4 Р(1,2,3); a=i+ 2j+ 3k z= | + 9t,find parametric equations for the line through 


—6, 4, —3) that is parallel to 1. 
Exer. 5-8: Find parametric equations for the line Аль ) that is parallel to 


through P, and P,. Determine (if possible) the points 


: " : 10 Find parametric equations for the line through the point 
at which the line intersects each of the coordinate planes. Р 1 2 P 


P(4, — 1. 0) that is parallel to the line through the points 
S P,(5, —2, 4), Р,(2, 6, 1) P,(—3.9, —2) and P;(5, 7, —3). 
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Ехег. 11-14: Determine whether the two lines intersect, 
and if so, find the point of intersection. 


11 х-142, у=1—4, 2= 5—1 
х= 4а 0, у= 1 +60, 2=4 +0 
12 х=1-6, p=3+2t, 2-1-2 
х=2 +20, у-6-г, z=2+0 


13 х=3 +1, у-2-4, 2-1 


х=4—  у=3+ь, 1--6-21-3 
14 х-2-5, y=6+2t, 2--31-2 
х=4— 30, у=7+ 50, 2= 1+4 


Ехег. 15-18: Equations for two lines /, and /, are given. 
Find the angles between /, and /,. 











15 x 27 —2t, у=4+3; z=5t 
х--14-4, у=3+4, z=141 

16 х= 5 4- 3t, y=4-t, 2=342t 
x=-t! у=1—2, 12-3-1 

лал 3 ESTSy Ge 
-3 8 -3 10 10 —7 

"T Nul ЖИН) Xd wl. zi 
3 3 4 -3 -9 


Exer. 19-26: Find an equation of the plane that satisfies 
the stated conditions. 
19 Through P(6, —7, 4) and parallel to 

[s] the xy-plane — (5) the yz-plane (c) the xz-plane 
20 Through P(—2, 5, — 8) with normal vector 

(a) i (b) j tc) k 


21 Through P(—11, 4, —2) with normal vector 
a-6i—Sj—k 


22 Through P(4. 2. —9) with normal vector ОР 


23 Through P(2. 5, —6) and parallel to the plane 
3x— y+ 22-210 


74 Through the origin and parallel to the plane 
х-6бу-4:--7 


25 Through Р(-4, 1,6) and having the same trace in the 
xz-plane as the plane x + 4y — 5z = 8 


26 Through the origin and the points Р(0,2,5) and 
Q(1, 4, 0) 

Exer. 27—28: Find an equation of the plane through Р, 

Q,and К. 

27 Р(1,1,3), 

28 Р(3,2,1), 


RII, —1.2) 
R(3, —4, 1) 


Q( —1.3. 2), 
Q( — 1. 1, —2), 
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Exer. 29-36: Sketch the graph of the equation in an 
xyz-coordinate system. 


5 


29 [a] х= 3 (b)y2-2 (еј 2 


30 [а х= —4  (py-0 |) z 5 –3 
32 3x—22 —24 ~ 0 


34 5х + у – 42 + 20 = 0 


31 2x+y—6=0 
33 2y -3:-9-0 
35 2x —y+5z+ 10=0 36 х+у+2 = 0 


Ехег. 37-40: Find an equation of the plane. 


37 2 
| 
Эр 
Ї 


39 Ї 
Sb 
T 
T 
T 
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Exer. 41—42: Find an equation of the plane through P 
that is parallel to the given plane. 


41 P(1,2, -3; 4х-у-3:-7-0 


42 Р(3, –2, 4); —2x + 3у- 2+5 = 0 


Exer. 43-46: Find a symmetric form for the line through 
Р, and Р,. 


43 Р,(5, —2,4), P4(2, 6, 1) 
ag Р,(—3, 1, —1), P,(7, 11, —8) 
45 P,(4,2, —3), P,(—3, 2, 5) 


46 P,(5, —7, 4), P4(—2, —1,4) 
Exer. 47—50: Find parametric equations for the line of 
intersection of the two planes. 


47 х+2у - 92 = 1, 2x — 3y 4-172 2 0 


48 2x + 5y + 162213, —x—2y-6:-2 -5 
49 —2x +3y +92 = 12, x —2y —5z = —8 


50 5x y — 122 = 15, 2х + 3y + 22 = 6 


Ехег, 51-52: Refer to Example 13. Find the distance 
from P to the plane. 
51 P(l,—1,2); 3x— 7y -z— 5z0 


52 Р(3,1,-2) 2x+4y—5z+1=0 


Exer. 53-54: Show that the two planes are parallel and 
find the distance between the planes. 
53 4x — 2y + 62 =3, —6x -3y— 92-4 


54 3x + 12y—6z= —2, 5х + 20у — 10: = 


Exer. 55-56: Refer to Example 14. Let /, be the line 
through A and B, and let /, be the line through C and 
D. Find the shortest distance between /, and /,. 


55 4(1, —2, 3, B(2,0, 5); C(4.1, —1), D( —2, 3,4) 
56 А(1, 3, 0), В(0,4, 5), С(-2,-1,2), D(5.1,0) 


Exer. 57-58: Find an equation of the plane that contains 
the point P and the line. 


57 P(5, 0, 2); 
58 Р, -3.0) х--14-5, 


x=3t+1, у= —2t+4, 
у-21-1, z=-f+7 


Exer. 59-60: Use a dot product to find the distance from 
A to the line through B and С. 


59 A(2, —6, 1); B(3.4, —2), С(7,-1,5) 
60 A(l. 5, 0); В(—2,1,—4), С(0, —3,2) 


Exer. 61-62: Find the distance from the point Р to the 
line. 


61 P(2,1, -2; х-3-2, у= —-44+3t, :-1-2 


62 Р(3,1,-1) х-1-4, у=3—[, 


ll 


Exer. 63-64: If a plane has nonzero x-, y-, and z- 
intercepts a, b, and c, respectively, then its intercept 
form is 


х Ї 
> + n * m 1. 
Find the intercept form for the given plane. 

64 12x + 15у — 202 = 60 


Exer. 65-66: Find an equation for the plane of the form 
Ax + By + Cz=D. 


63 10x — 15y + 6z = 30 


65 Ї 
x 
t 
jl 
[T 
! х 
| p. F эс uy 
y 
X 
66 12 


Pr “ээ, 
/ E 
E me v ws 
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[c] Exer. 67-68: Graph f and 4 on the same coordinate 67 f(x) = sin (x?), g(x) = cos х — x 
plane for —2 < х < 2. i>] Estimate the coordinates of 
their point P of intersection. » Approximate the angles 
between the tangent lines to the graphs at P. 


68 Дх) = 1—3x + х, (х) = х +4 
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To sketch a surface with pencil and paper, we usually choose the coordi- 
nate axes as in Figure 14.21, regarding the y- and z-axes as lying in the 
plane of the paper and the x-axis as projecting out from the paper. This 
technique is illustrated in Figures 14.57—14.67 and the charts in this sec- 
tion. А disadvantage of choosing coordinate axes in this way is that when 
a specific equation is graphed, the shape of the resulting surface may seem 
distorted. For example, circular cross-sections may appear to be ellipti- 
cal and vice versa. For this reason, graphs in three dimensions that are 
illustrated later in the text are computer-generated, with axes and units of 
distance chosen to provide an undistorted view of a surface. In such an 
axonometric system, none of the coordinate planes coincides with the plane 
of the paper. After you have studied this section carefully and learned 
how to identify a surface from its equation, you should strive to become 
proficient in using any choice of coordinate axes. 

In the preceding section we defined the trace of the graph of a linear 
equation in a coordinate plane. More generally, if S is any surface (that 
is, the graph of an equation in x, y, and z), then the trace of S in a plane 
is the intersection of 5 and the plane. To sketch a surface, we make con- 
siderable use of traces. Of special importance are traces in the coordinate 
planes. These three traces are the xy-trace, the yz-trace, and the xz-trace. 
It may also be convenient to find traces in planes that are parallel to the 
coordinate planes. The following charts show how to find equations of 
traces from an equation of a surface. The indicated sketch of the trace is 
only one possibility. In typical problems the trace may be a conic section, 
a line, or some other curve. Sometimes there is no trace: that is, the surface 
may not intersect a given plane. 


To find equation 
Trace of trace Sketch of trace 


xy-trace Let z = 0 
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Trace 


yz-trace 


xz-trace 


Onz=k 


Onx=k 


On у= к 


To find equation 
of trace Sketch of trace 


Let x= 0 C 


Let y — 0 
Letz=k 
Letx=k 
Lety=k | 
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EXAMPLE 1 Sketch the graph of z = x? + y?. 


SOLUTION The graph is a surface in an xyz-coordinate system. The 
following chart indicates pertinent traces on planes. 











Equation Description 
Trace of trace of trace Sketch of trace 
ху-їгасе О= x7 +.) Origin 
yz-trace i= Parabola 
xz-trace z= Хх? Parabola 





tà 


Onz=k k=x? + у?, Circle, 
orx? +y? = point, or eL 


no graph 


Y 
No graph if k < 0 
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FIGURE 14.57 
z= x? + у? 










7 yz-trace 


T Trace in 
re Ё 4 eu 


A 


* Definition (14.40) 


FIGURE 14.59 
y= fix) 








We next sketch these traces using only one set of coordinate axes. 


Noting that the radius yk of the circular trace on z = k increases as z 
increases leads to the sketch in Figure 14.57. 

Traces on the planes x = k and y = k are parabolas. To illustrate, the 
trace on the plane y = | is the parabola z = x? + 1, and the trace on the 
plane x = 2 is the parabola z = y? + 4. We shall not sketch these, since 
the circular traces on z = К are sufficient for indicating the graph. The 
surface in this example may be regarded as having been generated by re- 
volving the graph of the parabola z — y? in the yz-plane about the z-axis. 
This surface is called a circular paraboloid, or paraboloid of revolution. 


You may have previously regarded a cylinder as an object that has 
the shape of a tin can with circular cross sections. The next definition 
indicates that cylinders may have a variety of shapes. 


Let C be a curve in a plane, and let / be a line that is not in a 
parallel plane. The set of points on all lines that are parallel to l 
and intersect C is a cylinder. 


Two examples of cylinders are sketched in Figure 14.58. The curve C 
in the plane is called a directrix for the cylinder, and each line through 
C parallel to l is a ruling of the cylinder. The cylinder in Figure 14.58(1) 
is a right circular cylinder, obtained if C is a circle in a plane and / is a 
line perpendicular to the plane. Although we have cut off the cylinder in 
the figure, the rulings extend indefinitely. As illustrated in (ii) of the figure, 
the directrix C is not necessarily a closed curve. 


FIGURE 14.58 


I (1) l 





WI i 


Let us consider a cylinder in which the directrix C is on the xy-plane 
and has equation у = f(x) for some function f. Suppose also that the 
rulings are parallel to the z-axis. As in Figure 14.59, a point P(x, y, z) is 
on the cylinder if and only if Q(x, y, 0) is on C — that is, if and only if the 
first two coordinates x and у of P satisfy the equation v = f(x). Thus, an 
equation of the cylinder is y = f(x), which is the same as the equation of 
the directrix in the xy-plane. 
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FIGURE 14.60 





FIGURE 14.61 
+ p > 





FIGURE 14.62 
2zsinx 
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EXAMPLE 2 Sketch the graph of 2 47-21 in three dimensions. 


мэ! 


SOLUTION From our previous remarks, the graph is a cylinder with 
rulings parallel to the z-axis. We begin by sketching the graph of the equa- 
tion (х2/4) + (y?/9) = 1 in the xy-plane. This ellipse is a directrix C for 
the cylinder. All traces in planes parallel to the xy-plane are ellipses con- 
gruent to this directrix. When sketching a cylinder we usually draw at 
least two such traces, as indicated in Figure 14.60. Since the directrix is 
an ellipse, we call this surface an elliptic cylinder. 


The graph of an equation that contains only the variables у and : is 
a cylinder with rulings parallel to the x-axis and whose trace (directrix) 
in the yz-plane is the graph of the given equation. Similarly, the graph of 
an equation that does not contain the variable y is a cylinder with rulings 
parallel to the y-axis and whose directrix is the graph of the given equation 
in the xz-plane. 


EXAMPLE 3 Sketch the graphs of the following equations in three 
dimensions: 


(а) y7=9—z (b)z=sinx 

SOLUTION 

(а) The graph of y? = 9 — z isa cylinder with rulings parallel to the x-axis. 
A directrix in the yz-plane is the parabola у? = 9 — т. Part of the graph 


(a parabolic cylinder) is sketched in Figure 14.61. 

(b) The graph of z = sin x is a cylinder with rulings parallel to the y-axis 
and whose directrix in the xz-plane is the sine curve z = sin x. A portion 
of the graph is sketched in Figure 14.62. 


In Chapter 12 we saw that, in two dimensions, the graph of any second- 
degree equation in x and y, 


Ax? + Bxy + Су? + Dx + Ey +F = 0, 


is a conic section (except for degenerate cases). In three dimensions, the 
graph of a second-degree equation in x, y, and z, 


Ax? + By? + Cz + Dxy + Exz + Fyz + Gx + Hy + Iz + J = 0, 


is a quadric surface (except for degenerate cases). For simplicity, we shall 
limit our discussion to the case in which the coefficients D, Е, F, С. H, 
and / are all zero. More general equations can be reduced to this case 
by using translations and possible rotations of axes. 

There are three types of quadric surfaces: ellipsoids, hyperboloids, and 
paraboloids. The names are derived from the fact that traces in planes 
parallel to coordinate planes are usually ellipses, hyperbolas, and parab- 
olas, respectively. In the remainder of this section, unless noted other- 
wise, a. b, and c denote positive real numbers. The graph of the following 
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Ellipsoid (14.41) 





equation is an ellipsoid. The chart that follows indicates traces of this 
surface in the coordinate planes. 











d 2 2 
х у 2 
a Жава 1 
а bee 
Equation Description 
Trace of trace of trace Sketch of trace 
2 2 
58 Хо ; 
ху-ітасе zi + ^ - 1 Ellipse 
yz-trace 23 * zs =f Ellipse 
? (0. 5.0) Y 
Ж 
(0. 0. c) 
x? '2*« : 
xz-trace — +5 = 1 Ellipse 
а? сє? 


FIGURE 14.63 











yz-trace 


(0. b. 0) 


ху-\гасе 





х:-пасе 









We next sketch these traces using only one set of coordinate axes, as 
illustrated in Figure 14.63. After you become familiar with quadric sur- 
faces, these three traces will suffice to sketch an accurate graph. However, 
to complete our discussion, let us consider traces on planes parallel to 
the coordinate planes. 

To find the trace on a plane т =k parallel to the xy-plane, we let 
2 = К іп the equation of the ellipsoid, obtaining 


x? " y? ӨГ k? 
ү ЭШ и e 

If |k| > c, then 1 — (K?/c?) «0 and there is no graph. Thus, the graph 
of (14.41) lies between the planes z = —k and 2 = k. If |К < c, then 
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FIGURE 14.64 


Х | Тгасс їп 
2-4 


Hyperboloid of one sheet (14.42) 
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1 — (K?/c?) > 0 and hence the trace in the plane z = k is an ellipse, as 
illustrated in Figure 14.64. Viewable portions of other traces in planes 
parallel to the xy-plane are also shown in the figure. 

The trace on a plane y = k parallel to the xz-plane is 


Viewable portions of several of these traces (ellipses) for — b < k < b are 
shown in Figure 14.64. 

Finally, letting x = k for —a < k < a, we see that the trace in a plane 
parallel to the yz-plane is an ellipse. (These ellipses are not shown in Fig- 
ure 14.64). 

Note that if a = Б = c, then the graph of (14.41) is a sphere of radius 
à with center at the origin. 

The graph of the following equation is a hyperboloid of one sheet. The 
chart that follows indicates traces in the coordinate planes. 













2 
х у 2 
== SS SS 1 
a^ b^ с 
Equation Description 
Trace of trace of trace Sketch of trace 
Р Е А : (0, b. 0) 
xy-trace + гә l Ellipse ' 
a b? 
(а. 0. 0) 
x 
у? „2 
yz-trace —— 5 = | Hyperbola 
D^ c* 
x ж | 
xz-trace оргож” 1 Hyperbola (a, 0, 0) 
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FIGURE 14.65 





Hyperboloid of two sheets (14.43) 


FIGURE 14.66 


Trace in 


z=k 








Н 
| Trace in 
z= =k 


These traces are sketched on one set of coordinate axes in Figure 14.65. 
The z-axis is the axis of the hyperboloid. 
The trace in a plane z = k parallel to the xy-plane is given by 





and hence is an ellipse. As k increases through positive values, the lengths 
of the axes of the ellipse increase. 

Traces in planes x =k or y = k (that is, in planes parallel to the 
yz-plane or xz-plane, respectively) are hyperbolas (verify this fact). 

The graphs of 


are also hyperboloids of one sheet; however, in the first case the axis of 
the hyperboloid is the y-axis, and in the second case the axis of the hyper- 
boloid coincides with the x-axis. Thus, the term that is negative in these 
equations indicates the axis of the hyperboloid. 

The following is a different type of hyperboloid. 











Equation . Description 

Trace of trace of trace Sketch of trace 
х у? 1 

ху-\гасе 5 == 1 Мопе No graph 

ы а р? 

у? 52 

yz-trace E x zi -1 Hyperbola 
x* xt 

xz-irace -5 + 5 = 1 Нурегбо!а 
a^ е” 





These traces are sketched on one set of axes in Figure 14.66, where 
we have also shown traces on the planes z = k and z = —k for К> с. 
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(Verify that these traces are ellipses if a # b.) Traces in planes parallel to 
the yz-plane or xz-plane are hyperbolas. The z-axis is the axis of the 
hyperboloid. 

By using minus signs on different terms, we can obtain a hyperboloid 
of two sheets whose axis is the x-axis or the y-axis. (Which terms should 
be negative?) 

A (double-napped) cone may be thought of as the degenerate hyper- 
boloid obtained by replacing the number | in (14.42) or (14.43) by 0. This 
gives us the following equation. 


Cone [14.44] 


As indicated in the following chart, the yz-trace and the xz-trace are 


the lines z = +(c/b)y and z = +(c/a)x, respectively. 
Equation Description 
Trace of trace of trace Sketch of trace 


+ ^ 





2 2 

A x 
ху-\гасе тт pi =0 Origin 
тэн | m 0 Two intersecting 
fo > e- lines 
d y x б Two intersecting 
xz-trace d = e = lines 
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Paraboloid (14.45) 


Hyperbolic paraboloid (14.46) 


The trace in a plane z = k parallel to the xy-plane has the equation 
2 2 2 
x^ y^ к 
ЖЕ 8 =: 
ас 48 e 


and hence is ап ellipse. Traces in planes parallel to the other coordinate 
axes are hyperbolas. The graph is sketched in Figure 14.67. The z-axis is 
the axis of the cone, 


FIGURE 14.67 





Trace in 


= =k 


The graph of the next equation, for ¢ either positive or negative, is a 
paraboloid. 


Example 1 is the special case of (14.45) with a = b = ¢ = 1. If ¢>0, 
then the graph of (14.45) is similar to that shown in Figure 14.57, except 
that if a # b, then traces in planes z= k parallel to the xy-plane are 
ellipses instead of circles. If c < 0, then the paraboloid opens downward. 
The z-axis is the axis of the paraboloid. The graphs of the equations 


х2 z? y? E 
= су and —-+-—у=сх 
are paraboloids whose axes are the y-axis and x-axis, respectively. If we 
change the sign of one of the terms on the left in (14.45), we obtain a 
hyperbolic paraboloid. 
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FIGURE 14.68 
y _ 1а 
аё p | 





FIGURE 14.69 
16x? — 9y? + 362? 


144 
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A typical sketch of this saddle-shaped surface for the case c > 0 is 
shown in Figure 14.68. Variations are obtained by interchanging х, у. 
and z in (14.46). A hyperbolic paraboloid is the most difficult quadric sur- 
face to visualize, and it takes considerable practice to become proficient 
at sketching the graph. Traces of the type shown in Figure 14.68 can be 
helpful. Note that the trace in the xy-plane has equation 


and hence is a pair of intersecting lines through the origin. This trace is 
not shown in Figure 14.68. 
The next two examples are special cases of quadric surfaces. 


EXAMPLE 4 Sketch the graph of 16x? — 93? + 362? = 144, and 
identify the surface. 


SOLUTION Dividing both sides of the equation by 144 leads to 
x? y? " г? =] 
9 16 4 
Traces in coordinate planes are as follows. 


Trace Equation of trace Description of trace 
cy-pli 2a - P. 1 Hyperbola 
xy-plane gU ур a 
Soy MES 
yz-plane T R 1 Hyperbola 
.z-plane £t a Ellips 
xz-plane Ра ipse 


The graph, a hyperboloid of one sheet with the y-axis as its axis, 
is sketched in Figure 14.69. Traces in planes parallel to the xz-plane 
are ellipses, and traces in planes parallel to the xy- or yz-planes are 
hyperbolas. 


EXAMPLE 5 Sketch the graph of y?--4z? = x, and identify the 
surface. 


SOLUTION Traces are as follows. 


Trace Equation of trace Description of trace 
xy-plane y* x Parabola 
yz-plane y +42? = 0 Origin 


xz-plane gs Parabola 


14.6 SURFACES 





741 








FIGURE 14.70 
у +42? =x 





FIGURE 14.71 
C: f(x, y) = 0 


t 


\ 





The trace in a plane x =k parallel to the yz-plane has equation 
y? + 42° = k, which is an ellipse if k > 0. Traces in planes parallel to the 
xz- Or xy-planes are parabolas. The surface, a paraboloid having the 
X-axis as its axis, is sketched in Figure 14.70. 


A surface of revolution is obtained by revolving a plane curve C about 
a line (the axis of revolution) in the plane. In the following discussion, C 
will always lie in a coordinate plane and the axis of revolution will be 
one of the coordinate axes. We use the symbol f(x, y) for an expression 
in the variables x and y. In this case f(a, b) denotes the number obtained 
by substituting a for x and b for y. This notation will be discussed further 
in Chapter 16. 

The graph of the equation f(x, у) = 0 in the xy-plane is a curve C. 
(We are interested here only in the graph in the xy-plane and not in the 
three-dimensional graph. which is a cylinder.) Suppose, for simplicity, 
that x and y are nonnegative for all points (x. y) on C, and let S denote 
the surface obtained by revolving C about the y-axis, as illustrated in 
Figure 14.71. A point Р(х, v.z) is on S if and only if Q(x,, у, 0) is on 
C and x, = ух? + 22. Consequently, P(x, y, 2) is on S if and only if 
f(x? + 22, y) = 0. Thus, to find an equation for S, we replace the vari- 
able x in the equation for C by yx? + z?. Similarly. if the graph of 
fix. y) = 0 15 revolved about the x-axis, then an equation for the resulting 
surface may be found by replacing y by yy? + 22. For some curves that 
contain points (x, y) with x or y negative, the preceding discussion can 
be extended by substituting + үх? + 2? for x or +\/y? + z? for y. If, as 
in the next example, x or y occurs only in even powers, then this dis- 
tinction is unnecessary, since the radical disappears when the equation 
is simplified. 


EXAMPLE 6 The graph of 9x? + 41? = 36 is revolved about the y- 
axis. Find an equation for the resulting surface. 


SOLUTION We find an equation for the surface by substituting x? + 22 
for x?. This gives us 
Q(x? + 22) + 4у? = 36. 

The surface is an ellipsoid of revolution. If we divide both sides by 36 and 
rearrange terms, we obtain 

E ӯ? n m 

4 9 4 " 
which is of the form in (14.41). 


A similar discussion can be given for curves that lie in the yz-plane 
or the xz-plane. For example, if a suitable curve C in the x--plane is 
revolved about the z-axis, then we may find an equation for the resulting 
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surface by replacing x by Vx? + y?. If C is revolved about the x-axis, we 
replace z by {/у? + z?. 

Finally, note that equations for surfaces of revolution are characterized 
by the fact that two of the variables occur in combinations such as x^ + у?, 
y! + 27, or x? + 22. 


EXERCISES 14.6 


o — ———— ——————720U 


Exer. 1-8: Sketch the graph of the cylinder in an xyz- 10 
coordinate system. 

1 х?+у?=9 2 y? +27 = 16 

3 4y? + 92? = 36 4 x? + 522 = 25 

5 x? = 92 6 x—4y 20 

7 y? - x! = 16 8 х:-1 











x ae 2? у? 2? 
А. —+—-+—=1 J. x! +— =] 
25 9 4 did ud. 
у? х? 

В. х= 22 + — К. :=— Ё 
х ta 9 7 
C. pe eae 1 2 2 2 

cee Se a AMI Ra 
Bp EV 2? аб 4 1 9 
4 9 d M _ 2 "о “ 
x y цэг ти" 
В.а. 
9 4 
x 
0-8 
4 
2? у? 
G. —– + — 
9 4 
х? 
E, - gi 
a 
x? 
Ly2—- 
2—4 
9 


12 











743 


EXERCISES 146 


14 


15 





16 





744 





Exer. 21-32: Sketch the graph of the quadric surface. 


Ellipsoids 
21 P altar si 22 Bat et eg 
4 9 16 9 4 
Hyperboloids of one sheet 
23 (a) e 2-2? = 1 Ы x? +——y? =1 
24 (a) 22 + x? – у? = 1 Ы y? +—-—x? = 1 
Hyperboloids of two sheets 
4-2 0.4 A AC 
25 (a) x? - — —– 1° = 1 b)——y? - х? = 1 
(a) х а (b) 4 у 
х? y? y? : z? 
26 (а22-------1 0) — – х? – — = 1 
nra r 5—9 
Cones 
‚ыыы HL eb 
4 4 poU 
wt so [b] x? = 4у2 + 2? 
al —+ — — 2* = Хх“ = 4у° + 2° 
25 9 PT 
Paraboloids 
B ig A (b) x2 +2 0 
'=— + — x* + -2- 
dn 4 
ж-а вав 
5 9 2$ `9 CS 


Hyperbolic paraboloids 


31 (ај 2= х2 —– у? (b) z = y? — x? 
5 в . у? х? ii mE х? _ у? 
jeg “4 9 


Exer. 33-46: Sketch the graph of the equation in an 
xyz-coordinate system, and identify the surface. 


14.7 REVIEW EXERCISES 


Exer. 1-20: If а= 3i - j – 4k, = 21+ 5j — 2k, and 


c = —i + 6k, find the vector or scalar. 
1 3a—2b 2 a-(b—c) з 1-35| 
4 || e| 5 |а|Р 6 |а x а| 


7 The angle between a and c 


8 The angles between a and the unit vectors i, j. and k 


9 A unit vector having the same direction as a 
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33 16x? — 4y? 2? +1 = 0 
34 8x? + 4)? + 2? = 16 


36 16x? + 100y? — 2527 = 400 


37 x? — 16y? = 42? 38 3х2 — 4y? — z? = 12 
39 9x? + 4y? + z? = 36 40 l6y = x? + Az? 

41 :-0 42 х1-1у-27-1 

43 4x —3y = 12 44 2х + 4у + 32 = 12 

45 y — 9x? -z -9=0 46 36x! — 16у? + 92° = 0 


[c] Exer. 47-50: Graph the surface. 


47 т=1у%*—3|х| 48 2= х? + 3xy + 4y? 
3 2 
49 z=xy+x? gat 28. 
= шлш шш ~ 46 1 9 


Exer. 51-56: Find an equation of the surface obtained 
by revolving the graph of the equation about the indi- 
cated axis. 


51 x?-4y? = 16; y-axis 52 у? = 4х; x-axis 
53 2-4— y z-axis 54 2= 67°; y-axis 
55 22—х?=1; x-axis 56 xz=1; 2-ахіѕ 


57 Although we often use a sphere as a model of the earth, 
a more precise relationship is needed for surveying the 
earth's surface. The Clarke ellipsoid (1866), with equation 
(х?/а?) + (у?/Ъ?) + (22/2) = 1. for a= b = 63782064 
km and c — 6356.5838 km. is used to establish the geo- 
graphic positions of control points in the U.S. national 
geodetic network. 

[s] Explain briefly the difference between the Clarke 
ellipsoid and the usual spherical representation of 
the earth's surface. 

[b] Curves of equal latitude are traces in a plane of the 
form z = К. Describe these curves. 

ic] Curves of equal longitude (or meridians) are traces in 
a plane of the form y — mx. Describe these curves. 


10 A vector having the opposite direction of a and twice 

the magnitude of b 
11 ах 12 (б+с)ха 
13 сотр,а 14 comp, (b х е) 
15 (2a) · (3a) 16 (2a) x (3a) 
17 (a x €) + (сх a) 18 (a x c) x (c x a) 
19 The volume of the box determined by a. b, and с 


20 The area of the triangle determined by a and b 
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21 


22 


23 


24 


27 


31 
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Show that а = <4, 3, –5) and b= (< 
orthogonal. 


1;3,1) are 


A constant force of magnitude 18 pounds has the same 
direction as the vector a = 4i + 7j + 4k. If the distance 
is measured in feet, find the work done if the point of 
application of the force moves along the line segment 
from Р(1, 1,1) to Q(3. 5. 4). 


Given the points 4(5, —3. 2) and B( — 1. —4, 3). find the 

following: 

la] d( A, B) 

[b] the midpoint of 4B 

[c] an equation of the sphere with center B and tangent 
to the xz-plane 

[d] an equation of the plane through B parallel to the 
xz-plane 

[e] parametric equations for the line through A and В 

(f) an equation of the plane through A with normal 
vector AB 

Find an equation of the plane through 400. 4. 9) and 

В(О. — 3, 7) that is perpendicular to the yz-plane. 

Find an equation of the plane that has x-intercept 5, 

y-intercept — 2, and --intercept 6. 

Find a symmetric form for the line x = 3 + 4r, y 2 2 — t, 

2t. 

Find parametric equations for the line of intersection of 

the planes 2x + y + 4z = 8 and x + 3y — 2 = — I. 

Find an equation of the plane through P(1.3, —2) that 

is parallel to the plane 5x — 4y + 32 = 7. 

Find an equation of the plane through P(4, 1, 2) that 

has the same y--trace as the plane 2x + 3y — 4z = 11. 

Find an equation of the cylinder that has rulings parallel 

to the z-axis and that has, for its directrix, the circle in 

the xy-plane with center С(4. — 3, 0) and radius 5. 

Find an equation of the ellipsoid with center О. x-inter- 

cept 8, 1-intercept 3. and z-intercept 1. 

Find an equation of the surface obtained by revolving 

the graph of the equation z = x about the z-axis. 


33 


37 


Given the points P(2, — 1, 1). and 


R(4, — 5, 3). find the following: 


[a] a unit normal vector to the plane determined by P. 
Q. and R 


[b] an equation of the plane through Р, О. and R 


Qí— 3.2.0). 


[c] parametric equations for a line through P that is 
parallel to the line through Q and R 

(d) QP - QR 

[e] the angle between ОР апа OR 

[f] the area of triangle POR 

(9) the distance from R to the line through P and О 

Find the angles between the two lines 
'+1 z-5 х+1 6-y 
yi f: на? y 


{ 22:47 
2 —4 8 7 


x—3 
: E 





ә 


Find parametric equations for each of the lines in Exer- 
cise 34. 
Determine whether the following lines intersect, and if 
so, find the point of intersection: 

X22-Ft, у= 1+1, 


x=—4+5r, у= 2 – 20, 
Find the angles between the lines in Exercise 36. 


Suppose a line / has parametric equations x = 21 + 1, 
у= —t 3. z = 51, Find the distance from A(3. 1. — 1) 
10 1. 


Ехег. 39-50: Sketch the graph of the equation. 


x? + y? + 27 — 14x + бу — 8: + 10 = 0 
4y —32-15=0 


3x — 5y + 22 = 10 42 y 2:541 

9x? + 42? = 36 44 x! + Ay + 9:2 = 0 

2—4? = 9 — 4y? 46 2x? + 42? — y? =0 
a? — 4x? — y? md 48 x? +2)? +427 = 16 
x? — 4y? = 42 50 2-9-х1-)3 


CHAPTER 


INTRODUCTION 


The functions considered up to this point in our work 
have values that are real numbers. In this chapter we 
introduce functions whose values are vectors. An ex- 
ample of such a vector-valued function is the velocity, 
at time t, of an object moving through space. We dis- 
cuss this application and other aspects of motion, such 
as acceleration and centripetal force, in Section 15.3. 

The concepts of limits, derivatives, and integrals of 
vector-valued functions are defined by applying earlier 
methods to components of vectors. This approach 
enables us to readily obtain properties that are anal- 
ogous to those obtained for functions in Chapters 3 
and 5. 

If a vector-valued function is continuous, then the 
terminal points of the vectors in its range determine a 
curve in three dimensions, and, conversely, to each 
curve there corresponds a continuous vector-valued 
function. This one-to-one correspondence is useful in 
applications involving a point moving along a curve. 
In particular, the derivative of a vector-valued func- 
tion gives us tangent vectors to a curve. 

In Sections 15.4 and 15.5 we use vector-valued 
functions to define curvature—a concept for deter- 
mining how much a curve bends, or changes its shape. 
The final section contains an astonishing use of vectors 
in the proofs of Kepler’s laws. The proofs are difficult 
and require many properties of vectors. This material 
should be read carefully, the goal being to appreciate 
the power of vector methods. 






A AIME. m A SIT p 
indes 















5s 
А 


ХО, 
ХЭ 


< 


wets 
© 


^ Бог СОУС A: 
CET 
TAS m 





KEJA 
aN 
J. 


15 






e 2» Эд 


223 


59%, 
EURO, 









Ts 
es 
da 


22 





КЫ 
х 






PIRI 
SERRA Ten Atay TP oa) 





748 CHAPTER 15 VECTOR-VALUED FUNCTIONS 








15.1 VECTOR-VALUED FUNCTIONS AND SPACE CURVES 


By Definition (1.10), a function is a correspondence that assigns to each 
element of its domain D exactly one element of its range E. If the function 
values are real numbers, we sometimes refer to the function as а real-valued 
function. or as a scalar function. We next consider vector-valued functions, 
denoted by r (or by 7), for which the function values are vectors. 








Let D be a set of real numbers. A vector-valued function r with — 
domain D is a correspondence that assigns to each number t in D 
exactly one vector r(t) in V4. 


Definition (15.1) 

























FIGURE 15.1 


The range of r in Definition (15.1) consists of all possible vectors r(t), 
for t in D. In Figure 15.1, the domain D is a closed interval; however, D 
could be any set of real numbers. We also have sketched the position vec- 
tor for r(t). In the future we shall not make a distinction between the vector 
r(t) in V, and its position vector OP. Thus, to sketch r(t) will mean to 
sketch OP. The terminal point P of OP will be referred to as the endpoint 
of r(t). 

Since for each t in D the three components of r(r) are uniquely deter- 
mined. we may write 


r(t) = f(ti + g(0j + hldk, 


where f, д. and h are scalar functions with domain D. Conversely, a for- 
mula of this type for r(t) determines a vector-valued function г. This gives 
us the following. 





Theorem (15.2) . = : — . 
If D is a set of real numbers, then r is a vector-valued function with 


domain D if and only if there are scalar functions f, g, and h such that 
r(t) = f(t)i + g()j + h(k 
| for every t in D. 
FIGURE 15.2 LÁ А m — 





EXAMPLE 1 Let r(t) = (t + 1)i + (t? — 4j + Ck, for t in R. 
(a) Sketch r(1) and r(3). 


ВИ. 5. 9) (b) Find the vectors r(t) that are in a coordinate plane. 


SOLUTION 
{a} Letting г = 1 and г = 3 in the formula for r(t), we obtain 





г(1) = 2i — 3j + К and к(3) = 4i 5j + 9k. 













These vectors are sketched in Figure 15.2. 
(b) The following chart displays the vectors r(t) that are in a coordinate 
plane. 
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Plane containing Zero component Value 





г(ї) of r(t) of t r(t) 
xy-plane | k-component | rz | r(0) — i — 4j 
yz-plane i-component | 1--1 r(—1) = —3j +k 
xz-plane | j-component | t— t2 | r(2)=3i+ 4k 

r(—2) = —i + 4k 


EXAMPLE 2 Let r(t) = (9 — 4t)i + (—4 + 6t)j + (3 + 30k, for t in R. 
(а) Sketch r(0), r(1), and r(2). 
(b) Give a graphical description of the set of all endpoints of r(t). 


SOLUTION 
(а) Let t = 0, 1, and 2 in the formula for r(t), as follows: 


r(0) = 9i — 4j + 3k 
r(1) = 5i + 2j + 6k 
r(2) =i + 8j + 9k 
These are the vectors ОА, OB, and OC sketched in Figure 15.3. 


FIGURE 15.3 








(b) If P(x, у, 2) is the endpoint of r(t), as indicated in Figure 15.3, then 
х-9-4, y=—4+6t, 2=3 + 31; tin В. 

By Theorem (14.34). these are parametric equations for the line / through 

A(9. — 4, 3) parallel to the vector 1-4, 6, 3». Since < —4, 6,3) corre- 

sponds to AB, we see that the endpoints of r(t) coincide with the line I. 
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FIGURE 15.4 





FIGURE 15.5 
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The endpoints of r(t) in Example 2 determine a line [іп an xyz-coordi- 
nate system. In general, the endpoints of 


r(t) = f(t)i + g(t)j + hk, 


where the scalar functions f. g, and h are continuous on an interval /, 
determine a space curve (or simply a curve)—that is, a set C of ordered 
triples (f(t), g(t), h(t)). The graph of C consists of all points P( f(t), git), AO) 
in an xyz-coordinate system that correspond to the ordered triples. (As in 
two dimensions, curre and graph of a curve are used interchangeably.) 
The equations 


Ха (0, Ус), zsbhüy tind 


are parametric equations for С. We call С a parametrized curve and the 
equations a parametrization for C. The orientation of C is the direction 
determined by increasing values of t. 

The notions of endpoints, closed curve, and simple closed curve are de- 
fined exactly as for plane curves (see Section 13.1). A curve C is smooth if it 
has a smooth parametrization: x = f(t), у = g(t), z = h(t). with f", g', and h 
continuous and not simultaneously zero (that is, not all zero for some 1), 
except possibly at endpoints. A smooth curve has no sharp corners, cusps, 
or breaks. A piecewise-smooth curve is defined as in Section 13.1. 

If r(r) = firi + g(Dj + h(t)k, with f. g. and h continuous on an inter- 
val І. then. as illustrated in Figure 15.4, as t varies through /, the endpoint 
of r(r) traces the curve C with parametrization 

хэ/(0), y= 00), 2= 0); tin. 
We refer to С as the curve determined by r(t). In Section 15.3 we shall use 
this vector representation of C, with t as time, to describe the motion of 
a point P as it moves in space. 
A twisted cubic is a curve that has a parametrization 


Xzdt, yzebÜ, Z=, 


where а, b, and c are nonzero constants. The special case а = 1, b= 1, 
and c = 1 is the curve determined by r(t) in the next example. 


EXAMPLE З Let r(r) = ti + (2j + Kk for t > 0. Sketch the curve С 
determined bv r(t), and indicate the orientation. 


SOLUTION Parametric equations for C are 
c= ped = tap 





Since x, y, and z are nonnegative, C lies in the first octant. 

To help us visualize the graph, let us eliminate the parameter from 
the first two equations, obtaining y — x?. This implies that every point 
Р(х. у. 2) on С is also on the parabolic cylinder y = x°. 

If we eliminate the parameter from x = t and т = 1°, we obtain z = х, 
which is an equation of a cylinder with rulings parallel to the y-axis. The 
curve C is the intersection of the two cylinders y = x? and z = х”, as shown 
in Figure 15.5. 

At 1 = 0, the endpoint P(x, y. z) of the position vector for r(t) is (0, 0, 0). 
As t increases, the endpoint traces the curve C, passing through the points 
(1. 1. 1). (2, 4, 8). (3. 9, 27), and so on. The arrowheads in the figure indi- 
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cate the orientation of С. Note that у increases more rapidly than x, and 
z more rapidly than y. Thus, at t = 10, the endpoint of the position vector 
is (10, 100, 1000). 


FIGURE 15.6 
EXAMPLE 4 Let r(t) = a cos ti + a sin tj + btk for t > 0 and positive 


constants a and b. Sketch the curve C determined by r(t), and indicate 
the orientation. 


SOLUTION Parametric equations for C are 
x=acost, y=asint, z=bt; (20. 


If we eliminate the parameter in the first two equations (see Example 2 of 
Section 13.1), we obtain 
x* 4- = g*. 
Thus, every point P(x, у, 2) on C is on the circular cylinder x? + y? = а?. 
B ^ If t varies from 0 to 27, the point P starts at (a, 0, 0) and moves upward, 
А a” —_„ While making one revolution around the cylinder, as illustrated in Fig- 
a, U, y 
xX 





ure 15.6. Additional t-intervals of length 27 result in similar portions of 
the curve. The orientation of C is indicated by arrowheads. 


The curve C in Figure 15.6 is called a circular helix. 
If we regard V, as the subset of V, consisting of all vectors whose third 
component is 0, then r(t) in (15.2) may be written 


r(t) = f(Oi + д(1)]. 


In this case the curve determined by r(t) is in the xy-plane. 


EXAMPLE 5 Let r(t) = 2ti + (8 — 2¢?)j for —2 < t <2. 

(а) Sketch the curve С determined by r(t), and indicate the orientation. 
(b) Sketch r(t) for t = —2, —1, 0, $, 2. 

SOLUTION 

(a) The curve C is in the xy-plane and has the parametrization 


х-2, y=8—2?; —2<t<2. 


FIGURE 15.7 


Eliminating the parameter, we see that C is on the parabola 
у= 8 — 2(1х)2, or y=8 — 1х2. 


The values —2 < t < 2 give us the part of the parabola between ( —4, 0) 
and (4. 0), sketched in Figure 15.7, where the arrowheads on C indicate 
the orientation. 


(b) Letting r= —2, —1, 0, 3, 2 in the formula for r(t), we obtain the 
following: 
r(—2) = —4i r(—1) = —2i + 6j r(0) — 8j 
r(3) = 3i 4 5j r(2) — 4i 





These vectors are sketched in Figure 15.7. 








752 


FIGURE 15.8 
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Theorem (15.3) 





EXAMPLE 6 Let r(t) = (5t cos t)i + (41 sin pj for 0 € t < 3л. 
(a) Sketch the curve determined by r(t), and indicate the orientation. 
15) Sketch r(6). 


SOLUTION 
(a) The curve C lies in the xy-plane and has parametric equations 
x=4tcost, y=4tsint; 0 <1< 3л. 
We may assume that t is the radian measure of an angle 0 and write 
x= }0соѕ 0, у= 105іп 0; 0<0 < Зл. 
Могеоуег, ѕіпсе 


y 205іп 0 шй 
= = tan 0, 
x 410со80 
it follows from Theorem (13.8) that we can use () to express (x, y) in polar 
coordinates. We next note that 


02 cos? 0 + 10? sin? 0 


х? + Га =4 
10? (cos? 0 + sin? 0) = 40°. 


Changing x? + y? to polar coordinates gives us 
г = 30°, or г=40. 

(Note that r # — 50. because r = ||r(t) || > 0.) 

The graph of the polar equation г = 10 for 0 < 0 < 3л is the portion 
of the spiral of Archimedes illustrated in Figure 15.8 (see Example 5, 
Section 13.3). The orientation is in the counterclockwise direction, as 
indicated by the arrowheads. 
(6) Substituting 6 for г gives us 

r(6) = (3 cos 6)i + (3 sin 6)j = 2.91 — 0.8], 

and we sketch r(6) as in Figure 15.8. 





We may define the length of a curve C in three dimensions exactly as 
we did for plane curves in Section 13.1. 
The next result is analogous to Theorem (13.5). 





If a curve C has a smooth parametrization 
x= (0), у=, z-h(t; astsb 


and if C does not intersect itself, except possibly for t — a and t — b, 
then the length L of C is 


L- Р УЛ + Төр + [POF at 


8) 4 
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EXAMPLE 7 Find the length L of the circular helix 


X = а COS Il. 


yeasint, z=bt; Cara 2л. 


SOLUTION The helix is that part of the curve in Figure 15.6 between 
the points (a, 0, 0) and (а. 0, 27h). Using Theorem (15.3), we obtain 


L= 


2" Ja sin 0? + (a cos t)? + (b)? dt 


21 


ма? sin? t + a? cos? t + b? dt 





EXERCISES 15.1 


Exer. 1-8: {a} Sketch the two vectors listed after the 
formula for г(г). (5) Sketch, on the same plane, the curve 
C determined by г(г), and indicate the orientation for 
the given values of r. 


1 r(t) = 36 + (1 — 9t°)j. 


(0). r(1): tin R 
2 г) = (1 — г) +t, 
r(1). г(2); t20 
3 r(t) = (tè — Di +(+ Dj, 
r(1). r(2); -181:«2 
4 r(t)=(2 + cos r)i — (3 — sin nj, 
г(л/2). rin): 0<1< 2л 
5 r(t) = (3 + tji 4- (2 — 0j + (1 + 20k. 
r(— 1), rí(0): t> —] 
6 r(r) = ti — 3 sin tj + 3 cos tk, 
(0). г(л/2); ї>0 
7 r(t)=ti+4 cos tj + 9 sin rk, 
(0). г(л/2); 120 
8 rit) = tan ri + sec rj + 2k, 
r(Q), г(л/4); -л/2«(«л2 


Exer. 9—18: Sketch the curve C determined by r(r), and 
indicate the orientation. 


9 rit) = е cos гі + е! sin tj: 0stzm 
10 гг) = 2 cosh ti + 3 sinh tj; tin R 
11 r(t) = ti + 212) + 3Ck; tin R 
12 r(t) =i + Pj + tk; O<t<4 
13 r(t) = (12 + Di + rj + 3k; rink 


14 r(t) = 6 sin ti + 4j + 25 cos tk: 2n << 2x 


15 г) = ti + tj + sin tk: tin R 


A 
[c] 


16 r(t) = ti + 21j + e'k; tin R 
17 r(t) = 3 sin (ti -(4— 07; 0«:55 
18 r(r) e; 0xtz2x 


Exer. 19—24: Find the length of the parametrized curve. 


19 х= St, y=4e, = 37? 054142 
20 х = 17, ЖЕШ, Хэм Ors! 
21 v= 20081, poe, z=esint; 0<1<2л 
22 <= 21, y=4sin3t, 2 =4с05 3; O<t<22 
23 x 2 3r, yet, rt; 0xt«l 
24 х= 1—2, у=4, 23-20: 0«t«2 
25 A concho-spiral is a curve C that has a parametrization 


х= ae" cos t, y = ae" sin t, 2 = be": t > 0, where a, b, 

and и are constants. 

(a) Show that C lies on the cone a?z? = b*(x? + y?). 

[b] Sketch С fora = b = 4 and и = — 1. 

1) Find the length of C corresponding to the r-interval 
[0. 2c). 


26 A curve C has the parametrization 


x-—asintsinx, y —bsintcoszx, z—ccost: 120, 


where a. b. c, and х are positive constants. 
[a] Show that C lies on the ellipsoid 
„р dg 
"a A m 5 
[b] Show that С also lies on a plane that contains the 
z-axis. 
[c] Describe the curve С. 
27 [a] Show that a twisted cubic x = at, y = bt?, z = ct*; 
t > 0 intersects a given plane in at most three points. 
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(5) Find the length of the twisted cubic x = 6t, у = 31°, EXERCISE 28 


2 = 1 between the points corresponding to t = 0 and 2 
1-1. 
28 A rectangle can be made into a cylinder by joining (0- D e 


gether two opposite and parallel edges. Shown on the 
left in the figure is a rectangle ABCD of width 2z. Edge 
AD is joined to edge BC, and point A is then positioned 
at (1,0, 0) to form part of the cylinder x? + y? = 1, 
sketched on the right. 


{а} If Lis the line segment from A to another point P in 
the rectangle and m is the slope of l, show that, as 
a curve on the cylinder, | has а parametrization 
X = С05 t, y = sin t, z = mt. | | 





[bj Use part (a) to show that the curve on the cylinder 
with shortest length from (1, 0, 0) to another point P 
is a helix (see Example 4). 


15.2 LIMITS, DERIVATIVES, AND INTEGRALS / 


We could define the limit of a vector-valued function г by using an e-ó 
approach similar to that used in Definition (2.4) (see Exercise 41); however, 
since r(t) may be expressed in terms of i, j. and К, where the components 
are scalar functions /, а, and h, it is simpler to use the following definition. 








Definition (15.4) : — — 
Let r(t) = f(t)i + g(t)j + h(t)k. The limit of r(t) as t approaches a is 


lim r(t) = [ fio | + [т «oi + [ 


provided f, g, and h have limits as t approaches a. 





Thus, to find lim,.., r(t), we take the limit of each component of r(t). 
We may state a definition similar to (15.4) for one-sided limits. 


ILLUSTRATION 


FIGURE 15.9 


wm lim (121 + 31) + 5k) = [ Я; + | im xl H [im sh 
'—2 t2 t2 t^2 
= 4i + 6j + 5k 


If, in (15.4), 


lim f(t) 2 a,, lim g(t)=a,, and lim h(t) = аз, 
ta 


ta ta 


then 


lim r(t) = ai + aj + ak. 

1-а 
Letting а= аі + aj + a4k gives us the situation illustrated іп Fig- 
ure 15.9, where С is the curve determined by r(t) and OA is the position 
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vector for a. As t approaches a, the endpoint P of r(t) approaches A; that 
is, r(t) approaches 04. 

Continuity of a vector function r is defined in the same manner as for 
a scalar function. 


A vector-valued function r is continuous at a if 


lim r(t) — r(a). 


t~a 


It follows that if r(t) = f(t)i + g(t)j + h(t)k, then r is continuous at a if 
and only if f, g, and h are continuous at a. Continuity on an interval is 
defined in the usual way. 


Let r be a vector-valued function. The derivative of r is the vector- 
valued function r' defined by 


m 
r(t) = lim A [r(t + At) — r(t)] 


м-0 


for every t such that the limit exists. 


If we write 


r(t + At) — r(t) 


1 
= +. At) = = 
х [rit t) — r(t)] Ai 


then Definition (15.6) takes on the familiar form for derivatives of scalar 
functions, introduced in Chapter 3. 

The next theorem states that to find r'(t) we differentiate each com- 
ponent of r(t). 


If r(t) = f(t)i + g(t)j + h(t)k and f, g, апа h are differentiable, then 
r(t) = f'(t)i + g'(0j + h'(t)k. 


PROOF By Definition (15.6). 


r(t + At) — r(t) 


m над At 
-— [f(t + Athi + git + Агу + h(t + Adk] — [fDi + g(j + hok] 
Е Ar At 
А f(t + At)— f(t), glt +At)— g(t). h(t + Ao — h(t) 
mil Hi MN ee ANNE. Bi : 
tim | Ai "T At + At е 


Taking the limit of each component gives us the conclusion of the 
theorem. ms 
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If r'(t) exists, we say that r is differentiable at г. We also denote deriva- 
tives as follows: 


1 
r(t) = р) = 5 r(t) 


Higher derivatives may be obtained in similar fashion. For example, 
if f, g, and h have second derivatives, then 


r'e = f"(t)i + g'(t)j + h"(t)k. 


EXAMPLE 1 Let r(t) = (In t)i + е *4j + 7k. 
(а) Find the domain of r and determine where r is continuous. 
(b) Find r'(t) and r'(t). 


SOLUTION 


(a) Since In t is undefined if t € 0, the domain ofr is the set of positive real 
numbers. Moreover, r is continuous throughout its domain, since each 
component determines a continuous function. 


(b) Applying Theorem (15.7), we have 


1 
r(t)= i — 3e "j + 2tk 


1 
r"(t) =F i+ 9e j+ 2k. 


The next theorem lists differentiation formulas for vector-valued func- 
tions. Note the similarity to those for scalar functions. 


Theorem (15 8) 
If u and v are differentiable vector-valued functions and c is a scalar, 


then 
(i) D, [u(t) + v(t)] = u(t) + vt) 
(ii) D, [cu(t)] = cu'(t) 
(ш) D, u(t)  v(t)] = u(r)* v(t) + u(t) > vit) 
(м) D, [u(t) x v1)] = u(t) x v(t) + u(t) x v(t) 


PROOF We shall prove (iii) and leave the other parts as exercises. Let 
u(t) = fi(t)i + (Oj + fik 
vit) = 9,00) + 900) + galt)k, 


where each scalar function f, and g, is a differentiable function of r. By the 
definition of dot product, 


3 
u(t) v(t) = fi(t)gsU) + 72000200) + 75009300 = Y, fingo. 
k=1 
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Consequently 


3 3 
D, [u(t) - v(t)] = D, 4 100940) = b D, [700900] 
| =1 


3 
4, | 99:04 408401 
к= 1 

3 


3 
L дош) + 2, Fast) 


-1 
= u(t): v(t) + u(t): vt). жы 


To obtain a geometric interpretation for the derivative r'(t) in Defini- 
tion (15.6), consider 


r(t) = fDi + g(t)j + h(t)k, 
where f, g. and h are differentiable (scalar) functions, and let C be the curve 
determined by r(t). As shown in Figure 15.10(1), if OP and 00 correspond 
to r(t) and r(t + Аг), respectively, then 
PO = 00 — OP corresponds to r(t + At) — r(t). 
Hence, for any nonzero real number Ar, 


1 

А 
If Ar > 0, then (1/АОРО is a vector PR having the same direction as РО. 
Moreover, if 0 < Ar < 1, then (1/At) > 1 and | PR || > || P |, as illus- 
trated in Figure 15.10(11). 


ZA 1 
РО corresponds to A [r(t + At) — г(ї)]. 


FIGURE 15.10 
(1) (Hl) (ili) 








If we let At — 0*, then О approaches P along C, and since PR lies on 
the secant line through P and Q, the vector PR should approach a vector 
that lies on the tangent line to C at P. A similar discussion may be given 
if Ar < 0, For this reason we refer to r'(t), or any of its geometric represen- 
tations, as a tangent vector to C at P. We shall always represent r'(t) by a 
vector with initial point P on the curve C, as shown in Figure 15.10(iti). The 
vector r'(t) points in the direction determined by the orientation of C. By 
definition, the tangent line to C at P is the line through P that is parallel 
to r'(r). 
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FIGURE 15.11 
А) 
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FIGURE 15.12 














For the two-dimensional case r(t) = f(t)i + g(t)j. the tangent vector is 
r(t) = f'(t)i + g'(t)j. 


If f(t) # 0, then the slope of the line through P parallel to r'(r) is g (1)/ f '(t) 
(see Figure 15.11). This is in agreement with the formula in Theorem (13.3) 
obtained for tangent lines to plane curves. 


EXAMPLE 2 Let r(t) = 2ti + (t? — 4)j for —2 < t <3. 
(а) Sketch the curve С determined by r(t), and indicate the orientation. 
(6) Find r(r) and sketch r(1) and r'(1). 


SOLUTION 
[a] Since r(t) is in V,, we shall use an xy-plane. Parametric equations for 
C are 

к=} yst—4& —2z£tz3. 


Eliminating the parameter, we see that C is on the parabola 
y-üxy)-4-ic-4. 


The values —2 < t < 3 give us the part of the parabola between (—4, 0) 
and (6, 5) sketched in Figure 15.12, where the orientation is from left to 
right. 
(5) Differentiating r(t) = 2ti + (12 — 4)j yields 
r'(t) = 2i + 21]. 
Letting г = 1 in the formulas for r(t) and r'(1), we obtain 
г(1) 22i — 3j, r'(1) = 2i + 2j. 


As mentioned in our discussion, we always represent r'(t) graphically by 
taking the initial point as the point on C that corresponds to t. Thus, in 
Figure 15.12, the initial point of r'(1) is the point P(2, —3) that corre- 
sponds to 1-1, Since r(1) = 2i + 2j, the terminal point of r'(1) is 
(2 + 2, (—3) + 2), or (4, — 1). Note that r'(1) points in the direction deter- 
mined by the orientation of C. 


EXAMPLE 3 Let C be the curve with parametric equations 


2 


Xu pet, ж={%# 120 


Find parametric equations for the tangent line to C at the point corre- 
sponding to г = 2. 
SOLUTION The curve С is determined by 

r(t) = t -- Cj Ck. for 120 


and is the twisted cubic discussed in Example 3 of Section 15.1 (see Fig- 
ure 15.5). From our previous discussion, a tangent vector to C at the point 
corresponding to г is 

r(t) = i + 21) + 3k. 
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FIGURE 15.13 





Theorem (15.9) 


Defir ution (1 5. 10} 


Theorem (15.11) 


In particular, the point on C corresponding to t = 2 is (2, 4, 8), and a 
tangent vector is 


r(2) = i -- 4j + 12k. 


By Theorem (14.34), parametric equations for the corresponding tangent 
line are 


x=2 +t, у=4+4, 2= 8 + 125 rin В. 


If r is differentiable and if the magnitude of r(t) is constant, say 
|| r(t) || = с for some c, then the curve C determined by r(t) lies on a sphere 
of radius c with center at О, as illustrated in Figure 15.13. Our geometric 
intuition tells us that the tangent vector r'(t) at any point P on C is ortho- 
gonal to the vector r(t) from О to P. We shall prove this fact next. 


If r is differentiable and ||r(:) || is constant, then r'(t) is orthogonal to 
r(t) for every t in the domain of r'. 


PROOI If || r(t)|| = c for some constant c, then 
r(t) > r(t) = || r(t)||? = e? 
and, therefore, 
D, [r(t)  r()] = D, c? = 0. 
Using Theorem (15.8)(iii), we obtain 
r(t) : r'(t) + r(t): r(t) = 0, 
ог 2[r(t) : 00] = 0. 


Hence, by Theorem (14.21), r(t) and r'(t) are orthogonal. = 
Definite integrals of vector-valued functións may be defined as follows. 


Let r(t) = f(t)i + g(t)j + h(t)k, where f, g, and h are integrable on 
[а, b]. The definite integral of r from a to b is 


Ї r(t) dt = LE f(t) 4 ji + [P git) at i + E h(t) ак. 


If R(t) = r(t), then Rit) is an antiderivative of r(t). The next result is 
analogous to the fundamental theorem of calculus. 


If R(t) is an antiderivative of r(t) on [a, b], then 


Ї r(t) dt = воо] = R(b) — Ria). 
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EXAMPLE 4 Find р r(t) dt if r(t) = 120i + 4e?'j + (t + 1) ІК. 


SOLUTION 
obtain 


Finding an antiderivative for each component of r(t), we 


R(t) = 3t*i + 2e?'j + In (t + Dk. 
Since R'(t) = rir), it follows from Theorem (15.11) that 
L r(r) dt — R(2) — R(0) 


= (48i + 2e*j + In 3k) — (0i + 2j + Ok) 
= 48i + Xet — 1)j + In ЗК. 





The theory of indefinite integrals of vector-valued functions is similar 
to that developed for real-valued functions in Chapter 5. The proofs of 
theorems require only minor modifications of those given earlier and are 
thus omitted. If R(t) is an antiderivative of r(1), then every antiderivative 
has the form R(t) + с for some (constant) vector c, and we write 


fro dt = R(t) + c where R(t) = r(t). 





EXERCISES 15.2 


—————————————————————————————————————————————— 


Exer. 1-8: (а) Find the domain of r. (Ы) Find r'(r) and 
г''(т). 


1 к) = уі 2 гў 


1 "ЕС А 2 : 
2 r(t) — Т + sin 3rj 3 r(t) = tan ti + (t^ + 8t)j 


4 r(t)=e 4 + sin”! rj 5 r(t)= t^i + tan tj + 3k 


ps l / 2i 
diris ATE E RUE 7 r(t) = Jti + e$ + tk 


8 r(t) = In (1 — 01 + sin tj + 17k 


Exer. 9-16: (a) Sketch the curve in the xy-plane deter- 
mined by г(г) and indicate the orientation. (Ы) Find r‘(z) 
and sketch г(/) and r'(1) for the indicated value of г. 


9 r= —1r*i + Cj; (22 
10 r(t) = е?ї+ е7); г-0 


11 11) = 4costi -2sintj; t= 3n/4 


12 1(1) -256с1--31ал : t=7/4. |t| < z/2 
13 x(t) 2 Ci 173); te] 1>0 
14 r(t) = Pi + Pj; t--—1 


15 1() 2 2t — 11+ (4 —– Dj; 1(-3 


16 r(t) = 5i + (Cj; t=2 


Exer. 17-20: A curve С is given parametrically. Find 
parametric equations for the tangent line to C at P. 


17 х=2#—1, y= —St? +3, 2 - 8t - 2; P(1, —2, 10) 
18 х= 44/1, y=r-10, :-4/5 — P(8,6,1) 
19: хз=г; y= te, 2-17-4: Р(1,0,4) 


20 x=tsint, y-tcost, zu Р(л/2, 0, 1/2) 


Ехег. 21-22: A curve C is given parametrically. Find two 
unit tangent vectors to C at P. 

z= re PRA 

Р(2, 1,0) 


23 Refer to Exercise 25, Section 15.1. Show that the concho- 
spiral has the special property that the angle between k 
and the tangent vector r(f) is a constant. 


£2 xm узшё” 


22 x=sint+2, y=cost, z=t: 


24 The general helix is a curve whose tangent vector makes 
a constant angle with a fixed unit vector u. Show that 
the curve with parametrization x = 3t — 1°, у = 312, 
z=31+1°;1 in В is a general helix by finding an ap- 
propriate vector и. 


25 A point P moves along a curve C in such a way that the 
position vector r(t) of P is equal to the tangent vector 
r(t) for every t. Find parametric equations for С. and 
describe the graph. 
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26 A point moves along a curve С in such a way that the 
position vector r(t) and the tangent vector r'(r) are always 
orthogonal. Prove that C lies on a sphere with center at 
the origin. (Hint: Show that D, || r(r)|? = 0.) 








Exer. 27—30: Evaluate the integral. 


27 f, ori — 4tj + 3k) dt 
: : 3 2 
28 Ї ((-58-4-8)- 317k) dt 
29 17 (sin ti — cos tj + tan tk) dt 
30 Ї [tei + Viti + (2 +1)7 'k] dt 
Exer. 31-34: Find r(t) subject to the given conditions. 
31 r(t) = t^i + (6t + Dj + Sk, 
r(0) = 2i — 3j +k 
32 r(t) = 2i — 4Pj + 6 tk, 
r(0) =i + 5j + 3k 
33 r"(t) = бй — 1212) + К, 
r(0) —i--2j—3k, r(0)— 7i - К 
34 r"(t) = 6ti + 3j. 
r(0)—4i—j-k,  r(0) = 5j 


Exer. 35-36: If a curve C has a tangent vector a at a 
point P, then the normal plane to C at P is the plane 
through P with normal vector a. Find an equation of the 
normal plane to the given curve at P. 


35 x=, yos fel, 2-11-4, 


Р(1,0,4) 
36 x —tsint, У- 16081 1-5 Р(л/2,0, x/2) 
Exer. 37-38: Find D, [u(¢) * v(?)] and D, [u(t) x v(¢)]. 
37 u(t) = і + Cj - Pk. У1) = sin ri + cos tj + 2 sin tk 
38 u(t) = 211+ 6j + Ck, 0) =е ‘i-—e + к 
39 If u and v are vector-valued functions that have limits 
as t — a, prove the following: 
(a) lim [u(t) + v(r)] = lim u(t) + lim v(t) 


т-а ta t 
15) lim [u(t)  v(r)] = lim u(t) > lim vt) 
[c] lim cu(t) = clim u(t), where c is a scalar 


ta ta 
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40 Ifa scalar function f and a vector-valued function u have 
limits as t — a. prove that 


lim f(r)u(t) = [ | [im «| 


41 Prove that lim, u(t) = b if and only if for every € > 0 
there is a ӧ > 0 such that ||u(r) — b|| <e whenever 
0 «|t —a|« ô. Give a graphical description of this 
result. 





42 If u and v have limits as г — a, prove that 


lim (иш) x v(t)] = tim “| х [iim E 

ta tra еа 
Ехег, 43-44: If u and v are differentiable, prove the 
stated rule for derivatives. 
43 D, [u(t) + v(t)] = u'(t) + vto) 
44 D, [u(t) x v(t)] = u(t) x v(t) + u(t) x vt) 
45 If f and u are differentiable, prove that 

D, | f(ru(t)] = f(t)u'tt) + fiule). 


46 If f and и are differentiable with suitably restricted do- 
mains, prove the chain rule 
D, u( f(1)) = f'()u'Cf(t)). 
47 If u, v, and w are differentiable, prove that 
D, [u(t) + v(t) x wi] = Гао) vr) x wn] 

+ [u(t) v(t) x wie] 

+ [шо vr) x wr]. 
48 If ult) and u'(r) exist, prove that 

D, [u(t) x u'(r)] = u(t) x и”). 


49 If u and v are integrable on [a. ^] and if c is a scalar, 
prove the following: 


(a) pun + va] ar (^ шуй + vn at 
| E cult) dt = c r u(t) dt 
50 Ifu is integrable on [а,Ь] and ¢ is in V4. prove that 


rh h 
| c- u(t) dr = ё-| u(t) dt. 
va a 


Motion often takes place in a plane. For example, although the earth 
moves through space, its orbit lies in a plane. (This will be proved in Sec- 
tion 15.6.) To study the motion of a point P in a coordinate plane, it is 
essential to know its position (x, y) at every instant. As usual, for objects in 
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FIGURE 15.14 
AY 


С P( f(t). g(t)) 





Definition (15.12] 





motion we assume that the mass is concentrated at P. Suppose the coor- 
dinates of P are given by the parametric equations 


c= ft). x= oh, 
where t is in some interval J. If we let 
r(t) = f(t)i + g(t)j. 


then as г varies through /. the endpoint of т(ї) traces the path C of the 
point. We refer to r(t) as the position vector of P. As in Figure 15.14, we 
represent 


r(r) — f'(i + g'(t)j 


as a tangent vector to C with initial point P. The vector r'(t) points in the 
direction of increasing values of t and has magnitude 


rol] = VL OF + «ӨР. 


Let tg be any number in J, and let Р, be the point on C that cor- 
responds to t, (see Figure 15.14). If C is smooth, then, by Theorem (13.5), 
the arc length s(t) of C from Р, to P is 


s(t) = Ї УГ + [oF dt = E 10) || de. 
Applying Theorem (5.35). we obtain 
D, [s0] = D, J" 1014 = 





rol. 


Thus, || r'(0)]| is the rate of change of arc length with respect to time. For 
this reason we refer to || r'(r)|| as the speed of the point. The tangent vec- 
tor r'(t) is defined as the velocity of the point P at time t, and the vector 
r'(t) is the acceleration of P. As with r'(r), we shall represent r"(t) graph- 
ically by a vector with initial point P. In most cases r'(t) is directed to- 
ward the concave side of C, as illustrated in Figure 15.14. 

The next definition summarizes this discussion and introduces the 
symbols v and a for velocity and acceleration. 











Let the position vector for a point P(x, y) moving in an xy-plane be 
r(t) = xi + yj = 7001 + 4(0)), 


where 118 time and f and g have first and second derivatives. The 
velocity, speed, and acceleration of P at time t are as follows: 


. ^N ах, dy, 
Velocity: v(t) = r'(t) = д? + #3 
fax. (dv 
Speed: v(t) = || xÐ || = ||r'( || = JG) - (5) 


Acceleration: a(t) = v(t) = r”(t) = d?x rx 
| 7 Е “аг ap 
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FIGURE 15.15 
у 







Р(2, 1) 


FIGURE 15.16 


A(k. 0) 
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EXAMPLE 1 X The position vector of a point P moving in an xy-plane 
is 


r(t) = (2 ++ tj for O<t <2. 


(а) Find the velocity and acceleration of P at time t. 
(b) Sketch the path С of the point, together with v(1) and а(1). 


SOLUTION 
(a) The velocity and acceleration are 


v(t) = r'(t) = (2t + 1)i + 312) and a(t) = r(t) = 2i + 6rj. 
(6) Parametric equations for C (obtained from г(ї)) are 
Хера ya 05152, 


Coordinates of several points (х, у) оп С are listed in the following table: 


һә 


t 0 0.5 1 15 
x 0 075 2 375 6 
y 0 0.125 1 3375 8 


Plotting points and using the continuity of the scalar components of r(t) 
gives us the sketch of C in Figure 15.15. 
At = 1, the point is at P(2, 1) with 


v1)— r(1) = 31 + 3) and a(l)—r"(1) = 21 + 6j. 


These vectors are sketched in Figure 15.15. 


EXAMPLE 2 Show that if a point P moves around a circle of radius 
k at a constant speed r, then the acceleration vector has constant magni- 
tude v?/k and is directed from P toward the center of the circle. 


SOLUTION Let us assume that the center of the circle is the origin О 
in an xy-plane, and the orientation is counterclockwise. Suppose that at 
time t = 0 the point P is at A(k, 0) and that 0 is the angle generated by 
OP after t units of time (see Figure 15.16). Since P moves around the cir- 
cle at a constant speed, the rate of change of 0 with respect to t (the angu- 
lar speed) 15 a constant со. Thus, 


0 
ар =o, or 40 = о 4. 


а 


Integration gives us | 40 = | œ dt, or 


d=at+e 
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FIGURE 15.17 


CHAPTER 15 VECTOR-VALUED FUNCTIONS 














for some constant c. Since 0 = 0 when t = 0, we see that c = 0; that is, 
0 = wt. Thus, the coordinates (x, у) of P are 


х = Ксозол, y= ksin ct, 
and the position vector of Р is 


r(t) = k cos oti + k sin we}. 


Consequently 
v(t) = r'(t) = ~ wk sin oti + wk cos сг) 
a(t) = г'() = — wk cos oti — wk sin ог). 
and hence 
a(t) = —о› (К cos wti + k sin wtj) = — crt). 


This shows that the direction of the acceleration vector а(1) is Opposite 
that of r(t), and hence a(t) is directed from P toward О. as illustrated in 
Figure 15.17, which also shows the velocity vector w(t). 

The magnitude of a(t) is 


| 8(0) | = | - он | = о? | || rt) || = wok, 
which is a constant. Moreover. 
v = ||r'(t)|| = J( — ok)? sin? ct + (wk)? cos? wt = JPK = wk, 


and hence œ = rk. Substitution in the formula || a(t) || = wk gives us the 
constant magnitude 


3 


г? 


|| |2—. 
|| a(r) || К 





The acceleration vector a(t) in Example 2 is called a centripetal ac- 
celeration vector, and the force that produces a(t) is a centripetal force. 
Note that the magnitude || a(r) || = v?/k will increase if we either increase 
v or decrease k, a fact that is evident to anyone who has attached an ob- 
ject to a string or rope and twirled it about in a circular path. 

Our discussion of motion may be extended to a point P moving in a 
three-dimensional coordinate system. Suppose the coordinates of P at 
time / are ( f(t), g(t), h(t)), where f, д. and h are defined on an interval I. 
The position vector of P is 








r(t) = f(t)Ui + g(t)j 411 Ж. 


As t varies, the endpoint P of r(t) traces the path. As in Definition (15.12). 
the derivative г(1), if it exists, is the velocity У(1) at time t and is à tangent 
vector to С at P. The vector a(t) = r(t) is the acceleration at time г. The 
speed v(t) is the magnitude ||v(r) || of the velocity and, as in two dimen- 
sions, is equal to the rate of change of arc length with respect to time. 


EXAMPLE З The position vector of a point P is r(t) = 2 + 360j Ck 
for 0 <1 < 2. Find the velocity and acceleration of P at time t. Sketch the 
path of P and show v(1) and а(1). 
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FIGURE 15.18 


4: 





FIGURE 15.19 


(0. 0, h) 








Newton's second law of 
motion (15.13) 





SOLUTION The velocity and acceleration are 
v(t) = r(t) = 2i + 6tj + 307k and a(t) = r"(t) = 6j + 6tk. 
At t = 1, the point is at P(2, 3, 1) and 
v1)2 21 + 6} + 3k and а(1) = 6j 6k. 


These vectors and the path of the point аге sketched in Figure 15.18. 
The path is a twisted cubic (see Example 3 and Exercise 27 of Sec- 
tion 15.1). 





In the discussion of torque at the end of Section 14.4, we noted that 
the cross product of vectors is used in the investigation of rotational mo- 
tion. The following example is another illustration of this fact. 


EXAMPLE 4 А point P is rotating about the z-axis on a circle of 
radius k that lies in the plane z = h, as illustrated in Figure 15.19. The an- 
gular speed 40/4: is a constant о. The vector œ = wk directed along the 
z-axis and having magnitude 0) is the angular velocity of P. Show that the 
velocity v(t) of P is the cross product of œ and the position vector r(t) for 
P. 


SOLUTION Extending Example 2 to three dimensions, we find that the 
motion of P is given by 
r(t) = К cos cti + k sin wtj + hk. 


Using the definition of cross product, we have 


i j К| 
o x r(t) = 0 0 о) 
kcos«t ksin ot h 


= — wk sin wti + wk cos etj = r'(t) = v(t). 





The following law is used frequently in the investigation of objects in 
motion. 


The force F acting on an object of constant mass m is related to the 
acceleration a of the object as follows: 


Е-та 


In the next example we shall use (15.13) to determine the position of 
an object that is moving near the surface of the earth under the influence 
of gravity alone; that is, air resistance and other forces that could affect 
acceleration are negligible. We shall also assume that the ground is level 
and the curvature of the earth is not a factor in determining the path of 
the object. 
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FIGURE 15.20 





FIGURE 15.21 
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EXAMPLE 5 A projectile is fired, with an initial velocity v, from 
a point họ feet above ground. If the only force acting on the projectile is 
caused by the gravitational acceleration g, determine its position after t 
seconds. 


SOLUTION Let us introduce ап xy-plane, as in Figure 15.20, where 
(0, ho) is the point from which the projectile is fired. Let Р(х, y) denote the 
position of the projectile after t seconds, and let r(t) be the position vector 
for P. Since g acts in the downward direction. 


8--0) and ||g|| = д = 32 ft/sec?. 


By Newton's second law (15.13), F — ma, where a is the acceleration of 
the projectile. In the present situation, ma = mg, or a = g. which leads to 
the vector differential equation 


r'(t) = g. 

Indefinite integration gives us 

г) = tg -c 
for some constant vector c. Since г'(г) is the velocity at time t, 

vo = r'(0) = е 
апа hence r(t) = tg + Vo. 
By indefinite integration, 

r(t) = 3128 + tv +d 


for some constant vector d. Since r(0) = Л] (see Figure 15.20), it follows 
that d = Л}. Consequently 


r(t) = 3t?g + tvo + hij. 
Since р = —gj. this may also be written 


г) = (—3t7g + ho)j + tvo. 








EXAMPLE 6 Suppose. in Example 5, that the projectile is fired 
from О and the initial velocity vector vy makes ап angle x with the 
horizontal. 

(а) Find parametric equations and an equation in x and y for the path 
of the projectile. 


(b) Find the range of the projectile—that is, the horizontal distance it 
travels before hitting the ground. What is the maximum range? 


[c) Find the maximum altitude of the projectile. 


SOLUTION 


(а) This special case of Example 5 is illustrated in Figure 15.21. A unit 
vector u having the same direction as v, is 


и = COS xi + sin oj. 
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Thus, if || vo | = vo, then 
Vo = Vou = (Vo cos %)i + (vo sin a)j. 
Using the formula for r(t) obtained in Example 5 with hy = 0, we obtain 
r(t) = (—4gt*)j + t[(vo cos a)i + (vo sin a)j] 
= t(vo соз z)i + (—3gt? + tvo sin а). 
Hence parametric equations for the path of the projectile are 
x = (vo cos a)t, у= —4gt? + (vo sin xt. 


Eliminating the parameter gives us the following equation in rectan- 
gular coordinates: 


=g 
y= 202 cos? х x? + (tan a)x 
This shows that the path of the projectile is parabolic. 


(b) To find the range of the projectile, we must find the point D in Fig- 
ure 15.21 at which it hits the ground. Since the y-coordinate of D is 0, 
we let y — 0 in the second parametric equation of part (a) and factor, 
obtaining 


t(—4gt + vo sin x) = 0. 
Thus, either 
1-0 or -—Àjgt vo sin x = 0. 
It follows that the projectile is at O if t — 0 and at D if 
44 888 


igt =v 819, or t= 
9 


Using the second parametric equation of part (a), we can find the distance 
d(O, D) from O to D: 


* ve 2 . 2 
d(O, D) = (vo cos НЫ = 9 _ 50 = x 





In particular, the range will have its maximum value v3/g if sin 2x = 1, 
or x = 45°. 


(c) Differentiating r(t) (see (a)), we obtain the velocity vector 


v(t) = r'(t) = (vo cos xi + (— gt + vo sin aj. 


At the maximum altitude, this tangent vector to the path of the pro- 
jectile is horizontal; that is, the j-component is zero. This gives us t — 
(vo sin x)/g. We can also obtain this by taking one-half the time required 
for the projectile to reach D. Substituting this value of t into the para- 
metric equation for y found in part (a), we obtain 


1 fvysin aV? c Uo sina — và sin? g 
h= –= + (00 sin x)| ———_} = —_—__. 
\=-;6(®®°®\ + eosin (5 
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EXERCISES 15.3 
eee 


Exer. 1-8: Let r(r) be the position vector of a moving 
point P. Sketch the path C of P together with v(r) and 
a(t) for the given value of r. 


1 r(t) = 2ti + (407 + 1j: f=1 

2 r(t) = (4 — 9r?)i + 3 tj: [з= 1 

3 r(t) = sin ti + 4 cos 2rj: t= л/6 
4 r(t) = cos? ri + 2 sin rj: t = 3л/4 


5 r(t) = cos ti + sin tj + tk; 
6 r(t) = Asin ti + 2tj + 9costk: t= 37/4 
7 v(t) = Ci + tj + 2tk: t=1 
8 r(t) = i+ Cj + tk; [= 2 
Ехег. 9—16: If r(r) is the position vector of a moving 


point P, find its velocity, acceleration, and speed at the 
given time г. 


2. 3 . 
9 r(t) 2 i + —— j: t=2 
t +1 
10 r(t) = vti + (1+: (-4 
11 r(t) = е2 + ej: t=0 
12 r(t) = 2ti+ е^"; t=1 
13 r(t) = e'(cos ti + sin tj + k): 1 = п/2 
14 r(t) = t(cos ti + sin tj + tk): t= 7/2 


15 r(t)=(1 + ti + 21) +(2 + 30k; г= 2 


N 


16 r(t) = 2ri + j + 9г?К; t= 


17 If a point moves at a constant speed, prove that the 
velocity and acceleration vectors are orthogonal. (Hint: 
See Theorem (15.9).) 


18 If the acceleration of a moving point is always 0, prove 
that the motion is along a line. 


Exer. 19-20: Solve, using the results of Example 2 and 
4000 miles for the radius of the earth. 


19 A space shuttle is in a circular orbit 150 miles above the 
surface of the carth. Approximate 
{а} its speed 
[b] the time required for one revolution 

20 An earth satellite is in a circular orbit. If the time re- 
quired for one revolution is 88 minutes. approximate 
the satellite's altitude. 

Exer. 21—24: Solve, using the results of Example 5. 

21 A projectile is fired from level ground with an initial 
speed of 1500 ft/sec and angle of elevation 30°. Find 
[a] the velocity at time 1 


[b] the maximum altitude 
[c] the range 
(9) the speed at which the projectile strikes the ground 


22 Work Exercise 21 if the angle of elevation is 60°. 


23 A baseball player throws a ball a distance of 250 feet. 
If the ball is released at an angle of 45° with the hori- 
zontal, find its initial speed. 

24 A projectile is fired horizontally with a velocity of 
1800 ft/sec from an altitude of 1000 feet above level 
ground. When and where does it strike the ground? 


25 To test ability to withstand G-forces, an astronaut is 
placed at the end of a centrifuge device (see figure) that 
rotates at an angular velocity œ. If the arm is 30 feet 
in length, find the number of revolutions per second 
that will result in an acceleration that is eight times that 
of gravity р. (Use ||g|| = 32 ft/sec?.) 


EXERCISE 25 
[€— —30 ft — 9 





76 The orbits of Earth, Venus, and Neptune are nearly cir- 
cular. Given the information in the table, estimate the 
(average) speed of each planet to the nearest 0.1 km/sec. 


Distance from Sun 


Period 
Planet (days) (10* km) 1 
Earth 365.3 149.6 
Venus 224.7 108.2 
Neptune 60,188 4498 


27 A satellite moves їп a circular orbit about the earth at 
a distance of d miles from the earth’s surface. The mag- 
nitude of the force of attraction F between the satellite 


and the earth is 
mM 
(R +d)? 4 


1Е|-0 


where m is the mass of the satellite, M is the mass of 
the earth, R is the radius of the earth, and G is a gravita- 
tional constant. Use the results of Example 2 to estab- 
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lish Kepler's third law for circular orbits: EXERCISE 29 
Tie 7T (R4 qp, 
GM ( d) 


where T is the period of the satellite. (Hint: || F || is also 
given by m|| r"(t) ||.) 


[с] 28 Refer to Exercise 27. If the period of a satellite is mea- 
sured in days, Kepler's third law for circular orbits may 
be written T? = 0.00346[1 + (d/R)]?. 
[a] A satellite is moving in a circular orbit that is 1000 
| miles above the earth's surface. Assuming that the 
radius of the earth is 3959 miles, estimate the period 
of the satellite's orbit to the nearest 0.01 hour. 





зо A quarterback on a football team throws а pass, re- 
leasing the ball at an angle of 30° with the horizontal. 
Approximate the velocity at which the football must be 

[b] In a geosynchronous orbit a satellite is always located released to reach a receiver 150 feet downfield. (Neglect 
in the same position relative to the earth; that is, air resistance.) 
the period of the satellite is one day. Estimate, to the 
nearest mile, the distance of such a satellite from the 
earth's surface. (Information of this type is needed 
for positioning communication satellites.) 


31 Vertical wind shear in the lowest 300 feet of the atmos- 
phere is of great importance to aircraft during take- 
offs and landings. Vertical wind shear is defined as D, v. 
where v is the wind velocity and h is the height above 

Exer. 29—30: Solve, using the results of Example 6. the ground, During strong wind gusts at a certain air- 

port. the wind velocity (in mi hr) for altitudes л between 


29 A major-league pitcher releases a ball at a point 6 feet Х t 
0 and 200 feet is estimated to be 


above the ground and 58 feet from home plate at a speed 


of 100 mi/hr. г gravity had no effect, the ball would v = (12 + 0.0065? 2i + (10 + 0.00547 2)j. 

travel along a line and cross home plate 4 feet off the 

ground, as shown in the figure. Find the drop d caused Calculate the magnitude of the vertical wind shear 
by gravity. 150 feet above ground. 


15.4 CURVATURE 


As а point moves along a curve C, it may change direction rapidly or 
slowly, depending on whether C bends sharply or gradually. To measure 
the rate at which C bends, or changes shape. we use the notion of curva- 
ture. Let us begin by introducing certain unit tangent and normal vectors 
to curves that will be useful in our discussion of this concept. If r is a 
vector-valued function and the curve С determined by r(r) is smooth, then 
we know (from our previous work) that r'(1) is a tangent vector to C that 
points in a direction determined by the orientation of C. If r'(r) = 0. then 
the unit tangent vector T(t) to C is defined as follows. 


Unit tangent vector (15.14) | 


T(t) = r(t) 


0. 
|r| 


Since | T(¢)|| = 1 for every t, we see from Theorem (15.9) that if T 
is differentiable, then T'(t) is orthogonal to T(t). The principal unit normal 
vector Ми) to С is defined as the unit vector having the same direction as 
Т 1), as follows. 
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Principal unit normal 
vector (15.15) 


FIGURE 15.22 





FIGURE 15.23 
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1 ul 
N(t) = Tro] T(t) 


Formulas (15.14) and (15.15) may be applied to either plane curves or 
space curves. 

When we represent T(t) or N(t) by directed line segments, we shall 
take the initial point at the point P on C corresponding to t, as illustrated 
in Figure 15.22, where we have used the right angle symbol 71 to emphasize 
that N(r) and T(t) are orthogonal. Since the tangent vector г'(г) points in 
the direction of increasing values of t, so does T(t). 


EXAMPLE 1 Let C be the plane curve determined by r(t) = t^i + tj. 
(a) Find the unit tangent and normal vectors T(t) and N(t). 
(b) Sketch C, T(1), and N(1). 





SOLUTION 
(a) By (15.14) with r'(t) = 2ti + j, 
T) si +3 Ой+й= = uito | id 
(4:2 + 1)" (41° + 1) (4t^ + 1) 
Differentiating the components of T(t) gives us 
2 
т(0= (4? x ps! (4? pm = (4? + 1)??? ши 


It is easy to verify that 


TO =.—. 
| (0) [| At? + 1 


Applying (15.15) and simplifying, we obtain 


Ми) = 2tj). 


1 : 
(4? +1)! m 


(b) The point P corresponding to t = 1 is (1, 1). By substitution, 





1 | 
Т(1)---0(1-) and М1)---0-20. 
N 5 V5 
To check the orthogonality of T(1) and N(1), we can verify the fact that 
ТО) + N(1) = 0. These vectors and the curve (a parabola) are sketched in 

Figure 15,23. 





EXAMPLE 2 Let С be determined Бу 
гї) = 4cos ti + Asin tj +3tk for (£20. 


Sketch С and find T(t) and №). 
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FIGURE 15.24 


FIGURE 15.25 
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Definition (15.16) 


SOLUTION The curve is the circular helix of radius 4 shown in Fig- 
ure 15.24 (see Example 4, Section 15.1). Differentiating r(t) and applying 
Definition (15.14) gives us the following: 


r(t) = —4sin ti + 4 cos tj + 3k 





| (0) | = 16 sin? t + 16 cos? t +9 = J/16-92 25-5 


3 
Tit) r(t)= ent + {сов tj+zk 


"uL 
- |r| 5 
Differentiating T(r) and using Definition (15.15), we obtain 


T(t) = —$ cos ti — $ sin rj 





|| T(t) || = /1$ cos? t + 1$ sin? t = 4/15 = 


N( 


1 
=e J = с 1 == 1 j. 
1) = Tol T'(t) = —cos ti — sin rj 


To check the orthogonality of T(t) and N(t), we can verify the fact that 
KO- N= 0. 

Typical unit vectors T(t) and N(t) are shown in Figure 15.24. Note 
that the principal unit normal М(1) to the circular helix is always parallel 
to the xy-plane and points toward the z-axis. 








To define curvature, we shall begin with plane curves. Space curves 
will be considered later in this section. 

A smooth plane curve C has many different parametrizations. Some- 
times it is convenient to use arc length measured along C as a parameter. 
As illustrated in Figure 15.25, let A be a fixed point on C and let s denote 
the length of arc АР from A to an arbitrary point P(x, у) оп C. Suppose 
C is given parametrically by 


x= f(s) у = (8)! s= length of АР. 


Thus, to each value of s there corresponds a point P( f(s), g(s)) on C that 
is s units from A, measured along C. The orientation of С is determined 
by increasing values of s. We shall call s an arc length parameter for the 
curve C. 

The next definition summarizes these remarks. 





A variable s is an arc length parameter for a plane curve C if there 
is a parametrization | 


| x= f(s), у = g(s) 


such that s is the length of C from a fixed point A on the curve to 
the point P(x, y). The parametric equations are called an агс length 
parametrization for C. | 
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FIGURE 15.26 





A(K, 0) 


FIGURE 15.27 


O 


FIGURE 15.28 
У 
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EXAMPLE 3 Find an arc length parametrization for the circle 
x? + y? = К, where k > 0. 


SOLUTION Let A(k, 0) be the fixed point in Definition (15.16), and let 
Р(х, y) be any point on the circle. Let s denote the length of the circular 
arc AP, measured in the counterclock wise direction from А to P (see Fig- 
ure 15.26). If 0 is the radian measure of angle АОР, then parametric equa- 
tions for the circle are 


х= Ксоѕ 0, y= ksin 0; 00 < 2л. 
Ву (1.14), 


5 


5-0, ог 0--. 
К 

Since 0 < s < 2лК corresponds to 0 < 0 < 2л, an arc length parametriza- 

tion for the circle is 


0<5<2лК. 


5 
х = К соѕ =, 


К 


By using a different fixed point we could obtain other arc length 
parametrizations. 


oe 
y=ksin-; 
k 





A general method for finding are length parametrizations for curves is 
outlined in the instructions for Exercises 49—52. It is a very tedious pro- 
cess to say the least. However, as we shall see, there is great value in 
working with such parametrizations. 

Ifa curve C has an arc length parametrization as in Definition (15.16), 
then the position vector for the point P(x, y) on C is 


r(s) = xi + yj = f(s)i + g(s)j. 


Differentiating with respect to the arc length parameter « gives us a tan- 
gent vector to C, 


r(s)= be dis 1 (88015) 
~ ds ds’ 1 0 432. 


The magnitude of r'(s) is 


I/dx\? dy\? [f ds V? 
let = JC) +(@) - s) =" 


where we have used (13.6). Thus. for an are length parametrization, r'(s) is 
a unit tangent vector to C at P. As in (15.14), with t = s, we shall denote 
this unit tangent vector by T(s). 

For each value of s, let 0 denote the angle between Т(5) and 1, as illus- 
trated in Figure 15.27. Note that 0 is a function of s, since T(s) is a func- 
tion of s. We may use the rate of change 40/4$ of 0 with respect to s to 
measure how much the curve C bends at various points. To illustrate, 
suppose a point P moves along the curve C in Figure 15.28. At point R 
the curve bends gradually, and the angle 0 between T(s) and i changes 
slowly; that is, | 40/48 | is small. At point О the curve bends sharply, and 
| d0/ds | is large. We use these observations to motivate the next definition. 
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Definition (15.17) PE TA Г? 
Let a smooth plane curve C have an arc length parametrization 


x = f(s), у = g(s), and let 0 be the angle between the unit tangent 
vector T(s) and i. The curvature К of С at the point P(x, y) is 

49 
48 


К = 








For the curve in Figure 15.28, the curvature is relatively small at 
points R and S, and the curvature is large at Q and V. The next two exam- 
FIGURE 15.29 ples are illustrations of Definition (15.17). 


EXAMPLE 4 Prove that the curvature of a line / is 0 at every point 
on l. 


SOLUTION As in Figure 15.29, let A be a fixed point on l, and let 
s = (А. P). Since the unit tangent vector T(s) to | always lies on /, the 
angle 0 is the same for every s; that is, 0 is constant. Hence 

dü 


ds 


К = 





= |0| - 0. 








EXAMPLE 5 Prove that the curvature at every point on a circle of 
radius k is 1/k. 


SOLUTION As in Figure 15.30, we assume that the circle has its center 
FIGURE 15.30 at О. that A(k,0) is the fixed point, and that the point P is in the first 
AY quadrant. Let s be the length of the are AP. If x is the radian measure of 

angle POA, then 


З= К, or «=-. 
k 

Referring to Figure 15.30 and using the fact that T(s) is orthogonal to 
x OP, we see that 











T n 
(= х + = +. 


Differentiating yields 


#4 («+т\=1+0-, 
ds к 2] К k 
40 » 


Hence K - 


Note from Example 5 that as the radius k of a circle increases, its cur- 
vature К = 1/К decreases. If we let k increase without bound, K ap- 
proaches 0, which is the curvature of a line. As the radius k approaches 
0, the curvature K increases without bound. 
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FIGURE 15.31 


FIGURE 15.32 


(0,1) 





Theorem (15.18) 
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Let us next derive a formula that can be used to find the curvature 
K at a point (x, y) on the graph of у = f(x), where f’ is continuous on 
some interval. Let T(s) and 0 be defined as in (15.17) (see Figure 15.31). 
Since y’ is the slope of the tangent line at P, we see that 
(1) tan@=y', or 0-—tan ty, 
From Definition (6.16), the arc length function s may be defined by 


(2) s(x) = А V1 + (у? dx, 


where a is the x-coordinate of a fixed point A on C. If y" exists, then, by 
the chain rule, 














do düds 40 dd 
dx ds dx’ ds 48/4х? 
Hence, by Definition (15.17), 
„  |d0 d0/dx 
” mi з | 
Referring to equations (1) and (2), we have 
кый. tan ! у’ = = и 
dx ах “1-(уу" 


ds 4 px oL——- < 
dx dx Ї у! + (у)? dx = 41 + (y. 


Substitution in (3) gives us the following theorem. 


If a smooth curve С is the graph of у = f(x), then the curvature K 
at P(x, y) is 


j" 


EXAMPLE 6 Sketch the graph of y = 1 — x?, and find the curvature 
at the points (x, у), (0, 1), (1. 0), and (2, — 3). 


SOLUTION The graph (a parabola) is sketched in Figure 15.32. Since 
у' = —2х and у” = —2, we have, from Theorem (15.18), 


2 


5 ~ (1 + 4x29?" 


Letting x = 0, 1, and 2, we obtain the following table. 





Point on C (0.1) (1.0) (2, —3) 


Curvature K 2 
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Theorem (15.19) 


Note that the maximum curvature occurs at (0, 1) and as x increases (or 
decreases) without bound, the curvature at Р(х, v) approaches 0. 


Let us next derive a formula for finding K if C is described in terms of 
any parameter t. Suppose C is given parametrically by 


х= 0). у= 900) 


and that f” апа g” exist for every t in some interval /. As іп the discussion 
preceding Theorem (15.18). 


d 
ds 


40/4 
45/41 

















Since the slope of the tangent line at Р(х, y) is g'(t)/f'(t) (see Theo- 
rem (13.3)), 





tan 0 = gu or 0 = ап! gu 
provided f'(r) = 0. Hence 
40 _ 1 Pog") -FOO _ fog" — 010170 
d 1+ [90/0] OF [P0] +P ` 


Moreover, by (13.6), 


ds 3 — 3 
| - NUIT + Lor. 





Substituting in the formula K = |(d0/dt)/(ds/dt)| gives us the following. 


If a plane curve C has a parametrization x = f(t), y = g(t) and if f” 
and g" exist, then the curvature K at P(x, y) is 


_ [L'O O — а) f "(0| 


К = - ——. 
O + (qt)? P? 





In the next example we use Theorem (15.19) to rework Example 5. 
EXAMPLE 7 Prove that the curvature at every point on a circle of 
radius k is 1/k. 


SOLUTION Parametric equations for a circle of radius k with center 
at the origin are 
х= Ксоѕг = f(t), y—ksint-g(t; 0xtx2m. 
Differentiating gives us 
f'(t) = —ksint f" (t) = —kcost 


gt) = k cos t g'(t) = —К sint. 
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Substituting in (15.19). we obtain 
|(—k sin t)( —K sin t) — (k cos t)( — K cos t) | 
[(—ksin -(kcostPP? —— 
k? sin? t + k? cos? t 
~ (k? sin? t + k? cos? t??? 
k? k? 1 
“др WI 


R= 








If the curvature К at a point P on a curve C is not 0. then the circle 
of radius p = 1/K whose center lies on the concave side of C and that 
has the same tangent line at P as C is the circle of curvature for P. Its 
radius p and center are the radius of curvature and center of curvature, 
respectively. for P. According to Examples 5 and 7, the curvature of the 
circle of curvature is 1/р, or K, and hence is the same as the curvature 
of C. For this reason the circle of curvature may be thought of as the 
circle that best coincides with C at P. А circle of curvature is shown in 
Figure 15.33. 


FIGURE 15.33 


AS 
Circle ol : 


\ curvature 





EXAMPLE 8 A curve C has the parametrization x = t?, y = t?; t in 
R. Find the curvature at the point P corresponding to t = 1. Sketch the 
graph of C and the circle of curvature for P. 
SOLUTION Letting f(t) = £^. g(t) = t? and differentiating, we have 
Г) = 21, f"t)-2. — gt —3U, g"(t) 6t. 
Substituting in Theorem (15.19) gives us 
к — 1020060) — (36242) _ 6? 
[Q^ + (ми? (40? 908?" 


If = 3, then 
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The point corresponding to t = 4 has coordinates (1, 4), and the radius 
of curvature p at that point is 1/K, or 122 ж 1.3. The graph of C and the 
circle of curvature are sketched in Figure 15.34. Note that the curvature 
at the origin does not exist, since K is undefined if t = 0. 


The definition of curvature K = |d0/ds| for plane curves has no imme- 
diate analogue in three dimensions, because the unit tangent vector T(s) 
cannot be specified in terms of a single angle 0. Thus, it is necessary to 
use a different approach for space curves. Of course, we then must show 
that if we specialize to vectors in a plane, the new definition of curvature 
agrees with (15.17). 

To find a clue to a suitable definition, we first observe that in two 
dimensions the unit tangent vector T(s) can be written 


T(s) = cos (1 + sin ()j. 
where 0 is the angle between Т(5) and i (see Figure 15.28). Regarding 0 


as a function of s and differentiating yields 


10 0 0 
T(s) ={ —sin 0: Ji + (cos @ 4 i= 4 (—sin 0i + cos 0j). 
ds, d 15 


5 ( 


\ 


Hence | Т (8) | = | —sin 01 + COS 0) | = 











40 
ds 





We shall use this fact to define curvature in three dimensions. Our plan 
is to describe the unit tangent vector T(s) without referring to the angle 0 
and then define K as | T'(s) ||. 

Suppose a curve € has an arc length parametrization 


x= f(s) y=gls) 2 = (5) 


where f". g”. апа h” exist. As illustrated in Figure 15.35, s is the arc 
length along C from a fixed point A to the point P( f(s), gis), A(s)). As in 
two dimensions, if r(s) = f(s)i + g(s)j + h(s)k is the position vector for Р, 
then r'(s) is a unit tangent vector to C at P, denoted by Tis). Since || T(s) || 


FIGURE 15.35 


A= 
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is a constant, it follows that T'(s) is orthogonal to T(s) (see Theorem (15.9)). 
If T'(s) z 0. we let 


1 
I| T's) || 


The vector N(s) is a unit vector orthogonal to T(s) and is referred to as 
the principal unit normal vector to C at the point P. These concepts are 


N(s) = 





- T'(s). 





illustrated in Figure 15.35. 
Having obtained a suitable unit tangent vector T(s) and assuming that 
T'(s) exists, we follow our plan and define curvature in three dimensions 


as follows. 


Definition (15.20] 


Let a smooth space curve C have an arc length parametrization 


x= f(s, у= 95). z= h(s). 


Let r(s) = f(s)i + g(s)j + h(s)k and let T(s) = r(s). The curvature К 
of C at the point P(x, y, 2) is 


K =||T()||. 


As we have already proved, the preceding definition reduces to (15.17) 
if C is a plane curve. Note that 


N(s) = = T(s, or Т'(5)= KN(s). 


The formula for K in Definition (15.20) is usually cumbersome to apply 
to specific problems. In the next section we shall derive a more practical 
formula that can be used to find curvature. 


EXERCISES 15.4 


Exer. 1-6: (a) Find the unit tangent and normal vec- 10 y=In(x—1); P(2, 0) 
tors T(r) and Хг) for the curve C determined by r(r). ү mene Die P(O. 1) 

(5) Sketch the graph of C, and show Т(ї) and №) for ам ` 
the given value of г. 12 у= sec x; Р(л/3, 2) 

1 r(t) = ti — 4j; t=1 13 х-1-1, у=; P(3, 2) 
21()--11-21, peg 14 x ^t 1, у= 12 +4:+ 3; Р(1,3) 

3 x(t) = Ci + 31); t=1 15 x 2 t— t*, yz1-t Р(0. 1) 

4 r(t) = (4 + cos t)i — (3 — sint); г = л/6 16 x 2t—sint, y=1— cost: P(x/2 — 1.1) 
5 r(t) = 2sin ti + 3j+2costk; t—z/4 17 х= 2sin t, y-3cost: P(1,34/3) 

6 r(t) = ti + 3j + Pki t=1 18 x = cos? t, у = sin? t; Р(1./2,1-/2) 


Exer. 7—18: Find the curvature of the curve at P. 


Exer. 19-22: For the given curve and point Р, (а) find 
the radius of curvature, (| find the center of curvature, 


7 ya2- x5 P(l, 1) and |c] sketch the graph and the circle of curvature for P. 
8 jasi Р(1, 1) 19 y=sinx; P(x/2, 1) 20 y=secx; Р(0, 1) 
9 у= 2); Р(0, 1) 21 у= е Р(0, 1) 22 Xyz 17 PAD 
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Ехег. 23-28: Find the points on the given curve at which 
the curvature is a maximum. 


23 y=e* 24 y = cosh x 
25 9x? + 4y? = 36 26 9x? — 4y? = 36 
27 y 2Inx 28 у= sinx 


Exer. 29-32: Find the points on the graph of the equa- 
tion at which the curvature is 0. 


> 


29 у= х“ — 12x 30 y 


lan x 
31 y sinh x 32 ў= 67" 


33 Suppose that a curve С is the graph of a polar equation 
r = f(0). If = 4/40 and r" = d?r/d0?, show that the 
curvature K at P(r, 0) is 


| Ar’)? — rr" + r?| 


K = 2 3 
WF + е2]? 


(Hint: Use x = rcosÜ and y =r sin Ü to express C in 
parametric form.) 


Exer. 34—36; Use the formula in Exercise 33 to find the 
curvature of the polar curve at Р(г, 0). 


34 r- а(1 – соѕ 0); 0< 0 < 2л 

35 r= sin 20; 0« 0 «2n 

36 rz e" 

37 Let Р(х, y) be а point on the graph of y = f(x) at which 
K #0. If (h, k) is the center of curvature for Р. show that 


41 "y її гү 
jag VETO ру ED 
у у 


Exer. 38—42: Use the formulas in Exercise 37 to find the 
center of curvature for the point P on the graph of the 
equation. (Refer to Exercises 7—11.) 


38 y22— x3 Р(1,1) 
39 у= х“; Р(1,1) 
40 y= е"; Р(0, 1) 
41 y=In(x—1); P(2,0) 
42 у = cos 2x; Р(0, 1) 


43 The path of a highway and exit ramp are superimposed 
on a rectangular coordinate system such that the high- 
way coincides with the x-axis. The exit ramp begins at 
the origin O. After following the graph of y = — jx? 
from O to the point P(3, —1), the path follows along 
the arc of a circle, as shown in the figure. If K(x) is the 
curvature of the exit ramp at (x. y). find the center of 
the circular arc that makes the curvature а! P(3, — 1) 
continuous at x — 3. 
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EXERCISE 43 





44 Use the equation y = mx + b to prove that the curva- 
ture at every point on a line is 0 (sce Example 4). 


45 Prove that the maximum curvature of a parabola is at 
the vertex. 


46 Prove that the maximum and minimum curvatures of 
an ellipse are at the ends of the major and minor axes, 
respectively. 


47 Prove that the maximum curvature of a hyperbola is at 
the ends of the transverse axis. 


48 Prove that lines and circles are the only plane curves 
that have a constant curvature. (Exercise 17 of Sec- 
tion 15.5 shows that this result is not true for space 
curves.) 

Exer. 49-52: If the curve C in Figure 15.22 has a smooth 

parametrization х = f(t), у = g(t), then, by Theo- 

rem (13.5), the relationship between ¢ and the arc length 
parameter s is given by 


s= P VIP WF +14' ЧЁ du, 


where a is the value of t corresponding to the fixed point 
А. Use this relationship to express the given curve in 
terms of the arc length parameter s if the fixed point A 
corresponds to ¢ = 0. (Hint: First evaluate the integral 
to find the relationship between / and s, and then sub- 
stitute for t in the parametric equations.) 

49 x -4t —3, у-3-5 120 
50 x= 30", poe: r>0 

51 x=4cost, y=4sint; 0<1< 2л 
52 x=e'cost, p=e'sint; г> 0 


53 Prove that if k is a nonnegative function that is nonzero 
and continuous on an interval [0, а], then there is a 
plane curve C such that К represents the curvature of C 
as a function of arc length. (Hint: If s is in [0, a], define 


h(s) — h k(t) dt, x= f(ís) = Б cos h(t) dt, 
and y=g(s)= Ї sin h(t) dt.) 


54 Use Exercise 53 to work Exercise 48. 
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15.5 TANGENTIAL AND NORMAL COMPONENTS OF ACCELERATION 


In this section we use the concept of curvature to help analyze the motion 
of objects. 


Theorem (15.21) ~ P 2 ЖЭ? а 
Let r(t) be the position vector of a moving point Р at time г, and 


let s be an arc length parameter for the curve C determined by r(t). 
If T(s) and N(s) are the unit tangent and principal unit normal vectors 
and if K is the curvature of C at the point corresponding to s, then 
the velocity and acceleration of P may be written as follows: 


ds 
У(1) = di Tís) 


d^s _{ds\? 





FIGURE 15.36 PROOF The sketch in Figure 15.36 is a geometric interpretation of the 
formula for alr) in the statement of the theorem. Recall that the unit tan- 
gent vector T(s) to C is given by 


к Ts) 2 ———- rit), 
| et | 
and hence r(t) = || r0 || T(s). 
Since r(r) = vit) and | 1111 = ||у() || = ds/dt, this gives us the velocity 


formula 

ds 

v(t) = — T(s). 

dt 
Differentiating the preceding equation with respect to г and using the 
chain rules in Exercises 45 and 46 of Section 15.2, we obtain 
41, 54 

= 1(5) - — — T(s) 

at” dt dt 
d*s ds ds 


= — Tis) + —— T's). 
di^ ST dt ч) 





\! 


а(!) = vit) 


From the remark following Definition (15.20), T'(s) = КМ), Thus, the 
last formula may be written 
а? x 
a(t) = —5 T(s) + к( 
dt^ 


d 5 


) N(s). mm 
dt 


If we denote the speed || (0) || = ds/dt of P by v, then the formulas in 
Theorem (15.21) are 


lv Poe 
vit) = eT(s) and a(t)= 5 T(s) + Ke-N(s). 
( 


The second formula expresses the acceleration a(t) in terms of a tangential 
component ay and а normal component ац: that is. 


alt) = йтТ(5) + ау №5). 
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Tangential component of 
acceleration (15.22) 


dt аг dt 


Tangential and normal components of acceleration are useful in the 
investigation of the forces that act on a moving object as it travels along 
a curve C. Note that the normal component аҳ = Kv? depends only on 
the speed of P and the curvature of C. If the speed or curvature is large, 
then the normal component of acceleration is large. This result, obtained 
theoretically, proves the well-known fact that an automobile driver should 
slow down when attempting to negotiate a sharp turn. 

We can also derive formulas for the tangential and normal components 
of acceleration that depend only on r(t). Taking the dot product of v(t) 
and a(t) in Theorem (15.21), we obtain 


ds ds ds 
vít): a(t) = Е 1| . E E) «(7 Ji Ы 


(2) (а) тө: n3] к(а +] айшын 


Since T(s) has magnitude | and is orthogonal to N(s), this formula reduces 
to 
ай (= 438) 
vít): a(t) = 5 |, 
2! 41) 


r'(i) vs Irol% = || r(t) || ат. 


lv ds 4: 
where i= =: : and dy = Kv? -«( ar 


or, in terms of r, 


If r'(t) # 0, this gives us the following formula. 


a 5 1010) 
ш Эн 
4 


? |roll 


ЇГ, instead of the dot product, we take the cross product of a(t) апа 
v(t), we obtain 


v(t) x a(t) = FP ЭХ x T(s)] + «( 3i [T(s) x N(s)]. 


Since the cross product of a vector with itself is 0, T(s) x T(s) = 0. Since 
T(s) and N(s) are orthogonal unit vectors, | Tís) x N(s) | = | (see (14.30)). 
Hence the formula for v(t) x a(t) gives us 


ls 
| уй) x a(t) || = K(F) 


_[ds\*? |v) x alt) || 
a= к) Е ds/dt | 


and, therefore, 


Rewriting this in terms of r, we obtain the following. 
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Normal component of 
acceleration (15.23) 
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_ g(dsV— |r x ro || 
чин к(а) Шин! 


EXAMPLE 1 The position vector of a moving point at time t is 
r(t) -1-12)-1Кїог1«:5 4. 
(a) Find the tangential and normal components of acceleration at time t. 





(b) Find two-decimal-place approximations for ay, ат. and || v(t)|| at times 


t = 1, 2, 3, and 4, and describe the motion of the point. 


SOLUTION 

(a) Differentiating yields 
v(t) = r'(t) =i + 2tj + 307k 
a(t) = r'(t) = 2j + 6tk 








|| v(t) || = |] r'()]| = (CL + 407 + 9%)!. 
By (15.22), 
Эг r():r'() — — 4 x 18" 
сан [rt] — (1 48 4-915)127 
To find a«. we first calculate 
ij k 
rA х Үл()-11 2: 32 |=6i— 6] + 2k. 
0 2 а 


Applying (15.23) gives us 


94+ 412 + 1 








x ss Пи) хк). (36 + 367 + 4)! @ + 912 + ) 
к= a > 


XT Ё ap]. 
|| ro || (1-424959)? S 


(b) The path of the point—that is, the curve C determined by r(t)—is 
the portion of the twisted cubic discussed in Example 3 of Section 15.1 
that lies between (1, 1. 1) and (4. 16, 64) (see Figure 15.5). Substitution 
in the formulas obtained in part (a) gives us the following table of 
approximations. 











=) a 4 1 2 3 E | 
Position of P (1,1,1) (2.4. 8) (3,9,27) (4,16, 64) 
ах 2.33 2.12 2.06 2.03 
ат 5.88 11.98 17.99 24.00 
| vic) || | 374 12.69 27.68 48.67 





Thus, as t increases from 1 to 4, the point moves along С from (1, 1, 1) 
to (4, 16, 64), gaining speed rapidly. The normal component of accelera- 
tion ay approaches 2 (note that lim, ақ = 2). We see from the table 
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Theorem (15.24) 


that the tangential component a, increases at approximately 6 units per 
unit change in time. 





We can obtain an alternative formula for the normal component of 
acceleration. To simplify the notation, let us denote T(s), N(s), and a(t) 
in Theorem (15.21) by Т, М, and a, respectively. Thus, 

а = a, T + aN. 
Since T and N are mutually orthogonal unit vectors, T: N 20, T- T = 1, 
and N- N = I. Consequently 
|a|" = а-а = (оТ + auN)- (a4T + ayN) 
as(T - T) + 2aya4(N * T) + а Мем) 


= a2 + dg. 


This relationship can also be obtained by applying the Pythagorean theo- 
rem to one of the right triangles with hypotenuse || аг) || in Figure 15.36. 
Solving for ах gives us the following. 


NITE E 
ay = v ||a||* — ai 


Theorem (15.24) should be used if the normal component is difficult 
to find by means of (15.23). 


EXAMPLE 2 Find ay in Example 1 by using Theorem (15.24). 


SOLUTION As іп the solution to Example 1, we obtain 


4t + 180° 


= а = (= 2i | 
(1 + 412 + 91%)!/? ind a= r'(r) = 2j + 6rk 


ат 


Applying (15.24) gives us 


ак = [а |2 – а 
/ 32 
, 4t + 181°)? 
= (in 


y 1+ 4P + 917° 


This simplifies to the expression for ах obtained in Example 1. 


EXAMPLE 3 Ifa point P moves around a circle of radius k with a 
constant speed г, find the tangential and normal components of 
acceleration. 


SOLUTION Since v = ds/dt is a constant, the tangential component 
ay = dsdi? is 0. 

By Example 5 of the previous section, the curvature of the circle is 
Lik. Hence the normal component of acceleration (see (15.23)) is (1/k)v?. 
This shows that the acceleration is a vector of constant magnitude v?/k 
directed from P toward the center of the circle, as was shown in Example 2 
of Section 15.3. 
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Theorem (15.25) 





We may use (15.23) to obtain a formula for curvature of a space curve 
C. If C has the parametrization 


х= fO, у= g(t), z= 11), 
then C is determined by the position vector 
r(t) = f(t)i + g(t)j  Л(ОК. 


If we solve the equation in (15.23) for K and use ds/dt = ||r'(r) |, we obtain 
the next theorem. 





Let a space curve C have the parametrization x = f(t), y = g(t), 
z = h(t), where f". g”, and h” exist. The curvature K at the point 
P(x, y, 2) on C is 

- || r'(t) х rl 1 


[ror “rok 











This formula may also be used for plane curves (see Exercise 16). 


EXAMPLE 4 

(a) Find the curvature K of the twisted cubic x =t. y —t 
point (x. y. 2). 

(b) Find four-decimal-place approximations for K at the points cor- 
responding to t = 1, 2, 3, and 4. 


,2= at the 


SOLUTION 
(a) If we let 
r(t) = ti 4 12) + Pk, 
then the curve is the same as that considered in Example 1. Substituting 


the expressions obtained there for r(t) and r'(t) x r'(r) into the formula 
for K in Theorem (15.25) vields 


,. 29i + 9p +. 1 
"(98-42 + 187” 
We could also find K by substituting for ay and | r'(r) || in Theorem (15.25). 


(b) Substituting t = 1. 2. 3, and 4 into the formula for K obtained in 
part (a). we obtain the following approximations for K (compare with the 
table on page 782). 





t 1 2 3 4 
(x, у, 2) LLD (0,4,8) (3,9, 27) (4.16, 64) 
К 0.1664 0.0132 0.0027 0.0009 





Using limit theorems, we can show that lim, ,, К = 0; that is, the 
curvature of the curve approaches that of a line as / increases. 
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EXERCISES 15.5 


Exer. 1-8: Find general formulas for the tangential and 
normal components of acceleration and for the curva- 
ture of the curve C determined by r(t). 


1 or(t) = Ci t + 2)j 2 r(t) 2 (2 — 1) + 5] 


r(t) = 3ti + £j + 307k 4 r(t) = 411 +j + 2126 


r(t) = t(cos ti + sin tj) 6 r(t) = cosh ti + sinh rj 


3 

5 

7 r(t) = 4 cos ti + 9 sin tj + tk 
8 r(t) = e(sin ti + cos tj + k) 
9 


A point moves along the parabola y — x? such that the 
horizontal component of velocity is always 3. Find the 
tangential and normal components of acceleration at 
Р(1, 1). 


Work Exercise 9 if the point moves along the graph of 
у= 2х? – х. 


11 Prove that if a point moves along a curve С with a con- 
stant speed, then the acceleration is always normal to 


C. 


Use Theorem (15.25) to prove that if à point moves 
through space with an acceleration that is always 0. then 
the motion is on a line. 


12 


15.6 KEPLER'S LAW/S 


13 


14 


15 


17 


If a point P moves along a curve C with a constant 
speed, show that the magnitude of the acceleration is 
directly proportional to the curvature of the curve. 


If, in Exercise 13, a second point Q moves along C with 
a speed twice that of P, show that the magnitude of the 
acceleration of Q is four times greater than that of P. 


Show that if a point moves along the graph of y = f(x) 
for a < x < b, then the normal component of accelera- 
tion is 0 at a point of inflection. 


If a plane curve is given parametrically by x = f(t), 
y = g(t) and if f” and g” exist. use Theorem (15.25) to 
prove that the curvature at the point P(x, y) is given by 
Theorem (15.19). 


Show that the curvature at every point on the circular 
helix x =acost, y=asint, z = bt, where а> 0), is 
given by К = а/(а? + b°). 

An elliptic helix has parametric equations x = a cos t, 
y =hsint, 2 = ct, where a, b, and c are positive real 
numbers and a + b. Find the curvature at (x, y, z}. 


It is fitting to conclude this chapter with a display of the power and beauty 
of vector methods when applied to the derivation of three classical physical 
laws. The discussion in this section is not simple, for it is not a simple 
problem that we intend to consider. There is no exercise set at the end 
of this section. The reason is that we are not interested in numerical cal- 
culations involving the laws to be developed. Your objective should be 
to carefully read and understand each step of the discussion. Proceed 
slowly. You will gain considerable insight into vector methods by study- 
ing the material that follows. 

After many years of analyzing an enormous amount of empirical data, 
the German astronomer Johannes Kepler (1571—1630) formulated three 
laws that describe the motion of planets about the sun. These laws may 
be stated as follows. 


First Law: 


Kepler's laws (15.26) 


Second Law: 


Third Law: 


The orbit of each planet is an ellipse with the sun at 
one focus. 


The vector from the sun to a moving planet sweeps 
out area at a constant rate. 


If the time required for a planet to travel once around 
its elliptical orbit is T and if the major axis of the 
ellipse is 2а. then T? = ka? for some constant К. 
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Approximately 50 years later, Sir Isaac Newton (1642-1727) proved 
that Kepler's laws were consequences of Newton's law of universal gravi- 
tation and second law of motion, The achievements of both men were 
monumental, because these laws clarified all astronomical observations 
that had been made up to that time. 

In this section we shall prove Kepler's laws through the use of vectors. 
Since the force of gravity that the sun exerts on a planet far exceeds that 
exerted by other celestial bodies, we shall neglect all other forces acting 
on a planet. From this point of view we have only two objects to consider: 
the sun and a planet revolving around it. 

FIGURE 15.37 It is convenient to introduce a coordinate system with the center of 
mass of the sun at the origin, О, as illustrated in Figure 15.37. The point 
P represents the center of mass of the planet. To simplify the notation, 
we shall denote the position vector of P by r instead of r(t) and use v and 
а to denote the velocity r'(r) and acceleration r’(r), respectively. 

Before proving Kepler's laws, let us show that the motion of the planet 
takes place in one plane. If we let r = ||r ||, then u = (I/r)r is a unit vector 
having the same direction as r. According to Newton's law of gravitation, 
the force F of gravitational attraction on the planet is given by 





Mm 
;-u 
pi 


F--G 





where M is the mass of the sun. m is the mass of the planet, and G is a 
gravitational constant. Newton's second law of motion (15.13) states that 


Е = та. 
If we equate these two expressions for Е and solve for a, we obtain 


GM 
(1) а= ——-и 
E 
This shows that a is parallel to г = ru and hence r x a = 0. In addition, 
since v x v = 0, we see that 
d dv dr 


{ТЖ Жат x +— х У 


аг dt dt 


FIGURE 15.38 
rxat+vxv=-0. 


It follows that 


(2) rxv=c 


for a constant vector c. The vector c will play an important role in the 
proofs of Kepler's laws. 

Since r x v = c, the vector r is orthogonal to с for every value of 1. 
This implies that the curve traced by P lies in one plane: that is, the orbit 
of the planet is a plane curve, as illustrated in Figure 15.38. 

Let us now prove Kepler's first law, We may assume that the motion 
of the planet takes place in the ху-рїапс. In this case the vector e is perpen- 
dicular to the xy-plane, and we may assume that c has the same direction 
r as the positive z-axis, as illustrated in Figure 15.38, 
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FIGURE 15.39 








Since r — ru, we see that 
dr du dr 
= — = Р 4 — Ш. 
dt dt 4 


Substitution ine = г x у and use of properties of vector products gives us 


Since u x u = 0, this reduces to 


(3) c= АС х 2) 
й 


Using (3) and (1) together with (ii) and (vi) of Theorem (14.33), we see that 


^ GM 3 >} 
ахе= | ——~u] х | ги х — 
( P ) | ( аг, 
1 





ll I 
| | 
Q б 
-— = 
~ — 
дэгээ, = 
" х 
“|2 еы, 
~| Е c 
р ЗЕ 
с х 
| 58 
= х y 
2 LL 
5, 
a 
= с 
LLLI 


Since | u | = 1, it follows from Theorem (15.9) that и. (du/dt) = 0. In addi- 
tion, u ғи = ||u ||? = 1, and hence the last formula for a x е reduces to 








du d 
a x c = GM — = — 1 
шанага” a 
We may also write 
— dv Е 
dt dt тж 


and, consequently, 


Ё ni у= 3 (GM 
i; arem PNE 


Integrating both sides of this equation gives us 
(4) ухс=СМи+Ь, 


where b is a constant vector. 
The vector v x € is orthogonal to с and therefore is in the xy-plane. 
Since u is also in the xy-plane, it follows from (4) that b is in the xy-plane. 
Up to this point, our proof has been independent of the positions of the 
x- and y-axes. Let us now choose a coordinate system such that the posi- 
tive x-axis has the direction of the constant vector b, as illustrated in 
Figure 15.39. 
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FIGURE 15.40 
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Let (r, 0) be polar coordinates for the point Р, with r = ||r ||. It follows 
that 


и. = ||u||||b|| cos 0 = b cos 0, 





where b = ||b ||. If we let c = ||c ||, then using (2), together with properties 

of the dot and vector products, and also (4), yields 
c-—c:ce-(rxv):e-r:(vxc) 

(ru): (GMu + b) 

rGM(u и) + r(u - b) 


= "СМ + rb cos 0. 


Solving the last equation for r gives us 


2 
c 


"= GM + b cos 0" 
Dividing numerator and denominator of this fraction by GM, we obtain 


p 


5 цэв „= 
5) ' 1 + есоѕ 6 


with p = с2 (СМ) and е = b/(GM). From Theorem (13.16), the graph of 
this polar equation is a conic with eccentricity e and focus at the origin. 
Since the orbit is a closed curve, it follows that 0 < e < 1 and that the 
conic is an ellipse. This completes the proof of Kepler's first law. 

Let us next prove Kepler's second law. We may assume that the orbit 
of the planet is an ellipse in the xy-plane. Let r — f(0) be a polar equa- 
tion of the orbit, with the center of the sun at the focus О. Let P, denote 
the position of the planet at time fy and P its position at any time t > tọ. 
As illustrated in Figure 15.40, 0, and 0 will denote the angles measured 
from the positive x-axis to ОР, and ОР, respectively. 

By Theorem (13.11), the area A swept out by OP in the time interval 
[16.1] is 


ә 
э 1,2 
А= Ё ir* 40. 


dA 1 з 3 
and hence =— (* 1,240 = эг. 


40 4042 
Using this fact and the chain rule gives us 
" dA  dAdÜ  , ,d0 

— == = = рр —. 
” ааа Ud 
Next we observe that since г = r cos Oi + r sin 0] + Ok, the unit vector 
u =(1/r)r may be expressed in the form 

и = cos ++ sin 0j + Ok. 

Consequently 


‚_ „48 10. 
= —sin 0 — i 4- cos 0 * j + Ok. 
й dt 
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A direct calculation may be used to show that 


du Е 40 k 


u x = — k. 
dt dt 


If c is the vector obtained in the proof of Kepler's first law, then, by (3) and 


the last equation, 
du 40 
= 2 = 2 k 
ET E x a) P 


and hence 





, | | , dé 
"zz |C] = г E 
"m : : dt 
Combining (6) and (7), we see that 
dA 
8 zc 
(8) dt 2° 


that is, the rate at which A is swept out by OP is a constant. This estab- 
lishes Kepler's second law. 

To prove Kepler's third law, we shall retain the notation used in the 
proofs of the first two laws, In particular, we assume that a polar equation 
of the planetary orbit is given by 


p 


г= = 
1 + ecos 0 


with p = СМ) and e = b (GM), 

Let T denote the time required for the planet to make one complete 
revolution about the sun. By (8), the area swept out in the time interval 
10, T] is given by 


This also equals the area of the plane region bounded by the ellipse. How- 
ever, in Example 6 of Section 12.2 we found that А = zab for an ellipse 
whose major and minor axes have lengths 2a and 2b, respectively. Con- 
sequently 


2ла! 
i 2лаЬ 
lcT = nab, ог = i 


By (12.8), 


ae? =a*—b?, or Б? = а?(1 —e?). 


2 42  4m«cb  A4mra*(1-— е?) 
Thus. Г? =———= ; i 
2 е? 


‹ 
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15.7 REVIEW EXERCISES 


From the proof of Theorem (13.15) (where we used p = de) we know that 


2 


diu. Р. 35, Or a= р 5; 
(1 — e^)* 1 — е 
4 2,4 
and hence T? = adis (5. 
c) \a 
Since p = c?/(GM), this reduces to 
» 4r 
Т° = aa a? = ka? 


with k = 427 (GM). This completes the proof. 

Remember that in our proofs of Keplers laws we assumed that the 
only gravitational force acting on a planet was that of the sun. If forces 
exerted by other planets are taken into account, then irregularities in the 
elliptical orbits may occur. Observed irregularities in the motion of 
Uranus led both the British astronomer J. Adams (1819—1892) and the 
French astronomer U. Leverrier (1811-1877) to predict the presence of 
an unknown planet that was causing the irregularities. On the basis of 
their predictions, this planet, later named Neptune, was first observed 
with a telescope by the German astronomer J. Galle in 1846. 


Exer. 1-2: Let r(t) be the position vector of a moving 9 The position vector of a point at time t is 


point P. Sketch the path C of P together with v(r) and 


a(r) for the given value of г. 


d) = 3гі 4- Dj - t*k. for rin R. 
Find the velocity, acceleration, and speed at t and at 


! r(t) = tan ti — sec tj: t=n/4, (| «n2 t-1. 


2 rt) = Ci + 3cos tj + 5sintk; 1-л 


Exer. 3-4: The position of a point moving in a coor- 
dinate plane is given by r(r). Find its velocity, accelera- 


tion, and speed at time r. 
3 r(t) = (21 + (4? — yj 
4 r(t) = (2 — sin r)i + (1 — cos tj 


5 Let € be the curve determined by 


Exer. 10—11: Evaluate the integral. 

10 [(sin Зі + е 24] + cos tk) di 

11 А (41 +15] — k) dt 

12 Find u(t) if u(r) = e 'i — 4 sin 21] + 31 k and 
u(0) = —i + 2j. 

13 A point P is moving with an acceleration 12rj + 5k at 
time t. If, at t = 1, the coordinates of P are (— 1, 3, 3) and 


r(t) = (e' sin Oi +(e’ cos 4 - ek for O<1 <1. its velocity is 3i — 2j + 4k, find its position vector r(t). 
(а) Find a unit tangent vector to C at the point corre- Exer. 14-15: Verify the identity without using 
sponding to г = 0. components. 
{Б} Find an equation of the tangent line to C at the point 14 D, [juin | = 20-11) 


corresponding to t = 0. 


15 D,[uir) u(t) x ut] = utr) - utr) шо) 


5 Find the length of the curve C in Exercise 5. 


Exer. 16-18: Find the curvature of the curve at the 


Ехег, 7-8: Let point P. 
иш) = 121 6j tk. апа wr) = ri — 51 + 47k. 16 у= хе; — P(0,0) 

7 Find the values of г for which u(t) and y(t) are eos Е: ас *. Р 2) 
orthogonal. 1+1 1-1 

5 Find D, [u(t) x v(r)] and D, [utr) 00]. 18 X= 2t*, у= = 4 P(x.y.z) 
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19 Find the x-coordinates of the points on the graph of 
y = x? — 3x at which the curvature is a maximum. 

20 If C is the graph of y — cosh x, find an equation of the 
circle of curvature for the point P(0, 1). 


21 Find the radius of curvature for the point P(2, л) on the 
graph of the polar equation r = 2 + sin 0. 
22 Let C be the curve determined by r(t) = (t? + 1)i + 41), 
for t in R. 
(a) Find the unit tangent and normal vectors Т(1) and 
N(t). 
15) Sketch the graph of C and show T(1) and Nil). 


Exer. 23—24: If r(r) is the position vector for a point, find 
the tangential and normal components of acceleration at 
time г. 


23 r(t) = sin 2ti + cos tj 24 r(t) = 3ti + (Cj + tk 
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A manufacturer may find that the production cost C 
of a commodity depends on the quality of the material 
used, the hourly wages of employees, the type of ma- 


Тел 
x 
T 


109r 
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chinery needed, maintenance charges. and overhead. Бэ 
We say that C is a function of five variables, because b: 5. 
it depends on five different quantities. In this chapter КОН 
we study such scalar functions, starting with the case page 
of two independent variables and then proceeding to КОР 5 
any number of variables. БЕ 
First we show how to graphically represent func- gs 
tions of two or three variables. Next we generalize E 
the single-variable concepts of limits, continuous ANS 
functions, derivatives, and differentials. (Integrals of 5 
functions of several variables are defined in the next E 
chapter. Among the applications considered in ex- 5 
amples and exercises are finding the rate at which the A 
temperature of a solid changes. examining the rate at E 
which a pollutant emitted from a smokestack dissi- ES 
pates, measuring the intensity of winds inside a hurri- E 
cane, designing computer chips. and investigating e 


relationships between the market price of a commod- 
ity and consumer demand. 

In Section 16.6 we introduce an important tool for 
analyzing values of a function of several variables 


271 > ur 2 
ЭХ: КОЕМ Се АД 


: : f RARE 
the gradient. We shall use gradients to find the rate DUNS 
at which a scalar quantity such as temperature or Bod 


pressure changes as a point moves in any specified 
direction. Another important use is the determination 
of extreme values of functions. 
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16.1 FUNCTIONS OF SEVERAL VARIABLES 


FIGURE 16.1 


ILLUSTRATION 


Definition (16.1) 





The functions discussed in previous chapters involved only one indepen- 
dent variable. Such functions have many applications: however, in some 
problems several independent variables occur. 


яв The area of a rectangle depends on two quantities, length and width. 

ws [f an object is located in space, the temperature at a point P in the 
object may depend on three rectangular coordinates, x, y, and z of P. 

шш Ifthe temperature of an object in space changes with time г, then four 
variables, x. у. z, and г, are involved. 


In this section we define functions of several variables and discuss some 
of their properties. Recall that a function f is a correspondence that as- 
signs to each element in its domain D exactly one element in its range E. 
If D is a subset of R? (the set of all ordered pairs (x. y) of real numbers) 
and ЕЁ is a subset of E, then f is a function of two (real) variables. Another 
way of stating this is as follows. 


Let D be a set of ordered pairs of real numbers. A function f of two 
variables is a correspondence that assigns to each pair (x, y) in D 
exactly one real number, denoted by f(x, y). The set D is the domain 
of f. The range of f consists of all real numbers f(x. y). where (x, y) 
is in D. 


We may represent the domain D in Definition (16.1) by points in an xy- 
plane and the range by points on a real line, say a w-axis, as illustrated 
in Figure 16.1. Several curved arrows are drawn from ordered pairs in D 
to the corresponding numbers in the range. As an application, suppose а 
flat metal plate has the shape of D. To each point (x, у) on the plate there 
corresponds a temperature f(x. у) that can be recorded on a thermometer, 
represented by the w-axis. We could also regard D as the surface of a lake 
and let f(x. v) denote the depth of the water under the point (x, v). There 
are many other physical interpretations for Definition (16.1). 

We often use an expression in x and у to specify f(x. y) and assume 
that the domain is the set of all pairs (x, у) for which the given expression 
is meaningful. We then call f a function of x and y. 


EXAMPLE 1 Let f(x. у) = E: = 


24у — х" 
(а) Sketch the domain D of f. 
15) Represent the numbers /(2, 5). /(1, 2). and /(— 1, 2) on à w-axis, as in 
Figure 16.1, 
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FIGURE 16.3 





SOLUTION 


(a) Referring to the radical 4 у — x? in the denominator of f(x, y), we see 
that the domain D is the set of all pairs (x. y) such that y — x? is positive; 
that is, y > x?. The graph of D is the set of all points that lie above the 
parabola y = x?, as shown in Figure 16.2. 


FIGURE 16.2 





кә! л 


Similarly, f(1, 2) = —3 and /(— 1. 2) = —}. These function values are in- 
dicated on the w-axis in Figure 16.2. 


Formulas may be used to define functions of two variables. For exam- 
ple, the formula И = mr*h expresses the volume V of a right circular cyl- 
inder as a function of the altitude h and base radius r. The symbols r and 
h are referred to as independent variables. and V is the dependent variable. 

A function f of three (real) variables is defined as in (16.1), except that 
the domain D is a subset of R?. In this case, to each ordered triple (x. v. 2) 
in D there is assigned exactly one real number f(x, у. 2). If we represent D 
by a region in three dimensions. as illustrated in Figure 16.3, then to each 
point (x. у. 2) in D there corresponds a unique point on the w-axis with 
coordinate f(x. y. z). As an application. we could regard D as a solid ob- 
ject and let f(x. у, 2) be the temperature at (х. y, 2). 

Functions of three variables are often defined by expressions. For 
example, 

| Xe" 4-2? 4-1 


Да) = D — 
ху sin 2 





determines a function of x. v. and z. Formulas, such as V = lwh for the 
volume of a rectangular box of dimensions /, эг, and h, may also be used 
to define functions of three variables. 
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FIGURE 16.4 
z (3 fin, v)) 
Р 7 (a, 9, fla, 91) 
1 
7 fta v) 1 | 
l | 





D 


x (x, y, 0) 
(a, b, 0) 


FIGURE 16.5 
Circular traces on the planes z = k 





cS 


5 (х, у, 0) pevel curve C: 


fix. v) =k 


Let us return to a function / oftwo variables x and v. The graph of / is. 
by definition. the graph of the equation z = f(x, у) in an xyz-coordinate 
system and, hence, is usually a surface S of some type. If we represent 
the domain D by a region in the xy-plane, then the pair (x. v) in D is 
represented by the point (x. y. 0). Function values f(x. v) are the (signed) 
distances from the xy-plane to S. as illustrated in Figure 16.4. 


EXAMPLE 2 Let / be the function with domain D given by 
fíx,y)29—x^— у> and 0-1(х,урх2 +y «91. 


Sketch the graph of f and show the traces on the planes 2 = 0,2 = 2,2 = 4, 
z=6,and = 8. 


SOLUTION Тһе domain D тау be represented by all points within and 
on the circle x? + 1? = 9 in the xy-plane. The graph of f is the portion of 
the graph of 


=9—х*®— {2 


(a paraboloid) that lies above or on the xi-plane (see Figure 16.5). 
To find the trace on the plane = = k. we consider 


k29—x3*—34, or x'4-4?-9-—K. 


Letting k = 0, 2. 4. 6. and 8, we obtain the circles of radii 3, V7. 4 5, 4/3, 
and 1. respectively, shown in Figure 16.5. 


Let f bea function of two variables, and consider the trace of the graph 
of f on the plane z = k, as illustrated in Figure 16.6. If we project this 
trace onto the xi-plane. we obtain a curve C with equation f(x. v) = k. 
Note that if a point (х. у, 0) moves along C. the corresponding function 
values f(x, v) always equal k. We call C a level curve of f. 


EXAMPLE 3 Sketch some level curves of the function / in Example 2. 


SOLUTION The level curves are graphs. in the xv-plane, of equations 
of the form f(x, y) = k— that is, 


9-х1-у1-К, or x?4y?—9— К, 


These are circles, provided 0 < k < 9. Figure 16.7 shows level curves cor- 
responding to k = 0. 2, 4. 6. and 8. These level curves are the projections. 
in the xy-plane. of the circular traces shown in Figure 16.5. 


If f is a function of two variables and we sketch the level curves 
f(x. y) = k for equispaced values of k. such as k = 0, 2. 4, 6, and 8 in Ex- 
ample 3. then the nearness of successive curves gives us information about 
the steepness of the graph of f. In Figure 16.7 the level curves correspond- 
ing to k = 0 and k = 2 are closer than those corresponding to k = 6 and 
К = 8. which indicates that the surface shown in Figure 16.5 is steeper at 
points near the xy-plane than at points farther away, 
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Level curves: 9 — x? — ү? =k 
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EXAMPLE 4 If f(x. y) = 1? — х2, sketch some level curves of f. 


SOLUTION The graph of f is the hyperbolic paraboloid z = y? — x? 
obtained by letting a = =с = | in (14.46). The graph is sketched in 
Figure 16.8. 


FIGURE 16.8 





The level curves in the xy-plane are the graphs of the equations 
fix. y) = k— that is. of 
y-x'zk, forkin R. 


These curves are described in the following table. 


Equation of 


Value of k level curve C Description of C in xy-plane 
k>0 =x? = К Hyperbola with vertices (0, + Jk) 
к= 0 у2 ог Two lines of slopes +1 through the origin 
y= 
k<0 x? — у K. OT Hyperbola with vertices (+. — k, 0) 
у#—х =—К 


FIGURE 16.9 
Level curves: y? — x? =k 


—- 





The level curves corresponding to К=0, +2. +4, +6. and +8 are 
sketched in Figure 16.9. 


Level curves are often used in making topographic, or contour, maps. 
For example, suppose /(x. у) denotes the elevation (in feet) at a point 
(x. у) of latitude x and longitude у. On the hill pictured in Figure 16.10 
(on the following page). we have sketched curves (in three dimensions) 
corresponding to elevations of 0, 100, 200, 300. and 400 feet. We may 
regard these curves as having been obtained by slicing the hill with planes 
parallel to the base. A person walking along one of these curves would 
always remain at the same elevation. The (two-dimensional) level curves 
corresponding to the same elevations are shown in Figure 16.11. They 
represent the view obtained by looking down on the hill from an airplane. 
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FIGURE 16.12 
Depth of water in a lake 
15 ft “151 





FIGURE 16.13 
Isothermal curves 
40° 








CHAPTER 16 PARTIAL DIFFERENTIATION 





FIGURE 16.10 FIGURE 16.11 
Mountain elevations 


Topographic map of mountain 

400 ft 400 ft 
300 ft 300 ft 
200 ft 
100 ft 
0 ft 










200 ft 
100 ft 
0 ft 


A similar map is used to indicate the depth of the water in a lake. One 
example is sketched in Figure 16.12, where f(x. y) is the depth under the 
point (x, y). What parts of the lake should be avoided by water skiers? 

As another illustration of level curves, Figure 16.13 shows a weather 
map of the United States. where f(x. v) denotes the high temperature at 
(х. v) during a certain day. On the level curves, called isothermal curves or 
isotherms, temperature is constant. A different weather map could be 
drawn in which f(x, у) represented the barometric pressure at (x, y). In 
this case the level curves would be called isobars. 

If f is a function of three variables х, v, and z, then by definition the 
level surfaces of f are the graphs of f(x, у, 2) = k for suitable values of k. 
If we let k = wo, w,, and w, the resulting graphs are surfaces Sọ, S,, and 
S5. as illustrated in Figure 16.14. As a point (x, y, 2) moves along one of 
these surfaces, f(x. у. z) does not change. If f(x, y, 2) is the temperature 
at (X, у. 2). the level surfaces are isothermal surfaces, and the temperature 
is constant on each surface. If f(x, y. 2) represents electrical potential, the 


FIGURE 16.14 
Level surfaces of f(x. v, 2) 





f(x, y, z) = Wo 
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Level surfaces: z — /x? + y? =k 
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level surfaces are equipotential surfaces, and the voltage does not change 
if (x, y, z) remains on such a surface. 


EXAMPLE 5 If f(x, y, z) = z — {/х2 + y?, sketch some level surfaces 

er f. 

SOLUTION The level surfaces are graphs of f(x, у, 2) = k—that is, of 
z— 4x! у? =k, or 2= x^ у? +k, 


where k is any real number. For each k we obtain a right circular cone 
whose axis is along the z-axis. The cases К = — 1, 0, 1, and 2 are sketched 
in Figure 16.15. 


EXAMPLE 6 If f(x, y, z) = x? — y? + 22, describe the level surfaces 
of f. 


SOLUTION The level surfaces are graphs of equations of the form 
f(x, y, 2) = k—that is, of 
x-—y.z-k, 


where k is a real number. These surfaces are described in the following 
table. 


Equation of 


Value of k level surface Description of surface 
k>0 х? – у +z = К Hyperboloid of one sheet with axis along the y-axis 
k=0 x? — y 423-0 Cone with axis along the y-axis 
k<0 =x? + y? – 22 = —k Hyperboloid of two sheets with axis along the y-axis 


A level surface of each type is sketched in Figure 16.16. 


FIGURE 16.16 











FIGURE 16.17 
(i) z= —(x? + у???) 





2 





(v) Level curves: k = х? —2xy? —x? =y? [ui] 2 = Be nv 





1 —2c0s (X? + y?) 
lix] z= il. 
x* 4 y? 













[vii] 2 = cos x + cos y 


М—у*  if|x| > тапа |y| < I. or 
if |x| € 1 and |у| € |x| 
if| v| > Тапа |x| «1, or 
if|v| Тапа |х| < [у] 
И|х| z Тапа | | 2 1 
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Computers сап be programmed to show level curves and traces of 
surfaces on various planes and to represent surfaces from various per- 
spectives. Sketches of this type are referred to as computer graphics, or 
computer-generated graphs. Several illustrations obtained by means of a 
computer are shown in Figure 16.17 on the opposite page and in Exer- 
cises 29-34 on the following pages. 


EXERCISES 16.1 


—— 


Ехег. 1-6: Describe the domain of f, and find the indi- 
cated function values. 


1 f(x. y) = 2x = у; 





f(-2.5) (5, —2), f0; —2) 
y-2 
2 f(x, y] = $ 
28 
f(3. 1). ftl. 3). (2.0) 
3 flue) иг 
нй) = 
да и— 21 
(2, 3), /(— 1.4), 100, 1) 
4 fíir.s)2 х! ud 7 — 6%; 
JOE, Ty, /(0. 4), f(—3, 3) 
5 f(x, у. 2) = 4/25 — 2 р 22; 


TU, — 24 2), [(—3,0, 2) 


6 f(x, y, 2) =2 + tan x + v sin 2; 
1(л/4, 4, п/б). J(0.0.0 


Exer. 7-14: Sketch the graph of f. 
7 fix. y) 2 J1— x? — у? 
8 f(x. у) 24— х2 – 4y? 
9 fix, р) x +02 1 
10 f(x. у)  1/9x?* + 45? 
11 f(x.y)26—2x—3y 
12 f(x, y) = 72 + 4x? — 95? 
13 f(x, y) = Jy? 


14 f(x. y) = Vx? + 41? + 25 


Exer. 15-20: Sketch the level curves of / for the given 
values of А. 


15 f(x, y) 23^ — 4: k= —4,0,9 
16 f(x, v) 23x — 2y: k= —4,0.6 
17 f(x, y) 2 x*— у k= –2,0, 3 
18 f(x, y) = ху; k= —4,1,4 
19 f(x. y) = (x 2) + (y - 35: К-1,4,9 
20 f(x, y) = Ax? + у: К-4,9, 16 


Ехег, 21-22: Find an equation of the level curve of f 
that contains the point P. 


P(1. 4) 
22 f(x. y) - (2x + у?е”: Р(0,2) 


21 f(x, y) = y arctan x: 


Exer. 23—24: Find an equation of the level surface of f 
that contains the point P. 
23 f(x,y. 2) = х? 4p — 22; Р(2,—1,3) 


24 ((Х,уул) = z"y-- x P(1.4, —2) 


Exer. 25-28: Describe the level curves, whenever they 
exist, for the surface in the indicated figure if (s) k > 0, 


[b] k = 0, and ic) k < 0. 
25 Figure 16.17(iii) 26 Figure 16.17(xi) 


27 Figure 16.17(vi) 28 Figure 16.17(xii) 
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Exer. 29-34: Correctly match one of the graphs shown 
in (a)-(f) to the system of level curves of the function 


given by z = f(x, y). 


[al 
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| Exer. 35—36: Graph, on the same coordinate plane, the 
level curves for k = 1, 2, and 3, using polar coordinates. 


35 
36 


fx. у) = x* + 8x7y? + у 


f(x. у) = 3x* +-х?у?* + у“ 


Exer. 37—42: Describe the level surfaces of f for the 
given values of А. 


37 
38 
39 
40 
41 
42 
43 


45 


46 


47 


k 
k 
k 
Т(хуу,2) See y= е --1,0,1 
k 
К 


MXP DSB} 


(х, уус) = x7 + yz 
f(x. y. 2) = 2 + х? + 4y?: 


Г(Х, y,2) HR + 29+ 32; 


(SER Sy Se as л 


A flat metal plate is situated in an xy-plane such that the 
temperature T (in C) at the point (х, у) is inversely pro- 
portional to the distance from the origin. 

{а} Describe the isotherms. 

[b] If the temperature at the point Р(4, 3) is 40 C, find 
an equation of the isotherm for a temperature of 
20 C. 

If the voltage V at the point P(x, v.z) is given by 

V = 6/(x? + 4? + 9:2), 

(a) describe the equipotential surfaces 

[b] find an equation of the equipotential surface V = 120 


According to Newton's law of universal gravitation, if a 
particle of mass m, is at the origin of an xyz-coordinate 
system, then the magnitude F of the force exerted on a 
particle of mass m located at the point (x, y, z) is given by 


: Gmym 
Pe 
Ху +2" 


where G is the universal gravitational constant. How 
many independent variables are present? If mp and m are 
constant, describe the level surfaces of the resulting func- 
tion of х, у. and =, What is the physical significance of 
these level surfaces? 


According to the ideal gas law, the pressure P. volume V. 
and temperature 7 of a confined gas are related by the 
formula PV = KT for a constant К. Express P as a func- 
tion of V and T, and describe the level curves associated 
with this function. What is the physical significance of 
these level curves? 

The power P generated by a wind rotor is proportional 
to the product of the area A swept out by the blades and 
the third power of the wind velocity г. 

[a] Express P as a function of 4 and r. 

15) Describe the level curves of P and explain their phys- 

ical significance. 


{с} When the diameter of the circular area swept out by 


the blades is 10 feet and the wind velocity is 20 mi/hr, 
then P — 3000 watts. Find an equation of the level 
curve P — 4000. 


48 If x is wind velocity (in m/sec) and у is temperature (in 


С). then the windchill factor F (in (kcal/m?)/hr) is given 

by F = (33 — yy(IO /x — x + 10.5). 

(a) Find the velocities and temperatures for which the 
windchill factor is 0. (Assume that 0 < x < 50 and 
—50 < y < 50.) 


ib] If F > 1400, frostbite will occur on exposed human 
skin. Sketch the graph of the level curve F = 1400, 


Shown in the figure are level curves for the surface area 
of the human body (in tenths of a square meter) as a 
function of weight x (in kilograms) and height y (in 
centimeters). Use this system of level curves to estimate 
your own body surface area. Compare this estimate to 
the more exact estimate given by the DuBois and DuBois 
formula 


M = 0.007184х°-525 (0 725 


EXERCISE 49 





50 The upper boundary of the semicircular region shown 


in the figure is kept at a temperature of 10°C, while the 
lower boundary is maintained at 0 C. The long-range, 
or steady state, temperature T at a point (x, у) inside the 
region is given by 

20 


2y 
T(x, y) = — tan"! | 1 3l 
Л 1-4Х7--У7) 


\ 


EXERCISE 50 
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Show that the isotherms are arcs of circles that have cen- 52 The atmospheric pressure near ground level in a certain 
ters on the negative y-axis and pass through the points region is given by 
(—1, 0) and (1, 0). Sketch the isotherm corresponding to 


Өк р(х, у) = ax? + by? + с, 
а temperature of 5 € 


where а, В, and c are positive constants. 

51 A garbage incineration plant will be built to service two 
cities. Each city would like to maximize its distance from 
the plant. but for economic reasons the sum of the dis- 
tances from each city to the plant cannot exceed M miles. 
Show that the level curves for the location of the plant 
are ellipses. 


{а} Describe the isobars in this region for pressures 
greater than c. 


(5) Is this а region of high or low pressure? 


16.2 LIMITS AND CONTINUITY 


If f is a function of two variables, we may wish to consider changes in the 
function values f(x, у) as (x. y) varies through the domain D of f. As a 
physical illustration, suppose a flat metal plate has the shape of thc rc- 
gion D in Figure 16.18. To each point (x, y) on the plate there corresponds 
a temperature f(x. v). which is recorded on a thermometer represented by 
the w-axis. As the point (x. y) moves on the plate, the temperature may 
increase, decrease, or remain constant; therefore, the point on the w-axis 
that corresponds to f(x. v) will move in a positive direction, move in a 
negative direction, or remain fixed, respectively. If the temperature f(x, у) 
gets closer to a fixed value L as (x. v) gets closer to a fixed point (а, b), 
we use the following notation. 


Limit notation (16.2) | А 
lim f(x, у) = 2, or f(x. y) > Las (x, y) > (a, b) 


(х,у) (a.b) 


This may Бе read the limit of f(x. у) as (x. y) approaches (a, b) is L. 

To make (16.2) mathematically precise, let us proceed as follows. For 
any є > 0, consider the open interval (L — e. L + є) on the w-axis, as illus- 
trated in Figure 16.19. If (16.2) is true, then there is a 6 > 0 such that for 
every point (x, y) inside the circle of radius ó with center (a, Б), except pos- 
sibly (a, b) itself, the function value f(x, v) is in the interval (L — є, L + €). 


FIGURE 16.18 FIGURE 16.19 
у y 





Temperature 
w 


Metal plate 


fix, y) 
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Definition of limit (16.3) 


FIGURE 16.20 








(v0) d 
x (а, Б, 0) 


This is equivalent to the following statement: 
If O< v(x – а)2 -(y—bhP? «à, then | fix, y) - L| « e. 


Thus, we have the following. 


Let a function f of two variables be defined throughout the interior 
of a circle with center (a, b), except possibly at (a, b) itself. The 
statement 

lim f(x. y) = L 


(xs) 7t (a.b) 


means that for every є > 0 there is a 6 > 0 such that 





if 0< V(x —af +(y— by «à, then | (х,у) – L| « e. 


Let us consider the graph S of f illustrated in Figure 16.20. Intuitively 
we know that Definition (16.3) means that as the point (x, y. 0) approaches 
(a, b, 0) in the xy-plane. the corresponding point (x, у, f(x. y)) on $ ap- 
proaches (a, b, L) (which may or may not be on 5). We can show that 
if the limit L exists, it is unique. 

If f and g are functions of two variables, then f +g. f — g. fg. and 
f/g are defined in the usual way and Theorem (2.8) concerning limits of 
sums, products, and quotients can be extended. For example, if f and g 
have limits as (х, y) approaches (a. b). then 


lim [fx y) - g(x. »)] 2. lim fix.y)+ lim g(x,y) 
(х,у) + (a.h) (х,у) (а. В) (xy) + (а. р) 
/(х. у) Цан 
J Mts У, zal grid — 2 if lim x, y) E 0, 
oxy (а.в) G(X, Y) lim g(x, y) (жууа 
(х.у—(а.һ) 
lim х. у) = lim f(x,y) if lim fix,y)>0, 
(x.y) ^ta. b) (х.у) tab) (х,у Gub) 
and so on. 


A function / of two variables is a polynomial function if /(x, y) can be 
expressed as a sum of terms of the form cx"y", where c is a real number 
and m and n are nonnegative integers. A rational function is a quotient of 
two polynomial functions. As for single-variable functions, limits of poly- 
nomial and rational functions in two variables may be found by substi- 
tuting for x and y. 


EXAMPLE 1 Find 


(х? —4xy?+5y—7) (Ы) lim 


(а) lim = 
> 2 
(xv) (3.4) A/X7 + у 


(х.)—(2.-3) 








SOLUTION 

[a] Since x? — 4xy? + 5у — 7 is a polynomial. we may find the limit by 
substituting 2 for x and —3 for v. Thus, 

23 — 4(2)(—3)? + 5(-3) – 7 
-8-71-15-7---466, 


lim 


(xp (2.—3) 


(x? — 4ху? + 5y — 7) 
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(b) We may proceed as follows: 











> 2 lim (x? — y?) 
: ry _ (х,уутл(3,4) 4 2 9-16 
ч-н эги” Иш = жи шү аы ҮЭ 
(х.у)—(3.4) ү/Х ВЭ у lim yX + y N lim (x + у ) 
FIGURE 16.21 indi d а (x.y) (3.41 
409+ 16 5 


2 2 


; x? — у? А 
EXAMPLE 2 Show that lim у-у does not exist. 


(x.3)240,0) X^ TJ 





3 


, 
' х? y 
SOLUTION Let f(x. y) 2 5—5. 
x^-r у 
The function f is rational; however, we cannot substitute 0 for both x 
and y. since that would lead to a zero denominator. 
If we consider any point (x, 0) on the x-axis, then 


FIGURE 16.22 | gi. 
f(x. 0) = 








0 3 
6 = 1, provided x 40. 


For any point (0, y) on the y-axis, we have 


0— у? | 
iy -1, provided у #0. 





ГО. у) = 


Consequently, as illustrated in Figure 16.21, every circle with center (0). 0) 
contains points at which the value of f is 1 and points at which the value 
of f is — 1. It follows that the limit does not exist, for if we take є = 1 in 
Definition (16.3). there is no open interval (L — e, L + €) on the w-axis 
containing both 1 and — 1. Hence it is impossible to find a д > 0 that 
satisfies the conditions of the definition. 

Figure 16.22 is a computer-generated graph of f. Note that for x z 0 
and у # 0, the graph contains all points (x, 0, 1) and (0, y, — 1), as we have 
already observed. We can show that the entire graph lies between the 
planes z = —1 and z= 1. 





FIGURE 16.23 


In Chapter 2, for a function of one variable with a jump discontinuity 
at x =a, we proved that lim,., f(x) does not exist by showing that 
limpa- f(x) and lim,_.,- f(x) are not equal. When considering such one- 
sided limits, we may regard the point on the x-axis with coordinate x as 
approaching the point with coordinate a either from the left or from the 
right, respectively. The analogous situation for functions of two variables 
is more complicated, since in a coordinate plane there are an infinite num- 
ber of different curves, or paths, along which (х, у) can approach (a, b), 
as illustrated in Figure 16.23. However, if the limit in Definition (16.3) 
exists, then f(x, y) must have the limit L, regardless of the path taken. 
This illustrates the following rule for investigating limits. 








Two-path rule (16.4) 


If two different paths to a point P(a, b) produce two different limiting 
values for f, then lim,, уь, f(x, y) does not exist. 
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We shall next rework Example 2 using (16.4). 


3 3 


| x y^ Е 
EXAMPLE З Show that lim ———; does not exist. 
(x.y) (0,0) 7 + у” 


SOLUTION If Р(х,у) approaches (0.0) along the x-axis (see Fig- 
ure 16.24(i)), the y-coordinate of P is always zero and the expression 
(x? — y?)/(x? + у?) reduces to x?/x?, or 1. Hence the limiting value along 
this path is 1. 

If P(x, y) approaches (0, 0) along the y-axis (see Figure 16.24(11)). the 
x-coordinate of P is 0 and (x? — y?)/(x? + y?) reduces to —y?/y?, or — 1. 
Since two different values are obtained, the limit does not exist, by the 
two-path rule (16.4). 

We could, of course, have chosen other paths to the origin (0, 0). For 
example, if we let P(x, у) approach (0, 0) along the line y = 2x (see Fig- 
ure 16.24(111)). then 


x'-y  x^--Qxy Sx? 5 











and the limiting value along the line y = 2x is —3. 


FIGURE 16.24 
(1) [i 





(0. 0) x (0. 0) х 


(Iti) {iv} 










(0. 0) (0, 0) 
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As an alternative solution. we could change the expression in x and y 
to polar coordinates. as follows: 
x?— y*  r*cos? 0 — г? sin? 0 


Fx" m : = cos? 0 — sin? 0 = cos 20 
х? + у? г? 








As Р(х. y) — (0, 0) along any гау 0 = k (see Figure 16.24(iv)), the function 
value is always cos 2k, and hence f(x. у) would have this limiting value. 
By choosing suitable values of k, we could make f(x, y) approach any 
value between — 1 and 1. Hence, by (16.4), the limit does not exist. 


N 


: х°ў : 
EXAMPLE 4 Showthat lim i z does not exist. 
y! 


(x.y)7*(0.0) х 


SOLUTION Име let Р(х. у) approach (0, 0) along any line у = mx that 
passes through the origin (see Figure 16.25(i)), we see that if m # 0, 


3 2 3 

š х°у : x^(mx) Я mx” 

lim 5 lim — = ——À— 
„4 2 2 „\2 + 4.22 

(x.y) 70,0) ХБ УТ (x99 (0,0) N (MX) yoo X^ + mx 


а тх 0 
(х,22-+00.00 х + m^ OF т" 


FIGURE 16.25 
li) її) 





(0. 0) x 








It is tempting to conclude that the limit is 0 as (x, у) approaches (0, 0); 
however, if we let P(x, y) approach (0, 0) along the parabola у = x? (see 
Figure 16.25(i1)), then 


? > j 
: x^y : хэ) 
im as Df So 
Ger (0.0) X. EY (x00) XN + (х7)? 
ii jet ii | 1 
= lim — = lim ==. 
4 
(хээ-(0,0) 2X (хэу-(0.0) 2 2 


Therefore not every path to (0,0) leads to the same limiting value, and 
hence, by the two-path rule (16.4), the limit does not exist. 
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If, in the preceding solution, we had obtained the limit 0 using the path 
y = x?, we still could not have concluded that the limit is 0 as the point 
P(x, y) — (0, 0), because there could be some other path that yields a non- 
zero number. Remember that the two-path rule cannot be used to prove 
that a limit exists—only that a limit does not exist. 

When investigating properties of a function of two variables, we often 
restrict the domain to points (x, у) that lie in certain types of regions of the 
xy-plane. In particular, an open disk consists of all points that lie inside 
a circle. A closed disk contains both the points inside and the points 
on the circle. A point (a, b) is an interior point of a region R if there is an 
open disk with center (a, b) that lies completely within R. An interior point 
is illustrated in Figure 16.26(i). A point (а, b) is a boundary point of R if 
every disk with center (a, b) contains points that are in R and points that 
are not in R, as illustrated in Figure 16.26(11). The concept of an interior 
(or boundary) point (a, b, c) in a three-dimensional region R is defined in 
similar fashion using spherical regions instead of disks. 


FIGURE 16.26 
(1) Interior point of R (ii) Boundary point of R 





A region is elosed if it contains all of its boundary points. A region is 
open if it contains none of its boundary points— that is, every point of the 
region is an interior point. A region that contains some, but not all, of its 
boundary points is neither open nor closed. These concepts are analogous 
to those of closed, open, and half-open intervals of real numbers. 

Suppose a function / of two variables is defined for every (x, y) in a 
region R, except possibly at (a. b). If (a, b) is an interior point, then Def- 
inition (16.3) can be used to investigate the limit of f as (x, y) approaches 
(а, b). If (а. b) is a boundary point, we shall use Definition (16.3) with the 
added restriction that (x, y) must be both in R and inside the circle of radius 
6. Theorems on limits may then be extended to boundary points. 

The definition of continuity of a function f of two variables is anal- 
ogous to that for a function of one variable (see Definition (2.20)). 


A function f of two variables is continuous at an interior point (a. b) 
of its domain if 
lim f(x, y) = fla, b). 


(x.y) 7* (a.b) 


In order to define continuity at a boundary point (a, b). we add the 
restriction that (x, y) is in the domain D of f. Intuitively we know that 


16.2 LIMITS AND CONTINUITY 


FIGURE 16.27 


Definition (16.6] 











fix. y) > fla, b) only if (x. у) > (a. b) along every path C that lies entirely 
within D. The function / is continuous on its domain D if it is continuous 
at every pair (a, b) in D. If f is continuous on D, then a small change in 
(х, y) produces a small change in f(x, у). Referring to the graph S of f 
(see Figure 16.20), we note that if (x, y) is close to (a, b), then the point 
(x, y. f(x, у)) on S is close to (a, b, f(a, b)). Thus, there are no holes or 
vertical steps in the graph of a continuous function of two variables. 

We may prove theorems on continuity for functions of two variables 
that are analogous to those for functions of one variable. Thus, sums, 
products, and quotients of continuous functions are continuous, provided 
no zero denominators occur for the case of quotients. In particular, poly- 
nomial functions are continuous everywhere, and rational functions are 
continuous everywhere except at points where the denominator is zero. 

The preceding discussion on limits and continuity can be extended to 
functions of three or more variables. For example. if f is a function of three 
variables, we have the following definition. 


Let a function f of three variables be defined throughout the interior 
of a sphere with center (а, b, c), except possibly at (a, b, c) itself. 
The statement 

lim f(x,y,z)=L 


(x,y.2) 7 (a.b.c) 


means that for every є > 0 there is a 6 > 0 such that if 





0 « V(x — a)? + (y — bP + (z о> < д, 
then | fix, v. z) — L| « e. 


We may give a graphical interpretation for Definition (16.6) that is 
similar to the one illustrated in Figure 16.19. The difference is that in 
place of the circle in the xy-plane, we use a sphere of radius 6 in an xyz- 
coordinate system. Specifically, for any є > 0, consider the open interval 
(L — e, L+ є) on the w-axis, as in Figure 16.27. If (16.6) is true, then there 
is а ò > 0 such that for every point (х, y. z) within the sphere of radius 6 
with center (a, b, c), except possibly for (a, b, c) itself, the function value 
A(X, у, т) 15 in the interval (L — є. L + €). 

The limit definition (16.6) may be extended to a boundary point (а. b. c) 
of a region R by adding the restriction that (x, y, z) is both in R and inside 
the sphere of radius б. 

The two-path rule (16.4) can be extended to functions of three vari- 
ables. In the next example we use this rule to show that a limit does not 
exist. 


Xy 43 
EXAMPLE 5 Show that lim Ix -E y + 55) 


-- does not 
Sek Ae (а= Ыы) rem 


exist. 


SOLUTION Suppose we let Р(х. y. 2) approach (1,2, — 1) along the 
line / that is parallel to the vector (a, b, c». where a, b. and c are real num- 
bers. By (14.34). parametric equations for Г are 


x=] +a, p=2+bht, z=—lt+et: tin В. 





812 


CHAPTER 16 PARTIAL DIFFERENTIATION 





Theorem (16.7) 


Hence, for any Р(х. y. z) on | different from (1. 2. — 1). 


(X + y +432) — (at + br Зар 
(х-14у-021:41) (асо) 
(a+ b+ 3epr° 
Е abet 
(a + b + Зе)? 
т abe І 


By assigning different values to a. b. and c—that is. by approaching 
(1, 2, — 1) along different lines— we get different limits. Hence, by the two- 
path rule, the given limit does not exist. 


A function f of three variables is continuous at an interior point (a, b, c) 

of a region if 
lim Fixe е2) = fla, b.c). 
(x.y.2) (a.b.c) 

Continuity at a boundary point is defined by using the extension of Def- 
inition (16.6) to boundary points. 

We may extend the definition of limits to functions of four or more 
variables; however, in these cases we do not give geometric interpretations. 

In Section 16.5 we shall discuss composite functions of several vari- 
ables. As a simple illustration, suppose that f is a function of two vari- 
ables x and y and that g is a function of one variable г. A function / of two 
variables may be obtained by substituting f(x. y) for t that is, by letting 
h(x, v) = g( f(x. v)) - provided the range of f is in the domain of g. This 
is illustrated in the next example. 


EXAMPLE 6 Express g(f(x. 37) in terms of x and v. and find the 
domain of the resulting composite function. 

(a) /(х. у) = xe, gi) 232 +14 1 

(b) f(x,y) = y — 4х?, git) = іп yt 


SOLUTION In each case we substitute f(x. v) for t in the expression 
for g(t): 

(a) gl f(x. у)) = g(xe") = 328 + xe" + 1 

(b) gl f(x. y)) = gly — 4) = sin, y — 4 


ч 


The domain in part (a) is R7, and the domain in part (b) consists of every 


ordered pair (x. y) such that y > 4х7. 


The following analogue of Theorem (2.24) may be proved for functions 
of the type illustrated in Example 6. 


If a function f of two variables is continuous at (a, b) and a function 
g of one variable is continuous at f(a, b), then the function h defined 
by h(x, y) = g( f(x. y)) is continuous at (а, Р). 








EXERCISES 16.2 


EXERCISES 16.2 


Exer. 1—10: Find the limit. 
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Theorem (16.7) allows us to establish the continuity of composite 
functions of several variables, as illustrated in the next example. 


EXAMPLE 7 If hix. y) = е * ****. show that h is continuous at 
every pair (a, b). 


SOLUTION If we let f(x, у) = x? + 5xy + y? and g(t) = ë, it follows 
that A(x, v) = g( f(x, y)). Since f is a polynomial function, it is continuous 
at every pair (a, b). Moreover, g is continuous at every г = f(a, b). Thus, 
by Theorem (16.7), h is continuous at (a, b). 





Xy + yz + xz 











17 lim 5 5 ; 
А x?-2 + (x.y.23-7(0,0,0) X^ + Y^ + 2° 
1 lm —— 2 lim A А : 
(00,023 + XY arsi 2 — у 1 2x? + 3y? + 2? 
18 lim : 3757 
yai (х.улсэ0.0д,о) N^ + y^ + 2° 
3 lim rere A. 3 4/55 
(х.уулчлг2,1) = — COS X 19 lim х” Ty q E 
: “+x (х.у,г)—(0.0,0) хут 
4 lim “i 
(t 1ay(x — Di 2) | (х+у+т—3)°* 
20 lim 3 —Hhfo. 
: xS. yt (x.y.2)+(2.1.0) Z'(X — 2)(y — 1) 
5 lim 5—25 
(x.y) (0,0) X7 + у 
n Exer. 21-24: Use polar coordinates to find the limit, if 
5 lim РЕШЕ эх ЭР it exists. 
(х,уул1,2) ХЛ-Х + 2ху =2у › 4 3 
| ху? i х? – у” 
3x3 — 2х?у + Зух — 213 21 lim —— 22 ип = 3 
7 lim __———— M - (х.уугэ(0,0) X7 + у? txt.) N^ Y^ 
(х,у) (0.0) х+у 3 3 . › > 
š " 5 А ss ij 4° "CU sinh (x^ + у?) 
: x? — ху + xy? — у ИШ. е 3 2 чи Baro 
8 lim RUE. eu (x.9) (о.о) SIN (x? + y?) i00 Xy 
(y) (0,0) x" + a 
b Чи y —4y +3 "n 2-2 Exer. 25-28: Describe the set of all points in the ху- 
samia ХЭ У-3) (iata) x — 22 plane at which f is continuous. 
Exer. 11-20: Show that the limit does not exist. 25 f(x. y) = In (x 4 y 1) 
| 942 ў? | ху 
п lim —— з 26. I) 5 ———À 
(x,3)7(0,0) ХЭ-Г Zy^ x*— y 


12 Ши ——— 
(х,у) (0,0) 3х° + 4y“ 


13 in ———.———— ы 
бмэ-луХБу!-2х-4у-5 


' х? — 4х +4 
08 ka —————-— — 
(ny 12.1) XV —2y —x -2 


ч im sss 
(x.)740,0) у — ZX 
3xy 


ө lim == 
(хэ (0,0) ЭХ” + 2y 


27 f(x, у) = < сай 


28 f(x, y) = 425 x? — у? 


Exer. 29—32: Describe the set of all points in an xyz- 
coordinate system at which f is continuous. 

н 1 
29 f(x,y, 2) =- 
х + у? —2° 
30 (х,у, 2) = yxy tanz 
31 f(x, y, 2) = үх — 21n(yz) 


> 


32 f(x, = /4—x?— y!-z 








814 CHAPTER 16 PARTIAL DIFFERENTIATION 





Exer. 33-34: The graph of f is shown in the figure. Use Exer. 35-38: Find h(x, у) = 9(/(х, у)) and use Theo- 


polar coordinates to investigate lim f(x, y). rem (16.7) to determine where / is continuous. 
(х,у) (0,0) 
WS RENE RNC = = 025... 
и gin 35 f(x; y) 2x y^ git) = (t 4)/t 
oH) = A y) 36 f(x, y) = 3x -2y – 4; git) = In (t + 5) 
37 f(x, y) 2 x 4 tan y; 0(2) = 27 + 1 
38 f(x, y) 2 yIn x; Фм) = e" 


39 If f(x, y) =x? + 2y, g(t) = е. and h(t) = t? — 3t, find 
g( f(x,y), hi f(x. v). and figit), A(t)). 


40 If f(x. y. z) = 2x + ye? and g(t) = г, find g( f(x. y. 2)). 

41 If f(u, v) = ue — Зи + v. g(x. y) = x — 2y, and k(x, y) = 
2x + y. find f'(g(x, у), k(x, v). 

42 If f(x, y) = 2x + y. find f( f(x, у), f(x. y). 

43 Extend Definition (16.3) to functions of four variables. 

44 Prove that if f is a continuous function of two variables 
and f(a, b) > 0, then there is a circle C in the xy-plane 


with center (а, b) such that f(x. у) > 0 for every pair 
(x, y) that is in the domain of f and within C. 





а. sin (2х2 + у?) 
36 Јоу = х + ү? 45 Prove, directly from Definition (16.3). that 
la lim x=a |b) lm y=b 
(x.y) (a,b) (x.y) (4.5) 
46 M ууцаа /(x. у) = L and c is any real number, 
prove, directly from Definition (16.3), that 
lim сх, y) = cL. 


(хуул ta. b) 





16.3 PARTIAL DERIVATIVES. 





In Chapter 3 we defined the derivative /'(x) of a function of one variable as 


(x + hy) — f(x 
fey tig 2 +h) fe 
h-0 h 


We may interpret this formula as follows. First change the independent 
variable x by an amount h; then divide the corresponding change in f, 
J(x + h) — f(x). by h; and finally, let h approach 0. An analogous proce- 
dure can be applied to functions of several variables. Given f(x, y), first 
change one of the variables, say x, by an amount h; then divide the cor- 
responding change in f. f(x + h. y) — f(x. v). by h: and finally, let h ap- 
proach 0. This leads to the concept of the partial derivative f(x, y) of f with 
respect 10 x, defined in (16.8). A similar process is used for the variable y. 


16.3 PARTIAL DERIVATIVES 





Definition (16.8) | : 
Let f be a function of two variables. The first partial derivatives of 


f with respect to x and y are the functions f, and f, such that 
fiti; i= fi f(x + h, y) — fix. y) 


h-0 h 


Ў, у) = lim f(x. y + һ) — Ss; y) 
| п-0 Л 





In Definition (16.8), х апа у are fixed (but arbitrary) апа h is the only 
variable; hence we use the notation for limits of functions of one variable 
instead of the (х, y) > (a. b) notation introduced in the previous section. 
We can find partial derivatives without using limits, as follows. If we let 
y = band define a function g of one variable by g(x) = f(x, b). then g(x) = 
fx. b) = fx, y). Thus, to find f(x. y). we regard y as a constant and dif- 
ferentiate f(x. y) with respect to x. Similarly, to find f(x. y), we regard the 
variable x as a constant and differentiate f(x, v) with respect to y. This tech- 
nique is illustrated in Example 1. 

Other common notations for partial derivatives are listed in the next 
box. 


Notations for partial 
derivatives (16.9) If w = f(x, y), then 


: D ow 
SAX. у) = z— f(x. у) = = = Wy 
CX €x 


: 0 êw 
fix. у) = = f(x, у) = = = wy. 
су су 


For brevity we often speak of Cf/€x or Cf/Cy as the partial of f with 
respect to x or to y, respectively. 


EXAMPLE 1! If f(x, y) = x?y? — 2x?y + 3x, find 
(а) fx. у) and f(x, vy) (6) (2. — 1) and (2, — 1) 
SOLUTION 
(а) We regard y as a constant and differentiate with respect to x: 
fx. у) = Зх?у? — 4ху +3 
We regard x as a constant and differentiate with respect to у: 
SAX, у) = 2: y — 2x? 
(b) Substituting x = 2 and y = —1 in part (a), we have 
f42, —1) = 3(2)?(— 1)? — 4(2)(—1) + 3 = 23, 


fR. —1) = 2(2)2(— 1) — 2(2)? = —24. 
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FIGURE 16.28 








Temperature 





w 
fix + h, у) 
fix, у) 
0 

Metal plate 

FIGURE 16.29 
У 

Ww 

—e(x, y + A) 
f(x, y + h) 
/(х. v) 
ü 


Formulas similar to those for functions of one variable are true for 
partial derivatives. For example. if u — f(x. у) and v — g(x. y), then a 
product rule and quotient rule for partial derivatives are 


Ü ĉr ĉu Qu Cx бх 
z— (ut) = и + 0, - = — 
бх дх CX дх Үг) г? 

ог. in subscript notation, 


Cg), = Sx + gf. (£) = ЛД -Ms 


A power rule for partial differentiation is 


^ 


0 _, Cu 
фауни 1— 
Cx Сх 
where n is a real number. Similarly, 
C ‚Ои с, „си 
— COSU = —sinu—. —— ¢" = e* —, 
OX CX CX CX 


and so on. 
EXAMPLE 2 Find = if w = xe", 
су 


SOLUTION We write w = (ху*)(е*”) and use a product rule: 


Ow a D uos -— " 
Quar (er (e) — (xy) 
CY бу 


Су 


хухех) + e"(2xy) = ху(ху + 2)e* 


Let us apply Definition (16.8) to the physical illustration given at 
the beginning of the previous section: f(x, у) is the temperature at the 
point (x, y) of a flat metal plate in an xy-plane. Note that the points (x, у) 
and (x + h, y) are on a horizontal linc. as indicated in Figure 16.28. If 
a point moves horizontally from (x. 1) to (x + h, у), then the difference 
fix + h, y) — fix. у) is the net change in temperature, and we have 


fix +h, у) — fix, y) 


Average change in temperature: | 
1 


For example. if the temperature change is 2 degrees and the distance Л is 
4. then the average change in temperature from (x. y) to (x + h. y) is 3. 
or $. Thus, on the average. the temperature changes at a rate of 5 degree 
per unit change in distance. Taking the limit of the average change as Л 
approaches 0. we see that f(x. y) is the (instantaneous) rate of change of 
temperature with respect to distance as the point (х. y) moves in a horizontal 
direction. 

Similarly. if a point moves on a vertical line from (х, y) to (x. y + h), 
as shown in Figure 16.29, we obtain 


fix. y + В) — f(x. y) 


Average change in temperature: | 
1 
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FIGURE 16.30 





Theorem (16.10) 


Letting л approach 0, we see that f,(x. у) is the (instantaneous) rate of 
change of temperature as the point (x. y) moves in a vertical direction. 
As another application. suppose D represents the surface of a lake and 


fx. v) is the depth of the water under the point (х. y) on the surface. In this 


case f(x. y) is the rate at which the depth changes as a point moves away 
from (x. у) parallel to the x-axis. Similarly. f(x. v) is the rate of change 
of the depth in the direction of the y-axis. 

We shall next use the graph S of f to obtain a geometric interpretation 
of Definition (16.8). To illustrate f(x. у). consider the points M(x, у, 0) 
and N(x. y + h, 0). The plane parallel to the vz-plane and passing through 
M and N intersects S in a curve С, (see Figure 16.30). Let P and О be the 
points on С, that have projections M and N on the xy-plane. 

If we introduce a rectangular coordinate system in the plane containing 
M. N, P. and Q, then the slope mpg of the secant line /,р through P and 


Q is 


fix. y +h) — f(x. y) 
Mpg = h ; 





The limit of mpg as h approaches 0— that is, the partial derivative f(x, y) 
is the slope of the tangent line / to C, at P. 

Similarly, if C; is the trace of S on the plane parallel to the xz-plane 
and passing through M. then f(x. y) is the slope of the tangent line to C; 
at P. 

The following theorem summarizes this discussion. 


Let 5 be the graph of z = f(x, y), and let P(a, b, f(a, b)) be a point 
on 5 at which f, and f, exist. Let C, and С, be the traces of S on the 
planes x = a and y = b, respectively, and let /, and l, be the tangent 
lines to C, and C; at P (see Figure 16.31). 

(i) The slope of l, in the plane x = a is f,(a, b). 
(ii) The slope of l, in the plane y = b is f(a, b). 





FIGURE 16.31 
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First partial derivatives of functions of three or more variables are 
defined in the same manner as in Definition (16.8). Specifically, all vari- 
ables except one are regarded as constant, and we differentiate with respect 
to the remaining variable. Given f(x, у, 2), we may find fy / and f. (ог, 
equivalently, С//Сх, 0//бу, and 0f/0z). For example, 

fix; y, z) = lim fes y, +) — fis y : 
1 h-0 h 

As an application, let f(x, y. 2) be the temperature at the point 
Р(х, y, 2). The partial derivative fix, у, 2) is the instantaneous rate of 
change of temperature with respect to distance along a line through P 
that is parallel to the z-axis. The partial derivatives /,(х, v, z) and f(x. y. 2) 
give the rates of change in the directions of the x- and y-axes, respectively. 


EXAMPLE З Ку = x?y? sinz + e", find éw/éx, 0м/ду, and dw/dz. 


SOLUTION We proceed as follows: 


Regard y and z as constant: —— = 2xy? sin z + 20° 
[i 
Regard x and z as constant: —— = 3x*y* sin z 


3 Gos 2 + хех 


Regard x and y as constant: —— = x?^y 
( 


If f is a function of two variables x and y, then f, and f, are also func- 
tions of two variables, and we may consider their first partial derivatives. 
These are called the second partial derivatives of f and are denoted as 
follows. 


Second partial derivatives (16.11) 





4 o (cf д2 
эу = We = fen = a (2) -13 
j ох 





бх 0х дх° 
C NETTE. 8 fof e 
gy e ээ? ey ex! pax 
р . 8 (of e 
р (4 )- 

Ох дх \ду Ox бу 
0 д (of 02] 
— 155 sl p m 

T (0) 88 


If w= f(x, y), we write 


24 42 





| | Xa 
2,2 fix. y) = yi y) = sc = Wew 
CX сх 
42 ^2 
Co” ox : 0% 
_—— fe у) = fel, Y) = z—- = Way 
Cy Ox су CX 


апа ѕо оп. 
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Theorem (16.12) 


Note that f,, means that we differentiate first with respect to x and 
then with respect to v, and /,, means that we differentiate first with respect 
to y and then with respect to x. For the "€" notation, the reverse order is 
used: that is, for 22//0х бу, we differentiate first with respect to y and then 
with respect to x. 

We shall refer to f,, and f,, as the mixed second partial derivatives 
of f (or simply mixed partials of f). The next theorem states that, under 
suitable conditions, these mixed partials are equal; that is, the order of 
differentiation is immaterial, The proof may be found in texts on advanced 


calculus. 


Let f be a function of two variables x and y. If f. f. fy. fry. and f, 
are continuous on an open region R, then /,, = f,, throughout R. 


The hypothesis of Theorem (16.12) is satisfied for most functions en- 
countered in calculus and its applications. Similarly, if w = f(x. v. z) and 
1 has continuous first and second partial derivatives. then the following 
equalities hold for mixed partials: 


> 
ew cw cw cow 





éyéx dx Oy! 0:0х дхӧг ézéy 
EXAMPLE 4 Find the second partial derivatives of f if 
f(x. y) = xy? — 2x? y + 3x. 


SOLUTION This function was considered in Example 1, where we 
obtained 


N 


fx, у) = 3x?y? —4xy + 3 and f(x, у) = 2x4y— 2x?. 


Hence the second partial derivatives are as follows: 


‹ 22 2 
— (3x2? — 4ху + 3) = бху? — 4) 
єх 


fax. у) = fx, Y) 
Оох 


: (3x?y? — Axy + 3) = 6x?y — 4x 
су 


| ё. 
fax. у) = А, у) 
: су 


^ ^ 


8. ( : 
fax; y) 9 z— fy) = — (2х?у — 2x2) = 6x?y — 4х 
i єх CX 


- ^ 


5 t " ( 
fx Y) = z- fx. y) 2 — (2x7 y — 2x?) = 2x4 
; сү су 





Third and higher partial derivatives are defined in similar fashion. For 
example, 
0, о (@f\_ әу 
2х) Pas = бу EA Hu 


^ ^ А? d 
WT WU 2 | el 
Qx 7 ЭХ Ax Nayar) ex apex 
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and so on. If first, second, and third partial derivatives are continuous, 
then the order of differentiation is immaterial; that is, 


= Дж = fos and Iss = Цан == ож 


Of course, letters other than x and y may be used. If f is a function of r 
and s, then symbols such as 





of Of 
flrs 8), Tt); [9 дү? er? 


are employed for partial derivatives. 
Similar notations and results apply to partials of functions of more 


than two variables. 


EXERCISES 16.3 





Exer. 1—18: Find the first partial derivatives of f. 
! f(X; y) = 2x*p? — xy? 4-3y +1 


5 


2 Л y) = (Хх? mc yy 


П 3 б 1 8 
3 f(r,s) e r^ +s? $ f(s.t) z-— : 
s 


5 f(x, y) = xe" + y sin x 6 f(x. vy) = e* In xy 


Пин 


% А и 
7 f(t, v) 2 1n. /— 8 f(u, w) = arctan — 
t—v w 


; х 
9 f(x. y) = x cos — 
У 


10 f(x, у) 2 /4x? — у? sec x 

11 Лх, yz) = 3x72 + xy? 

12 f(x, y; z) = x?j?z* + 2x — 5yz 

13 f(r.s. t) e cost 14 f(x. y. t) = {+ 
15 f(x, уул) = хе? — рех + те”? 

16 fir, spv, p = r tan s + se? — v cos 2р 


e qt o sin ew 


17 f(g, 6. м) = sin 


18 f(x,y,z)— xyze^* 


Exer. 19-24: Verify that w,, = и. 


19 w= ху? — 2x2? + 4x? — Зу 





x 
20 w= 
x+y 
21 иг x3j677* + ү”? cos x 
2432) 1 3 = 
22 w= pe + —— 23 w = х? cosh- 
" хуз y 


24 у-у/х + у? + 2? 
25 If w= 3x3y?z + 2xy^z? — yz, find w, 


хуа» 


26 If w = utot? — 3ur?, find иш. 


27 If u= v sec rt. find u,- 


28 Ifv — y In (x? + z*). find v... 





43 
| " ew 
29 If = sin xyz, find —— ——. 
02 бу Ox 
э - 
E w 

8 E dug. 

у +2? ё:8у” 
31 If w= r*s?t — 3826", verify that Wp = иш, = Wop 


32 Ifw=tan иг + 2 In (и + v), verify that Wre = Wee = и. 


Exer. 33—36: A function f of x and y is harmonic if 


e ё? 
ri + 22 -0 
(x? бу! 


throughout the domain of f. Prove that the given 
function is harmonic. 


T WEE » 
33 f(x, y) = In ух? + у? 34 f(x, y) 2 arctan — 
х 


35 f(x. у) = cos x sinh y + sin x cosh y 
36 f(x, y) 2 e^* cos y + е? cos х 


a? ^7) 
СЭМ cw 

37 Ifw = cos (x — у) + In (x + у), show that —. — ~~ = 0. 

x? 


Cy 


„г 


38 If w = (у — 2x! — yy — 2x, show that w,, — 4w,, = 0. 


39 If w=e “sin сх, show that w,, = w, for every real 
number c. 

40 The ideal gas law may be stated as PV = knT. where n 
is the number of moles of gas, V is the volume, T is the 
temperature, P is the pressure, and K is a constant. Show 
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that 
GV cT ОР 224 
СТ EP CV — 


Exer. 41-42: Show that v satisfies the wave equation 


41 
42 


r " Ov 

tua 

cr Сх? 
r = (sin akt)(sin kx) 


г = (x = аг? + cos (x + at) 


Ехег. 43-46: Show that the functions и апа r satisfy the 
Cauchy-Riemann equations и, = v, and u, = —[,. 


43 


44 щх.у)= 5—— 5: 
x* 


47 


51 


u(x, y= x? —y*: (х,у) = 2xy 


y X 
кх. Y) 2 —, ; 
жу X^ y^ 


^ 


w(x, y) = ех cos у; vc(x.y)— e" sin y 


u(x. у) = cos x cosh у + sin x sinh y; 
v(x. v) = cos x cosh y — sin x sinh v 


List all possible second partial derivatives of w= 
f(x. y. 2). 
If w = f(x. y. z. t. c). define w as a limit. 


A flat metal plate lies on an xv-plane such that the tem- 
perature T at (x, v) is given by T = 10(х? + ү2)2, where 
T is in degrees and x and y are in centimeters. Find the 
instantaneous rate of change of T with respect to dis- 
tance at (1, 2) in the direction of 


[a] the x-axis {b} the y-axis 


The surface of a certain lake is represented by a region D 
in an xy-plane such that the depth under the point corre- 
sponding to (x. y) is given by f(x. y) = 300 — 2х2 — 3x7, 
where x. y, and f(x. v) are in feet. If a water skier is in 
the water at the point (4, 9). find the instantaneous rate 
at which the depth changes in the direction of 


[a] the x-axis {b} the y-axis 


Suppose the electrical potential V at the point (x. y. 2) 
is given by V = 100/(x* + у? + 22). where V is in volts 
and x, y, and z are in inches. Find the instantaneous rate 
of change of V with respect to distance at (2, — 1, 1) in 
the direction of 
(а| the x-axis 


[b] the y-axis — [c] the z-axis 


An object is situated in a rectangular coordinate system 
such that the temperature T at the point P(x, у.с) is 
given by T = 4x? — у? + 162°. where T is in degrees and 
x. у. and = are in centimeters, Find the instantaneous 
rate of change of T with respect to distance at the point 
P(4, — 2. 1) in the direction of 


[a] the x-axis {b} the y-axis (с) the z-axis 


53 When a pollutant such as nitric oxide is emitted from 


54 


a smokestack of height / meters, the long-range con- 
centration C(x, у) (in дт?) of the pollutant at a point 
x kilometers from the smokestack and at a height of 
y meters (see figure) can often be represented by 


~, а = 2 х3 (Ox? 
Сїх. Y) = [e biy-hy?x Te Му + А): х 1. 
x 


where a and b are positive constants that depend on 
atmospheric conditions and the pollution emission rate. 
Suppose that 


Cix. v) = т [e 0.02(&—10) x? 467 0.020 + 10)? e. 
Compute and interpret СС/Сх and СС Cy at the point 
p p р 

(2. 5). 


EXERCISE 53 


y (m) 





The analysis of certain electrical circuits involves the Гог- 
mula | = V/V R? + L?c£. where I is the current. V the 
voltage. R the resistance, L the inductance. and w a posi- 
tive constant. Find and interpret //СК and CIL. 





Most computers have only one processor that can be 
used for computations. Modern supercomputers, how- 
ever, have anywhere from two to several thousand pro- 
cessors. A multiprocessor supercomputer is compared 
with a uniprocessor computer in terms of speedup. The 
speedup $ is the number of times faster that a given com- 
putation can be accomplished with a multiprocessor 
than with a uniprocessor. A formula used to determine 
S is Amdahl's law, 


E NEM 
q 4 p —qY 
where p is the number of processors and q is the fraction 
of the computation that can be performed using all avail- 
able processors in parallel—that is, using them in such 
a way that data are processed concurrently by separate 
units. The ideal situation, complere. parallelism, occurs 
when q = 1. 


5(р. 4) = 


{а} If = 0,8, find the speedup when p = 10, 100, and 
1000. Show that the speedup 5 cannot exceed 5, re- 
gardless of the number of processors available. 
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(Ы) Find the instantaneous rate of change of 5 with re- 
spect to q. 

(с) What is the rate of change in (b) if there is complete 
parallelism, and how does the number of processors 
affect this rate of change? 


Refer to Exercise 55. The efficiency E of a multiprocessor 
computation can be calculated using the equation 


QUAE. 


E = — 
p q pl-—q 


Show that if 0 <q < 1, E is a decreasing function of p 
and therefore, without complete parallelism, increasing 
the number of processors does not increase the efficiency 
of the computation. 


In the study of frost penetration in highway engineering, 
the temperature T at time г hours and depth x feet can 
be approximated by 

T = Туе ^* sin (wt — Ах), 
where Ту. œ. and ^ are constants. The period of 
sin («t — Ax) is 24 hours. 
[a] Find and interpret СТ/б: and &T/àx. 
[b] Show that T satisfies the. one-dimensional heat 

equation 
К 


eT eT 
et Е ex? Y 
where k is a constant. 
Show that any function given by 
w = (sin ах)(соѕ hyje ^ ^ ^ "= 
satisfies Laplace's equation in three dimensions: 


- =) a2 


Cw (Cw д? 

ох"  Qy* ee 
The vital capacity V of the lungs is the largest volume 
(in milliliters) that can be exhaled after a maximum 
inhalation of air. For a typical male x years old and 
y centimeters tall, V may be approximated by the for- 
mula V = 27.63y — 0.112xy. Compute and interpret 
cV 
Cy 





cV 

[ај == lb 
Сх 

On a clear day, the intensity of sunlight I(x, t) (in foot- 


candles) at t hours after sunrise and at ocean depth x 
(in meters) can be approximated by 


I(x, t) = Ige А sin? (xt/D), 


where /, is the intensity at midday, D is the length of the 
day (in hours), and k is a positive constant. ЇГ, = 1000, 
D = 12, and k = 0.10, compute and interpret 27/0: and 
CI/€x when t = бапа x = 5. 


68 f(x. y) — 





61 In economics the price elasticity of demand for a com- 


modity indicates the responsiveness of consumers to a 
change in the market price of the commodity. Suppose n 
commodities С, С,..... C, have prices Pys Posses Ris 
respectively, and consumer demand for C, is a function 
Gy Of рур, ++; Pa- The price elasticity of C, is the func- 


tion e, defined by 
р, Са, 
ep m =; 
dk CPx 


If, for each k, 


qi = bip, py e ss p, tn, 
where d,,..0,5. у» а,, and b, are nonnegative constants, 
show that e, is a constant function. 


Refer to Exercise 61. Commodity C, is said to be inde- 
pendent of commodity C, if a change in price p, does not 
affect demand q,. This is equivalent to the condition 
€q, Cp, = 0. If gx has the form in Exercise 61, show that 
C, is independent of C, if and only if a, = 0. 


Exer. 63-64: Use Theorem (16.10). 
63 Let С be the trace of the paraboloid z = 9 — x? — y? on 


the plane x — I. Find parametric equations of the tan- 
gent line / to C at the point P(1. 2, 4). Sketch the pa- 
raboloid, C. and /. 


64 Let С be the trace of the graph of z = 4/36 — 9x? — 4y? 


on the plane y = 2. Find parametric equations of the 
tangent line / to € at the point P(1, 2, 411), Sketch the 
surface, C, and /. 


[c] Exer. 65-66: Use the following formulas with h = 0.01 
to approximate /,(0.5, 0.2) and /,(0.5, 0.2), and com- 
pare the results with the values obtained from /,(х, у) 
and f(x, y). 


J(x — 2h, y) — Af(x — h, у) + 3/(х, y) 


JS y) = 2h 
А f(x. y — 2h) — Af(x, y — h) + Зух, y) 
Js xs y) = rs 


65 f(x. у) = y sin (xy) 
66 f(x, у) = ху? +4х?у? 


[c] Exer. 67-68: Use the following formulas with ^ = 0.01 
to approximate /,,(0.6, 0.8) and /,,(0.6, 0.8). 


prm fG + hy y) – 2f (x, y) + f(x — h, y) 


he 
ТА у) = S(x,y +h) — ve у) t f(x. y — h) 


67 f(x. y) = sec? [tan (xy?)] sin (ху) 


x* 4 xy* 
tan (xy) + 4x?j? 
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Definition (16.13) 


If f is a function of two variables x and y, then the symbols Ax and Ay will 
denote increments of x and y. Note that Ay is an increment of the inde- 
pendent variable y and is not the same as that defined in (3.26) for a de- 
pendent variable y. In terms of this increment notation, Definition (16.8) 
may be written 


fx. у) = lim fO ra) fos 9) 
Ах-0 Ах 


(x, у + Ay) — fix, y 
fis ipe hi f(x, y + Ay) — f(x у) 
n Ху-0 Ay 








The increment of the dependent variable w = f(x. y) is defined as 
follows. 


Let w = f(x, y). and let Ax and Ay be increments of х and y, respec- 
tively. The increment Aw of w = f(x, y) is 


Aw = f(x + Ax, у + Ay) — f(x, у). 


The increment Aw represents the change in the function value if (x, у) 
changes to (x + Ax, у + Ay). If we regard f(x, y) as the temperature at the 
point (x, y) in a metal plate D, as shown in Figure 16.32, then Aw is the 
net change in temperature in going from (x, y) to (x + Ax. y + Ay). 


FIGURE 16.32 
AY 









f(x + Ax, y + Ay) 


ls 


fix. y) 


(x. у) 
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EXAMPLE 1 Let w= f(x, y) = 3x? — xy. 
(a) If Ax and Ay are increments of x and у. find Aw. 
(b) Use Aw to calculate the change in f(x, y) if (x. v) changes from (1, 2) to 


(1.01, 1.98), 
FIGURE 16.33 SOLUTION 
Ay = 0.01 (a) Using Definition (16.13), we have 


(1,2)9- 
Aw = f(x + Ax, у + Ay) — f(x. у) 
= [3(x + Ax)? — (x + Ax)(y + Ay)] — (3x? — xy) 
= [3х2 + 6x Ax + XAxP — (xy + x Ay + y Ax + Ax Ay)] — 3x? + ху 
= бх Ax + 3(Ax)? — x Ay — y Ax — Ax Ay. 


(6) If (x, у) changes from (1, 2) to (1.01, 1.98). we have the situation shown 


in Figure 16.33. Substituting x = 1, y = 2, Ax = 0.01, and Ay = —0.02 
into the formula for Aw gives us 
Aw = 6(1)(0.01) + 3(0.01)? — (1)(—0.02) — 2(0.01) — (0.01)( —0.02) 
= 0.0605. 
(1.01, 1.98) 6 This number can also be found by calculating f(1.01, 1.98) — f(1, 2). 


The formula for Aw in Definition (16.13) is used only for finding differ- 
ences in function values between two points. It is not well suited for estab- 
lishing other results about the variation of f(x, y). The following theorem 
provides a formula that is more useful for applications. To simplify the 
statement, we shall use the abbreviations e, and є, for certain functions 
of Ax and Ay. as well as for their values є (Ах, Ay) and €(Ax, Ay) at 
(Ax, Ay). 


Theorem (16.14) | | | 
Let w = f(x. y). where the function f is defined on a rectangular 


region R = {(х. y): a < x < b, c < y < d). Suppose f, and 1, exist 
throughout R and are continuous at the point (xo, уу) in R. If 
(Xo + Ax, yo + Ay) is in R and 
Aw = f(Xo + Ax. Yo + AY) — f(xo. Yo). 
then 
Aw = /ДХо, Yo) Ax + f,(Xo. Yo) Ay + €, Ax + є, Ay, 


where e, and є, are functions of Ax and Ay that have the limit 0 as 
(Ax. Av) ^ (0, 0). 


PROOF The graph of R and the points we wish to consider are illus- 
trated in Figure 16.34, 

Let us rewrite the increment Aw by subtracting and adding 
Гохо. Yo + Av) as follows: 


(1) Ху 


f(Xo + Ах, yo + Ay) — f(xo. уу) 
[f(xo + Ax. Yo + Ay) — f(xo, Yo + Ay)] 
+ [f(xo. уо + Ay) — f(xo. yo)]. 


li 
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We next consider Ay as a constant and define a function g of one variable 
x by letting 


gx) = fix. yo + Ay) for a<x <b. 


It follows that g'(x) = fix. yo + Ay) for a < x < b. Applying the mean 
value theorem (4.12) to y on the interval | Хо, xo + Ax]. we obtain 


g(xo + Ax) — (Хо) = g'(u) Ax. 


where и is between x; and хо + Ax. Since g(x) = f(x. yo + Ay) and g'(x) = 
FAX. Yo + Ay). the last equation can be written 


(2] f(xo + Ax, yo + Ay) — f(xo. Yo + Ay) = / Ми, yo + Ay) Ax. 


Similarly, if we let (у) = f(x. y) for c € y <d, then h'(y) = fixo. y). 
Applying the mean value theorem to the function on the interval 
| Yo. Yo + Ay]. we obtain 


hive + Ay) — h(yo) = (0) Av. 
where r is between үр and y, + Ay, or, equivalently, 
(3) f(Xo. Yo + Ay) — fixo. yo) = AXo, 0) Ау. 
Substituting (2) and (3) into the expression for Aw in (1) gives us 
14) Aw = fu, yo + Ay) Ax + fixo. 0) Ay. 


Typical points corresponding to (u, yo + Ay) and (xo. r) are shown in Fig- 
ure 16.35. 
Let us define e, and e; as follows: 

€ = fu. yo + Ау) — flor Yo) 

€> = ухо, г) = 2х0, Уо) 
Using the fact that f, and f, are continuous and noting from Figure 16.35 
that и — х as Ax — 0 and г — yo as Ay — 0, we can show that €, and 
є, have the limit 0 as (Ax. Ay) > (0. 0). If we write the preceding equations 
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for e, and e, in the form 
flu, уо + Ay) = fixo. Yo) + €1 
хо v) = 7х0, уо) + € 
and then substitute into (4), the expression for Aw, we see that 
Aw = [/ (хо, уо) + єү] Ax + | Хо, Yo) + є] Лу, 


which leads to the conclusion of the theorem. ma 


EXAMPLE 2 If w = 3x? — xy, find expressions for e; and e; that sat- 
isfy the conclusion of Theorem (16.14) with (xo. vo) = (x. у). 
SOLUTION From the solution of Example 1, 
Aw = 6x Ax + 3(Ax)? — x Ay — у Ax — Ax Ay, 

or, equivalently, 

Aw = (6x — у) Ax + (—x) Ay + (3 Ax)(Ax) + (— Ax) Av. 
This is of the form given in Theorem (16.14) with 

fdx. y)=6x—y, Sx. y) = —х, є =3 Ах, є, = —Ax. 

Note that є; and є, are not unique, since we may also write 

Aw = (6x — y) Ax + (—x) Ay + (3 Ax — Ay) Ax + (0) Ay, 


in which case є, = 3 Ax — Ay and e; = 0. 


In Chapter 3 we defined differentials for functions of one variable. Re- 
call from (3.27) that if u = f(x) and Ax is an increment of x, then dx = Ax 
and du = f'(x) dx. The next definition extends this concept to functions of 
two variables. 


Let w — f(x, у), and let Ax and Ay be increments of x and y, 
respectively. 


(i) The differentials dx and dy of the independent variables x and 
y are 


dx = Ах and йу = Ау. 
(ii) The differential dw of the dependent variable w is 


dw = fx, y) dx + f(x, у) dy = ын dx + = dy. 


If f satisfies the hypotheses of Theorem (16.14), then using the con- 
clusion of that theorem, with the pair (x5. Vo) replaced by (x. y). we see that 


Aw = dw + €, Ax + є, Ay. 


Hence Aw — dw =e, Ax + є, Ay, 
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FIGURE 16.36 





where both e, and e, approach 0 as (Ax, Ay) — (0, 0). It follows that if 
Ах and Ay are small, then Aw — dw ж 0; that is, dw = Aw. We may use 
this fact to approximate the change in w corresponding to small changes 
in x and у. 


EXAMPLE З If w= 3x? — xy, find dw and use it to approximate the 
change in w if (x. y) changes from (1, 2) to (1.01, 1.98). How does this com- 
pare with the exact change in w? 


SOLUTION This is the same function considered in Examples 1 and 2. 
Applying Definition (16.15) yields 
^Y , "n ` 
dw = T dx + a: dy 
ax Cy 
= (6x — y) dx + (—x) dy. 


Substituting x = 1, y = 2. dx = Ax = 0.01, and dy = Ay = —0.02, we 
obtain 


dw = (6 — 2)(0.01) + ( — 1)(—0.02) = 0.06. 


In Example 1 we showed that Aw = 0.0605. Hence the error involved in 
using dw is 0.0005. 


EXAMPLE 4 The radius and altitude of a right circular cylinder are 
measured as 3 inches and 8 inches, respectively, with a possible error in 
measurement of +0.05 inch. Use differentials to approximate the maxi- 
mum error in the calculated volume of the cylinder. 


SOLUTION The method is analogous to that used for functions of one 
variable. Thus, we begin by considering the general formula V — лг?һ for 
the volume V of a cylinder of radius r and altitude Л. We regard r and h 
as measured values, with maximum errors in measurement dr and dh, 
respectively. The case where both dr and dh are positive is illustrated in 
Figure 16.36. Of course, the error in one or both measurements could be 
negative. The error in the calculated volume is the change in V that cor- 
responds to dr and dh. Using differentials, we have, by our previous re- 
marks and Definition (16.15)(11), 

= dr + ы: dh = 2nrh dr + nr? dh. 


єп 


АЁ = dV = 

‹ 

Finally, we substitute specific values for the variables. Letting r = 3,h=8. 

and dr = dh = +0,05 gives us the following approximation to the maxi- 
mum error: 


dV = 48n(+0.05) + 9л(+0.05) = + 2.85л x +8.95 in.? 


Recall from Definition (3.32) that if a measurement w has an error 
(approximated by) dw, then the average error is approximately dw/w. The 
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percentage error is the average error multiplied Бу 100*,. In the next ex- 
ample we estimate the percentage error caused by errors in two related 
measurements. 


EXAMPLE 5 A weather balloon is released at sea level. а distance R 
from the eye of a hurricane, and its altitude increases as it moves toward 
the eye. The altitude / that the balloon will attain at the eye may be ap- 
proximated by 
4 
h =n?g С? 


where g is a gravitational constant and C isa meteorological measurement 
called the circulation of the wind velocity. (Circulation is closely related 
to the intensity and direction of the winds inside the hurricane.) If the 
maximum percentage errors in the measurements of R and h are +2% 
and +5°%,. respectively. estimate the maximum percentage error in the 
calculation of C. 


SOLUTION Solving the given formula for C. we obtain 


2 R? 


C = ng p 


If the errors in measurement of R and h are dR and dh. then the error in 
C may be approximated by 


°С eC 
dc = AR dR + а} dh 


> 2R AR 
£ ЦЕ dR — ag? dh. 


1 
= лу 5137 
2103 


We are interested in percentage errors, so we divide both sides of this 
. 1 2 Ээ 1 > . * 
equation by C = лу! ^R? /h"?, obtaining 


ac э” dR Y dh 


C A 2À 


The maximum percentage error will occur when dR and dli have opposite 
signs. Thus, if dR/R = 2°, and dh/h = — 5%, 


dC | _ . 
С = 22 9) — 515%) = 6.5%. 
If dR/R = —2°, and dh/h = 5°, 
dc | А : 
с^ 2(-224) —36 2) = —6.5%, 





For a function of one variable, the term differentiable means that the 
derivative exists. For functions of two variables. we use the condition 
stated in the next definition, which is based on the formula for Aw in 
Theorem (16.14). 
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Theorem [16.17] 


Theorem (16.18) 


Corollary (16.19) 





Let w = f(x, y). The function f is differentiable at (xo, уо) if Aw can 
be expressed in the form 


Aw = fixo, Yo) AX + Јо, Yo) Ay + € Ах + є: Ay, 


where є, and є; are functions of Ax and Ay that have the limit 0 
as (Ax, Ay) > (0, 0). 


A function f of two variables is said to be differentiable on a region 
R if it is differentiable at every point of R. The next theorem follows 
directly from Theorem (16.14) and Definition (16.16). The term rectangular 
region means a region of the type described in (16.14). 

If w = f(x, y) and if f, and f, are continuous on a rectangular region 

R, then / is differentiable on К. 


The following result shows that a differentiable function is continuous, 
and it is one of the reasons for using Definition (16.16) as the definition 
of differentiability. 


If a function f of two variables is differentiable at (xo, yo), then f is 
continuous at (Хо, yo). 


PROOF Ге Ax and Ay be increments. We can write Aw in the following 
two ways, using (16.13) and (16.16): 


Aw = (хо + Ax, yo + Ay) — f(xo; Yo) 

Aw = [/ (хо, yo) + €1] Ax + /ДХо, уо) + €,] Ay 
If we equate these expressions and let x = xo + Ax, у = yo + Ax, then 
fix. y) — f(xo. Yo) = Хо» уо)  €1](x — xo) + 1/Д Хо» Yo) + є›](у — Yo): 
It follows that 

: lim е, y) — /(хо, Yo)] = 0, 
or, equivalently, 
lim Дх,у) = f(xo. уо). 


(x.y) Xoy) 


Hence f is continuous at (Хо, Vo). 89 


If f, and f, are continuous, then, by Theorem (16.17), f is differentiable. 
This gives us the following corollary to Theorem (16.18). 


If f is a function of two variables and if f, and f, are continuous on 
a rectangular region R, then f is continuous on R. 


We can show by means of examples that the mere existence of f, and 
f, is not enough to ensure continuity of f (see Exercise 41). This is different 
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Definition (16.20) 


from the single-variable case, where the existence of /” implies continuity 
of f. 

The preceding discussion can be extended to functions of more than 
two variables. For example, suppose w = f(x. у, z), where f is defined on 
a suitable region R (such as a rectangular box) and f., f;, f. exist in R and 
are continuous at (x, y, z). If x. y, and т are given increments Ax, Ay, and 
Az, respectively. then the corresponding increment 


Aw = f(x + Ax, y + Ay, 2 + Az) — f(x. y. 2) 
can be written in the form 
Aw = fix, y. 2) Ax + fix. y. z) Av + fx. y. z) Az 
+ є, Ax + є, Ay + e Az, 
where €,, €;, and e, are functions of Ax. Лу, and Az that have the limit 
0 as (Ax, Ay, Az) > (0, 0, 0). Results that are analogous to (16.17)-(16.19) 
may be established for functions of three variables. 


The following definition is an extension of (16.15) to functions of three 
variables. 





Let w = f(x, y, 2), and let Ax, Ay, and Az be increments of x, y. and | 

z, respectively. 

li) The differentials dx, dy, and dz of the independent variables 
X, y, and z are 


| dx = Ах, dy=Ay, dz- Az. | 
(ii) The differential dw of the dependent variable w is 
ow 


Ow ow 
dw = — d; — dy + — dz. 
| wW ax ХТ ду y+ 2: 





We can use dw to approximate Aw if the increments of x, у, and z are 
small. Differentiability is defined as in (16.16). The extension to four or 
more variables is made in similar fashion. 


EXAMPLE 6 Suppose the dimensions (in inches) of a rectangular box 
change from 9, 6, and 4 to 9.02, 5.97, and 4.01, respectively 


(a) Use differentials to approximate the change in volume. 
(6) Find the exact change in volume. 


SOLUTION 


(a) The method of solution is similar to that used for the right circular 
cylinder in Example 4. Thus, we begin with the general formula V = хуг 
for the volume of a rectangular box of measured dimensions х, y, and z. 
We next regard ах, dy, and dz as errors in measurement. The error in the 
calculated volume is then 

AV = dV = d dx + a dy + a dz 


^ 


0х сү ez 
yz dx xz dy + xy dz. 
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FIGURE 16.38 
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Finally, we substitute the given values x = 9, y = 6, 2 = 4, dx = 0.02, 
dy = — 0.03, and dz = 0.01, obtaining 


dV = 24(0.02) + 36(—0.03) + 54(0.01) 


0.48 — 1.08 + 0.54 = —0.06. 


! 


Thus, the volume decreases by approximately 0,06 in.? 
[b] The exact change in volume is 


AV = (9.02)(5.97)(4.01) — (9)(6)(4) = — 0.063906 in.? 


[n precaleulus we study methods of solving systems of linear equations, 
such ах 


x+3y- z= 4 

2x —3y = 4 
5 ог I= y+ 3ы 1 
5х+ 2ү=9 : А 
E х+2у— z2—35 


In applications it is often necessary to solve a system of nonlinear equa- 
tions, such as 


(x+y? —1=0 
y—sinx =0 


Since we cannot find exact solutions of this system using algebraic tech- 
niques, we must develop methods for approximating solutions. We could 
graph both equations on the same coordinate axes, as in Figure 16.37, 
and estimate the points of intersection (a. b) and (c, d); however, for most 
applications we need more accuracy. We shall next discuss a method 
based on differentials that can be used to approximate solutions to any 
degree of accuracy. 
Let us consider a general system of two equations in x and y: 


ffx, у)-0 


| (х, y) = 0 


where f and g are functions of two variables. (In the previous discussion 
fix. v) = x? + y? — Land g(x, у) = y — sin x.) We wish to approximate a 
point of intersection (а, b) of the graphs of the two equations (see Fig- 
ure 16.38). Let us begin with a first approximation (Хү. 71). where, as indi- 
cated in the figure, there are increments Ax and Ay such that 


a=x, +Ax, b= yy + dy. 


Let Af and Ag be the increments of f and g corresponding to the change 
from (хү. уу) to (a, b). Since f(a, В) = О and g(a, b) = 0, we see that 


Af 
Ag 


fla, b) — Гбх уу) = —/(Х1. Уң) 


11 


gla, b) — g(xq. у) = —8(Х{. Yi) 
Thus. if df and dy are the differentials of / and у evaluated at (x;. Уу, then 


df z —f(x,,¥,) and dg x —4(xi. у). 
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Using the form for df and dg given by Definition (16.15)(ii) gives us the 
following system of approximate equalities in the unknowns Ax and Ay: 


| fy Yi Ax + fixae Y) Ay = —fixs. уу) 


(1) 
laxi. уу) Ах + g(x), yi) Ay лд хүл) 


In practice this system is often written in matrix form. as follows. where 
all functions are evaluated at (x,. y): 


m Ё 4 БА 
Ys gp 11А) =й 


We solve the approximate equalities in (1) for Ах and Ay by treating 
+ as =, which gives us approximations for Ax and Ay. Although (X5. Уу) = 
(х, + Ах, у, + Ay) will not usually be the exact solution (a. b). it is often 
a better approximation than (x,, у). The process can be repeated using 
the approximation (x;, у) instead of (хү, уу) in (1) to obtain a third 
approximation, (ху. V3) We continue the process until |Ax| x e and 
| Av| € є for some positive error tolerance є > 0. The convergence of x, 
and y, to a and Р, respectively. is usually rapid, and the number of correct 
digits approximately doubles with each step. This method of successive 
approximations is known as Newton's method for a system of two equa- 
tions in two unknowns. It can be extended to systems of n equations in n 
unknowns. This is one of the most widely used methods for approximating 
solutions of systems of nonlinear equations. 


EXAMPLE 7 Use Newton's method to approximate the solutions of 


the following system: 
х®+у*—1=—0 
y—sinx-0 


SOLUTION The graphs of the two equations are sketched in Fig- 
ure 16.37. We shall take (хү, 7) = (0.5. 0.5) asa first approximation for the 
solution corresponding to the point of intersection in the first quadrant. 
Letting f(x. v) = x? + y? — 1 and g(x. у) = у — sin x. we obtain 


FAX, У) = 2х. f(x.y)—2y. gx,y)- —cos x, gx. у) = Т, 


We now let x, = 0.5 and y, = 0.5 in (1) and solve for (the approximate 
values) Ax and Ay. We then take, as а second approximation, 


(X2. у») = (X4 + Ax. у, + Ay). 


Using (x>. уз) in place of (x;. v,) in (1), we find (approximate values for) 
Ax, and Ay, and take, as a third approximation. 


(Xs. Уз) = (Na + AXi у + Ay). 


The process continues until we reach the desired accuracy. The following 
table lists eight-decimal-place approximations to the values used in equa- 
tions (1). Note that if k = 5, we have |Ax| € e and |Ay| € e with e = 
0.000000005. Hence the solution (xs. 1's) is accurate to eight decimal 
places. 
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k х, а | Ук FGys y) | 9(х,, Ya) 
|| 05 05 -05 0.02057446 
| 2 I 0.77725783 | 0.72274217 (QI2648598 | 002141484 
3 | 074030063 | 067498279 0.00364679 | 0.00047290 
4  0.73908622 | 0,67361333 0100000335 0.00000050 
5 | 073908513 067361203 0.00000000 000000000 











| FrV) f Y) | IAV) 930 у) | Ах, Ду, 
| | —0.87758256 | 0.27725783 0.22274217 
1.55451565 144548435 | —0.71283938 | — 00369579 | -004775939 
148060127 1.34996558 —0,73826581 | — 0001214472. —0.00136946 
147817243 | 1.34722665 -073908440 i 000000108 000000130 
147817027 134722406 | —0.73908513 1 — 000000000. 00000000 





From the table. 
(x5. уз) = (0.73908513, 0.67361203). 


An approximation to the solution corresponding to the point in the third 
quadrant in Figure 16.37 is, by symmetry. (— Xs, — V5). 


EXERCISES 16.4 





Exer. 1-2: If Ах and Ау are increments of x and y, find 
[a] Aw, [b] dw, and [cj dw — ^w. 

1 w= 5y? — ху 2 w=xy— yg? + 3x 
Exer. 3-6: Find expressions for e, and e, that satisfy Def- 
inition (16.16). 

3 f(x. y) = 4? — 3xy + 2x 

4 f(x. y) (2х — у)? 

5 f(x, y 2 x^ + у? 

6 f(x. y) 2x! — xy? --3y 


Exer. 7-18: Find dw. 


7w2x!'—xy.3" 8 м = 5х2 + 4у — 3ху® 
9 w-x?sin y + 2y 10 м = уе 25 — Зх 

11 w= х?е*” 4 (1/02) 

12 м = 1п(х? + y) + хлап! y 

13 w= x? 10(у7-4-22) 

14 м = х217:4-е225 


Xyz 
15 w= 


16 м = x?e* + yInz 
&TyT2 


ipt 


17 w= х7:4-4у17- х: 18 we 575357 0 


Exer. 19-22: Use differentials to approximate the 
change in f if the independent variables change as 
indicated. 


19 f(x, у) =x? — 333? + 4x — 2) + 6; 

(—2. 3) to (— 2.002, 301) 
20 f(x, y) =x? —2xy 4-3: 

(1, 2) to (1.03, 1.99) 


21 (к; y, = xs! — Bye p x73 29's 


(1, 4, 2) to (1.02, 3.97, 1.96) 
22 f(x, y,. 2) = xy t xz t yz; 
(—1.2, 3) to ( — 0.98, 1.99. 3.03) 
23 The dimensions of a closed rectangular box are mea- 
sured as 3 feet. 4 feet. and 5 feet, with a possible error of 
+ inch in each measurement. Use differentials to ap- 
proximate the maximum error in the calculated value of 


(a) the surface area (Ы) the volume 





834 


24 


26 


CHAPTER 16 PARTIAL DIFFERENTIATION 





The two shortest sides of a right triangle are measured 
as 3 centimeters and 4 centimeters. respectively, with a 
possible error of + 0.02 centimeter in each measurement. 
Use differentials to approximate the maximum error in 
the calculated value of 


(а| the hypotenuse 
[b] the area of the triangle 


The withdrawal resistance of a nail indicates its holding 
strength in wood. An empirical formula used for bright, 
common nails is P = 15.700S* ? RD. where P is the maxi- 
mum withdrawal resistance in pounds, 5 is the specific 
gravity of the wood at 12%, moisture content, R is the 
radius of the nail (in inches), and D is the depth (in inches} 
that the nail has penetrated the wood. A 6d bright. com- 
mon nail of length 2 inches and diameter 0.113 inch is 
driven completely into a piece of Douglas fir that has a 
specific gravity of 0.54. 
(а| Approximate the maximum withdrawal resistance 
(In applications only one-sixth of this maximum is 
considered safe for extended periods of time.) 


(5) When nails are manufactured, R and D can vary by 
+ 25,, and the specific gravity of different samples of 
Douglas fir can vary Бу +3°,. Approximate the 
maximum percentage error in the calculated. value 
of P. 


The total resistance R of three resistances R,. Ra. and 
R, connected in parallel is given by 


1 1 1 l 

R К, +R; кг 

ЇГ measurements of R,. Ry. and R, are 100, 200, and 
400 ohms, respectively, with a maximum error of +1", 
in each measurement, approximate the maximum error 
in the calculated value of R. 


The specific gravity of an object more dense than water 
is given by s = A/(A — W). where А and W are the 
weights (in pounds) of the object in air and water, respec- 
tively. If measurements are 4 = 121b and W = 51b, 
with maximum errors of +} ounce in air and +1 ounce 
in water, what is the maximum error in the calculated 
value of 5? 


The pressure P, volume V, and temperature T (in. К) 
of a confined gas are related by the ideal gas law PV = 
КТ. where А is a constant. If P = 0.5 Ibin? when V = 
64 in. and T = 350 К, approximate the change in P if 
V and T change to 70 in.? and 345 K, respectively. 


Suppose that when the specific gravity formula s = 
A/(A — W)is used (see Exercise 27). there are percentage 
errors of 42", and -- 4", in the measurements of A and 
W, respectively. Express the maximum percentage error 
in the calculated value of s as a function of A and W. 


31 


33 
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Suppose that when the ideal gas law PV = KT is used 
(see Exercise 28), there are percentage errors of +0.8", 
and 40.57, in the measurements of T and Р, respec- 
tively. Approximate the maximum percentage error in 
the calculated value of V 


The electrical resistance R of a wire is directly propor- 
tional to its length and inversely proportional to the 
square of its diameter. If the length is measured with a 
possible error of + 1%, and the diameter is measured with 
a possible error of + 3%". what ts the maximum percent- 
age error in the calculated value of R? 


The flow of blood through an arteriole is given by F = 
zPR* (Srl), where I is the length of the arteriole. R is 
the radius. P is the pressure difference between the two 
ends, and r is the viscosity of the blood (see Section 6.8). 
Suppose that r and / are constant, Use differentials to 
approximate the percentage change in the blood flow if 
the radius decreases Бу 2", and the pressure increases 
by 3%. 

The temperature T at the point Р(х, y, z) in an xyz- 
coordinate system is given by T = 8(2x? + 447? + 922)! 2. 
Use differentials to approximate the temperature differ- 
ence between the points (6, 3, 2) and (6.1, 3.3, 1.98). 


Approximate the change in area of an isosceles triangle 
if each of the two equal sides increases from 100 to 101 
and the angle between them decreases from 120. to 119 . 


If a mountaintop is viewed from the point P shown in 
the figure, the angle of elevation is z. From a point Q 
that is a distance x units closer to the mountain, the 
angle of elevation is fj. From trigonometry, the height 
h of the mountain is given by 

x 


h= — Я 
cot ~ cot f 


A surveyor measures x and // to an accuracy of 30" (ap- 
proximately 0.000145 radian). Suppose x = 15°, 3 = 20 , 
and x = 2000 ft. Use differentials to estimate, to the 
nearest 0.1 foot. how accurate the length measurement 
must be so that the maximum error in the calculated 
value of h is no greater than + 10 feet. 


EXERCISE 35 





DTE "e. 
I 
! 
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36 Ifa drug is taken orally, the time T at which the largest 
amount of drug is in the bloodstream can be calculated 
using the half-life x of the drug in the stomach and the 
half-life у of the drug in the bloodstream. For many 
common drugs (such as penicillin), 7 is given by 


_ xy(In.x — In y) 
^o (x—y)In2 ` 


Fora certain drug. x = 30 min and y = 1 hr, If the maxi- 
| mum error in estimating each half-life is + 10"... find the 
maximum error in the calculated value of T. 

37 Assume the cylinder described in Example 4 has a closed 
top and bottom. Use differentials to approximate the 
maximum error in the calculated total surface area. 


38 Use differentials to approximate the change in surface 
area of the box described in Example 6. What is the exact 
change? 


Exer. 39-40: Prove that f is differentiable throughout 
its domain. 


у 42 


А х? — ү 1 1 
39 f(x,y) =- 40 Ї(Х.у,2)--- 5 > 
ху" х*+у* +2? 


xy 4 
——} (х, v) # (0, 0) 
x? + у? 


0 if (x. у) = (0, 0) 


(a) Prove that f,(0, 0) and /,(0, 0) exist. (Hint: Use Defi- 
nition (16.8).) 


41 Let f(x. v) = 
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[b] Prove that f is not continuous at (0, 0). 
(с) Prove that f is not differentiable at (0, 0). 
шавийн ere =x Их) #(0.0,0) 
0 if (x, y, z) = (0. 0, 0) 
[a] Prove that /,. f,. and f. exist at (0, 0, 0). 
(5) Prove that f is not differentiable at (0, 0, 0). 
[c] Exer. 43-44: Refer to Example 7. Use Newton's method 


to approximate a solution of the system of equations to 
four decimal places using the given first approximation. 





x? y 
ra аы mE 
dh pap MWD 
10 5 
: 57 -1 | 
(х-18 w- | (xi Y) = (—1.5, —1.5) 
2 3 
45 Derive Newton’s method for а system of three 
equations, 
S(x,y, 2) =0 
(х. у. 2) = 0 


М(х,у; 2) = 0 


where f, с. and л are functions of three variables. Express 
the solution in a matrix form similar to (2) on page 832. 


If f and g are functions of one variable such that 


w= f(u) and u= g(x), 
then the composite function of f and g is given by 
w = f(g(x)). 


Applying chain rule (3.33), 
to x as follows: 


we may find the derivative of w with respect 


dw Е ду йи 
dx du dx’ 


In this section we shall extend this formula to functions of several variables. 
Let f, д. and Л be functions of two variables such that 


м = /(и. 0). with и = (х. у). v = h(x, y). 
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If. for each pair (x. у) in a subset D of R^, the corresponding pair (u, v) is 
in the domain of f. then 


w = f(g(x. у). hix. v) 

defines w as a (composite) function of x and y with domain D. For example, 
if 

w=u>+usine, with u= xe?, г = xy, 
then w= x?e*" + xe?" sin xy. 
The next theorem provides formulas for expressing @w/éx and ĉw/ĉy in 
terms of the first partial derivatives of the functions g, h, and f. In the 
statement of the theorem we have assumed that domains are chosen so 
that the composite function is defined on a suitable domain D. Each of 
the formulas stated in Theorem (16.21) is referred to as a chain rule. 


If w = f(u, v), with u = g(x, y), v = h(x, у), and if f. g, and h are 
differentiable, then 


Ow бду ди дм Cv 





= E = = 
Ox дидх eb Ox 


ôw Си ди Cw бр 


ди ду dv ду 


PROOF — If x is given an increment Ax and v is held constant (that is, 
Ay = 0). we obtain the following increments of u and v: 


Au = g(x + Ах, y) — g(x, y) 
4 Аг = h(x + Ax, y) — h(x, y) 
These in turn lead to the following increment of w: 
Aw = f(u + Au, v + Av) — f(u, г) 
Since f is differentiable, we have, by Definition (16.16). 


ду 


v Суу 
{2} Aw = — Au + ~ Аг +e, Au + є, Аг, 
i Cl 


Cl 
where e, and e, are functions of Au and Av that have the limit 0 as 
(Au. Av) > (0. 0). Moreover, we may assume that both e, and e, equal 0 
if (Au, Av) = (0, 0), because if they do not, they can be replaced by func- 
tions и, and и, that have this property and are equal to є, and є, else- 
where. With this agreement, the functions €, and €, in (2) are continuous 
at (0, 0), Dividing both sides of equation (2) by Ax gives us 

Aw Ow ^u Си Av Au Av 


E — F сма + € + €5 . 
Ах Ou Ax ĉo Ax ! Ах “АХ 





[3) 


If we regard w as a function of x and y, then 


. Aw éw 
lim = —, 
Ах-0 Ах CX 
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FIGURE 16.39 





FIGURE 16.40 


ar р 
aw б 
ar 
ar q 
1 
T: dq 
p 
ow P ai 
p 5 СШ 
ds ap 





а “а 


Also, from equations (1), 


. Au eu . Ае до 
lim —=— and lim —=—. 


А 


Ax-0 АХ CX Ax) АХ єх 


If Ах approaches 0, we see from (1) that Au and Av also approach 0 and 
hence so do e, and €,. Consequently, if we take the limit in equation (3) 
as Ax — 0. we obtain 


cw Ow бн Cw Сг 
= + 


Ox Фиёх C6 CX 


The second formula in the statement of the theorem is established in 
similar fashion. mm 


The tree diagram in Figure 16.39 is a device for remembering chain 
rules (16.21). We first draw branches (line segments) from w to u and v, to 
indicate that w is a function of those two variables. Since u is a function 
of x and v, we next draw branches from u to x and y. Similarly, branches 
are drawn from r to x and y. In this diagram we have also indicated the 
various partial derivatives that are involved for the given variables. 

To find Cw/Cx by means of the diagram, we consider all pairs of 
branches (paths) that lead from w to x. There are two possibilities: 


ѓи би би e 


ги (x 


w— u—>x and у эг х 


We next add the products of the corresponding pairs of partial derivatives, 
to obtain 
w Ow (u ди бг 


ёс Ou бх" BOX 


The formula for Cw Cy may be found in a like manner, using the pairs of 
branches that lead from w to y. 


EXAMPLE 1 Use a chain rule to find ¢w/Cp and Cw/0q if 


w=r +s; with r-pq?, s-p!sinq. 


SOLUTION Note that w is a (composite) function of p and д. We could 
substitute for r and s, obtaining 


w = (pq? P + (p? sin 4). 


and then find ¢w Cp and ĉw/ĉq directly; however, we wish to illustrate 
chain rules. Moreover, in some cases such substitutions lead to very com- 
plicated expressions. The procedure here is analogous to procedures used 
in computer programming languages to express a complex computation 
аз а succession of simpler ones. 

Since w is a function of r and s and both r and s are functions of p 
and g, we begin by constructing the tree diagram in Figure 16.40. Referring 
to the diagram, we take the products of all pairs of partial derivatives 
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that lead from w to р, obtaining 
Ow Ow Or Ом és 
0р - or Gp Os др 
= (3r?)(q?) + (25)(2р sin q). 


We now substitute r — pq? and s — p? sin q: 


^ j 242 2 2 . . 
s = Хрд (47) + (2р? sin 4)(2р sin q) 
‹ 


= 3p*q° + Ap? sin? q 
To find @w/eq, we again refer to the diagram in Figure 16.40: 


w ower Cw es 


ĉq 0 êq 6s êq 


= (3r*)(2pq) + (23)( p? cos q) 
Substituting for r and s, we obtain 


Ow 


3 pq? pq) + 20р? sin 4)(р? cos q) 


eq 


= 6p?q* + 2p* sin q cos q. 


Note that after applying a chain rule in Example | we substituted for 
r and s, thereby expressing биубр and (w/Cq in terms of p and q. This 
was done to emphasize the fact that w is a (composite) function of the 
two variables p and q. 

We can apply chain rules to composite functions of any number of 
variables and construct tree diagrams to help formulate these rules. Here- 
after, we shall not attach partial derivative symbols to the branches. It 
will be understood that if a branch leads from a variable w to another 
variable г. as in Figure 16.40, then the partial derivative is бу/бг, How- 
ever, if w is a function of only one variable r, then we write dw/dr instead 
of дид”. 

As an illustration, suppose w is a function of u, г, and r, and that u, 
v, and r are each functions of x, y, and z. This is indicated by the diagram 
in Figure 16.41. If we wish to find ^w, Cy, we take the pairs of products 
of the partials that lead from w to y and add, obtaining 


ew | Ow Ou | Ow (t. Ow Cr 
- + + 


бу биду дду дгду 


EXAMPLE 2 Usea chain rule to find 0у/С: if 
w=r 650413, with r=x?+y? +27, s=xyz, с=хё, 1 = уг2. 
SOLUTION Note that w is a function of r, 5. v, and t and that each of 


these four variables is а function of x. y. and т. An appropriate tree 
diagram is shown in Figure 16.42. We wish to find w/z, so we trace all 
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branches that lead from w to z. This gives us 





êw ди ёг 0205 @Cwée | Ow д! 

д: Or ez i 080: Ov Gz ай ё: 

(2r)(2z) + (ху) + s(0) + (3:2)(2у:) 

= 42(x? + y? + 2?) + xe(xy) + 0 + 3(у22)(2у2) 
= 42(х? + y? + 22) + x*ye" + буг. 


If w is a function of several variables, each of which is a function of 
only one variable, say t, then w is a function of the one variable t and we 
may consider dw/dt. A chain rule may be applied, as in the next example. 


EXAMPLE З Usea chain rule to find dw/dt if 
w=x?+ yz, with х-32-1, y=2r—4, 2-0. 


FIGURE 16.43 SOLUTION To apply a chain rule, we construct the tree diagram in 
X———— 1 Figure 16.43. The pairs of branches that lead from w to t give us the fol- 

lowing, where we use d/dt for differentiation with respect to the single 
variable t: 

dw _ Cw dx n ew dy Р €w dz 

dt сха суй ézdt 
(2x)(6t) + 2(2) + yn) 
230 + 1)6 + (0(2) + (2t — 438 
= 441° — 121? + 121 


:——— The problem could also be solved without a chain гше by writing 
w= (312 + 1y + (21 — 4p? 


and then finding dw/dt бу single-variable methods. 


Chain rules are useful for solving related rate problems, as illustrated 
in the next example. 


EXAMPLE 4 A simple electrical circuit consists of a resistor R and 
an electromotive force V. At a certain instant V is 80 volts and is increas- 
ing at a rate of 5 volts/min, while R is 40 ohms and is decreasing at a rate 
of 2 ohms/min. Use Ohm's law, I = V/R, and a chain rule to find the rate 
at which the current / (in amperes) is changing. 


SOLUTION Since / is a function of V and R and both V and R are 
FIGURE 16.44 functions of time t (in minutes), we consider the tree diagram in Fig- 
иЗ--Ы-ү ure 16.44. Applying a chain rule gives us 


dI ĉldV CI dR 
= + — 





dt CV dt eR dt 


= (5) +( V\dR 
Дээшээ ARI dt , R'Jdt 
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Substituting 
I 
V = 80. й -5. R=40. апа 4К ай 
й dt 
we obtain 
di (1 80 9 
g 5) + | ———— |(—2) = = = 0.225 amp/min. 
dt (4) +( aaa ) 40 0.225 amp/min 


Partial derivatives can be used to find derivatives of functions that are 
determined implicitly. Suppose, as in Section 3.7, an equation F(x, у) = 0 
determines a differentiable function f such that y= f(x); that is, 
F(x, f(x)) = 0 for every x in the domain D of f. Let us introduce the 
following composite function F: 


w= F(u у). where w=x and y=f(x) 


FIGURE 16.45 This leads to the tree diagram in Figure 16.45. Using a chain rule and 
— the fact that u and у are functions of one variable x yields 


Ww = — --, 
dx ёби ах Су айх 


Ре dw Ow даи Ow dy 


pep Since w = Fix. f(x)) = 0 for every x, it follows that dw/dx = 0. Moreover. 
since и = x and y = f(x), 
du d 


1... цөс 
ЗУ | and Tx zx). 


Substituting in the preceding chain rule formula for dw/dx, we obtain 
Су 


v cw X 
0=— (1) + — f(x). 
Cu cy 


If Ow/Cy #0, then (since u = х) 





9 бу/Си Ow/Cx 
J (x)= == EE T 
ew/ey Су/СуУ 
БХ) 
F(x, v) 


We may summarize the preceding discussion as follows. 


Theorem (16.22) | : . SS UNS a : 
If an equation F(x, y) = 0 determines, implicitly, a differentiable 
function / of one variable x such that y = f(x), then 


dy _ "Бух, y) 
dx — Fx, 
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Theorem (16.23) 


FIGURE 16.46 


EXAMPLE 5 Find dy/dx if y = f(x) is determined implicitly by 


y* + 3у — 4х3 — 5х – 1 = 0. 





SOLUTION If F(x, y) is the expression on the left side of the equation. 
then, by Theorem (16.22). 

dy - -fag 12x? 4- 5 

dx | 443 — 45943 


Compare this solution with that of Example 2 in Section 3.7, which was 
obtained using single-variable methods. 


Given the equation 
x?—4y*42:— 720, 
we can solve for z, obtaining 
z=4(—x? + 4y3 +7), 
which is of the form 
z= f(x, y). 


In analogy with the single-variable case. we say that the function f of two 
variables x and y is determined implicitly by the given equation. The next 
theorem gives us formulas for finding f, and f., or. equivalently, ĉz/ĉx 
and Cz; Cy, without actually solving the equation for z. 


If an equation F(x, y, z) = 0 determines an implicit differentiable 
function f of two variables x and y such that z = f(x, у) for every 
(x, y) in the domain of f, then 





д2 Fs 2) 02 PX, ja) 
Cx Ех, у; 2)° 0) Ех, y,z 


PROOF The statement F(x. у, 2) = 0 determines а function f such that 
z = f(x. y) means that F(x, y. f(x. y)) = 0 for every (x. у) in the domain 


of f. Consider the composite function F of x and у defined as follows: 
w= Plu 6,2); where w=x, 0-у, 2= (х;у): 
Note that u and v are functions of x and y. since we can write u = x + (0° v) 
and r = y + (0* x). Referring to the diagram in Figure 16.46 and consi- 
dering the branches that lead from w to x, we obtain 
ôw Cw Си 


бу Ct Cw Cz 


Ox ди Ox Ov Ox G2 Gx 


Since w = F(x, у, f(x. v)) = 0 for every x and every y, it follows that 
Ow/éx = 0. Moreover, since &u/Cx = 1 and àr/Cx = 0, our chain rule 
formula for дм/дх may be written 


^ ^ 


Cw ow ow 02 
02 — (1) + — (0) + — —, 
Cx су dz ôx 
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and if éw/cz 4 0). 


д2 буух F(x, y, z) 


F(x, y, z)' 





Cx Cw/Cz 


The formula for ¢z/Cy may be obtained in similar fashion. =» 


EXAMPLE 6 
plicitly by 


SOLUTION 


Find с2/сх and С2/Су if z = f(x. y) is determined im- 


=z + 4yz = 5 = 0. 


If we let F(x, у. 2) denote the expression on the left of the 


given equation, then, by Theorem (16.23), 


EXERCISES 16.5 


Use a chain rule in Exercises 1-14. 


Exer. 1-2: Find 2и/2х and Ow|Cy. 


2 2 


1 м = иіп v; и= х + уб, г=ху 


2 Ул ир) u-xsiny v-ysinx 
Exer. 3-4: Find ¢w/¢r and 2/25. 
з м = и? + 2ш; u-rlns. г = 2 + 5 
4 w="; бер98, prs 
Exer. 5-6: Find С:/бх and ezjcy. 
5zcr-4-s-4 v 
г = xe*, s= уе“, б= у 
62 = рд + 4w; 
р = 2х – у, q=x—2y, м= 2х + 2у 


Exer. 7-8: Find б//Си, бу/Сг, and érjct. 
7 її: ХЇН: x23u-c-tt, yout 


2 


3 Р] 
8 r = м 052: Ww = u*vt, 1-4 


91 p=u? + 3:2 – 40°, where и=х—3у+2г—, 
tU-2X-c-y—r-c2s and и=—х+2у+г+, find 
Cp/cr. 

то Find Os/Oy if s= tr + ue", where t = xy?z, r= x?yz. 
и = xyz?, and v = xyz. 
Exer. 11-14: Find dw/dt. 
1 t 
s jg 
(41 





11 w=x у; 


12 м=1п(и +0); и= е2. vat 





az 2x2^-4- 7 
Ox — 2х2:-43:2-04,) 
02 2ху + 4: 
бу 2x?z — 32? 4-4 
13 w=r?—stane; r—sin?t s=cost, 2-4 


14 w= ҳ2у22“; х=2 +1, y=3t—2, :-5-4 


Ехег. 15-18: Use partial derivatives to find dy/dx if 
y = f(x) is determined implicitly by the given equation. 
15 2x? +х?у-+ y* = 1 

16 xt + 2x?y? — 3xy? + 2x = 0 

17 6x + xy =3y—4 


„2/3 


ig х23--у23-4 


Ехег. 19-22: Find С:/ бх and CzjCy if z= f(x,y) is 
determined implicitly by the given equation. 

19 2x2% — 3yz? xy? + 42 = 0) 

20 xz? + 2x?y —4y72 + 3р – 2 = 0) 

21 xe — 2ye** + 3ze? = 1 


22 yx? +27 + cos xyz = 


Exer. 23—32: Use a chain rule. 


23 The radius r and altitude Л of a right circular cylinder 
are increasing at rates of 0.01 in./min and 0.02 in, min, 
respectively. 

(a) Find the rate at which the volume is increasing at 
the time when r = 4 in. and h = 7 in. 

[bj At what rate is the curved surface area changing at 
this time? 
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24 


25 


26 


27 


31 
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The equal sides and the included angle of an isosceles 
triangle are increasing at rates of 0.1 ft/hr and 2 Лг, re- 
spectively. Find the rate at which the area of the triangle 
is increasing at the time when the length of each of the 
equal sides is 20 feet and the included angle is 60 . 


The pressure Р, volume И, and temperature T of a con- 
fined gas are related by the ideal gas law PV = KT. where 
k is a constant. If P and V are changing at the rates 
dP/dt and dV dt, respectively. find a formula for 41:41. 


If the base radius r and altitude h of a right circular 
cylinder are changing at the rates drdt and dh dt. 
respectively, find a formula for dV/dt, where V is the 
volume of the cylinder. 


A certain gas obeys the ideal gas law PV = 8T. Suppose 
that the gas is being heated at a rate of 2 /min and the 
pressure is increasing at a rate 011 (Ib in.?)/ min. If, at 
a certain instant, the temperature is 200 and the pres- 
sure is 10 Ib/in.*, find the rate at which the volume is 
changing. 


Sand is leaking out of a hole in a container at a rate of 
6 in.?/min. As it leaks out, it forms a pile in the shape 
of a right circular cone whose base radius is increasing 
at a rate of | in. min. If, at the instant that 40 in.? has 
leaked out, the radius is 5 inches. lind the rate at which 
the height of the pile is increasing. 


At age 2 years. a typical boy is 86 centimeters tall, weighs 
13 kilograms, and is growing at the rate of 9 ст year 
and 2 kg. year. Use the DuBois and DuBois surface area 
formula, S = 0,007184x*525,* 775 for weight x and 
height y. to estimate the rate at which the body surface 
arca is growing (see Exercise 49 of Section 16.1). 


When the size of the molecules and their forces of attrac- 
tion are taken into account, the pressure P, volume V, 
and temperature T of a mole of confined gas are related 
by the van der Waals equation, 


a . : 
( T —h = КТ. 


where a, b. and k are positive constants. If t is time, find 
a formula for d T/dt in terms of dP/dt. dV dr. P. and V. 


If n resistances Rye К...... R, are connected in parallel. 
then the total resistance R is given by 
н 
уй 
R iR 
Prove that for 5 = 1, 2,.... п 


А function / of two variables is homogeneous of degree 
n if fitx. ty) = fix, у) for every t such that (tx. гу) is 
in the domain of f. Show that. for such func- 
tions, xfi(x, у) + у(х. у) = nfi. v). (Hint: Differenti- 
ate f(tx. ty) with respect to г.) 


Exer. 33-36: Refer to Exercise 32. Find the degree n of 
the homogeneous function f and verify the formula 


33 


37 


41 


43 


XP AX, y) + уруб, y) = nf (x, y). 


x^v 


f(x. y) 2 2х5 + 3x7y - y? 34 /(х, у) 2 5——, 
х? + y 


у ; 
f(x. у) = arctan — 36 f(x, у) = xye"^ 
х 


If w = f(x, v), where x = r cos () and y = r sin 0, show 


that 
éw\? ow \* cw)? t few? 
LCS EN = | а Wes , 
LOX бу or rm \ e0 


If w = f(x. y). where x = ¢ cos 0 and у = е" sin 0, show 


> ^7 -Э ^5 ^ 
"o СМ abe wr . g^ 
LES] + ~ 3 = ii A 3 T ^22 Y 
ex? ду? or^ 00? 
If w= f(x, y). where x = r cos 0 and y = r sin 0, show 
that 
| Cw 10м 
аак I7 ТАГ” 
r-0U" oF OF 
If e = f(x — at) + g(x + at) and / and y have second 
partial derivatives, show that v satisfies the wave 
equation 


(Compare with Exercise 42 of Section 16.3.) 


If w= cos(x + y) + cos(x — y). show, without using 
addition formulas, that wi, — w,, = 0. 


If w= f(x? + у?), show that y(Cw/Cx) — x(ew/ey) = 0. 
(Hint: Let и = x? + y?) 


If w= fiu. r). where и = g(x. y) and г = k(x, y). show 
that 


~? ^ хэ -^7 a? ^ - - 
Ow дм (ди {> cw C^w \ cu үг 
OW Eme ua e Й a руге тай ка 
бх! ди? NOx бсби — CUu CU J CX CX 





For w, u, and v as given in Exercise 43, show that 


^2 ^2 WES “> СЭ 32 a а 
Пан CWOH CH cow си сг cow Cu CU 


бу дх 





3 ^ - ^ - - - - - Жы, A 
би? CX су деси CX cy Cu Ct Cy Сх 


A3... 5.5 ^ ^2 ^ 
Cw (р 0t от CH у (СГ 





д? ax ду ди дудх — Ob Cy ex” 
Prove the following mean value theorem for a function 
f of two variables x and у: 

If f has first partial derivatives that are continuous on 
a rectangular region А = {(x. yka <x <b,c<y<d} 
and if A(x,, у) and Bix,, y.) are points in R. then there 
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is a point P(x*. y*) on the line segment АВ such that 


Эхэ. уз) — Дх. уз) = 
LAX y*)(xa — x4) + /Ах*. у) — yi). 


46 Use Exercise 45 to prove the following: 
If f(x, y) = 0 and f(x, v) = 0 for every (х. y) in a rect- 
angular region R, then f(x. v) is constant on R. 


47 Extend Exercise 45 to a function of three variables. 


48 Extend Exercise 46 to a function of three variables. 
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49 Suppose that u = fix. v) and r= g(x. y) satisfy the 
Cauchy-Riemann equations u, = r, and u, = —г,. If 
x =r cos б and v = ^ sin 0, show that 
ĉu Lee ĉr | ĉu 
—=—— and — = — ——: 
cr rel cr rol 


50 If u = y/(X? + у?) and r = хх? + у?), verify the for- 
mulas for ĉu/êr and ĉr (r in Exercise 49 directly. Бу 
substituting rcos( for x and rsin 0 for y and then 
differentiating. 


In Section 16.3 we discussed the fact that if f(x, y) is the temperature of a 
flat metal plate at the point Р(х. 1) in an xy-plane, then the partial deriva- 
tives f(x. у) and fx. v) give us the instantaneous rates of change of tem- 
perature with respect to distance in the horizontal and vertical directions. 
respectively (see Figures 16.28 and 16.29). In this section we generalize 
this fact to the rate of change of f(x. v) in any direction. 

Let u = iji + u, j be a unit vector. If we represent и by a vector with 
initial point Р(х. v). as in Figure 16.47(1). then the terminal point has co- 
ordinates (x + u,. у + us). We wish to define the rate of change of f(x, y) 
with respect to distance in the direction determined by u. 

Consider the line / through P parallel to u, and let О be any point on /. 
as in Figure 16.47(ii). The vector PO corresponds to a scalar multiple su — 
(5и |)ї + (5u5)j for some s. Hence the coordinates of Q are(x + su. y + sus). 
Since u is а unit vector. 


[20| = ||su] = |||] |] = [s]. 


Thus, s 15 the (signed) distance from Р, measured along l. If s > 0. then su 
has the same direction as u. If s < 0. then su has the opposite direction. 
If the position of a point changes from P to О, then the increment Aw 


of w — f(x. y) is 


Aw = f(x + stg. Y + sus) — f(x. у). 


The average rate of change in f(x. Y) is 


FIGURE 16.47 
(i) 





Aw f(x + sty. y + 5н) — f(x. y) 


5 5 


її) 
AY 






ey + 3йл) 


su sj 


= std + 
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Definition (16.24) 


Theorem (16.25) 


FIGURE 16.48 
rT 5 


To illustrate, suppose w = f(x, у) is the temperature at (x, у). If the 
temperature at Р is 50 and the temperature at Q is 51.5 , then Aw = 1.5 . 
If || РО || = 3 ст, then the average rate of change in temperature as a point 
moves from P to Q 18 





Aw А 
"a 0,5 per em. 

As in our previous work with derivatives, to find the instantaneous rate 
of change of f(x. y) at P in the direction determined by и, we consider the 
limit of the average rate of change Awys as s > 0. This is the motivation 
for the following definition. 





Let w= f(x, у), and let u=u,i+u,j be a unit vector. The 
directional derivative of f at P(x, y) in the direction of u, denoted 
by D, f(x, y), is 

D, f(x. y) = lim Par B gore fü » 


5-0 8 | 





If a is any vector that has the same direction as u, we shall also refer 
to D, f(x. y) as the directional derivative of f in the direction of a. 

The following theorem provides a formula for finding directional 
derivatives. 


If f is a differentiable function of two variables and u = uji + иј | 
is a unit vector, then 


D, f(x, у) = fx. yu, + SAX, yn. 


PROOF Consider x. y. и. and u, as fixed (but arbitrary), and let g be 
the function of one variable s defined by 


Uis) = f(x + su,, y + sus). 
From Definitions (3.6) and (16.24), 


; Я (5) — g(O) 
g (0) = lim g 090 


—0 5-0 

5 fx + sty, у + sus) — f(x. у) 
= lim = 

4-0 5 
= D. f(x, y) 


We next consider у as a composite function, with 
w=g9(s)=f(r,t) and r=x+su,, v= y+ sug. 


As indicated by the tree diagram in Figure 16.48, w is a function of r and 
v, and r and v are functions of one variable s. Applying a chain rule, we 
obtain 

dw Ow dr. ём dc 


ds | er 45 Cv ds’ 
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FIGURE 16.49 





У 


Using the definitions of w = g(s). r. апа r, we may rewrite this as 
gs) = fr. v)u, + filr, vs. 


If we let s = 0, then r — x. г = y. and, by the first part of the proof. 
q'(0) = D, f(x. v). Hence 


Da f(x. у) = fx. Ун + fx. yuz. um 


The first partial derivatives of f are special cases of the directional 
derivative D, f(x. v). Thus, if we let u =i, then u, = 1, u, = 0, and the 
formula in (16.25) becomes 

D, f(x, y) 29 fX, y) 
If u = j. then и, = 0, u, = 1. and we obtain 


р, fix. v) = fx. у): 


EXAMPLE 1 Let f(x. y) = x^v?. 

(а) Find the directional derivative of f at the point P( — 1. 2) in the direc- 
tion of the vector a — 4i — 3j. 

(b) Discuss the significance of part (a) if f(x. y) is the temperature at (x. у). 


SOLUTION 

(a) The vector a = 4i — 3j with initial point P( — 1, 2) is represented in 
Figure 16.49. We wish to find D, f( — 1, 2) for the unit vector u that has the 
direction of a. By Theorem (14.12). 








1 1 4 3 
= = Тт Зе} = 
u [а * jl E 5! 5} 
Since f(x, у)= 3х2у2 and f(x,y) = 2х5, 


it follows from (16.25) that 
D, f(x. y) = 3х2у2(1) + 2x29( - 3). 
Hence, at P(— 1, 2), 
D, f(—1.2) = 3 — 172) (3) + 2(— 19(2)( 3) = 12. 


(b) If f(x, v) is the temperature (in degrees) at (x. y). then D, f/(— 1.2) = 12 
tells us that if a point moves in the direction of u, the temperature at P is 
increasing at the rate of 12 per unit change in distance. It is of interest to 
compare this value with f,(— 1. 2) = I2and f(—1, 2) = —4, which are the 
rates of change in the horizontal and vertical directions, respectively. 





We may use Theorem (16.25) to express a directional derivative as a 
dot product of two vectors as follows: 
D, fix. у) = [f Ах. уй fx 3] + [0d + 0] 


The vector in the first bracket, whose components are the first partial 
derivatives of f(x. v). is very important. It is denoted by Vf(x, y) (read 
del f(x. v)) and is given the following special name. 
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Definition (16.26) ^ s ? 
l ! Let f be a function of two variables. The gradient of / (or of f(x, у)) 


is the vector function given by 


Vf (x. y) = f(x, уй + HO, Уу 





The gradient Vf(x, у) is sometimes denoted by grad f(x, y). From the 
previous discussion we have the following. 


Directional derivative 
(gradient form) (16.27) D, f(x, y) = Vf(x, y) u 





Thus, to find the directional derivative of f in the direction of the unit vector 
и, we may dot the gradient of f with и. Henceforth, we shall use this formula 
instead of Theorem (16.25) to find D, f(x, у). 


| и The symbol V (called del) is a vector differential operator and is defined 
FIGURE 16.50 by 


Г 

0 >Q 

Vul 7 +] "mo 

CX Cy 
vr], Its properties are similar to those of the operator d/dx (see Exercises 

j 35—40). Operating on f(x, y), it produces the gradient vector Vf(x, y). 
If Р,(хо, Vo) is a specific point in the xy-plane, we sometimes denote 
the gradient vector at Po by Vf ]p,. Thus, 








Р(х, Yo) r М А . 
Vf Jr = Vf (Хо, yo) = УДХо, Yoli + f Xo. Vo). 
» When we represent the vector Vf |p, graphically, we always take the initial 
X point at Po, as illustrated in Figure 16.50. 
EXAMPLE 2 Let f(x. y) =x? — 4xy. 
(а) Find the gradient of f at the point P(1, 2), and sketch the vector Vf |p. 
(b) Use the gradient to find the directional derivative of f at P(1, 2) in the 
direction from Р(1, 2) to О(2, 5). 
SOLUTION 
(a) By Definition (16.26), 
FIGURE 16.51 Vf(x, y) = (2х — 4yJi — 4xj. 
4 At P(1, 2), 


Q(2; 5) 


Vf], = Vf(1,2) = (2 — 8i — 4j = —6i — 4j. 
This vector is sketched in Figure 16.51, with initial point Р(1, 2). 
(b) If we let a = PQ, then 
a= (2-—1,5—2) = 1,3) =i+ 3j 
(see Figure 16.51). A unit vector having the direction of PO is 
1 


ип NEM E 
ljal] J10 





(i + 3j). 
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Gradient theorem (16.28) 


FIGURE 16.52 


Vix, v) 
Y 
u 
Р(х, v) 


FIGURE 16.53 
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Applying (16.27). we have 
D, (1.2) = Vf(1.2)*u 


= (—6i — 4j) - — (i + 3j) 
V 10 


1 18 E 
z——(—6—12)2 ——— 2 — 5.7. 
V10 v10 





Let P(x. y) be a fixed point, and consider the directional derivative 
D, f(x, у) asu = (иу, цэ? varies. For a given unit vector u, the directional 
derivative may be positive (that is. f(x. y) may increase) or negative ( f(x, y) 
may decrease) or 0. In many applications it is important to find the direc- 
tion in which f(x, у) increases most rapidly and the maximum rate of 
change. The next theorem provides this information. 


Let f be a function of two variables that is differentiable at the point 
Р(х, y). 
(i) The maximum value of D, f(x, y) at Р(х, y) is || Vf(x. y) ||. 


[ii] The maximum rate of increase of f(x, y) at Р(х. y) occurs in the 
direction of Vf(x, y). 


PROOF 


(i) We shall consider the point Р(х, у) and the vector Vf(x. v) as fixed 
(but arbitrary) and the unit vector u as variable (see Figure 16.52). Let 
7 be the angle between u and У/(х. y). By (16.27) and Theorem (14.22), 


D, f(x. y) = V(x, у) ч 
= || Vf(x. y)]| || ul] cos 7 
= || Vf(x. у) || cos 7. 


Since —1 < созу < 1, the maximum value of D, f(x, y) occurs if 
cos 7 = 1; in this case D, f(x. у) = || Vf(x. v) ||. 

(ii) The directional derivative D, f(x. v) is the rate of change of f(x, v) 
with respect to distance at Р(х. ү) in the direction determined Бу u. 
As in part (i), this rate of change has its maximum value if cos ; — 1— 
that is, if y = 0. However, if y = 0, then u has the same direction as 
Vf(x, y). um 


The gradient theorem (16.28) has an interesting and useful geometric 
interpretation. Let S denote the graph of z — f(x. y) in an xyz-coordinate 
system. As illustrated in Figure 16.53, the point Р(х. у) and the vector 
Vf(x. y) are in the xy-plane, and Q(x, v. f(x. у)) is the point on S corre- 
sponding to P. If a (variable) point in the xy-plane moves through P in 
the direction of V/(x, y), then, by (16.28)(ii), the corresponding point on 5 
moves up а curve C of steepest ascent at the point О on the graph of /. 
In Section 16.7 we discuss another geometric aspect of Vf(x. v). which 
involves the level curves of f. 
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Corollary (16.29) 


FIGURE 16.54 


ue 


Р(1,2) 





FIGURE 16.55 







Q(1. 2. 4) 


P, 2) 


°з. 
Vl. 2) 


2 Сэ? x 








Directional derivative of 
f(x,y, z) (16.30) 


Referring to the proof of the gradient theorem (16.28), we see that the 
minimum value of D, f(x. y) occurs if cos у = —1. In this case у = л (or 
у = 180 | and D, f(x. y) = – || (х, y) ||. which is the maximum rate of 
decrease of f(x. y). This gives us the following corollary to Theorem (16.28). 





Let f be a function of two variables that is differentiable at the point 
Р(х, y). 


(i) The minimum value of D, f(x, y) at P(x, y) is — || Vf(x, v) ||. 


(ii) The minimum rate of increase (or maximum rate of decrease) 
of f(x. y) at P(x, y) occurs in the direction of — Vfix, y). 


EXAMPLE 3 Let f(x. у) = 2 + х? + iy. 

(a) Find the direction in which /(x. v) increases most rapidly at the point 
Р(1. 2), and find the maximum rate of increase of f at P. 

(Ы) Interpret (a) using the graph of /. 


SOLUTION 
(a) The gradient of f is 
Vf(x, y) = 2xi + iyj. 
At P(1, 2). 
Vf(1, 2) = 2i + j. 


This vector, sketched in Figure 16.54, determines the direction in which 


f(x. y) increases most rapidly at Р(1, 2). 


The maximum rate of increase of f at P(1. 2) is 
| Vf(1,2)]| = || -2i |= /2? + 12 = 5 ж 223. 


(b) The graph S of f, an elliptic paraboloid, is sketched in Figure 16.55. 
The point Р(1, 2) and the vector V/(1, 2) are shown in the xy-plane. The 
point on 5 corresponding to P is Q(1. 2, 4). If a (variable) point in the 
xy-plane moves through P in the direction of Vf(1, 2), the corresponding 
point on the graph moves along a curve C of steepest ascent on the 
paraboloid. 


The directional derivative of a function f of three variables is defined in 
the same manner as in Definition (16.24). Specifically, if u = иі + uj + из 
is a unit vector. we have the following. 


f(x + su, y + sus. z + зиз) — f(x, y. 2) 





D, f(x, y. z) = lim 
s 5 


As in the two-variable case, D, f(x, y, 2) is the rate of change of f with 
respect to distance at P(x, v, z) in the direction of u. The gradient of f (or 
of f(x. у. 2)). denoted by V/(x. v. 2) or grad f(x. у. 2). is defined as follows. 
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Gradient of f(x, v, 2) (16.31) 


Theorem (16.32) 





V(x, у, 2) = LAX, y. Di + fox, у, 2)) + fix. у, z)k 


As in two dimensions, the gradient at a specific point Р,(Хо, Yo. Zo) 18 
denoted by Vf Jp,- 
The next result is the three-dimensional version of Theorem (16.25). 


If f is a differentiable function of three variables and 
u = иі + иј + usk is a unit vector, then 
D, f(x, y. 2) =ч У/ (х, y. 2): u 
= f(x, y, zu, + f(x, y, 2)и, + fix, y, z)us. 


As in Theorem (16.28), of all possible directional derivatives 
Р, f(x, y. z) at the point P(x, у, z), the one in the direction of Vf(x, y, 2) 
has the largest value, and that maximum value is || Vf(x, у, z) ||. 


EXAMPLE 4 Suppose an xyz-coordinate system is located in space 
such that the temperature T at the point (x, y, z) is given by the formula 
T = 100/(x? + y? + z?). 


(а) Find the rate of change of T with respect to distance at the point 
P(1, 3, —2) in the direction of the vector a =i — j + К. 


(b) In what direction from P does T increase most rapidly? What is the 
maximum rate of change of T at P? 


SOLUTION 
(а) By Definition (16.31), the gradient of T = 100/(x? + y? + 22) is 





OT, OT, ôT 
f= рк kb 
Ox бу Oz 
Since 
ОТ Е — 200x ОТ _ —200у oT _ — 200z 
ӧх (х3-у-207 ду (х2 + уг + 27) д (С-у 20 
we obtain 
nd — 200 3 й 
VI = 3 3 3.5 (х1 + yJ + zk). 
IEIET 
Hence 


-20 


0 
i + 3j — 2k). 
196 (i + 3j — 2k) 


VT |p = 





A unit vector u having the same direction as a = i — j + k is 


l 
а= =(i—j+k). 
V3 
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By Theorem (16.32), the rate of change of T at P in the direction of a is 
= m — 200 (1 — 3 — 2) 200 

Diet| p= VT |p = 196 = х 2.4. 

Ч 43 494/3 

If. for example, T is measured in degrees and distance is in inches, then 

T is increasing at a rate of 2.4 degrees per inch at P in the direction of a. 

(b) The maximum rate of change of T at P occurs in the direction of the 

gradient — that is, in the direction of the vector —i — 3j + 2k. The maxi- 
mum rate of change equals the magnitude of the gradient: that is, 


|17], = 





In this section we used the gradient of a function / primarily for find- 
ing directional derivatives. Later in the text other important aspects will 
be considered. We shall conclude this section with an application to 
thermodynamics. 

Let T = f(x. y) be the steady state temperature at the point (x, y) of a 
two-dimensional region R. (Steady state means that T is independent of 
time.) Fourier's law of heat conduction asserts that the rate q at which heat 
flows past a point Р(х. у) on the boundary of R is directly proportional 

FIGURE 16.56 to the component of the temperature gradient VT along the unit (outer) 
normal vector n to the boundary at P (see Figure 16.56). Thus, 


р eui" 4 =k comp, VT =KVT -n 


а \ for some scalar k (see Definition (14.25)). f VT -n = 0, the component in 
Р(х, y) VT the direction of the normal will be 0 (VT and n are orthogonal), and hence 
no heat will escape from the region at P. The boundary is then said to be 
R insulated at the point P. The region is insulated along part of a boundary 
if it is insulated at every point on that part. Analogous statements can be 

made for three-dimensional regions. 


FIGURE 16.57 EXAMPLE 5 Let R be the rectangular region in the xy-plane shown 
y in Figure 16.57, and let T — f(x. y) be the steady state temperature at 

(x. y). Find conditions on T that make the following insulated: 

(a) edge BC (b) edge 4B 





SOLUTION 


(а) We may use the vector i for the unit normal n to edge BC. Thus, BC 
is insulated if and only if, at each point P on BC. 


ia DI oT 
VT-i=0. or Є px 1) 3-5 = 0. 
x ду?) OX 


This means that the rate of change of T in the horizontal direction is 0. 


(b) A normal to edge AB is j. In this case AB is insulated if and only if 


I 
УТ:} = 0 or, equivalently. es = 


that is, the rate of change of T in the vertical direction is 0. 
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Exer. 1—6: Find the gradient of f at P. 
1 fix.) х! 4-У: P( —4, 3) 
2 f(x, y) = Ty — 5х; P(2, 6) 
3 f(x,y) =e% tan y; Р(0, 1/4) 
4 f(x, y =х1п(х – у); Р(5,4) 
5 f(x, y,z) m yr —2x', P(2, 3,1) 
6 f(x, y, 2) = xy?& P(2, —1, 0) 
Exer. 7—20: Find the directional derivative of f at the 
point P in the indicated direction. 
7 f(x, y) =x? — 5xy + 3y^ 
P(3, — 1). 
8 f(x, y) 2 x5 — 3x?y — y5; 
Р(1. 2),  uci(-i-43j) 


и = (42/2) + j) 


9 f(x, y) = arctan 2 
Р4,-4, а-21-3) 


10 f(x, y) 2 x? In y: 
P(S. 1), а--144 


11 fix, у) 29x — 4у2 — 1; 
P(3, —2), а-1-5) 





12 fix, у) == 
Р2,-1,  a-3i4 4j 


14 f(x, y) = xe”; 


15 f(x, y; z) = xyz: 
a=i+ 2j —3k 


16 f(x,y, 2) = x? + 3yz + 4ху; 
P(1,0, 5, а= 21 33+ К 


17 f(x,y,.2)-z 
а = 31 + j— 5К 
18 f(x, v, z) 9 xy sin 2; 

P(4.9, 1/4, а= 21 + 3j — 2k 


19 f(x, y. z) = (X + yy + 2); 


Р(3, 1,1), a=<¢—3,0,1> 


20 f(x.y,z) = 27 tan” (x + у); 


Р(0, 0, 4), а = (6,0, 1> 


Exer. 21—24: (a) Find the directional derivative of f at P 
in the direction from P to О. (0) Find a unit vector in the 
direction in which f increases most rapidly at P, and 
find the rate of change of f іп that direction. |с) Find a 


unit vector in the direction in which f decreases most 
rapidly at P, and find the rate of change of f in that 
direction. 

21 f(x, y) 2 x70"; P(2. 0), Q(—3. 1) 
P(—1/3. 2/6), 0(0, 0) 


Q(0, —5, 4) 


22 f(x, y)=sin (2x — у); 
23 fix, y. z) = үх! + y? + 22; P(—2,3. 1), 


: Х у 
24 f(x,y, 2)=— ==; 


: Р(0, —1.2) 
y 2 


Q(3, 1. —4) 


25 A metal plate is located in an xy-plane such that the 
temperature T at (x, у) is inversely proportional to the 
distance from the origin. and the temperature at P(3, 4) 
is 100 Е, 


(a) Find the rate of change of T at P in the direction of 
1+]. 
(Ы) In what direction does T increase most rapidly at Р? 
(<) In what direction does T decrease most rapidly at Р? 
id] In what direction is the rate of change 0? 
26 The surface of a lake is represented by a region D in the 


xy-plane such that the depth (in feet) under the point 
(x, y) is f(x, y) = 300 — 2x? — 33?. 


ja] In what direction should a boat at P(4. 9) sail in 
order for the depth of the water to decrease most 
rapidly? 
15) In what direction does the depth remain the same? 
27 The electrical potential V at (x. у. z) is 
Vmx*-4a4y* 4-927. 
[a] Find the rate of change of V at P(2, —1, 3) in the 
direction from P to the origin. 


[b] Find the direction that produces the maximum rate 
of change of V at P. 


(с) What is the maximum rate of change at P? 
28 The temperature T at (x. v, z) is given by 
T-4x* — y? + 1627. 


(a) Find the rate of change of T at P(4, —2, 1) in the 
direction of 2i + 6j — 3k. 


[b] In what direction does T increase most rapidly at Р? 
{с} What is this maximum rate of change? 
(9) In what direction does T decrease most rapidly at Р? 
[e] What is this rate of change? 
Exer. 29—30: Refer to the discussion that precedes Ex- 
ample 5. In each case, T is the temperature at (x, y). 
29 Shown in the figure is a semicircular region R. 
(a) Use polar coordinates to show that the upper bound- 
ary АВ is insulated if and only if C T/£r = 0. (Hint: 
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Show that if T = f(x. v). with x =r cos 0 and y = (a) If T(x, v) is the temperature at (x. y). use Exercise 31 
r sin 0, then CT. cr = (CT €x) cos 0 + (CT Cy) sin 0.) with h = 1 to approximate V T(3, 3). 
[b] Interpret €T ras a rate of change of T. {Б} Estimate the direction of maximum heat transfer at 
EXERCISE 29 Y (3,3). 
{с} Estimate the instantaneous rate of change of T in the 
direction of a = —i + 2j at (3. 3). 
EXERCISE 32 
y (mm) 


Temperature grid (^F) 





30 Shown in the figure is a circular sector whose boundary 
AB is insulated. 
|a) Use polar coordinates to show that the insulation 
condition is equivalent to CT £0 = 0 for every point 
on the segment АВ. 
(b) Interpret 07/00 as a rate of change of T. 


EXERCISE 30 





31 In some applications it may be difficult to directly cal- 
culate the gradient. Vf(x. y). The following approxima- 





tions are sometimes used for the components, where | ә 3 4 
- E x (mm) 
h x 0: 
fix + h.v — fix — Л. у) : с Ч : 
TAX.) x i [c] Exer. 33-34: Extend the approximation formulas іп 
20 Exercise 31 to the first partial derivatives of f(x, y, z), 
{ду fix. y th) — fix. y —hn and then use Л = 0.01 to approximate the directional 
na 2h derivative of f at Р.(1, 1, 1) in the direction of u. 
[a] Show that these approximations improve as h — 0. x? sin y tan = | es un 
: à P | EK ауа u=——(i+j+k) 
[b] If f(x. у) = х?/(1 + у). approximate V/(1. 2) using x" + 3^2 43 
һ = 0.01 and compare the approximation with the ЕЕ | 
| x5 343x727 2 
cxact result. 36 (хус) SSS > w=—(2i-j+k) 
| | : 4x^y7 + cosh (үг) ” 
32 An analysis of the temperature of each component ts 
crucial to the design of a computer chip. Suppose that Exer. 35-40: If u = f(x, y), v = g(x, y), and f and g are 
for a chip to operate properly, the temperature of each differentiable, prove the identity. 
component must nol exceed 78 F.H a component is B Sicile ive BERGE 
likely to become too warm, engineers will usually place 
it in a cool portion of the chip. The designing of chips зь V(u- v) = Vu + Vt 37 V(ur) =u Vr + v Vu 
is aided by computer simulation in which temperature f o — E 
gradients are analyzed. A computer simulation for а new 38 v( 4 - A with #0 


chip has resulted in the temperature grid (in. F) shown 
in the figure. 39 Vu" — nu" ' Vu for every real number n 
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dw 42 Refer to Exercise 41. If f(x. у) = (ху + у) and 0 = 7/3, 

40 If w= h(u), then Vw = a Vu. find D, f(2. —1). 
41 Let и be a unit vector and let ( be the angle, measured 43 If f, fa and f, are continuous and Vf(x, y) = 0 on a 
in the counterclockwise direction, from the positive x- rectangular region К = (х. ya < x < b, e« y « dj, 
axis to the position vector corresponding to u. prove that f(x. y) is constant on R (see Exercise 46 of 


[ај Show that Section 16.5). 


44 Suppose w = f(x. y). x = g(t), y = A(t), and all functions 
are differentiable. If r(r) = xi + yj. prove that 

[b] If f(x, у) = x^ + 2xy — y? and 0 = 52/6, find РЭН ria 
D. 72 —3). dt | 


D, f(x. у) = fx. v) cos 0 + fix, y) sin 0. 


16.7 TANGENT PLANES AND NORMAL LINES 


FIGURE 16.58 Suppose a surface 5 is the graph of an equation F(x, y. z) = 0 and F has 
: continuous first partial derivatives. Let Po(xo. Vo» 20) be a point on S at 


which F,. Р, and Р. are not all zero. A tangent line to S at Р, is, by def- 
inition, a tangent line / to any curve C that lies on 5 and contains Р, (see 
Figure 16.58). If C has the parametrization 


x= fh yeu zz) 





for t in some interval / and if r(t) is the position vector of P(x, y. z), then 
r(t) = fDi + gti + ЛОК. 

Hence 
ги) = ftn c gj ЛЖ 


is a tangent vector to € at Р(х. y. 2). as indicated in Figure 16.58. 
For each t, the point ( f(t). g(t), h(t)) on € is also on S. and therefore 





ЕСГ). git), hio) = 0. 
If we let 
часка w= F(x, y,2), with x=/f(), y= g(t), 2-0), 
then using a chain rule and the fact that w = 0 for every t, we have 


dw Ow dx. Ow dy ёи 


= — Чи += = 0. 
dt дха дуй 0204 


Thus, for every point Р(х, y, z) on С, 

FAX. yz (+ FAX, Hag) + Fx; y, zh'(t) = 0, | 

or, equivalently, | 
VF(X, y. z)-r(t) 20. 

In particular, if Роха. vo. 20) corresponds to 1 = to, then 

УЕТ "t (ШЧ) = VE os Nos Zo) HEE) =, 


Since r'(to) is a tangent vector to € at Po. this implies that the vector VF ]p, 
is orthogonal to every tangent line | to S at Р, (see Figure 16.59). 
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The plane through P, with normal vector VF |,, is the tangent plane 
to S at Py. We have shown that every tangent line | to S at Po lies in the 
tangent plane at Py. The following theorem summarizes our discussion. 


Theorem (16.33) 
Suppose F(x, y, z) has continuous first partial derivatives and 5 is 
the graph of F(x, y. z) = 0. If Py is a point on S and if F,, Fy, and Р. 
are not all 0 at Py. then the vector VF ]p, is normal to the tangent 
plane to S at Po. 


We shall refer to VF |,, in Theorem (16.33) as a vector that is normal 
to the surface S at Po. Applying Theorem (14.36) gives us the following 
corollary, where we assume that Fx, F,. and F. are not all 0 at Po. 


Corollary (16.34) 
An equation for the tangent plane to the graph of F(x, у. 2) = 0 at 
the point Ро(хо. yo. 20) is 


F (Xo. Yos 20)(Х — Xo) + F (Xo. Yos ZoKY — Yo) + ЁДХо, Yo: zo)(z — 20) 


EXAMPLE 1 Find an equation for the tangent plane to the ellipsoid 
3y? + 3y? + 2? = 12 at the point Po(2, 1, v6), and illustrate graphically. 


SOLUTION То use Corollary (16.34), we first express the equation of 
the surface in the form F(x, у. z) = 0 by letting 
F(x, у, 2) = фх? + 3y? +22 — 12 = 0. 
The partial derivatives of F are 
Ех, у, 2) = 3%, ЕДх,у,2) = бу, Ех, у„2) = 22, 
FIGURE 16.60 and hence, at Ро2. 1, 4/6). 
FA2,1,4/6) 23, F,(2,1,4/6) = 6, F42. 1, 6) = 24/6. 
We now apply Corollary (16.34), obtaining the equation 
3(x — 2) + Oy — 1) + 246(z — 46) = 0, 
or, equivalently. 
3x + бу + 24/6 = 24. 


The ellipsoid has х-, у-, and z-intercepts +4. +2, and + 12, respec- 
tively, and is sketched in Figure 16.60. A normal vector to the tangent 
plane at the point Po(2. 1, 6) is 

VF |p, = VF(2. 1, 6) = 3i + 6j + 24 6k. 


as shown in the figure. 
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Theorem (16.35] 


If z = f(x, y) is an equation for 5 and we let F(x. y, 2) = f(x. y) — г. 
then the equation in Corollary (16.34) takes on the form 
fixo. YoMX — Xo) + хо» Yol(Y — yo) + (— DE — Zo) = 0. 
This gives us the following. 


An equation for the tangent plane to the graph of z = f(x, y) at the 
point (хо, уо. Zo) is 


2 — Zo = flXos у0)(х — xo) + Lo, YoY — yo). 


The line perpendicular to the tangent plane at a point. Рс(Хо, Уо» 20) 
on a surface 5 is a normal line to S at Po. If S is the graph of F(x. y. 2) = 0. 
then the normal line is parallel to the vector VF(xs, Yo» Zo). 


EXAMPLE 2 Find an equation of the normal line to the ellipsoid 
ix^ + 3y? + 2? = 12 at the point P,(2, 1, 4/6). 
SOLUTION This surface is the same as that considered in Example 1. 
Consequently the vector 

VF(2, E х 6) - 3i T 6j + 2/6К, 
shown in Figure 16.60, is parallel to the normal line. Using Theo- 


rem (14.34), we obtain the following parametric equations for the normal 
line: 


х-243, p=1+6t, >= /6+2/6; гіп К 


EXAMPLE З Let Р, be the point (3, —4,2) on the hyperboloid 
16х? — 9y? + 3627 = 144. Find equations for the tangent plane and the 
normal line at P,. 


SOLUTION The hyperboloid sketched in Figure 16.61 is the same as 
that sketched in Figure 14.69. Letting 
F(x, у, 2) = 16x? — 9y? + 362? — 144, 
we obtain 
VF(x, y, z) = 32xi — 18yj + 72zk. 

Hence a normal vector to the hyperboloid at Р,(3. —4. 2) is 

VF |р, = 96i + 72] + 144k. 
Any scalar multiple of VF ]p, is also a normal vector. In particular, since 

VF |p, = 24(4i + 3j + 6k), 


we may use a = 4i + 3j + 6k. Thus, an equation for the tangent plane at 
Po(3, —4, 2) is 


4(x — 3) + Xy + 4) + 6(z — 2) = 0, 
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FIGURE 16.62 






х ! 
| cM 14:| 
E 
a 
(ху, Yor 0) ie | y 


А(х + Ax, yg + Ay, 0) 


FIGURE 16.61 
16x? — 9y? + 362? = 144 


> 





or, equivalently, 
4x + 3y + 62 = 12. 


This plane has х-, y-, and --intercepts 3, 4. and 2, respectively (see Fig- 
ure 16.61). Note that unlike the one in Example 1. the tangent plane at Po 
intersects the surface at many points. 

Using a as a normal vector leads to the following parametric equa- 
tions for the normal line / in the figure: 


x=3+4t, у--4-3, 2=2+6t; гіп К 


Suppose S is the graph of the equation z = f(x, y). The tangent plane 
to S at Р(х. Vo: zo) may be used to obtain a geometric interpretation 
for the differential 

dz = fx, yo) Ax + f.(Xo. Yo) Ay, 
which was defined in (16.15). Since 
Az = fixo + Ах, Уо Ч Ху) а f (Xo; Yo). 


the point Р(х + Ax, Vo + Ay. zo + Az) is on 5 (see Figure 16.62). 

Let C(x, + Ax. ro + Ay. 2) be on the tangent plane, and consider the 
points А(х + Ax, у, + Ay. 0) and В(х + Ax, ро + Ау, Zo) shown in Fig- 
ure 16.62. Since C is on the tangent plane, its coordinates satisfy the equa- 
tion in Theorem (16.35); that is, 


2 — 20 = JA Xo Yol(Xo + Ax — Xo) + f(Xo. Yol(Yo + Ау — Yo) 
= fxg, yo) Ax + fxo. yg) Ay = dz. 
In terms of distances, we have shown that | dz | = || BC ||; that is, |dz | 


is the distance from B to the point on the tangent plane that lies above (or 
below) B. This is analogous to the single-variable case y — f(x) discussed 
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FIGURE 16.63 
Isothermal surfaces 


F(x, y, 2 


Е(х, y, z) 


FIGURE 16.64 
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Theorem [16.36] 


in Section 3.5, where we interpreted dy as a distance to a point ona tangent 
line to the graph of f (see Figure 3.27). It follows that when dz is used as 
an approximation to the change in z, we assume that the surface $ almost 
coincides with its tangent plane at points close to Po. 


As an application of the discussion in this section. suppose a solid, 
liquid, or gas is situated in a three-dimensional coordinate system such 
that the temperature at the point Р(х, у, z)is w = F(x. y. 2). If Po(xo, yo. Zo) 
is a fixed point, then the graph of the equation 


F(x. y, z) 9 Ехо. fo. Zo) 


is the level (isothermal) surface that passes through P. For every point on 
this surface. the temperature is wy = Ехо. Vo. 20]. lt is convenient to 
visualize all possible level surfaces that can be obtained by choosing dif- 
ferent points. Several surfaces through Pa. P,. and Р, corresponding to 
temperatures Wy, w,, and ws are sketched in Figure 16.63. By Theorem 
(16.33), VF ]p,. VF ]»,. and VF],, are normal vectors to their correspond- 
ing surfaces at the points Py. P,. and P. respectively. 

In Section 16.6 we saw that the maximum rate of change of F(x. v, 2) 
at Pol Xo. Fo» 20) is in the direction of VF |, . From the preceding remarks, 
this maximum rate of change takes place in a direction that is normal to 
the level surface of F that contains Po. 

The following theorem summarizes these remarks. 


Let a function F of three variables be differentiable at Po(xo. Yo. Zo). 
and let 5 be the level surface of F containing Po. If VF(xo, Vo, zo) # 0, 
then this gradient vector is normal to S at Po. Thus, the direction 
for the maximum rate of change of F(x, y, z) at Pa is normal to S. 


The preceding theorem is illustrated in Figure 16.63. where the maxi- 
mum rate of change of temperature takes place in directions normal to the 
isothermal surfaces. Another illustration is found in electrical theory. 
where Р(х. v. 2) is the potential at (x. y. 2). If a particle moves on one of 
the level (equipotential) surfaces. the potential remains constant. The 
potential changes most rapidly when a particle moves in a direction that 
is normal to an equipotential surface. 


EXAMPLE 4 If Fix. v. z) =x? + y? + т. sketch the level surface of F 
that passes through Р(1, 2, 4) and sketch VF(1, 2, 4). 


SOLUTION The level surfaces of F are graphs of equations of the form 
F(x, y. z) = k, where k is a constant. Since F(1.2.4) = 12 + 22 4-4 — 9, 
the level surface 5 that passes through P(1, 2, 4) is the graph of the equa- 
tion F(x, y, z) = 9—that is, of 


3 > 


Ct 412—9, or 2=9 = – у, 


The graph of this level surface, a paraboloid of revolution, is sketched in 
Figure 16.64. 
The gradient of F is 


VF(x. у, 2) = 2xi + 2yj + К. 
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At Р(1. 2, 4), 
VF(Y, 2. 4) = 2(1)i + 22)j +k = 21+ 4j + К. 


The vector VF(1, 2. 4) is sketched in Figure 16.64. By Theorem (16.36). 
VF(1, 2. 4) is orthogonal to the level surface S at P. 


The following result for functions of rwo variables is analogous to 
Theorem (16.36). 


Theorem (16.37) 
Let a function f of two variables be differentiable at Р,(хо. уо). and 
let С be the level curve of f that contains Po. If Vf(xo. yo) # 0, then 
this gradient vector is orthogonal to C at Py. Thus, the direction for 
the maximum rate of change of f(x. y) at P, is orthogonal to C. 


FIGURE 16.65 Theorem (16.37) is illustrated graphically in Figure 16.65 for an arbi- 

/ trary function f of two variables. The level curves through Р,(Хо, vo). 
P (хү. уу), and Р.(хь, у) are the graphs of f(x. y) = ko, f(x. y) = Ау. and 
f(x,y) = Кә, respectively, where ko = f(xg, yo. ki = f(x4. у). and 
ky = f(xs. ул). By Theorem (16.37). the vectors Vf |,,. Vf ]p,. and Vf |p, 
are orthogonal to the level curves, as indicated in the figure. If each level 
curve € is an isobar on a weather map, then the barometric pressure does 
not change as a point moves along C. The vector Vf |» at a point P on an 
isobar points in the direction in which the barometric pressure changes 
most rapidly. 

As a specific illustration of Theorem (16.37), if f(x. y) = 9 — X? — y^. 
then the level curves are given by 9 — x? — y? = k, where k is a real num- 
ber (see Example 3 of Section 16.1). Some of these level curves (circles) are 
shown in Figure 16.66. By Theorem 16.37. the maximum (or minimum) 
rate of change of f(x, v) occurs if (x. у) moves in a direction orthogonal 
to these circles, and hence along lines through the origin. This corresponds 
to movement of the point (x. y. f(x. у)) up (or down) the steepest part of 
the graph of f sketched in Figure 16.64. 





FIGURE 16.66 


Level curves; 9 — x7 — ү? =k 
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FIGURE 16.67 








EXERCISES 16.7 


EXAMPLE 5 Let f(x. y) = x? + 202. 

(a) Sketch the level curve C of f that passes through the point P(3. 1), and 
sketch У/(3. 1). 

(b) Discuss the significance of part (a) in terms of the graph of f. 


SOLUTION 
(a) Since /(3. 1) = 32 + 21? = 9 + 2 = 11, the level curve of f that passes 
through the point P(3, 1) is given by f(x. v) = 11 —that is, by 
x* 4 2y* = 11. 
The graph is the ellipse sketched in Figure 16.67. The gradient of f is 
Vf(x, y) = 2xi + 41]. 
and hence VAB. 1) = 2(3)i + A(1)j = 6i + 4j. 


The vector V/(3, 1) is shown in Figure 16.67. By Theorem (16.37). this 
vector is orthogonal to the level curve С. 

(b) The graph of f (that is, of z = х2 + 212) is an elliptic paraboloid (see 
Figure 16.68). The level curve x^ + 21? = 11 in the xy-plane corresponds 
to the trace of the paraboloid on the plane т = 11. The maximum rate of 
change of f(x. у) occurs if the point (x. у) in the xy-plane moves in the 
direction of V/(3, 1) аг P(3. 1). This corresponds to movement of the point 
(x. y. f(x. у)) up the steepest part of the paraboloid at Q(3. 1. 11). 


Tangent planes can be used to obtain successive approximations to a 
solution of a system of two nonlinear equations, f(x. у) = 0. g(x, у) = 0. 
from a first approximation (хү. у) by performing the following steps. 

Step 1 Use Theorem (16.35) to find equations of the tangent 

planes to the graphs of f and g at the points (ху. уу. f/(N4. уу) and 

(Хү, Уу, 9 Хү. Уу) 

Step 2 Find the trace in the xy-plane of each tangent plane in Step 1. 

Step 3 Find the point of intersection (x5. v5) of the traces found in 

Step 2. 

Step 4 Take (x5. va) as a second approximation and repeat Steps 1-3. 

This process is a geometric description of Newton's method, discussed 
at the end of Section 16.4. 





Exer. 1-10: Find equations for the tangent plane and the 
normal line to the graph of the equation at the point P. 


1 4x? — у? + 322 = 10; 


P(2, —3, 1) 
P(4, 1. —2) 


P(—2, —1, 25) 


Р(5, —8, 36) 


5 xy + 2yz — xz?! + 10 = 0; P(—5. 5. 1) 
6 х? —2xy +25 + 7046 = 0; P(1.4. —3) 
7 2=2e7* COs ji; Р(0. 2/3. 1) 
8 2=1пху; Pi. 3. 0) 
9 v In 2: Р(0, 2. 1) 
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10 xyz —4xz? + у? = 10; P(—1, 2, 1) 


Ехег, 11—14: Sketch both the level curve С of f that 
contains P and У/],. 


11 far P(2,1) 
12 f(x. у) = 3x – 2р; P(—2.1) 
13 f(x,y)2x*—5;  P(—3,5) 
14 f(x, у) = xy: P(3,2) 


Exer. 15-20: Sketch both the level surface 5 of F that 
contains P and VF],. 


x yt 2xXg . 2yyo 
24 + = P^ —— = (2 + 2 
a 79 а? be | o) 
25 Find the points on the hyperboloid of two sheets 


26 


27 


x? — 2y? — 4z? = 16 at which the tangent plane is par- 
allel to the plane 4x — 2y + 4z = 5. 

Show that the sum of the squares of the x-, y-, and z- 
intercepts of every tangent plane to the graph of the 
equation x?? + 23 4 274 = a7? is the constant a?. 
Prove that every normal line to a sphere passes through 
the center of the sphere. 


"үз roe ы гё ” 28 Find the points on the paraboloid = = 4x? + 947. at 

F(x, у. 2) = Xx ty +27: Р(1,5,2) which the normal line is parallel to the line through 
16 F(x. y. 2) =2— 5° y; P(2, —2, 1) P(—2, 4, 3) and Q(S. — 1. 2). 
17 F(x, y, 2) = X-c-2y-rF3z; Р(,4,1) 29 Two surfaces are said to be orthogonal at a point of 

› › А intersection P(x, v, 2) if their normal lines at P are or- 

18 су. 2) =x? + yt — 22; P3. — ' 1 

Нүх, у, 2) m x^ +) 2% PS, —1. 1) thogonal. Show that the graphs of Fix, у.с) = 0 and 
19 F(x,y,z)e x^ y? P(2. 0. 3) G(x. у.с) = 0 (where F and G have partial derivatives) 
20 Fix, у, ez P(2. 3.4) are orthogonal at P if and only if 

F,G, 4 Е.б, + F;G, — 0. 


Exer. 21-24: Prove that an equation of the tangent plane 
to the given quadric surface at the point Р(х, Ya Zo) 
may be written in the indicated form. 


Refer to Exercise 29. Prove that thesphere with equation 
x? + у? +2? = а? and the cone x? + y? — z? = 0 are 


» 


у? 


+ 


e 


A 


э 


2 


2 


ХХ, 
E. 


а? 


хху 





= 
аг 


Vo 51 


b? 


lo 


b? 


orthogonal at every point of intersection. 


гс | Exer. 31-32: For the given system of equations and first 
approximate solution (х,, y,), use Steps 1-4 stated at 
the end of this section to find a second approximation 
(Xas V2). 


31 (1.3, 1.1) 


(1.2. 0.3) 


x? — у? — Q, 


32 sinx —cosy 20, x? – у —1.3=0; 


16.8 EXTREMA OF FUNCTIONS OF SEVERAL VARIABLES 


In Chapter 4 we discussed local and absolute extrema for functions of 
one variable. In this section we extend these concepts to functions of sev- 
eral variables. 

A function f of two variables has a local maximum at (a, b) if there 
is an open disk R containing (а. b) such that f(x. у) € fla, b) for every 
(x. y) in R. The local maxima correspond to the high points on the graph 
S of f. as illustrated in Figure 16.69. Similarly, the function / has a local 
minimum at (c. d) if there is an open disk R containing (c. d) such that 
fix. y) > fic, d) for every (х, y) in R. The local minima correspond to the 
low points on the graph of f, as illustrated in Figure 16.70. 

A region in the xy-plane is bounded if it is a subregion of a closed disk. 
If 15 continuous on a closed and bounded region R, then f has a maxi- 
mum f(a. b) and minimum f(c, d) for some (a. b) and (c. d) in R; that is, 


Me, d) € f(x, у) € fla, b) 


for every (x. y) in R. The proof may be found in texts on advanced calculus. 
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FIGURE 16.69 FIGURE 16.70 
Local maximum f(a, b) Local minimum f(c. d) 


Definition (16.38) 





N 








2 f(x, v) 
| «f 
! 5 
1 fix, y) 
| 
| f(x. у)! 
fla, by! jf, y) | ! ffc. d) 
zl | 
(a, b, 0) ЇГ d “тэс: 
226 i» — R a NT d, 0) y 
К ~~~, у, 0) x (x, у, 0) 


The local maxima and minima are the local extrema of f. The extrema 
also include the maximum and minimum (if they exist). If f has contin- 
uous first partial derivatives at (xo. уо) and if f(x». Vo) is a local extrema 
of f. then the tangent plane to the graph of z = f(x. y) at (xo. vo. Zo) 15 
parallel to the xy-plane, and hence its equation is 7 = Zp. It follows from 
Theorem (16.35) that /.(Хо, Уу) = 0 and f,(xo, уо) = 0. Therefore the pairs 
that yield local extrema must be solutions of both 


fix. y)=0 and f(x, у) =0. 


As was the case for functions of one variable, local extrema can also occur 
at (x, y) if either f(x, у) or f(x, y) does not exist. All of these pairs are 
crucial for finding local extrema, so we shall give them a special name. 


Let f be a function of two variables. A pair (a, b) is a critical point 
of f if either 


i) fa, b) = 0 and fla, b) = 0, ог 
(н) f(a, b) or /Ца, b) does not exist. 


When searching for local extrema of a function, we usually begin by 
finding the critical points. We then test each pair in some way to determine 
if it yields a local maximum or minimum. 

A maximum or minimum of a function of two variables may occur at 
a boundary point of its domain R. The investigation of such boundary 
extrema usually requires a separate procedure, as was the case with end- 
point extrema for functions of one variable. If there are no boundary 
points —for example, when R is the entire xy-plane or an open disk- 
then there can be no boundary extrema. 


EXAMPLE 1 Let f(x, y) = 1 +x? + у?, with x? + y? < 4. Find the 
extrema of f. 
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FIGURE 16.71 





FIGURE 16.72 





Definition (16.39) 





SOLUTION The restriction x? + у? < 4 corresponds to the closed disk 
R of radius 2 and center O in the xy-plane (see Figure 16.71). By Defini- 
tion (16.38)(i), the critical points are solutions of the following system of 


two equations: 
os y)=0 | 
: or 
УХАХ, y) =0 


The only pair that satisfies both equations 15 (0, 0); hence /(0,0) = 1 is 
the only possible local extremum. Moreover, because 


li 


N N 


Il 


8-0 
у-0 


fx,y-1-x?-y*»1 if (х, у) 3 (0, 0), 


Г has the local minimum 1 at (0. 0). This fact may also be seen from the 
graph of f, sketched in Figure 16.71. The function value /(0, 0) = 1 is also 
the minimum of f on R. 

To find possible boundary extrema, we investigate points (a, b) that 
lie on the boundary of R. Referring to the figure, we see that any such 
point (for example, (0, 2)) leads to the maximum /(0, 2) = 5. 


As illustrated in the next example, not every critical point may lead 
to an extremum. 


EXAMPLE 2 If f(x. y) = y? — x? and the domain of f is R?, find 
the extrema of f. 


SOLUTION By Definition (16.38)(i), the critical points are solutions of 
the following system of two equations: 


m у) = 0 —2x = 0 

fix.y=0 2 2у-0 

As in Example 1, the only possible local extremum is /(0, 0) = 0. However, 
if y # 0. then f(0, у) = у> > O,andifx 4 0. then f(x, 0) = —x? < 0. Thus, 
every open disk in the xy-plane containing (0, 0) contains pairs at which 
function values are greater than /(0. 0) and also pairs at which values are 
less than /(0, 0). Consequently f has no local extrema. This fact is also 


evident from the graph of f, a hyperbolic paraboloid. sketched in Fig- 
ure 16.72. 


To determine the extrema of a more complicated function f of two 
variables, it is convenient to use the following function D, called the dis- 
criminant of f. 


Let f be a function of two variables that has continuous second 
partial derivatives. The discriminant D of f is given by 


D(x, y) fx. у)/„(х. y) — Сх, у]. 
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One way to remember the formula for the discriminant is to use the 
following determinant, with all functions evaluated at (x. y): 


D fe 


D= 
Jiz hy 


= diss = Uy 








Note that we have used the fact that fix = f;,. 
The following test is stated without proof. It is the counterpart of the 
second derivative test for functions of one variable. 


Test for local extrema (16.40) Е н : : 
Let f be a function of two variables that has continuous second раг- 


tial derivatives throughout an open disk R containing (a, b). If 
fa. b) = fla, b) = 0 and D(a, b) > 0, then f(a, b) is 


(i) a local maximum of f if fla. b) «0 
(li) a local minimum of f if /, (а. b) > 0 


Note that if Dia, b) > 0. then / (а. Б)/, (а, b) > | fia. b)? and hence 
fala. b) f (a. b) is positive: that is, /, (а. b) and f, (а. b) have the same sign. 
Thus. we may replace /, (4, b) in (i) and (ii) of the preceding test by /, (а. b). 

A point P(a, b, f(a, b)) on the graph of f is a saddle point. or a saddle 
point for f, if fda, b) = fia. b) = 0 and if there is an open disk R contain- 
ing (a,b) such that f(x. v) > f(a. b) for some points (x. y) in R and 
Гох, у) < f(a, b) for other points. Note that the graph of the hyperbolic 
paraboloid in Figure 16.72 has the saddle point (0, 0, 0). The following 
theorem is proved in advanced calculus texts. 


Theorem (16.41) r ] | — 
Let f have continuous second partial derivatives throughout an 


open disk R containing (a, b). If f(a, b) = f(a, b) = 0 and Dia, b) < 0, 
then the point Р(а. b, f(a, b)) is a saddle point on the graph of f. 


We cannot use (16.40) to determine whether f(a. b) is a local extrema 
if Dia, b) = 0 or if either f(a. b) or fla, b) does not exist. In these cases 
we must analyze the variation of f(x. y) near (a. 5) by referring to the defi- 
nition of f(x, y) or the graph of f. To illustrate, if f(x, у) = —(x? + y?) 
then the partial derivative f(x, v) = —3v ' ° does not exist if y = 0. Hence 
every point (а. 0) on the x-axis is a critical point of f. From the graph of 
f in Figure 16.17(1) it is evident that /(0, 0) = 0 is both a local maxi- 
mum and a maximum of f in R?. We can show this algebraically by ob- 
serving that if (x. y) z (0, 0). then f(x, v) < 0. Since many such exceptions 
to (16.40) require complicated analyses. we will not consider examples or 
exercises of this type. 





EXAMPLE 3 ЇЇ f(x.) = x? – 4ху + у? + 4у. find the local ex- 
trema and saddle points of f. 


SOLUTION The first partial derivatives of f are 
fáx.y)—5 2x —4y and f(x,y) = —4x4 3y? 4- 4. 
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Critical point 
(4. 2) 


4 2 
(3. 4) 


FIGURE 16.73 
y 





Since /, and /, exist for every (x. y). the only critical points are the 5011- 
tions of the following system of two equations in two unknowns: 


2x —4y 20 
—4x + 3y? 44-0 


Solving this system, we find that f has the two critical points (4, 2) and 
(3. 3). The second partial derivatives of f are 


fsbo I =25 /.( 9-4: үх, у) = бу. 
Hence the diseriminant D is given by 
Dix. у) = (2)(бу) — (—4)? = 12y — 16. 


The remainder of the solution is arranged in the following table. 


Value of the 
discriminant Value of fox Conclusion 
D(4,2—820 144.2) 2220 104. 2) = 0 is a local minimum 
Бу (16.40)(ii) 
р(3,3)--8-0 irrelevant (5. 5. 703. 2) is a saddle point 
by (16.41) 


EXAMPLE 4 If f(x, y) = x? — 4xy + y? + 4y, find the extrema of 
f on the triangular region R that has vertices (—1, —1), (7, — 1), and 
(7. 4). 


SOLUTION The boundary of R consists of the line segments C,, С,. 
and C,. as shown in Figure 16.73. In Example 3 we found that f has a 
local minimum 0 at the point (4, 2), which is within R. Thus, we need 
only check for boundary extrema. 
On C, we have y = — 1. so values of f are given by 
f(x, -1)2 x +4x —1—4-— x? + 4x — 5. 
This determines a function of one variable whose domain is the interval 
[ —1. 7]. The first derivative is 2x + 4, which equals 0 at x = —2, a 
number outside the interval [ —1. 7]. Thus, there is no local extremum 
of f(x, = Поп [ — 1. 7]. Since fix, — 1) is increasing throughout this inter- 
val. we obtain the endpoint extrema 
J(—1,—1)2 —8 and /f(7,—1)2 72. 
On C; we have x — 7, and values of f are given by 
fU, y) = 49 — 28у + y? + 4у = у? — 24у + 49 
for —1 € v € 7. The first derviative of this function of y is 3y? — 24, and 
hence there is a critical number if 3y? = 24, or y = y8 = 24/2. Using the 
second derivative бу of f(7. y), we see that /(7, 24/2) = 49 — 32 2 z3 
is a local minimum for fon the segment C5. However, it is not a minimum 
for f on R, since f(— 1, —1) = —8 < 37. The values of f at the endpoints 








866 


Critical point 


(3, 1) 
(3, — 


i 


1) 


1) 
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of С, are 
f(7, —1) = 72. and f(7, 7) = 224. 
Finally, on C, we have y = x, and values of f are given by 
fix. x) = x? — 4x? + x? + 4x = x? — 3x? + 4х. 


The first derivative 3x? — 6x + 4 has по real roots, and hence there аге 
no critical numbers for f(x. x). We have already calculated the endpoint 
values f(—1, —1) = —8 and /(7. 7) = 224. These, therefore, are the 
minimum and maximum values for f on the triangular region R. 


EXAMPLE 5 If f(x. у) = іх? + $y? – х? -3х-4у-3, find the 
local extrema and saddle points of /. 


SOLUTION The first partial derivatives of f are 
Їїх,уу--х!-2х-3 and f(x, y) = 4у? — 4. 


Since f, and f, exist for every (x, y). the only critical points are the solutions 
of the following system: 


ive Dre 3-0 
4/2-4-0 


Solving this system, we obtain the four critical points (3, 1), (3. — 1). 
(—1, 1), and (— 1, — 1). The second partial derivatives of f are 


fao у) = 2х—2, foly) = 0, fy(x, y) = 8y. 
Hence the discriminant D is given by 
D(x, у) = (2x — 2)(8y) — 0? = 1бу(х — 1). 


Let us arrange our work in the following table. 


Value of the 

discriminant 
(3, 1) = 32 >0 
D(3, —1) = – 32 <0 


001,1) = —32« 0 


D(—1, 1) = 32 > 0 


Value of fex Conclusion 

1:43,1-24»0 {(3. 1) = —4# is а local minimum 
by (164011) 

irrelevant (3. —1, f(3, —1)) is a saddle point 
by (1641) 

irrelevant (—1. 1, f(—1, 1)) is a saddle point 
by (1641) 

fed—1, —1) = —4«0 fC—1. —1) = Fis a local maximum 


by (16.40)(i) 


EXAMPLE 6 A rectangular box with no top is to be constructed 
to have a volume И = 12 ft^. The cost per square foot of the material to 
be used is $4 for the bottom. $3 for two of the opposite sides, and $2 for 
the remaining pair of opposite sides. Find the dimensions of the box that 
will minimize the cost. 
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FIGURE 16.74 





SOLUTION As in Figure 16.74, let x and y denote the dimensions (in 
feet) of the base and z the altitude (in feet). Since the area of the base is 
xy and there are two sides of area xz and two sides of area yz, the cost C 
(in dollars) of the material is 


C = 4ху + 3(2xz) + 2(2yz), 
where х, у, and т are positive. Since V = xyz = 12, it follows that 
2 = |2/(xy). Substituting for z in the formula for С and simplifying, we 
obtain 


72 48 
C=4xy +—+—. 
у х 


There are no boundary points, since x > 0 and v > 0 for every (x, y). 
Hence there are no boundary extrema. To determine possible local ex- 
trema, we solve the following system of two equations: 


48 72 


G.4y— 370. С,=4х——;=0. 


Equivalent equations are 


12 


x 


and ху? = 18. 


y= 


Substituting у = 12/x? into the second equation gives us 


(2) =18, or 144 = 18x. 


i 
Hence х? = 8, or x = 2. Since y = 12/x?, the corresponding value of y is 
12. ог 3. Using Theorem (16.40), we can show that these values of x and 
y determine a minimum value of C. Finally, using z = 12/(xy). we obtain 
z = 12/(2- 3) = 2. Thus, the minimum cost occurs if the dimensions of the 
base are 3 feet by 2 feet and the altitude is 2 feet. The longer sides should 
be made out of the $2 material and the shorter sides out of the $3 material. 


EXAMPLE 7 In the design of modern computers, it is necessary 
to consider the speed of light (approximately 186.000 mi/sec) when posi- 
tioning electrical components, so that they can communicate with one 
another as rapidly as possible. Suppose that three components are located 
in a coordinate plane аг P,(x,,¥,), Р(х». уз). and P3(x3, уз) and that 
each angle of triangle P,P ,P, is less than 120 . A fourth component, 
which will communicate equally with the other three, is to be placed at 
a point P(x, y) that will minimize the total delay time between the trans- 
mission and reception of signals (see Figure 16.75). If P is positioned pro- 
perly, find the angles between the following pairs of vectors: 


—23 — 


P,P, P,P; P,P, P,P: P,P, P,P 


SOLUTION Let d,, d;, and d, be the distances between P and P,, Р 
and P,, and P and P,, respectively. Thus, 


d, = х — ху)? + (у = у)? Jor Ё--1,2,3 
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FIGURE 16.75 
y 





The minimal delay time between the transmission and the reception of 
signals will occur if (x, y) gives the minimal value of 


f(x. y) эщ 4, + 4, F 43. 
To find the critical points of f. we consider the following system of 


equations: 


5 Хх — 5 Ж = = : 
SARE = B MP— 5-0 
€ 





за ыг m, 5.5 
Sn WT ail 4, a —— 


If we transpose the last term in each equation to the right-hand side, 
square cach side, and add, we obtain 


ХХ: е Тус) pep (х =a 8-Р (үу-суяуУ 
£195 3 4 Ул 7 72 _} ва! Ys)" _ ү, 
4, 4, c d; di 


You should verify that this simplifies to 





(x — X, (x х) - Qr — FI — y) _ l 
4,4, Х 





(ж) 
Let 0 be the angle between the vectors 

P,P = (х — xpi - (y —y,)j 
and Р.Р = (x — x2)i+ (y = yə). 
Applying Corollary (14.20) and using (ж), we have 


Р,Р-Р,Р | 


cos 0 = TEL Ni = 4 
|| P,P || || P2 || 2 
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Hence @ = arccos ( — 1) = 120 . By symmetry, the angles between P, Р and 


P,P and between Р,Р and P,P must also equal 120°, as illustrated in 
Figure 16.76. 


FIGURE 16.76 


y 
Pix. Ух) 
ix. 
\ 
1! “ч, 
| 5 
\ 120° N 
| ul ar ue 
| / 0° Б-г? үз) 
| 4 4 





Р(х. vi) 






The discussion in this section can be generalized to functions of more 
than two variables. For example, given f(x. v. z). we define local maxima 
and minima in a manner analogous to that used for the two-variable case. 
If f has first partial derivatives, then a local extremum can occur only at 
a point where fy. /,. and f. are simultaneously 0. It is difficult to obtain 
tests for determining whether such a point corresponds to a maximum, 
a minimum, or neither. However, in applications we can often determine 
this by analyzing the physical nature of the problem. 


EXERCISES 16.8 
SSS 


Exer. 1-20: Find the extrema and saddle points of f. nf р) = b — зу? + 1x? — 6x 4-32y-- 4 
1 f(x, y) = —x? - Ax — 9? -2y - 1 


1 


12 f(x. y) = х? + 15 — х? —4у 

« 01--43-.Эү4..13..- . ? 
f(x, y) =x —2x-- 3^ —6y +12 bi — 2:8 ра 
f(x, у) =x? -4i — x -2y . Р 
ыс. : : 14 f(x. у) = 4x3 + 4ху — 9x — 1° 


2 

3 

4 f(x. y) 2 5+ 4x — 2x? + 3р – у> 

ды} : 15 f(x, y) = x*+ y? 4 32x — 9y 

S f(x. y) 2 x? + 2ху + 31? " 

A^ 5 16 f(x, у) 2 — 58 + xy + dy? — 12у 

6 f(x. y) =x? —3xy — 3? 4-2y — 6x С i : - 
fis.) = E 17 f(x, y) 2 e* sin y 18 f(x. v) = x sin y 

7 f(x. y) 2 X! -3xv — y T 

| | Ay + x^7y7 + &x 


f(x, y) &e x? + xy 19 fix. Y) xy 





20 f(x, y) = — 


- 
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21 Shown in the figure is a graph of 
fix. y) = (x? + 332)e  * n, 


Show that there are five critical points, and find the 
extrema of f. 


EXERCISE 21 





22 Shown in the figure is a graph of 


f(x; y) = хугет бээ, 


(a) Show that there are an infinite number of critical 
points. 

[b] Find the coordinates of the four critical points shown 
in the figure. 


EXERCISE 22 





Exer. 23-28: Find the maximum and minimum values 
of fon R. (Refer to Exercises 3-8 for local extrema.) 


23 f(x, y) = х?* + 4y? — x + 25; 
the region R bounded by the ellipse x^ + 4y^ = 1 

24 f(x. y) 2 5 + 4x — 25°  3y — у; 
the triangular region R bounded by the lines y — x. 
y= —x, and y = 2 


26 , 


27 


29 


31 


33 


37 


f(x, у) = x? + 2xy + 3y?: 

К = t(x, y):-2<x<4,-l<y <3} 
f(x,y) = x? — 3xy — y? + 2y — бх; 

К = lix, y):|x| < 3; |y] <2} 


f(x, y = х + Зху — у?; 
the triangular region R with vertices (1, 2), (1, — 2), and 
(—1. —2) 


f(x. y) = x^ + xy; 
the region R bounded by the graphs of y = x? and y = 9 


Find the shortest distance from the point P(2, 1, — 1) to 


the plane 4x — 3y +z = 5. 


Find the shortest distance between the parallel planes 
2x + 3y —z=2 and 2x+3y—z= 


Find the points on the graph of xy?z? = 16 that are 
closest to the origin. 


Find three positive real numbers whose sum is 1000 and 
whose product is а maximum. 


If an open rectangular box is to have a fixed volume V. 
what relative dimensions will make the surface area a 
minimum? 
If an open rectangular box is to have a fixed surface area 
A, what relative dimensions will make the volume a 
maximum? 


Find the dimensions of the rectangular box of maximum 
volume with faces parallel to the coordinate planes that 
can be inscribed in the ellipsoid 

16x? + 4y? + 92? = 144. 


Generalize Exercise 35 to any ellipsoid 


Find the dimensions of the rectangular box of maxi- 
mum volume that has three of its faces in the coordinate 
planes, one vertex at the origin, and another vertex in 
the first octant on the plane 4x + 3y +z = 12. 


Generalize Exercise 37 to any plane 


f fam 
S aq 257 
a b č 


where a, b, and c are positive real numbers. 


A company plans to manufacture closed rectangular 
boxes that have a volume of 8 ft^. Find the dimensions 
that will minimize the cost if the material for the top and 
bottom costs twice as much as the material for the sides, 


A window has the shape of a rectangle surmounted by 
an isosceles triangle, as illustrated in the figure on the 
next page. If the perimeter of the window is 12 feet, what 
values of x, y, and 0 will maximize the total area? 
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41 


42 


EXERCISE 40 














The U.S. Postal Service will not accept a rectangular 
box if the sum of its length and girth (the perimeter of 
a cross section that is perpendicular to the length) is 
more than 108 inches. Find the dimensions of the box 
of maximum volume that can be mailed. 

Find а vector in three dimensions having magnitude 
8 such that the sum of its components is as large as 
possible. 


Exer. 43-44: Refer to Example 7. 


43 


45 


Three electrical components of a computer are located 
at P,(0, 0). Р,(4, 0), and P0. 4). Locate the position of 
a fourth component so that the signal delay time is 
minimal. 


Show that if triangle Р,Р.Р, contains an angle that is 
greater than or equal to 120°. then P cannot be located 
as in Figure 16.76. 


In scientific experiments, corresponding values of two 
quantities x and y are often tabulated as follows: 


x values Ry Xs vU» Xx 


y values 


Plotting the points (x,. v,) may lead the investigator to 
conjecture that x and y are related linearly: that is. 
у = тх + b for some m and b. Thus, it is desirable to 
find a line / having that equation which best fits the data, 
as illustrated in the figure. Statisticians сай | a linear 
regression line. 

One technique for finding / is to employ the method 
of least squares. To use this method, consider. for each 
К. the vertical deviation d, = y, — (mx, + b) of the point 
(ху, у) from the line y = mx + b (see figure). Values of 
m and b are then determined that minimize the sum of 
the squares Ур, d; (the squares d? are used because 
some of the d, may be negative). Substituting for d, pro- 
duces the following function / of m and b: 


46 


n 
f(m,b) = У (y, — mx, — by 
к=1 


Show that the line y = mx + b of best fit occurs if 


(Ў 
к=! 


( » т + ( У x Jh = Y хуур 
k=l к= 1 


=t j 


" 
“)һ +nb= У у, 
РЬ 
k=1 
and 


Thus, the line can be found by solving this system of 
two equations for the two unknowns m and b. 


EXERCISE 45 





Given the equations in Exercise 45, show that the sum 
У, d, of the deviations is 0. (This means that the posi- 
tive and negative deviations cancel one another, and it 
is one reason for using Уу , d? in the method of least 
squares.) 


Exer. 47-48. Use the method of least squares (see Exer- 
cise 45) to find a line y = mx + b that best fits the given 


data. 

47 х values E33» 
y values 3 5 6 

45 x values 14086 


һә 


у values 1, 3 4 


[е] 49 The following table lists the relationship between semes- 


ter averages and scores on the final examination for ten 
students in a mathematics class. 


тенше 40 55 62 68 72 76 80 86 90 94 
ауегаре 

Final м " я : 
examination 20 45 65 72 60 82 76 92 88 98 


Fit these data to a line, and use the line to estimate the 
final examination grade of a student with an average of 
70, 
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[= 50 In studying the stress-strain diagram of an elastic mater- 


ial (see page 311), an engineer finds that part of the curve 
appears to be linear. Experimental values are listed in 
the following table. 


Stress (Ib) 2 2.2 24 26 28 3.0 
Strain (in.) 0.40 0.30 0.40 0.60 0.70 0.90 


Fit these data to a straight line, and estimate the strain 
when the stress is 2.5 pounds. 


Shown in the figure are the relative positions of three 
towns, A, B, and C. City planners want to use the least- 
squares criterion to decide where to construct a new high 
school that will serve all three communities. They will 
construct the school about a point Р(х, v) at which the 
sum of the squares of the distances from towns A. B. 
and C is a minimum. Find the relative position of the 
construction site. 


EXERCISE 51 
y (miles) 





x (miles) 


52 Generalize Exercise 51 to the case of n towns at posi- 


tions Qj(x,. уу), Qslx5. Y3)..... Охх; y. 
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Exercise 45 may be generalized to solve the problem of 
finding the plane = = ax + by + c that best fits data 
(veu. Loos Ser 2a) os (Xn Ун. z,). The method of 
least squares attempts to determine values a. b, and c 
such that 


n 
fta, b е) = У (z, — ax, — by, — с)? 
kei 


is minimized. 


(а| Find a system of three equations for the three un- 
knowns a. b. and c. 


(5) Find the plane of best fit that passes through (0, 0, 0). 
(0, 1. 0). (0.0. 1). and (1, 1. 2). 


(Hint: Solve the system of three equations /, = 0, f, = 0. 
f, = 0) 


Three alleles (alternative forms of a gene) A, B. and O 
determine the four human blood types: А (AA or AQ), 
B (BB or ВО). О (OO). and AB. The Hardy-Weinberg 
law asserts that the proportion of individuals in a popu- 
lation who carry two diflerent alleles is given by the 
formula 
Р = 2pq + 2pr + 2rq. 

where р, q. and г are the proportions of alleles А. B. 
and О, respectively, in the population. Show that P must 
be less than or equal to 3. (Hint: р> 0. q 2 0. r 2 0, 
and p+qg+r= 1.) 


[c| Exer. 55-56: Estimate the critical points of f on 
В = {(х, у): |x] 51.5 and 
fx, y) = 0 апа f(x, y) = 0 on the same coordinate 


1у| 41.5) by graphing 


plane. 


55 f(x, y) =x? sinx xy - 4, ov 


56 


f(x. y) = xy — arctan x — y?^ 


In many applications we must find the extrema of a function f of several 
variables when the variables are restricted in some manner. As an illus- 
tration, suppose we wish to find the volume of the largest rectangular box 
with faces parallel to the coordinate planes that can be inscribed in the 
ellipsoid 16x? + 41? + 92? = 144. Note that, by symmetry, it is sufficient 
to examine the part in the first octant illustrated in Figure 16.77. If 
Р(х. y. z) is the vertex shown in the figure, then the volume V of the entire 
box is И = 8xyz. We must find the maximum value of V subject to the 
constraint (or side condition) 


16x? + 43? + 922 — 144 = 0. 
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FIGURE 16.77 FIGURE 16.78 





M 


Solving this equation for z and substituting in the formula for V, we obtain 
V = (8xy)4 /144 — 16x? — 45. 


We may now find the extrema by (16.40); however, this method is cumber- 
some because of the manipulations involved in finding partial derivatives 
and critical points. Another disadvantage of this technique is that for simi- 
lar problems it may be impossible to solve for z. For these reasons it is 
sometimes simpler to employ the method of Lagrange multipliers discussed 


“This method was invented by the French in this section.* 


mathematician Joseph-Louis Lagrange 
(1736—1813). 


As another illustration, let f(x, y) be the temperature at the point 
P(x, у) on the flat metal plate illustrated in Figure 16.78, and let C be a 
curve that has the equation gix, v) = 0. Suppose we wish to find the points 
on C at which the temperature attains its largest or smallest value. This 
amounts to finding the extrema of f(x. v) subject to the constraint g(x, v) = 
0. One technique for accomplishing this is to use the following result. 


Гадгапае 5 theorem (16.42) 


FIGURE 16.79 





Suppose f and g are functions of two variables that have continuous 
first partial derivatives, and that Vg # 0 throughout a region of the 
xy-plane. If f has an extremum /(x,. уо) subject to the constraint 
g(x, y) = 0, then there is a real number 7 such that 


Vf(Xo, Yo) = 4Мд(Хо, Уо). 


PROOF The graph of g(x, у) = 0 is a curve C in the xy-plane. It can be 
shown that, under the given conditions. C has a smooth parametrization 


х= Ш. y= k(t) 
for t in some interval J. Let 
1(1) = xi + vj = АО) + kDj 


be the position vector of the point Р(х. у) on С (see Figure 16.79). and let 
the point Р(х. yo) at which f has an extremum correspond to | = tọ: 
that is, 


(lo) = xol + Yoj = hito + k(to)j. 
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( 


olary [16.43] 


If we define a function F of one variable / by 
Fit) = fihi. kin). 
then, as t varies, we obtain function values f(x, y) that correspond to (x. y) 


on €: that is, f(x, у) is subject to the constraint g(x, v) = 0. Since f (хо. vo) 
is an extremum of f under these conditions, it follows that F(ry) = 


fto). k(to)) is an extremum of Fit). Thus, F'(15) = 0. If we regard F as 


a composite function, then, by a chain rule. 


ly 
+ fx. у) : = fx. Mri) + fex. yk). 


: . 4х 
F(t) = fix. y) 
( 4 


lt 
Letting г = to. we have 


0 = F'(tg) = (хо: Уо/ (to) + Хог Yok (to) = Vf(xo. yo) r (to): 


This shows that the vector Vf (Xo. Vo) is orthogonal to the tangent vector 
r'(ta) to C (see Theorem (16.37)). However. У(Хо, yo) is also orthogonal to 
r'(ro). because С is a level curve for y. Since Vf(xo. vo) and Vg(Xo. yo) are 
orthogonal to the same vector, they are parallel: that is, Vf(Xo. Yo) = 
AV d(Xo. Уу) for some 4. ma 


The number 7 in the preceding theorem is called a Lagrange multiplier. 
The equation Vf(xo. Yo) = 2Vg(No. Yo) in. Theorem (16.42) may be 
written 
fd Xo. Voli + f xo. Voli = A94 Xo« Yoll + 9g, (Xos Yolj- 
Equating the i and j components and using the constraint g(x, у) = 0 leads 
to the following non-vector restatement of Lagrange's theorem. in which 
it is assumed that f and y have continuous first partial derivatives and 
g? + g? 0 that is, g, and g, are not simultaneously zero. 


The points at which a function f of two variables has relative ex- 
trema subject to the constraint g(x, у) = 0 are included among the 
points (x, v) determined by the first two coordinates of the solutions 
(x, у, 4) of the system of equations 

fx; y) = Ag4(xs y) 

SAX, y) = 2gyx. y) 

gix. y) = 0 


When using Corollary (16.43), we first find all solutions 
(eds eue. ПОЕ: Guess e 
of the indicated system of equations. (Sometimes there is only one solu- 
tion.) The points at which the relative extrema of f occur are among 
(Xi.Yi). (X2.92). (Xa. 3) 
Thus, the Lagrange multipliers А. 73. 43... аге discarded after the solu- 
tions (x,. у. 4,) are found. Fach point (ху. уд) is then examined to deter- 
mine whether f(xy. Va) is a relative maxima, a relative minima, or neither. 
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(0. 
0 


2) (0,-2) (бубу (/2/,-4/7) 


There is a complicated test (proved in advanced mathematics) for distin- 
guishing between maxima and minima; however, it is usually easier to 
use graphical or physical considerations to make the distinction. In solu- 
tions to problems we do not usually give rigorous proofs that our results 
yield extrema. 


MPLE Т Find the extrema of f(x, y) = xy if (x. y) is restricted to 
the ellipse 4x? + 1? = 4. 


SOLUTION — [n this example the constraint is g(x, у) = 4x? + y-4- 
0. Setting Vf(x, v) = AVg(x, v) (see (16.42)), we obtain 
yi + xj = 2(8xi + 2yj). 
Thus, the system of equations in Corollary (16.43) is 
y = 8x2 
| х = 2у2 
| ас 4у”-4-0 


There are many ways to find the solutions of this system. One method is 
to let у = 8х4 in x = 27, obtaining 


х = 2(8x2)4 = 16х22. 
An equivalent equation is 
x—16x4* 20, or x(1— 1647)=0. 


Therefore either x = 0 or 4 = +1, 
If = +4, then 


у= 8х2 = 8x( +}, or у= +2x. 


Substituting for y in the equation 4x? + y? — 4 = 0, we obtain 
2 2 > 1 N 
4Х7-(42Х/-4-0, 8х = 4, or х= + = +- 
The corresponding values of у are 
J2 
pies zx = £2 +- )- a2. 


Discarding the Lagrange multipliers gives us the four points (,/2/2, + 4/2) 
and ( —4/2/2, +42). 

If x = 0, then substituting into the equation 4x? + y? — 4 = 0 gives us 
y? — 4 = 0, ог y = +2. Thus, the points (0, +2) may also determine ex- 
trema of /. 

The value of f at each of the points we have found is listed in the 
following table. 


0 | -1 -1 | 
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Extension of Lagrange's 
theorem (16.44) 


Corollary (16.45] 


Thus, f(x,y) takes on a maximum value of 1 at either (42/2. y2) 


42/2, —42) and a minimum value of —1 at (2/2. —y2) or 
(— +, 2/2, 4/2). These facts are indicated on the ellipse shown in Fig- 
8 


FIGURE 16.80 


Ay 








Lagrange’s theorem can be extended to functions of more than two 
variables. The next result is one of many such extensions. We can state 
similar theorems for functions of any number of variables. 


Suppose that f and g are functions of three variables having con- 
tinuous first partial derivatives and that Vg 4 0 throughout a region 
in an xyz-coordinate system. If f has an extremum /f(xo. yo. 20) sub- 
ject to the constraint g(x. y. 2) = 0, then there is a real number 4 
such that 


Vf(Xo. Yo» Zo) = 4Vg(Xo. Yo; 20): 





The following is an analogue of Corollary (16.43). 


The points at which a function f of three variables has relative ex- 
trema subject to the constraint g(x, y. z) = 0 are included among the 
points (х, y, z) determined by the first three coordinates of the solu- 
tions (x. у. 2, 4) of the system of equations 

SX, у, 2) = Ag, y. 2) 

fx. y. z) = Agyix. y. 2) 

fix. y» 2) --404Хх. y. z) 

g(x,y. z) = 0 


The next example was discussed briefly at the beginning of this section. 
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EXAMPLE 2 Find the volume of the largest rectangular box with 
faces parallel to the coordinate planes that can be inscribed in the ellipsoid 
16x? + 4y? + 927 = 144. 


SOLUTION A typical position for the box is illustrated in Figure 16.77. 
We wish to maximize the volume 
V -fx.y;2)8xyz 
subject to the constraint 
glx, y. т) = 16x? + 4? + 92? — 144 = 0. 
Setting Vf(x. у, 2) = ZVglx. y. 2) (see (16.44)), we obtain 
Byzi + 8xzj + 8xyk = 2(32xi + 8yj + 18zk). 


This equation, together with the constraint glx. y, 7) = 0, gives us the fol- 
lowing system of four equations (see Corollary (16.45)): 





8yz = 32x/ 
8xz = 8y7 
8xy = 1825 


| 16x? + 4y? + 922 — 144 = 0) 
Multiplying the first equation by x. the second by у, and the third by z 
and adding gives us 
24xyz = 32х24 + 8у2/ + 18224 = 2416x? + 4y? + 922). 
This result, coupled with the constraint 16x? + 4y? + 927 = 144, implies 
that 
24xyz = 22(144), or xyz2 124. 
The last equation may be used to find x. v, and z. For example, multi- 
plying both sides of the equation 8yz = 32x/ by x and using xyz = 127. 
we obtain 
8xyz — 32x72 
8(122) = 32x74 
964 — 32x72 = 0 
324(3 — x?) = 0. 
Consequently either 7 = 0 or x = 4/3. We may reject 4 = 0, since this 
leads to xyz = 0 and, hence. V = хус = 0. Thus, the only possibility is 
х= v 3. 
Similarly, multiplying both sides of the equation 8xz = 8р4 by v leads 
to 
8xyz = 8y?2 
8(122) = 8y?4 
96; — 82 = 0 
8412 — у2) = 0 


and thus to y = ,/12 = 24/3. 
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Finally, multiplying the equation 8xy = 1824 by z and using the same 
technique, we obtain z = 4/43. It follows that the desired volume is 


V = 8xyz = 80/302 4/3 4/3) = 644/3 = 111. 





EXAMPLE 3 If f(x, y. z) = 4x? + y? + Sz, find the point on the 
plane 2x + 3y + 4z = 12 at which f(x. у. 2) has its least value. 


SOLUTION We shall examine f(x, y, 2) = 4x? + y? + 5z? subject to 
the constraint g(x, y, 2) = 2x + 3y + 4z — 12 = 0. As in Example 2 we 
consider Vf(x, y, 2) = Ag(x, y, 2), that is, 


V(Ax? + y? + 522) = AV(2x + 3y + 4z — 12), 
obtaining 
8xi + 2yj + IOzk = A(2i + 3j + 4k). 


Equating components and using g(x, у. 2) = 0 leads to the following sys- 
tem of equations (see Corollary (16.45)): 





8x = 2; 

2y = 34 

| 10: = 44 
2х + 3y + 42 — 12 = 0 


Solving the first three equations for 7 gives us 
A= 4% = Syi= 2, 
These conditions imply that 
y=6x and z= 


Substituting into the constraint equation, 2x + 3y + 4: — 12 = 0, we 
obtain 


2x + 18x + 3x —12=0, 


or x = ў. Hence у = 6(;5) = 7? and 2 = (@(үү) = Ñ. Since there is only 
one critical point, it follows that the minimum value occurs at that point, 
Gi 20, 19). 


Some applications may involve more than one constraint. In particu- 
lar, consider the problem of finding the extrema of f(x, y, z) subject to the 
two constraints 


g(x. 2) = 0. and Л(х,Уу,2)-20, 


If f has an extremum subject to these constraints, then the following con- 
dition must be satisfied for some real numbers 7 and и: 


Vf(x, y. z) = AVg(x, y. 2) + uVh(x, y. 2) 


By equating components and using the constraints, we obtain a system 
of five equations in the five unknowns x, y, 2, 4, and ji. A specific illustra- 
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А(4,0,0) — B(0, 4, 0) 
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tion of this situation is given in the next example. This method can also 
be extended to functions of more than three variables and to more than 
two constraints. 


EXAMPLE 4 Let C denote the first-octant arc of the curve in which 
the paraboloid 22 = 16 — x? — y? and the plane x + y = 4 intersect. Find 
the points on C that are closest to and farthest from the origin. Find the 
minimum and maximum distances from the origin to C. 


SOLUTION The curve C is sketched in Figure 16.81. If P(x, y, z) is an 
arbitrary point on C, then we wish to find the largest and smallest values 


of dO. P) = Vx? + y? + 22. These values may be found by determining 
the triples (х, y. 2) that give the extrema of the radicand 


fi у; 2) = x? + y? + 2? 

subject to the two constraints 

g(x, у, z) = х? + y? +22—16=0 

h(x, y,z)=x+y—4=0., 
As in the discussion preceding this example, consider 

V(x? + y? + 22) = AV(x? + у? + 22 — 16) + Vix + y — 4). 
Thus, 
2xi + 2yj + 2zk = A(2xi + 2yj + 2k) + ці + j) 
= (2x4 + wit (2y4 + uj + (22)k. 


Equating components and using the two constraints gives us the following 
system of five equations: 


2x = 2NA+ ри 
2y = 2у/ +u 
22 = 2 
> 3 
х + у? +2:—16=0 
х+у—4=0 


Subtracting the second equation from the first, we obtain the following 
equivalent equations: 


2x — 2y = (2x4 + u) — (2у5 + и) = 2x4 — 294 
2(x — у) — 2A(x — у) = 0 
A(x — »(1—2)20 


Consequently either 4 = 1 or x = y. 

If A= 1, we have 22 = 24 = X), or z = 1. The first constraint, that 
is, x? + y? + 2z — 16 = 0, then gives us x? + y? — 14 = 0. Solving this 
equation simultaneously with x + y — 4 = 0, we find that either 


x22443, у=2—\/3 or x22—- 4/3, y224 4/3. 
Thus, points on C that may lead to extrema are 


P(2443,2— 43,1) and P42— 43,2 +4 


12] 


, 1). 
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EXERCISES 16.9 


The corresponding distances from O are 
ЩО, Р;) = 4/15 = d(O, P3). 

If x = y, then, using the constraint x + y — 4 = 0, we obtain the equiv- 
alent equations x + x 4 = 0, 2x = 4, or x = 2, This gives us P4(2, 2. 4) 
and d(O, P.) = 24/6. 

Referring to Figure 16.81. we may now make the following observa- 
tions. As a point moves continuously along C from A(4. 0, 0) to B(0, 4. 0). 
its distance from the origin starts at d(O, А) = 4. decreases to a minimum 
value 4/15 at P,. and then increases to a maximum value 24/6 at P}. The 
distance then decreases to 4/15 at P, and again increases to 4 at B. 

As a check on the solution. note that parametric equations for С are 

х-4-41, yel zzeár—t; 06054. 
In this case 
f(x. уул) = (4 — t? + C + (4t — Oy, 
and the extrema of / may be found using single-variable methods. It can 
be verified that the same points are obtained. 





Exer. 1-10: Use Lagrange multipliers to find the ex- x + 3y —2z=11 and 2x — y + 2 = 3 that is closest to 
trema of f subject to the stated constraints. the origin. 
1 f(x, y) = y? — 4ху + 4х2; 13 A closed rectangular box having a volume of 2 ft? is to 
ХЭ уа be constructed. If the cost рег square foot of the material 
eo ee $us for the sides, bottom, and top is $1.00. $2.00, and 51.50, 
MS : Oe 4: Sy acd respectively, find the dimensions that will minimize the 
cost. 
3 PAA TIES gh a eh dealers 14 Prove that a closed rectangular box of fixed volume and 
А | Pus minimal surface area is a cube. 
4 Ју.) = хну + : a "Tu 15 Find the volume of the largest rectangular box that 
has three of its vertices on the positive х-, v-, and z- 
5 f(x,y,z)- x +)? +273 axes, respectively, and a fourth vertex on the plane 
х-у+2= 1 2x + 3y + 4: = 12. 
6 Ї(Хууул =X + 2р — 32; 16 Find the dimensions of the rectangular box of maximum 
r= 4x? + у? volume that has three of its faces in the coordinate 
7 fix. yz at + 22; planes, one vertex at the origin, and another vertex in 
у "P NU the first octant on the plane 2x + 3v + 52 = 90. 
в /(х,уу2)-2-31-4 17 A container with а closed top and fixed surface area is 
| И ТЕ И 2 1 уа to be constructed in the shape of a right circular cylinder. 
| : Find the relative dimensions that maximize the volume. 
9 f(x. v, z; t) 2 Xyzt; e Л А И 
xcd fe ape 18 Find the dimensions of the rectangular box of maximum 
volume, with faces parallel to the coordinate planes, that 
10 f(5,9,2, 0) +P +27 +; can be inscribed in the ellipsoid 4x? + 41? + 22 = 36. 
3x + 4v = 5. 211Ї-2 | 1 
Р | "E A ; 19 Prove that the triangle of maximum area and fixed 
11 Find the point on the sphere x^ + y^ z^ = 9 that is perimeter p is equilateral, (Hint: If the sides are х, у, 
closest to the point (2, 3, 4). z and if s = ip, then the area A is given by Heron's 
12 Find the point on the line of intersection of the planes formula. A —«s(s — Х)(5 — Ys — z).) 





OE EEE S S EEE 1 








16.10 REVIEW EXERCISES 881 
20 Prove that the product of the sines of the angles of a numbers such that а + В = 1. Suppose that f(x. v) = 
triangle is greatest when the triangle is equilateral. x! 5y* 5 and that each unit of capital costs C dollars and 


each unit of labor costs L dollars. If the total amount 
available for these costs is M dollars, so xC + vL = M, 
how many units of capital and labor will maximize pro- 
duction? 


21 The strength of a rectangular beam varies as the product 
of its width and the square of its depth. Find the dimen- 
sions of the strongest rectangular beam that can be cut 
from a cylindrical log whose cross sections are elliptical 
with major and minor axes of lengths 24 inches and 


18 inches, respectively [c] Exer. 23-24: Use Lagrange multipliers and graphs to 


estimate the extrema of f(x, y) subject to the constraint 
22 |f x units of capital and v units of labor are required to g(x,y) = 0. 
manufacture f(x. y) units of a certain commodity. the 


x у : - гүрж r cosy Эх: x.y) = х? 2:2 - 
Cobb-Douglas production function is defined by f(x. v) = 23 f(x, у) = y—cosx-c 2x; х,у) = x 2) l 





Кх“у*, where k is a constant and a and h are positive 24 /(х, у) = 4x" + 1y*; gix. y) 2 x - 9° 1 
16.10 REVIEW/ EXERCISES 
Exer. 1-4: Describe the domain of f and the level curve Exer. 11—16: Find the first partial derivatives of f. 
or surface through P. тї у(х. р) = x? cos y — у? + 4x 
s. үй = эж -2 9.2. (3 А 
1 f(x. у) 2 436 — 4х? + 97; P(3. 4) 12 Ji. s) rhe 
2 f(x. y) = In xy; Р(2, 3) : 
3 f(x. yaa = (22 х2 — y?) Ж; P(0.0, 1) Зз Ах, ус) = f 
1 sec 2 7 А 
4 ((х.у.2) = P(5. 3. 0) Cft. eri 
х-4 t 
Exer. 5-8: Find the limit or show that it does not exist. 15 f(x. yz. t) = x?z2y 4-1 
5 на any E 6 ti 22 = 2 16 f(v. м) = t? cos w + w? cos e 
(хуунчоду Y^ +4 ico vile 3b ONY 


Exer. 17-18: Find the second partial derivatives of f. 
X — y^M x74" 
7 lim (= | 8 lm ———4 17 Iii SE. qu a xe 354 
(90,0) LNT + у”, (х,у) (0.0) х* + 217 ftis. у) V SNY +N ay 2 


: : 18 f(x. V, 2) = Ve? 
9 Use polar coordinates to help describe the level curves of A Yes) 5 


Е? 19 If u= (x? + y? + 22) 172, prove that 
а (x? | A ai Ču Cu O8 
Np ape 
" | R2 T "Ue + дээ 0 
and investigate lim f(x. v). CX ey Cz 


Ex Y)7460,0) -. 4 

n hof — 2)2 gf “the f 20 Find dw if 

10 The graph of f(x. у) = x^y^/(x^ + Y^) shown in the fig- 3 ЕРЕ" We 

ар : ; К “БОГ у: (22374 74 Ix —y =x* sin yz 

ure indicates that / has first partial derivatives at (0. 0) Wm Sey дае: 
but is not continuous there. Verify each of these facts. 21 (a) Find Aw and dw if w = x? + 3xy — у?. 

EXERCISE 10 > ib) If (x, v) changes from (—1, 2) to (—1.1. 2.1), use Aw 

to find the exact change іп w. and use dw to find an 


approximate change in w. 


22 Suppose that when Ohm's law, R = V/I, is used, there 
are percentage errors of +3°,, and +2% in the measure- 
ments of V and [. respectively. Use differentials to esti- 
mate the maximum percentage error in the calculated 
value of R. 


Exer. 23-24: Prove that / is differentiable throughout 
its domain. 





23 f(x. у! нЫ-2---3 
ү? 
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Exer. 25-27: Use a chain rule. 

25 Find 6s/0x and Cs/Cy if s = uv + vw — uw, u = 2x 4 Зу, 
v-4x— у, and w = —x + 2y. 

26 Find 02/0г, &z/6s, and 02/01 if z = уе“, x =r + st, and 
у= 2" + 35 — 1. 


t 


27 Find dw/dt if w = x sin yz, x = 307, y = t^, and z = 3r. 


28 Use partial derivatives to find dy/dx if y = f(x) is deter- 
mined implicitly by 


x—4xy!—-3y-x—2-0. 


29 Find 0:/Сх and 02/0у if z = f(x, y) is determined im- 
plicitly by x^v + z cos y — xz? = 0. 


30 (ај Find the directional derivative of the function 
f(x, y) = 3x? — y? + Sxy at P(2, — 1) in the direction 
ofa = —3i— 4j. 

[b] Find the maximum rate of increase of f(x, у) at P. 


31 Suppose that the temperature at the point (x, y. 2) is 
given by T(x, y, 2) = 3x? + 2y? — 4z. 
{а} Find the instantaneous rate of change of T at the 
point P(—1, —3, 2) in the direction from P to the 
point Q( —4, 1, —2). 
[bj Find the maximum rate of change of T at P. 


32 An urban density model is a formula that relates the pop- 
ulation density (in number of people per square mile) to 
the distance from the center of the city. Suppose a rec- 
tangular coordinate system is introduced with the center 
of the city at the origin. and let Q(x, v) denote the popu- 
lation density near the point Р(х, y). Decide the direction 
in which the population density increases most rapidly 
at Р(х, y) for the given density function О, where a. b. 
and c are positive constants. 


by xt ty? 


(a) O(x, у) = ae 
(8) (esp) 5 de^ re vot Hele эй) 

33 Find equations of the tangent plane and normal line to 
the graph of 7z = 4x? — 2y? at P(—2, —1,2). 

34 A curve C has parametrization x =1, у= 1, z— 0731 
in R. If f(x. y, z) = y? + xz and uisa unit tangent vector 
to C at P(2, 4, 8). find D, /(2. 4, 8). 


35 Show that every plane tangent to the following cone 
passes through the origin: 


36 If f(x. y) = 1x? + эу”. sketch the level curve of f that 
contains Р(0, 5). and sketch Vf ];. 


37 If F(x, y, z) = z + 4x7  9y7, sketch the level surface of 
F that contains P(1, 0, 0), and sketch УР |, 





Exer. 38-39: Find the extrema of f. 


; 4 2 
38 f(x. у) = —4 NÉS 39 f(x, y) 2 х? + 3y — y? 
х у 
40 The material for the bottom of a rectangular box costs 
twice as much per square inch as the material for the 
sides and top. If the volume is fixed, find the relative 
dimensions that minimize the cost. 


Exer. 41-42: Use Lagrange multipliers to find the ex- 
trema of f subject to the stated constraints. 


41 f(x, у,2) = xyz; 
x? + 4y? + 227 = 8 


42 f(x, у,2) - 4x? + у? +27; 


Ixn-—y+z2=4, x+2y—z=1 
43 Find the point on the paraboloid 
бан x? " ү? 
2725 4 


that is closest to the point (0, 5, 0). 


44 A grain elevator hopper has the shape of a right circular 
cone of radius 2 feet surmounted by a right circular 
cylinder, as shown in the figure. If the total volume is 
100 ft^, find the altitudes Л and К of the cylinder and 
cone, respectively, that will minimize the curved surface 
area. 


EXERCISE 44 





45 A pipeline processor in a supercomputer is like an as- 
sembly line designed to compute a large number of simi- 
lar arithmetic operations in stages. Once the pipeline is 
full, it will compute one arithmetic operation in each 
clock period. L'ipstines usually have less than 10 stages. 
The performance-cost ratio P for a pipeline processor is 
given by 

$ 


Ре-———— . 
(T + sky (C + sk,) 
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where s is the number of stages, T' is the time required 
to process the operation on a nonpipeline computer. C 
is the total cost of the pipeline. and ky and К, are con- 
stants that depend on the hardware used. For the opti- 
mal design ¢P/cs = 0. Determine the number of stages 
in the optimal design. 

A thin slab of metal having the shape of a square lamina 
with vertices on a coordinate plane at points (0, 0), (1. 0). 
(1. 1), and (0, 1) has each of its four edges inserted in ice 
at 0 C. The initial temperature T at Р(х. v) is given by 

T = 20sin zx sin лу. 
(а) Find the point at which the initial temperature is 
greatest. 


[b] If U(x, v, t) is the temperature at P(x, y) at time г, 
then it can be shown that U satisfies the two- 
dimensional heat equation 

0 U e U e U 
Ed Р + ao. 
Ct Ox" фу, 


х 


where k is a constant that depends on the thermal 
conductivity and specific heat of the slab. Show that 
the following is a solution of this heat equation: 


U(x. v. t) = 20e ^ 7*7" sin zx sin лу 


{с} Describe the temperature of the slab over a long pe- 
riod of time. 
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MULTIPLE 
INTEGRALS 


INTRODUCTION 





Multiple integrals are defined using functions of sev- 
eral variables and limits ofsums in a manner analogous 
to that used to define the definite integral ^ f(x) dx in 


Chapter 5. The principal difference is that instead of 


beginning with a partition of the interval [a. ^]. we 
subdivide a region R of the xy-plane or an xyz- 
coordinate system. Evaluation theorems are based on 
equations of curves and surfaces that form the bound- 
ary of R, and hence they are more complicated than 
the fundamental theorem of calculus for definite 
integrals. 

Multiple integrals enable us to consider applica- 
tions involving nonhomogeneous solids and surfaces 
that are more general than those obtained by re- 
volving a plane region or curve about a line. In par- 
ticular, we may find moments and centers of gravity 
of irregularly shaped solids in which the density is not 
constant —something we were unable to do earlier in 
the text. 

In Sections 17.7 and 17.8 we define cvlindrical and 
spherical coordinate systems in three dimensions. 
These systems are useful for investigating properties 
of solids determined by quadric surfaces especially 
cylinders, spheres, and cones. 


The chapter closes by introducing the concept of 


Jacobian and applying it to the problem of changing 
'ariables in multiple integrals. 
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17.1 DOUBLE INTEGRALS 


FIGURE 17.2 


FIGURE 17.3 
Inner partition of R 


У 








In Chapter 5 we defined the definite integral [7 f(x) dx of a function f of 
one variable. We can also consider integrals of functions of several vari- 
ables, called double integrals, triple integrals. surface integrals, and line 
integrals. Each integral is defined in a similar manner. The principal dif- 
ference is the domain of the integrand. 

Recall that (7 f(x) dx may be defined by applying the following four 
steps. (Step 1 and Step 2 are illustrated in Figure 17.1.) 


FIGURE 17.1 
и Wu и n LS 
—]1—e.——e«——.——e—1—e——e—-—e——e—1—.—1———» 
а=Хху Xi X% Ха Xy | x, = bx 
| | | | | | | 
| | | | | | | 
i | | fi | | 
4—5 <>} he 
Ах, Ах, Ах, Ах, 


Step 1 Partition [a, b] by choosing a = xy < x, < x3 €: «x, =b. 
Step 2 For each k, select any number уу, in the subinterval | x, . . Хк]. 
Step 3 Form the Riemann sum У, fiw) Ax,, where Ax, = x, — X. ,. 
Step 4 If || P|| is the norm of the partition (the largest Ax,), then 


|! fox) dx = lim Y f(w,) Ax,. 


1Р1-0:Ж 


If f is nonnegative on [a, b], then the Riemann sum Y, f(w,) Ax, in 
Step 3 is a sum of areas of rectangles of the type illustrated in Figure 17.2. 
This sum approximates the area of the region that lies under the graph 
of f from x = a to x = b. If the limit of Riemann sums exists as || P || ^ 0 
(Step 4), we obtain the definite integral Ы f(x) dx. whose value is the (exact) 
area under the graph. 

Let us now consider a function f of two variables such that f(x, y) 
exists throughout a region R of the xy-plane. We shall define the double 
integral її, Г(х. v) dA by using а four-step process similar to that used 
for (| f(x) dx. Throughout this chapter R will denote a region that can 
be subdivided into a finite number of R, and R, regions, as defined in 
Section 6.1. Every such region R is contained in a closed rectangular region 
W. If W is divided into smaller rectangles by means of a grid of horizontal 
and vertical lines, then the collection of all closed rectangular subregions 
that lie completely within R is an inner partition P of R. (This partitioning 
corresponds to Step 1 of the four-step process.) 

The blue rectangular regions in Figure 17.3 illustrate an inner partition 
of R. If we label them R;, R3,..., Rp, then this inner partition is denoted 
by | R,j. The length of the longest diagonal of all the R, is the norm || P || 
of the partition P. The symbol A4, denotes the area of R,. For each К, 
we choose any point (ц,, v) in Rẹ, as shown in Figure 17.3. (This point 
selection corresponds to Step 2.) Riemann sums (Step 3) are defined as 
follows. 
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Definition (17.1) 


Definition [17.2] 


реїпшоп (17.3) 


Let f be a function of two variables that is defined on a region К, 
and let P = {R,} be an inner partition of К. A Riemann sum of f for 
P is any sum of the form 


Y fu, vy) ДАр, 
n 


where (ш. t) is a point in К, and АА, is the area of R,. The sum- 
mation extends over all the subregions R,, R5. .... К, of P. 


Finally. we consider a limit of Riemann sums as || P || > 0 (Step 4). 
It can be shown that if f is continuous on R, the Riemann sums in Defini- 
tion (17.1) approach a real number L as ||P || — 0, regardless of which 
points (t. г) are chosen in the subregions R,. The number L is the double 
integral \\ f(x. у) dA. The mathematically precise definition of a limit of 
Riemann sums may be stated as follows. 


Let f be a function of two variables that is defined on a region R, 
and let L be a real number. The statement 
lim T fus, г) АА, = 19 
PIO 2 
means that for every є > 0 there is a 6 > 0 such that if P = {R} 
is an inner partition of R with ||P || < д. then 


У fu, б) AA, | «€ 
i 


for every choice of (uj. ty) in Rg. 


Definition (17.2) states that we can make every Riemann хит of f as 
close as desired to L by choosing an inner partition of sufficiently small norm 
PI. 

The double integral of / may be defined as follows. 


Let f be a function of two variables that is defined on a region К. 
The double integral of f over R, denoted by (|, f(x. у) dA, is 


[ fix, у)4А = lim Y f(u vy) AA. 


P||-0 k 
R ЇР! 


provided the limit exists. 


If the double integral of f over R exists, then / is said to be integrable 
over R. It is proved in more advanced texts that if f is continuous on R, 
then f is integrable over R. 

There is a useful geometric interpretation for Riemann sums and dou- 
ble integrals if / is continuous and f(x, y) > 0 throughout R. Let 5 de- 
note the graph of f. and let Q denote the solid that lies under S and over 
R, as illustrated in Figure 17.4. If P,(u,. v,, 0) is a point in the subregion 
R, of an inner partition P of R, then f(u,. гү) is the distance from the 
vi-plane to the point B, on 5. directly above P,. The product f(u,. г) АА, 
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FIGURE 17.4 


P (tty. Uy. 0) 





Definition (17.4) 


FIGURE 17.6 
R=R,u К; 
R 


Theorem (1 7.5) 











FIGURE 17.5 








is the volume of the prism with a rectangular base of area AA, illustrated 
in Figure 17.4. The sum of all such volumes of prisms (see Figure 17.5) is 
an approximation to the volume V of Q. Since this approximation to the 
volume improves as || P | approaches zero, we define V as the limit of sums 
of the numbers f(u,. г) АА, Applying (17.3) gives us the following. 


Let f be a continuous function of two variables such that f(x, у) > 0 
for every (x. y) in a region R. The volume V of the solid that lies 
under the graph of z = f(x, y) and over R is 


V= ffr, у) 4А. 
R 


If f(x. у) < 0 throughout R, the double integral of f over R is the 
negative of the volume of the solid that lies over the graph of / and under 
the region R. 

In the next theorem we list, without proof, some properties of double 
integrals that correspond to those given for definite integrals in Chapter 5. 
It is assumed that all regions and functions are suitably restricted so that 
the indicated integrals exist. The term nonoverlapping, in (iii) of the theo- 
rem, means that the regions R, and R, have at most only boundary points 
in common, as illustrated in Figure 17.6. 


(i) ffer. у)4А -с ffo. у)4А for every real number c 
R R 


[ii] fft. у) + g(x, у)] dA = [f rox y)dA + ЇЇ нв, у)4А 
[4 R R 


(iii) If R is the union of two nonoverlapping regions К, and R,, 


Ї Ї f(x, у) dA = 1 { fix, y) dA + 1 T f(x. y) dA. 
Rı 


R Ri 


(iv) If f(x, у) > 0 throughout R, then ffo. y) dA 2 0. 
R 
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FIGURE 17.7 
У 





Definition (17.6) 





Except for elementary cases, it is virtually impossible to find the value 
of a double integral (|, f(x. у) dA directly from Definition (17.3). If R is 
an R, or R, region, however, the double integral can be evaluated by using 
two successive integrals, each involving only one independent variable. 

Let us begin with a simple case, a function f that is continuous on 
a closed rectangular region R of the type illustrated in Figure 17.7. It 15 
shown in advanced calculus that the double integral ffp f(x. у) dA can be 
evaluated by using an iterated integral of the following type: 


b [I I(x, у) dy] dx 


As indicated by the brackets, we first perform a partial integration with 
respect to y, regarding x as a constant. Substituting the limits of integra- 
tion c and d for у in the usual way, we obtain an expression in x, which 
is then integrated from a to b. We can also use the following iterated 


integral: 
É ID fix. y) dx] dy 


In this case we first perform a partial integration with respect го x. re- 
garding y as a constant. After substituting the limits of integration a and 
b for x, we integrate the resulting expression in y from c to d. 

The notation for iterated integrals is usually shortened by omitting the 
brackets, as in the following definition. 


li) Ї |» f(x, у) dy dx = P [f fx. y) dy] ёс 
її) Г Ї f(x. y) dx dy = р | P * fix. у) dx] dy 


Note that the first differential to the right of the integrand f(x, y) in 
(17.6) specifies the variable in the first partial integration. The first integral 
sign to the left of f(x, v) specifies the limits of integration for that variable. 
Thus, when evaluating an iterated integral, work with the innermost inte- 
gral first. 


EXAMPLE 1 Evaluate Г А (2х + 6х?у) dy ах. 


SOLUTION Ву Definition (17.6)(i), the integral equals 


bw | [ох + ву) 4 | dx = f E + 6x? (5 | С 


= f^ fax + 12x3 —(—2х 32] dx 
= Ї (6x + 9x?) dx 
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Definition of iterated 


integrals (17.7) 
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EXAMPLE 2 Evaluate Г, E (2x + 6x*y) dx dy. 


SOLUTION Ву Definition (17.6)(11). the integral equals 


2 3 «2 227 + 
еее) 
= f. [(16 + 128y) — (1 + 2y)] dy 
= f? a26 + 15) dy 


= | зу? - E ,723. 


The fact that the iterated integrals in Examples | and 2 are equal is 
no accident. ЇГ / is continuous, then the two iterated integrals in (17.6) 
are always equal. We say that the order of integration is immaterial. 

An iterated double integral may be defined over an R, or R, region of 
the type shown in Figure 17.8 as follows. 


FIGURE 17.8 
(i) R, region [ii] R, region 


р A’ 


x = hy) 











(i) |» | хөн f(x, у) dy dx = Ї ! | Ї 22, fix. у) dy] dx 
її) Ї | мө f(x,y) dx dy = Ї : ЦЭ Дх, у) dx] dy 


In Definition (17.7)(i), we first perform a partial integration with re- 
spect to y and then substitute g (x) and g,(x) for y in the usual way. The 
resulting expression in x is then integrated from a to b. In (ii) of the 
definition, we first integrate with respect to x and then. after substituting 
hy) and h,(y) for x, integrate the resulting expression with respect to y 
from c to d. Thus, as in Definition (17.6) for rectangular regions. we work 
with the innermost integral first. 
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EXAMPLE 3 Evaluate Ї [> (х? + 4y) dy dx. 


SOLUTION Ву Definition (17.7)(1). the integral equals 


a> 


Jo 


2x 


Ls (x? + 4y) a| dx = Ї E " (5) 


1х5 


= ү [(2x* + 8х2) — (x5 + 2x*)] dx 


„ 
8.3 1,517 32 

= X" — zX = Ў 
! 6 Ї 3 


4х 














EXAMPLE 4 Evaluate Ї E 2y cos x dx dy. 


SOLUTION By Definition (17.7)(ii), the integral equals 


37 fy? 13 Я у? 
| | | 2у cos х dx| dy =| 2y [sin x| dy 
Ji writ 7 ^ 1 " "j6 ~” 


3 R 
Г 2y(sin y? — 3) dy 


3 c M 

Г (2у sin у? — у) dy 
= | -сох у? - у] 

=(—cos 9 — 3) —(—cos 1 — 3) = —– 2.55. 








The next theorem states that if the region R is an R, or R, region, then 
fln f(x. Y) dA may be evaluated by means of an iterated integral. 





Evaluation theorem for | uat "rwn ; 
double integrals (17.8) (i) Let R be the R, region shown in Figure 17.8(i). If f is continuous 


on R, then 
ff ree, yda = [^ [EO fts, y) dy dx. 


qiix) 
R 


(ii) Let R be the R, region shown in Figure 17.8(ii). If f is contin- 
uous on R, then 


Ї f(x, y) dA = I TE Ji y) dx dy. 


hi) 
R 








For more complicated regions, we divide R into R, or R, subregions, 
apply (17.8) to each, and add the values of the resulting integrals. 

A proof of Theorem (17.8) may be found in texts on advanced calculus. 
The following intuitive discussion makes the result plausible, at least for 
nonnegative-valued functions. Suppose f(x, у) 2 0 throughout the К, 
region R illustrated in Figure 17.8(i). Let 5 denote the graph of f, Q the 
solid that lies under 5 and over R, and V the volume of О. Consider the 
plane that is parallel to the yz-plane and intersects the x-axis at (x, 0, 0), 
with a € x < b. and let C be the trace of S on this plane (see Figure 17.9). 
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FIGURE 17.10 
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FIGURE 17.9 


—— — 






Р(х, gs(x). 0) 





Pitx. g(x). 0) 


This plane intersects the boundaries of А у = g,(x) and y = gs(x) at 
Р(х. g,(x), 0) and P(x, gs(x). 0). 
From Chapter 6 we know that the area A(x) of this portion of the plane 
is 
Aix) = SES fix. y) dy. 


e qitx 


Since А(х) is the area of a typical cross section of Q. it follows from (6.13) 


that 
ys E A(x) dx = р авы fi. Y) dy dx. 


Using the fact that V is also given by Definition (17.4), we obtain the eval- 
uation formula in part (i) of Theorem (17.8). A similar discussion can be 
given for part (ii). 

Before using Theorem (17.8) to evaluate a double integral, it is impor- 
tant to sketch the region R and determine its boundaries. The following 
examples illustrate the use of Theorem (17.8). 


EXAMPLE 5 Let R be the region in the xy-plane bounded by the 
graphs of y = х? and y = 2x. Evaluate (|, (x? + 4y) dA using 
(а) Theorem (17.8)(i) (b) Theorem (17.8)(ii) 


SOLUTION 


(а) The region R is sketched in Figure 17.10. Note that R is both an R, 
region and an R, region. Let us regard R as an R, region having lower 
boundary y = х? and upper boundary у = 2x. with 0 < x < 2. We have 
drawn a vertical line segment between these boundaries to indicate that the 
first integration is with respect to y (from the lower boundary to the upper 
boundary). By Theorem (17.8)(i), 


ffe ч 4у)4А = Ї ЇГ (x? + Ay) dy dx. 
R 


From Example 3 we know that the last integral equals 22. 
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FIGURE 17.11 





FIGURE 17.12 








(6. 0) 


(b) To use Theorem (17.8)(ii), we regard К as an R, region and solve each 
of the given equations for x in terms of y, obtaining 


x=4y and х= y, with 0<y<4. 
The horizontal line segment in Figure 17.11 extends from the left boundary 


to the right boundary, indicating that the first integration is with respect 
to х. By Theorem (17.8)(ii), 


ЇЇ fos y)dA = Ї e. + 4y) dx dy 
R 


4 y 
- ЕЗ E дух | 5 


Я 
0 у/2 


= | ду + 4922) – do + 2у°)] dy = 4. 


йу 


EXAMPLE 6 Let R be the region bounded by the graphs of the equa- 
tions y = yx, y = 3x — 18, and y = 0. If f is an arbitrary continuous 
function on R, express the double integral (|, f(x, y) dA in terms of it- 
erated integrals using only 

(a) Theorem (17.8)(1) (b) Theorem (17.8)(ii) 


SOLUTION Тһе graphs of y = «x and y = 3x — 18 are the top halves 
of the parabolas у? = x and у? = 3x — 18. The region R is sketched in 
Figures 17.12 and 17.13. 
(a) If we wish to use only Theorem 17.8(i), then it is necessary to employ two 
iterated integrals, because if 0 < x < 6, the lower boundary of the region 
is the graph of y = 0, and if 6 < x < 9, the lower boundary is the graph 
of y = 4/3х — 18. (The vertical line segments in Figure 17.12 extend from 
the lower boundary to the upper boundary of R.) 

If R, denotes the part of the region R that lies between x = 0 and 
x = 6 and if R, denotes the part between x = 6 and x = 9, then both R, 
and R, are R, regions. Hence 


ЇЇ see, y)dA = ЇЇлх y) dA + ff res, y) dA 
1 Ra 


R R 


= Е k * fix, y) dy dx + | їнэ е fix, у) dy dx. 


(b) To use Theorem (17.8)(ii), we must solve each of the given equations 
for x in terms of y, obtaining 

y418 1, . 

x=y* and х=: 3 m +6, with O<y<3. 

The horizontal line segment in Figure 17.13 extends from the left boundary 
to the right boundary. Only one iterated integral is required in this case, 
since R is an R, region. Thus, 


ff re. у)4А = k L хэй f(x. y) dx dy. 


R 
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Examples 5 and 6 indicate how certain double integrals may be eval- 
uated by using either (i) or (ii) of Theorem (17.8). Generally, the choice 
of the order of integration dy dx or dx dy depends on the form of f(x. у) 
and the region R. Sometimes it is extremely difficult, or even impossible. 
to evaluate a given iterated double integral. However, by reversing the 
order of integration from dy dx to dx dy. or vice versa, it may be possible 
to find an equivalent iterated double integral that can be easily evaluated. 
This technique is illustrated in the next example. 


; 4 [2 М 
EXAMPLE 7 Given Ї Ї , Сов х? dx dy, reverse the order of inte- 


gration and evaluate the resulting integral. 


FIGURE 17.14 SOLUTION The given order of integration, dx dy, indicates that the 
Ay region is an К, region. As illustrated in Figure 17.14, the left and right 
boundaries are the graphs of x = {/у and х = 2, respectively, with 


О<у<4. 

Note that К is also an R, region whose lower and upper boundaries 
are given by y = 0 and y = x^, respectively, with 0 < x < 2. Hence, by 
Theorem (17.8)(i). the integral can be evaluated as follows: 


4 à " 2 fx? 
f Ї y cos x? dx dy = IE cos x? dA = | | y cos X? dy dx 
ху . 
R 


х“ 


dx = | з cos x$ dx 
9. Э 


) = 





3 y? x 
= 1 Е COS “| 


= 10 Ї (cos x*)5x*) dx 





iy [sin x. = ib sin 32 = 0.055 
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Exer. 1-10: Determine whether the region is R,, Куо 
neither. 


1 
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11 Suppose f(x, у) = 4х + 2y + 1 and R is the region in 
the first quadrant bounded by the coordinate axes and 
the graph of y = 4 — 1x?. Let {Ri} withk = 1,2,..., 7, 
be the inner partition of R shown in the figure. Calculate 
the Riemann sum У, f'(u,. v,) AA, if, for each К, (u,. г) 
is the point 
(ај in the lower left corner of К, 

[b) in the upper right corner of К, 


[c] at the center of К, 


EXERCISE 11 








12 Suppose f(x, y) = xy and R is the region bounded by the 
trapezoid with vertices (0, 0), (4, 4), (8, 4), and (12, 0). 
Let P be the inner partition of R determined by vertical 
lines with x-intercepts 0, 2, 4, 6, 8, 10, and 12 and by 
horizontal lines with y-intercepts 0, 2, and 4. Calculate 
the Riemann sums as in (a)-(c) of Exercise 11. 


Exer. 13-20: Evaluate the iterated integral. 


з ft fÈ, a2x – 8x°) dy dx 
па | 2 e ax dy 
ы Ї [^ xy dy dx 

= ЈА 5 '(3х + 2y) dy dx 


17 L D (4x — y) dx dy 


18 k Ї z я (x? + у?) dx dy 


t 


- 
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19 L [à м e"* dy dx 
20 ЇГ [^ ш (x cos y — y cos x) dy dx 


Exer. 21-26: Sketch the region R bounded by the graphs 
of the given equations. If f(x, y) is an arbitrary con- 
tinuous function, express (|, f(x, у) dA as an iterated 
integral by using [ај only Theorem (17.8)(i) and {b} only 
Theorem (17.8)(ii). 


21 у= ух, х-4, у= 0 
22 у=\/х, х= 0, y= 
23 у= 5%, х= (0), y=8 
24 y 2 X3, $232. ys 
25 у= x, у= ж? 


26 у= 1-х, у=0 


Ехег. 27-32: Express the double integral over the indi- 
cated region R as an iterated integral, and find its value. 


27 ffo + 2x) dA; 
R 


the rectangular region with vertices (— 1, — 1), (2, — 1), 
(2, 4), (—1, 4) 


28 ||(x— y) dA; 
| 
the triangular region with vertices (2, 9), (2, 1), (—2, 1) 


29 ff xy? dA; 
R 


the triangular region with vertices (0, 0), (3, 1), (—2, 1) 


30 Те» 1) dA; 
R 


the region between the graphs of y = sin x and y = cos x 
from x = 0 to x = z/4 


31 ff» cos xy dA; 
R 


the region bounded by the graphs of y — x?, y — 0, and 
X2 


32 ffe dA; 
R 


the region bounded by the graphs of y = 2x, y= —x, 
and y —4 


Exer. 33—38: Sketch the region R bounded by the graphs 
of the given equations. If f is an arbitrary continuous 
function on R, express (|a f(x, y) dA as a sum of two 
iterated integrals of the type used in (a) Theorem (17.8)(i) 
and (0) Theorem (17.8)(ii). 


33 $у=х%, у-х-4, 4х+у=9 


34 х=2./у, 4 3x = vy, ў=2х+5 
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35 x= J3 — y y= 2x. Mp = 3 -0 49 cs ЇЕ кик д] 4х dy 
Jo у 6+ „1 = 
х 4 булш: xe me ә ЭХ 
36 х-2у-5, x—y 22, 2х-у--2 
ааа 
37 y= 2 y=Inx, x+y=1, x+y=l+e 50 Р l. y^ cos (ху?) dy dx 
38 y=sinx, лу-2х [e] Ехег. 51-52: Numerical integration can be used to ap- 


Exer. 39-44: Sketch the region of integration for the 
iterated integral. 


"Is 
40 ЇЕ, n 1 Лх. у) ду dx 
" h б | 12 fix. у) dx dy 


-" Ї 3 ЇГ. " Jix. у) dy dx 44 Б "Т 


Ехег. 45-50: Reverse the order of integration, and eval- 
uate the resulting integral. 
за 
ss | 
J0 


45 T ifs e»? dy dx 
wh 


2 4 
47 j^ |" y cos x? dx dy 
y: 


| z fix. y) dy dx 


f(x. v) dx dy 42 jp 


T(x, y) dx dy 


3 „. 
f sin x? dx dy 
wry 


" y dy dx 
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[e] 


proximate |? [2 f(x, у) dx dy by first letting G(y) = 
Ї f(x, y) dx and then applving the trapezoidal rule or 
Simpson's rule to (^ G(y) dy. To find each value G(k) 
needed for these rules, approximate (9 f(x, К) dx. Use 
this method and the trapezoidal rule, with n = 3, to ap- 
proximate the given double integral. 


1001-1232 
51 Ї | e dx dy 

о JO 2 

ї А 
s2 1, | sin(x? + yò dx dy 


Ехег, 53-54: Use the method described for Exer- 
cises 51—52 and Simpson’s rule, with » = 2, to approxi- 
mate the double integral. 


pn Ex 
53 || | cos (х7е") dx dy 
0 Jo 


54 |, es 3 3 dx dy 


In Section 17.1 we saw that if f(x. у) > 0 and / is continuous. then the 
volume V of the solid that lies under the graph of z = f(x, y) and over 
an R, region in the xy-plane is given by 


V 


= ' A(x) dx = E Ї |же бе f(x. v) dy dx, 


where A(x) is the area of a typical cross section of the solid (see Fig- 
ure 17.9). In this section we discuss a method for interpreting this formula 
for V as a limit of (double) sums. By the volume-by-cross-section formula 


(6.13), 


‘= |” A(x) dx = 


^^ 


lim Y Ац) Ах, 


ыс Р |0 k 


where P' is a partition of the interval [a. b]. и, is any number in the kth 


subinterval [x,. , 


^X] РР", and Ax, =x, — 


хуу. As illustrated in Fig- 


ure 17.15, А(и,) Ani is the volume of a lamina L, with face parallel to the 
yz-plane and rectangular base of width Ax, in the xy-plane. Thus, the 
volume V is a limit of a sum of volumes of such laminas. 


The iterated integral V = (^ (9209) 
= Ja 14:(х) 


f(x, у) dy dx may also be expressed 


in terms of limits of sums. First we apply the definition of the definite 
integral as follows. If x is in [a. ^]. then 


Aix) = | 





fix.v)dy— lim Y fix. с) Ay; 


I P” |] 20 F 
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FIGURE 17.15 





Volume as a limit of 
double sums (17.9) 








FIGURE 17.16 





where P" is a partition of the y-interval [g,(x). g5(x)]. v; is any number 
in the jth subinterval [ v;..,. v;] of P", and Ay; = y; = v;,. Hence, for 
each u, in [а,Ь], 
Аш) = lim Y f(uy, vj Ау, 
I| P1170 F 
Consequently 
ү = ji A(x) dx lim У A(u,) Ax, 
Р |j P* 4-0 


k 


zs im al lim Уш. e) Ав | Ах, 


Р”!1-0 k |Р” ||—0 7 


If we disregard the limits in this formula, we obtain a double sum: 
Y Y flu. v) Ay; Ax, 
KT 


Referring to Figure 17.16. we see that f(u,, vj) Ay; Ax, is the volume of a 
prism having base area Ay; Ax, and altitude f(u,, г). The double sum may 
be interpreted as follows. Holding x fixed, we sum the volumes of the 
prisms in the direction of the y-axis, thereby obtaining the volume of the 
lamina illustrated in Figure 17.15. The volumes of all such laminas are 
then added by summing in the direction of the x-axis. In a certain sense, 
the iterated integral does this and, at the same time, takes limits as the 
bases of the prisms shrink to points. This interpretation is often useful 
in visualizing applications of the double integral. To emphasize this point 
of view. we sometimes express the volume as follows, where || P || is the 
length of the longest diagonal of the bases of the prisms. 


V= lim Lf: vj Ay; Ax, = Ї [ien f(x, y) dy dx 
l|Pll-^O k j 


Areas can also be considered as limits of double sums. We begin by 
denoting the double integral ffg 1 dA by ffr dA. If R is the R, region in 
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FIGURE 17.17 Figure 17.17, then, by Theorem (17.8)(i), 


[а = р renes дө 
` Е E |9:(3) аг gi(x)] dx, 


which, according to Theorem (6.1), equals the area A of R. A similar for- 
mula holds if R is an R, region. These facts are also evident from the 
definition of the double integral, for if f(x, v) = 1 throughout R, then the 
Riemann sum in Definition (17.3) is a sum of areas of rectangles in an 
inner partition P of R. As the norm || P || approaches zero, these rectangles 
cover more of R and the limit equals the area of R. 

If an iterated integral is used to find an area, it may be regarded as a 
limit of double sums in a manner similar to that used for volumes. Speci- 
fically, as in (17.9), with f(x, y) = 1, we have the following result. 





x 


fro dy ax = lim Y Y Ay; Ax, 
1 Eg 


ve ЇРТ-0 


Area as a limit of | Б > " 
double sums (17.10) A= [fda =f 
R 








As for functions of one variable (see Guidelines (6.3)), we may employ 
the following intuitive method for remembering the limit of sums for- 


mula (17.10). 
Guidelines for finding the area of к — А | 
ап R, region by means of a 1 Sketch the region, as in Figure 17.18(i), and show a typical rec- 
double integral (17.11) tangle of dimensions dx and dy. 


2 Holding x fixed, regard (7:53) as an operator that sums the area 
elements dy dx in the same direction as the y-axis, from the lower 
boundary to the upper boundary. The expression [[2:5) dy] dx 
represents the area of the vertical rectangle in Figure 17.18(ii). 

3 Apply the operator f} to [£25 dy] dx, thereby taking a limit of 
sums of areas of the vertical rectangles in guideline 2, from x — a 
to x = b. 


FIGURE 17.18 
(i) (ii) 


17 


у= BG) 

















17.2 AREA AND VOLUME 





899 








It is important to remember that when Guidelines (17.11) are applied 
to an К, region, the first integration is with respect to у and the second 
with respect to x. We can. of course. obtain the area of the region in Fig- 
ure 17.18 by using the methods of Section 6.1. The reason for using a 
double integral is to gain practice in working with limits of double sums. 
This same technique will be used later for problems that cannot be solved 
using single-variable methods. 


EXAMPLE 1 Find the area 4 of the region in the xy-piane bounded 
by the graphs of 2y = 16 — x? and x + 2y = 4. 


SOLUTION Following guideline 1, we sketch the region and a typical 
rectangle of area dy dx, as in Figure 17.19(1). We solve the equations for 
y in terms of x, and we label the boundaries of the region y = 2 — іх 
and y = 8 — 4x’. 

As in guideline 2, the partial integration 


8-1х2/2) 8—(х?/2) 
Ї dy dx = | dy] dx 
2-(х/2) ” LJ 2 —(xj21 g 


represents the sum of the area elements dy dx from the lower boundary 
to the upper boundary. This gives us the area of the vertical rectangle in 
Figure 17.19(ii). 


FIGURE 17.19 
n (ii) 





Finally, using guideline 3, we apply the operator [* 3. thereby taking 
a limit of sums of these vertical rectangles from x = —3 to x = 4: 


i I мн dy dx = f. [T = 25 
- (s I 5) i Ё Е :) dx 


A 


А 
! 


! 
—, 
+ 
t 


We next state guidelines similar to (17.11) for R, regions. 
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Guidelines for finding the area of 
an R, region by means of a 
double integral (17.12) 





1 Sketch the region, as in Figure 17.20(i), and show a typical rec- 
tangle of dimensions dx and dy. 


2 Holding y fixed, regard [0 as an operator that sums the area 
elements dx dy in the same direction as the x-axis, from the left 
boundary to the right boundary. The expression ( dx] dy 
represents the area of the horizontal rectangle in Figure 17.20(ii). 

3 Apply the operator fý to [5:5 dx] dy, thereby taking a limit of 
sums of areas of the horizontal rectangles in guideline 2, from 
y=cto y=d. 


FIGURE 17.20 
(1) (il) 








d 
л 
h.v) 
ё 
> —— 7 
X x 


Note that when Guidelines (17.12) are applied to an R, region, the first 
integration is with respect to x and the second with respect to y. 


EXAMPLE 2 Find the area A of the region in the xy-plane bounded 
by the graphs of x = y*, x + y = 2. and y = 0. 


SOLUTION The region is sketched in Figure 17.21(i), together with a 
rectangle of area dx dy. As in guideline 2 of (17.12). the partial integration 


bie “Уах dy = be 25 dx| dy 


represents the sum of the area elements dx dy from the left boundary to the 
right boundary. This gives us the area of the horizontal rectangle in Fig- 
ure 17.21(ii). 

Following guideline 3, we apply the operator få, thereby taking a limit 
of sums of these horizontal rectangles from y = 0 to y = 1; 


еа рев ро 
= E Q—v»y—y)dy- |» л - л | = : 
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FIGURE 17.21 
i 


45 





(1) 
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The area can also be found by employing Theorem (17.8)(i); however, 
in this case it is necessary to divide R into two parts by means of a ver- 
tical line through (1, 1). We then have 


A= Ї |^ "dy dx + T P^ dy dx. 


In the next two examples we find volumes by means of (17.9). 


EXAMPLE 3 Find the volume V of the solid in the first octant 
bounded by the coordinate planes. the paraboloid z = х? + 1? + 1. and 
the plane 2x + y = 2. 


SOLUTION © As illustrated in Figure 17.22(i). the solid lies under the 
paraboloid and over the triangular region R in the xy-plane bounded by 
the coordinate axes and the line y = 2 — 2x. 

By Definition (17.4), with f(x, у) = x? + y? +1, 


y- ffe +y? + dA. 
R 


We may interpret this integral as a limit of double sums, as in (17.9), and 
evaluate it using Guidelines (17.11). If we represent dA Бу dy dx, then 


(x? + 9? + 1) dy dx 


represents the volume of the prism illustrated in Figure 17.22(1). Fig- 
ure 17.22(11) shows the region R in the xy-plane and a rectangle corre- 
sponding to the following partial integration with respect to y (holding x 
fixed): 


iie at. y? + 1)4у ах = i (x? + у? + 1) dy] dx 


J0 


FIGURE 17.22 
(0) (ii) 
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This formula represents the sum of the prism volumes (x? + y? + 1) dy dx 
in the direction parallel to the y-axis and gives us the volume of a lamina 
whose face is parallel to the yz-plane. Finally, we apply the operator få; 
that is, we take a limit of sums of these laminar volumes from x — 0 to 
x]. Thus; 


V Ї Lf 25 (x? + y^ + t) dy] disi E [xy iba if Эн 
1 


L (—1#х° + 10x? — 10x + 18) dx 


1 2 1 
= [—a TA — 5x? + fx | = М, 


We may also find V by integrating first with respect to x, in which case 
the iterated integral has the form 


0 


V= C Ї 6 3 y? + 1) dx dy. 





EXAMPLE 4 Find the volume V of the solid that lies in the first 
octant and is bounded by the three coordinate planes and the cylinders 
x? + y? = 9 and y? + 22 = 9. 


SOLUTION The cylinder y? + z7 = 9 has radius 3 and axis on the x- 
axis, with the part in the first octant above the xy-plane, as illustrated 
in Figure 17.23(i). The cylinder x? + у? = 9 has radius 3 and axis on the 
z-axis, with the part in the first octant intersecting the xy-plane in a 
quarter-circle. Thus, the solid lies under the graph of z = y9 — y? and 
over the region R shown in Figure 17.23(ii). By Definition (17.4), 





FIGURE 17.23 
(il (ii) 
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We may regard the integral as a limit of double sums of volumes of 
prisms of the type shown in Figure 17.23(i). We first sum in the direction 
of the x-axis from x = 0 to x = y9 — y?. (Figure 17.23(ii) shows a strip 
in the x y-plane corresponding to this first summation.) This sum gives us 
the volume of a lamina whose face is parallel to the xz-plane. We then 
sum these laminar volumes in the direction of the y-axis from y — 0 to 
y = 3. Using an iterated integral, we have 


, S у мес |) 
— f. | /9 = їр dx dy 





The double integral could also be evaluated by integrating first with 
respect to y; however, this order of integration is much more complicated. 


EXERCISES 17.2 


Exer. 1—4: Set up an iterated double integral that can 
be used to find the area of the region. 


1 Ay 3 
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Exer. 5—12: Sketch the region bounded by the graphs 
of the equations, and find its area by using one or more 
double integrals. 


5 pH 1, у= —х° X = 1, Y= 2 
6 y= х, y= —х x= 1, х= 4 
7 у= –х х- у= 4 у= –1 у= 2 
B къу у= х= 2, у= —2, у= 3 
9 ў=х, у = 3х х+у=4 

10 Х-ус--1, 7х—у=17, 2х-у--2 

11 poe" y=sin x, х= п хэл 
12 yx, у = l/(x^ + 1) 


Exer. 13-16: Set up an iterated double integral that can 
be used to find the volume of the solid. 


13 





15 





э5 








Ехег, 17-20: The iterated double integral represents the 
volume of a solid under a surface S and over a region 
R in the xy-plane. Describe S and sketch R. 


17 f T. 3 dy dx 


3-23 р eS | 
8| Ї - aH = y^ dy dx 
1 1-32 ‚ 
19 | Ls (x^ + v7) dy dx 
8 aur RS 
20 р Ї , NX y dxd) 


Exer. 21-22: Find the volume of the solid that lies under 
the graph of the equation and over the region in 
the xy-plane bounded by the polygon with the given 
vertices. 


21 z—4x? + y^; (0,0), (0, 1), (2, 0); (2, 1) 
22 1=ҳ° + 4y*; (0, 0), (1, 0), (1, 2) 


Exer. 23-30: Sketch the solid in the first octant bounded 
by the graphs of the equations, and find its volume. 


23 x? 4-22 = 9, 
24 z24— x?, KE YSZ, xsb y= 


0 
25 2X - y -z—4, x=0, y=0, :-0 
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26 у? = 2, у= х, X 24, 12-00 гс | Exer. 33-34: Refer to (17.9). Approximate the volume 
2Z:-x4yh je4d—xM x20, Sd. dowd V = |o lo? f(x, y) dy dx for the given f by using 

28 zz у), je х= 0, 2-0, y=] E: pi Ju, vj) Ay; Ах, 

29 z= х", x = 4у?, l6y=x*, 2-0 with Ax, = 4, Ay; 2 4. u, = 4А — 4, and v; 2 1j — 4 for 
30 х2 +y? = 16, х= 2; ў=0, z=0 Kk 21,2, 3, 4 and j - 1,2. 

Exer. 31-32: Find the volume of the solid bounded by 22 Лх.) = sin [cos (xy)] 

the graphs of the equations. 34 f(x, y) = үх + у* 

31 2-х7-4, y24—x' х+у=2, 2-20 

32 y=", ў“, 2-Х-144, :540 


17.3 DOUBLE INTEGRALS IN POLAR COORDINATES 


FIGURE 17.24 In this section we shall discuss how to evaluate a double integral over a 
AA =F Ar AO region R that is bounded by graphs of polar equations. Let us first con- 
sider the elementary polar region in Figure 17.24, bounded by arcs of circles 
of radii г, and r}, with centers at the origin, and by two rays from the 
origin. If A0 is the radian measure of the angle between the rays and if 
Ar =r, — ri, then the area AA of the region is 

AA = 175 A0 — iri Аб. 
This formula may also be written 

AA = i(ri — ri) ДӨ = Xr, + rry — ri) A0. 

If we denote the average radius (r, + r,) by F. then 


AA — r Ar A0. 





Next, consider the region R of the type illustrated in Figure 17.25(i). 
bounded by two rays that make positive angles x and /} with the polar axis 
and by the graphs of two polar equations r = g,(0) and r = g,(0), where 
g, and g, are continuous functions and g,(0) < ga(0) for x < 0 < ff. If R is 
subdivided by means of circular arcs and rays as shown in Figure 17.25(11). 


FIGURE 17.25 
fi) (il) 





/ 2 


B so 1 ge (0) 
/ 
2 а 


O 
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Evaluation theorem (17.13) 


FIGURE 17.26 





r = g,(0) 


r 2a sin 6 








then the collection of elementary polar regions R}, R5, ..., R, that lie 
completely within R is called an inner polar partition P of R. The norm 
|| P | of the partition is the length of the longest diagonal of the R,. If we 
choose a point (r,, 0,) in Rẹ such that rẹ is the average radius, then 


AA, = Fk Ar, AU,. 


If f is a continuous function of the polar variables г and 0, then the 
following can be proved. 


lim Х, ftri, 0r, Ар, Mie]; fir, 0) dA— ГР nO) | 


||Р\|—0 k 


r, Ө)г dr dé 


Note that the integrand on the right in (17.13) is the product of f(r, Ө) and 
r. This is due to the fact that AA, equals л, Ar, Ай,. 

We may regard the iterated integral in (17.13) as a limit of double sums. 
We first hold 0 fixed and sum along the wedge-shaped region shown in 
Figure 17.26, from the graph of g, to the graph of g,. For the second 
summation we sweep out the region by letting 0 vary from x to fj. The 
iterated integral denotes the limit of these sums as || P || 0. 

If f(r, 0) = | throughout R, then the integral in (17.13) equals the area 
of R. This also follows from our work in Chapter 13, since after performing 
the partial integration with respect to r, we obtain the formula in Theo- 
rem (13.11). 


EXAMPLE 1 Find the area of the region R that lies outside the circle 
r = а and inside the circle r = 2a sin 0. 


SOLUTION The region is sketched in Figure 17.27, together with a 
typical wedge of elementary polar regions obtained by summing from the 
inner boundary r = a to the outer boundary r = 2a sin 0. We then sweep 
out the region by letting 0 vary from л/6 to 57/6. (A common error is 
to let 0 vary from 0 to л. Why is this incorrect?) 

From Theorem (17.13) with f(r, 0) = 1, 


4 (| эь [099 ТЭВЧ, даа, 
R 


To simplify the evaluation, we may use the symmetry of R with respect 
to the y-axis. In this case we let 0 vary from z/6 to 7/2 and double the 
integral. Thus, 


ffaa = ян ji шин 
R 


A 


! 
"io 
uw 
исэл 
| 
© 
e 
мі 
2 
гэ 
ын 
| 
а 
wr 8 
a 
D 
| 
5 
бээ 
| 
гэ 
© 
o 
РА 
3 
ст 
a 
e 


А at : P : 6- У) 


! 
Ор! 45 
| 
2; 
эу 5 
ы 
raw 
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FIGURE 17.28 


FIGURE 17.29 














Change of variables 
formula (17.14) 





EXAMPLE 2 Find the area of the region R bounded by one loop of the 


lemniscate r? = a? sin 20, where a > 0. 


SOLUTION The lemniscate is sketched in Figure 17.28, together with a 
wedge of elementary polar regions obtained by summing from the origin 
(r = 0) to the boundary r^ = а? sin 20 of R in the first quadrant. We then 
sweep out the loop by letting 0 vary from 0 to 7/2. (Note that r is un- 
defined if 7/2 < 0 < п or 3n/2 < 0 < 2л.) 

By Theorem (17.13). 


A= as = Ї : me ш” аг 40 


ppt aai Í “Таг sin 2040 


0 


ll 
m 
E 
= 


o 


> 


1 
E И ГҮ... 1,2 EU 
—4d [соз 20|, = —,a°(—1— 1) = 4a". 


|! 


Under suitable conditions, an iterated double integral in rectangular 
coordinates can be transformed into a double integral in polar coor- 
dinates. First, the variables x and y in the integrand are replaced by r cos 0 
and r sin 0, Next, in the iterated integral, dy dx or dx dy is replaced by 
r dr d0 or r 40 dr. The following formula indicates the form of a typical 
integrand. The double integral sign || should be replaced by suitable 
iterated integral signs and 4А = dy dx by r dr 4б. 


Їл, y)dy dx = ЇЇ ле cos 0, r sin 0) r dr dO 
R R 


If the integrand f(x, y) of a double integral (|. f(x, у) dA contains the 
expression х? + у? or if the region R involves circular arcs with centers 
at the origin, then the introduction of polar coordinates often leads to a 
simple evaluation, because x? + y? — r? and the circular arcs have equa- 
tions of the form r = k. This is illustrated in the following example. 


EXAMPLE 3 Use polar coordinates to evaluate 


ч р С (x? + у2)2/2 dy dx. 
SOLUTION The region of integration is bounded by the graphs of y = 0 
(the x-axis) and y = ууа? — x? (а semicircle), as shown in Figure 17.29. We 
first replace x* + 1? in the integrand by r?° and dy dx by r dr d0. Next we 
change the limits to polar coordinates. Referring to Figure 17.29, we find 
that 


Ё f "OT (х2 + y*y? dy dx = T p т^ rdr d0 
0 JO 


-а JO 
„ае [9 — 1,5 Гар 
= Е |i 46 = ia Ї 40 
= 1л 


АЇЛ 
= a [ө], = tna>, 
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Polar coordinates can also be used for double integrals if R is a region 
of the type illustrated in Figure 17.30(i). In this case R is bounded by the 
arcs of two circles of radii a and b and by the graphs of two polar equa- 
tions 0 = h,(r) and 0 = h,(r). where h, and h, are continuous functions 
and hlr) < hlr) for a <r € b. If f is a function of r and 0 and if f is 
continuous on R, then the limit in (17.13) exists and the evaluation for- 
mula is given in the next theorem. 


FIGURE 17.30 
(1) (ii) 
0 h.(r) 





O a b O a h 


Evaluation theorem [17.15] 
[frida = P Ц ro, or ao ar 
R 


The iterated integral in Theorem (17.15) may be interpreted in terms 
of limits of double sums. We first hold r fixed and sum along a circular 
arc. illustrated by the pink region in Figure 17.30(11). We next sweep out 
R by summing terms that correspond to such ring-shaped regions from 
=й tage 


EXAMPLE 4 Find the area of the smaller of the regions bounded by 
the polar axis, the graphs of = | and r = 2. and the part of the spiral 
r? = 1 from 0 = ! to 0 = 1. 


FIGURE 17.31 SOLUTION The region К. together with a ring of elementary polar 
regions. is sketched in Figure 17.31. We apply Theorem (17.15) with 


Tte. 0) e: 
A= [faa = [^ | raoar 


` « v 





1 Il 
— —, х 

te tw 
a > 
2 = 
Il > 
~ e - 
: =. 
- tw ers 
Il Т 
t3. 

| ta 
1 Arc 
ad 

= 


As in the preceding section, if /(x. v) > 0. then the volume V of the 
solid that lies under the graph of z = f(x. у) and over a region R in the 
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ху-рїапе is given by 
y= л. у) 4А. 
R 


Sometimes it is convenient (0 evaluate this double integral by using polar 
coordinates. as in the next example. 


EXAMPLE 5 Find the volume V of the solid that is bounded by the 
paraboloid z = 4 — х? — y? and the xy-plane. 


SOLUTION The first-octant portion of the solid is sketched in Fig- 
ure 17.32(). By symmetry, we may find the volume of this portion and 
multiply the result by 4. 


FIGURE 17.32 
(i) (ii) 





The region R in the xy-plane is bounded by the coordinate axes and 
one-fourth of the circle with polar equation r — 2, sketched in Fig- 
ure 17.3201), where we have also shown a wedge of elementary polar 
regions. The base of the prism in Figure 17.32(i) corresponds to one ele- 
mentary polar region. We can obtain the volume of the solid by using 
r? = x? + y? and the change of variables formula (17.14): 


Tes ffe — x! — y!) dA 
R 
ada b í | (4 — r?) r dr dé 
=4 : 2 [2r? = 3], 40 = 4 p Чан, ipo D 


The same problem, stated in terms of rectangular coordinates, leads 
to the following double integral: 


у=4 [[(4—х°— y’) da = Ap а х2 – y?) dy dx 
R 


Evaluating the last integral should thoroughly convince anyone of the 
advantage of using polar coordinates in certain problems. 
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EXERCISES 17.3 

Exer. 1-6: Express the area of the region as an iterated $ 
double integral in polar coordinates, using symmetry 
whenever possible. 












5, arctan $ 





Exer. 7—12: Use a double integral to find the area of the 
region that has the indicated shape. 


> One loop of r = 4 sin 30 

8 One loop of r = 2 cos 40 

© Inside r = 2 — 2 cos ( and outside r = 3 
10 Bounded by r = 3 + 2sin 0 


11 One loop of r° = 9 cos 20 





12 Inside r = 3 sin l and outside r = | + sin 0 
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Exer. 13-24: Use polar coordinates to evaluate the 
integral. 


13 ffe + у2)%? АА: 
R 


К is bounded by the circle x? + у? = 4. 


14 ff» + уг)? dA: 
R 


R is bounded by the semicircle y = 1 — x? and the 
x-axis. 


LI x? 
15 Ї 7 y dA; 


“ 


R 
R is the annular region bounded by x? + y? = a? and 
x? + y? = b? with 0 <a <b. 


16 ffe + у) аА; 
R 
R is bounded by the circle x? + у? = 2y. 


17 ТУе + у? АА: 


R 
К is bounded by the triangle with vertices (0, 0), (3, 0), 
(3, 3). 


18 Т|уе + у? АА: 
R 


R is bounded by the semicircle y = 2x — x? and the 
line y — x. 


io [ [^ ami dd. 
a JO " 


20 Ї ү Ox? + у?)?? dy dx 


2 (х 1 
21 T | = - dy dx 
1 о х/х? HA у? 
1 үх! 
Ї » 








22 "e dy dx 


ü 


2 ру2у-у? 
24 Í Ї “х dx dy 
0 v 2y — у? 7 


Exer. 25-40: Use polar coordinates to find the volume 
of the solid that has the shape of Q. 


2 f.4-y? 5 > т ы 
23 1 | cos (x^ + у?) dx dy 


25 0 is the region inside the sphere x? + y? + z? = 25 and 
outside the cylinder x? + y? = 9, 
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26 Q is сш out of the ellipsoid 4x? + 4y? + 2? = 16 by the 
cylinder x? + у? = 1. 

27 0 is bounded by the cone 22 = x? + y? and the cylinder 
x? + y? =2x. 

28 0 is bounded by the paraboloid z = 4x? + 4y?, the cyl- 
inder x? + у? = Зу, and the plane z = 0. 

29 Q is the largest region that is inside both the sphere 
x? + y? + z? = 16 and the cylinder x? + у? = 4y. 

30 0 is bounded by the paraboloid z = 9 — x? — у? and 
the plane z = 5. 


31 Let R, be the region bounded by the circle x? + у? = a?. 


If we define 
jer dA, 
Ra 


fe [Ee dx dy = lim 
evaluate the improper double integral. 


г о 


32 (a) It can be proved, using advanced methods, that 
[2..6 


I e^" dx TE e^? dy. 
- ` -0 


Use this fact and Exercise 31 to show that 
f*.e "dx-wm. Interpret this result geo- 
metrically. 

19) Use part (a) to prove the following result, which is 
important in the field of statistics: 


as Г, e)? dx 21 


X 2n 


[c | Exer. 33-34: We can sometimes evaluate a double inte- 


gral by changing it to a single integral. (а) Use polar 
coordinates to change the given double integral to a 
single integral involving only the variable r. [b] Use 
Simpson's rule, with л = 4, to approximate the single 
integral. 


33 Ї Ї М1 + (x? + y АА: 
R 
R is the region in the first quadrant bounded by the 
circle x? + y? = 4 and the coordinate axes. 
34 ffsin yx? + y? dA; 
R 


R is the region bounded by the semicircle x = y1 — y? 


and the y-axis. 


In Section 6.5 we obtained formulas for the area of a surface of revolution. 
We now consider a method for finding areas of more general surfaces. 
Suppose that f(x, y) 2 0 throughout a region R in the xy-plane and that 
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FIGURE 17.33 





Definition (17.16) 


FIGURE 17.34 





Integral for surface 
area (17.17) 


f has continuous first partial derivatives on R. Let 5 denote the portion 
of the graph of / whose projection on the xy-plane is К, as illustrated in 
Figure 17.33. To simplify the discussion. we assume that no normal vector 
to S is parallel to the xy-plane. We wish to define the area A of S and 
find a formula that can be used to calculate 4. 

Let P = |R,} bean inner partition of R. and let the dimensions of the 
rectangle R, be Ax, and Av,. For each К, choose any point (Xp, у. 0) in 
R, and let B,(x,. vy. f(x. уу!) be the corresponding point on S. Next con- 
sider the tangent plane to S at B, (see Figure 17.33), and let AT, and AS, 
be the areas of the regions on the tangent plane and on 5, respectively. 
obtained by projecting R, vertically upward. If the norm | Р || of the par- 
tition is small. then AT, is an approximation to AS,. and Y, AT, is an 
approximation to the area А of S. This approximation should improve 
as ||P | approaches 0, so we arrive at the following. 


||Р\|—0 k 


To find an integral formula for А. let us choose (ху. уу. 0) as the corner 
of R, closest to the origin. As in the isolated view of AT, shown in Fig- 
ure 17.34, consider the vectors a and b with initial point B,(x,. vy. f'(xq. Y4)). 
which are tangent to the traces of S on the planes y = y, and x = ху. 
respectively. By Theorem (16.10). the slopes of the lines determined by a 
and b in these planes are f(xy. v,) and /,(х,, у), respectively. It follows that 


a = Ax, + f(xy. у) Ax,k 
bz Ауу} T f xi. Vy) Ay;,k. 


From Section 14.4, the area AT, of the parallelogram determined by a 





and b is [а x b||. Using 
i ! k 
a x b=|Ax, 0 Ту, Y) Ax, 
0 Ay, (хе. Y) AY; 
gives us 


ax b= —fx, y) Ax, Ду — f(x. y) Ax, Луј + Ax, Ay,k. 
Consequently 
АТ, = ||a x b|| = VELT у] + i У]? +1 Ax, Ауу, 


where Ax, Av, = AA,. If. as in (17.16). we take the limit of sums of the AT, 
and apply the definition of the double integral, we obtain the following. 








A= RE Ур + fix. Ур -- 1 dA 
R 


The formula in (17.17) may also be used if f(x. у) x 0 on R. 
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FIGURE 17.35 


у 








EXAMPLE 1 Let R be the triangular region in the xy-plane with ver- 
tices (0. 0, 0), (0, 1. 0). and (1. 1. 0). Find the surface area of that portion 
of the graph of z = 3x + 1? that lies over К. 


SOLUTION The region R in the xy-plane is bounded by the graphs of 
у= х. x=0, and y = l, as shown in Figure 17.35. Letting f(x. у) = 
3x + Y? and applying (17.17) gives us 


Й = || /3? + (2y)? + 1 44 = А Ї (10 + 412)! ? dx dy 
" А 
= [10+ 402) р dy = | 004442! гуду 
40 о 40 , 
| “АГ 1832-1093 | 
= È (10 + 4р2)? E - (2 x 1.7 square units. 


EXAMPLE 2 Find the surface area of the paraboloid z = 4 — x? — y? 
for z > 0. 


SOLUTION The paraboloid is sketched in Figure 17.36(). Applying 
(17.17) with f(x, y) = 4 — x? — y?. we have 


A= fi V -2xP + (729? + 1 dA 
R 
= [fs 4x? + Ay! + 14А, 
R 


where R is the region in the xy-plane bounded by the circle x? + y? = 4. 
By symmetry. we can find the surface area corresponding to the first- 
quadrant portion of R shown in Figure 17.36(ii) and then multiply this 
result by 4. Using an iterated integral yields 


(2 hire 5 ОЛ 
4-4 1, Ї /4х* + 4у* 4-1 dy dx. 


FIGURE 17.36 
Ш (1) 
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It would be very tedious to evaluate this integral, so we change to polar 
coordinates and proceed as follows: 


9 т/2 2 fast caw 
A=4[" [уш rdr do 


221) 


-4| [har жалл аө 


2 
mia 1 


* 15(173/2 — 1) 40 


l pe 10 а 07 2... (үгт 868 


0 





Formulas similar (0 (17.17) may be stated if the surface 5 has suitable 
projections on the yz- or xz-planes. Thus, if S is the graph of an equation 
y = g(x, 2) and if the projection on the xz-plane is Кү. then 





d IRR 2]? + (64х, 2]? + 1 dA. 
R; 


A formula of this type may also be stated if 5 is given by x = (y, 2). 


EXERCISES 17.4 


Exer. 1—4: Set up an iterated double integral that can 
be used to find the surface area of the portion of the 
graph of the equation that lies over the region R in the 
xy-plane that has the given boundary. Use symmetry 
whenever possible. 


1 х®+у%*+2%=4; 
the square with vertices (1, 1). (1, —1),(—1, 1), (—1, —1) 
232-у +2? = 1; 
the square with vertices (0, 1), (1, 0), (— 1, 0), (0, — 1) 
з 3622 = 16x? + 9y? + 144; 
the circle with center at the origin and radius 3 
4 9y? = 225z? + 25x?; 
the triangle with vertices (0, 0), (3, 5), (—3, 5) 
Exer. 5-6: Find the surface area of the portion of the 
graph of the equation that lies over the region К in the 
xy-plane that has the given boundary. 
5 z=y+4x’; 
the square with vertices (0, 0), (1, 0), (1, 1), (0, 1) 
6 2= у?; 
the triangle with vertices (0, 0), (0, 2), (2, 2) 
7 A portion of the plane (x/a) + (y/b) + (z/c) = 1 is cut out 
by the cylinder x? + y? = k?, where a, b, c, and k are 
positive. Find the area of that portion. 


в Find the surface area of the first-octant portion of 
the cylinder у? + 22 = 9 that lies inside the cylinder 
x? + y? = 9 (see Figure 17.23). 


Exer. 9—12: Find the area of the surface 5. 


9 


9 Sis the part of the paraboloid z = x? + y? cut off by the 


plane z = 1. 


10 5 is the part of the plane 2 = y + 1 that is inside the 
cylinder х? + у? = 1. 


11 5 is the part of the sphere x? + y? + z? = a? that is in- 
side the cylinder x? + у? = ay. 


12 S is the first-octant part of the hyperbolic paraboloid 
z = x? — y? that is inside the cylinder x? + у? = 1. 


13 A dome-shaped camping tent is designed to have a cir- 
cular floor of radius 5 feet and a roof described by the 
graph ofz = 7 — (х? + y?) for z > 0. Approximate the 
number of square feet of material needed to construct 
the tent. (Do not consider wasted or overlapping 
material.) 


14 A Van de Graaff generator сап be used to produce mil- 
lions of volts of static electricity and large sparks. Part 
of the generator consists of a spherical metal shell with 
a circular hole cut out of the bottom. The total charge 
C (in coulombs) generated is given by C = 6A, where A 














17.5 TRIPLE INTEGRALS 915 





is the area of the metal surface and ô is the area charge [c] Exer. 15-16: Refer to Exercises 51-52 of Section 17.1. 


density on the surface. Suppose the sphere can be de- Use the trapezoidal rule, with = 2, to approximate the 
scribed by x^ + y? + 22 = 1, and the hole is obtained by surface area of the portion of the graph of / that lies 
intersecting the cylinder х2 + у? = үд with the sphere for over the square region R with the given vertices in the 
z < 0, where x, y, and z are in meters. Approximate С xy-plane. 


if 6 = L2 x I0 ? coulomb/m?, (This value of С corre- 
sponds to a voltage potential of approximately 1.35 mil- 
lion volts.) 16 f(x,y) = xy; (E, 2).(1.3), 63.6.5 


15 f(x. y) = 1х? сов у; (0,0). (0, 1). (1. 1). (1, 0) 


17.5 TRIPLE INTEGRALS 


Triple integrals for a function f of three variables х, v. and z can be de- 
fined using a four-step process similar to that given in Section 17.1 for 
functions of two variables. The simplest case occurs if f is continuous 
throughout a box-shaped region Q in three dimensions of the following 
type: 

О-((Хууу2ы цах х рс уй 2 200) 


A possible position for Q is illustrated in Figure 17.37(i). If Q is divided 
into subregions О,, О..... Q,, by means of planes parallel to the three 
coordinate planes (see Figure 17.37(ii)), then the collection (0,| is a par- 
tition P of Q. The norm || P | of the partition is the length of the longest 
diagonal of all the О,. As shown in Figure 17.37(iii), if Ax,, Ау. and Az, 
are the dimensions of Q,, then its volume АР, is 


AV, = Ах, Ay, Агу. 


FIGURE 17.37 
(i) (ii) (iii) 






b, d, n) 





X 


A Riemann sum of f for P is 


Y. Ли, э) АЙ, 
n 


where (ty, Uy. м) is any point in Q,. A limit of Riemann sums. as | P || 0, 
is defined as it was for functions of two variables. If the limit exists, it is 
called the triple integral of f over О and is denoted by [ffo f(x. у.с) dV. 
Using limit notation, we have the following. 
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Triple integral of f 
over О (17.18) 


FIGURE 17.38 


= k(x, y) 


If fis yz) dV = lim. Y fiu. to W) AV, 


I Pio 


It can be shown that if Q is the region in Figure 17.37(i), then 
ff JG, yz) dV = Ї T $ f(x. y. 2) ах dy dz. 
Q 


The iterated integral on the right is evaluated by beginning with the inner- 
most integral and working outward. Thus, the first integration is with 
respect to x (with v and z fixed), the second is with respect to y (with z 
fixed). and the third is with respect to z. There are five other iterated 
integrals that equal the triple integral of / over Q. For example, if we 
integrate in the order y. z, x. then 


ff f(x, y. z) dV = Ї i, Ї fx, y, z) dy dz ах. 
о 


It can be shown that for the box-shaped region О in Figure 17.37(1), the 
order of integration is immaterial. 


EXAMPLE 1 Evaluate ЇЇ оо? + yx) dV if 
Q 


Q-i(x,»z:—-1zxz13s»»z40sxzzx2)! 


SOLUTION Of the six possible iterated integrals, we shall use the 
following: 


L E L (xy? + yz у dz dx dy = f? ‘ie ts (xy? + yz ‘) dz | dx dy 


= Rr ЕЕ +y GI dx dy 
- I Ї 1 (2ху? + 4y) dx dy 


553 1?! 
= j 27 )» + | 4у 
| -4 


= E [(y? + 4y) — (x? — 4y)] dy 


to 


Triple integrals may be defined over a region more complicated than 
a rectangular box. Suppose, for example, that R is a region in the xy-plane 
that can be divided into R, and R, regions and that Q is the region in 
three dimensions defined by 


О = ix. у. 2): (x, y) is in R and k,(x, y) € z € ky(x, y). 


where k, and k, are functions that have continuous first partial derivatives 
throughout R. The region О lies between the graphs of z = k,(x, y) and 
т = k(x, y) and over or under the region R (see Figure 17.38). If Q is sub- 
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Evaluation theorem (17.19) 


FIGURE 17.39 


tà 


s 


divided by means of planes parallel to the three coordinate planes, then 
the resulting (small) box-shaped regions Q,.Q3,..., Q, that lie completely 
within Q form an inner partition P of Q. A typical element Q, of an inner 
partition of Q is shown in Figure 17.38. 

A Riemann sum of f for P is any sum of the form Y, /(ц, ty. Wi) AK. 
where (и. Uj, му) is an arbitrary point in Q, and AV, is the volume of Q,. 
The triple integral of f over Q is again defined as the limit (17.18). If f is 
continuous throughout Q. then the following can be proved. 


| ГО y,z) dV = IT [ка УС. ў 2) dz] dA 
Q R 


The notation on the right in (17.19) means that after first integrating 
with respect to z, we evaluate the resulting double integral over the region 
R in the xy-plane using the methods of Section 17.1. Thus, for an R, region 
such as that in Figure 17.8(i). 

em | "b Paa PRAY) „ 
| | fix. y. z) dV = | ll. i | in fix. y. z) dz dy dx. 


91(Х) үАЖ((Х.3) 
Q 


The symbol on the right-hand side of this equation is an iterated triple 
integral. It is evaluated by means of partial integrations of f(x, у. 2) in 
the order =. y. x. with the indicated limits substituted in the usual way. 
Similarly, for an R, region such as that in Figure 17.81), 
wen , [d fhag f'kat-Y a 
[| [fix v. Z)dV = | | ийн | in f(x, y. z)dz dx dy. 


4c Qin) kil) ^ 
Q 


It is convenient to regard either of the last two integrals as a limit of 
a triple sum, 
>.>. 2, Ли, vj. му) Az, Ay; Ax; 

7% 


t 


where the first summation (with respect to k) corresponds to a column of 
(small) boxes, in the direction parallel to the z-axis. from the lower sur- 
face (with equation z= k,(x. v)) to the upper surface (with equation 
z= k(x. у)), as illustrated in Figure 17.39. The remaining two summa- 
tions take place over the region R in the xy-plane, as in our work with 
double integrals in Section 17.1. 


EXAMPLE 2 Express [ffo f(x, y. z) dV as an iterated integral if Q is 
the region in the first octant bounded by the coordinate planes. the parab- 
oloid z = 2 + x?  iy?, and the cylinder x? + 1? = 1. 


SOLUTION As illustrated in Figure 17.40(i). О lies under the paraboloid 
and over the xy-plane. The region R in the xy-plane is bounded by the 
coordinate axes and the graph of y = y1 — x*. Also shown in the figure 
is a column that corresponds to a first summation over the boxes of vol- 
umes Az, Ay, Ах, in the direction of the z-axis. Since the column extends 
from the xy-plane to the paraboloid, the lower limit for the integration 
with respect to z is = = 0 and the upper limit is z = 2 + x^ + iy. The 
second and third integrations are taken over the region R in the xy-plane 
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FIGURE 17.40 
(i) 





(see Figure 17.40(11)). Thus, the integral in (17.19) has the form 


А Ї ы ч ht ta türey fix. у, 2) dz dy dx. 





If f(x, y, z) = 1 throughout a region О, then the triple integral of f 
over Q is written ||| dV and its value is the volume of О. In Example 2 
the volume V of the region Q in Figure 17.40(i) is given by 


Vi- на 2+(1/d)y2 
Vel ч — dz dy dx. 


We could, of course, obtain the volume using a double integral, as in 
Section 17.2. The reason for using a triple integral here and in the following 
examples is to gain practice in working with limits of triple sums. This 
same technique will be used later for problems that cannot be solved using 
double integrals. 


EXAMPLE 3 Find the volume V of the solid that is bounded by the 
cylinder y = x? and by the planes y + z = 4 and z = 0. 


SOLUTION The solid is sketched in Figure 17.41(i). together with a 
column corresponding to a first summation in the direction of the z-axis. 
Note that the column extends from z = 0 to z = 4 — y. The region R in 
the xy-plane is shown in Figure 17.41(11), together with a rectangle corre- 
sponding to the first (of a double) integration with respect to y. Applying 
(17.19) with f(x. y, 2) = 1, we have 


y- |? [ауа P, [S [ef ay ax 
~ | t (4— y)dy dx = P, [av Б, ах 


T (8 — 4x? + ix*) dx = [8x — $x: Ez JH 
40972: 17. 


! 


a 
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FIGURE 17.41 
(i) (il) 


2 





If we use the order dx dy for the double integral, then the rectangle 
in Figure 17.41(ii) will be horizontal and the formula for V will become 


v= PU [Pde ax ay. 


Some triple integrals may be evaluated by means of an iterated triple 
integral in which the first integration is with respect to у. Thus, consider 


О = {(x, у, z):a <x <b, h,(x) <2 < (х), k(x, z) < y € ka(x.z)], 


where h, and h, are functions that are continuous on [a,b] and А, and 
k, are functions that have continuous first partial derivatives on the region 
R in the xz-plane shown in Figure 17.42. Note that О lies between the 
graphs of y = k,(x, 2) and у = k(x, z). The projection R of О onto the 
xz-plane is an R, region. In this case we have the following. 


FIGURE 17.42 


Se 


y = Ks 2) 
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Evaluation theorem (17.20) 


[((Жх,»аау =f? PP? (999 fox, y, 2) dy de dx 
Q 


The iterated integral in (17.20) may be interpreted as a limit of triple sums 
obtained by first summing over a row of small boxes in the direction par- 
allel to the y-axis from the left surface (with equation у = k(x. z)) to the 
right surface (with equation y = k,(x, z)), as indicated in Figure 17.42. The 
resulting double integral is then evaluated over the region R in the x--plane, 
as illustrated in the next example. 


EXAMPLE 4 Find the volume of the region Q bounded by the graphs 
ofz-3x';z-4—x'y-Ü0,andz-4y-6. 


SOLUTION As shown in Figure 17.43(i), О lies under the cylinder 
т = 4 — x^, over the cylinder т = 3x7, to the right of the xz-plane, and 
to the left of the plane z + у = 6. Hence О is a region of the type illus- 
trated in Figure 17.42 with K,(x, т) = 0 and k,(x, 2) = 6 — z. The region 
R in the xz-plane is sketched in Figure 17.43(ii). Applying (17.20). we have 


Е V= T I 4 19 dy dz dx = Ї : í di Пи “4: dx 
Q 
Е Ja ЫГ (6 — z) dz dx = T [6: = wel dx 
1 


V 


| 
— 
= 
| 
to 
СЭ 
НО 
N 
+ 
ь 
^ 
b 
к 
11 
eid 
58 
n 
to 
e 
„ө 


FIGURE 17.43 
Ш (li) 





If we used a different order of integration, it would be necessary to use 
several triple integrals. (Do you see why this is true?) 


Finally, if Q is a region of the type illustrated in Figure 17.44, where 
the functions p, and p, have continuous first partial derivatives on a 
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FIGURE 17.44 





suitable region R in the yz-plane, then 
fff /(Х,:у,2) 40У = ff Wesce f(x, y. z) dx] dA. 
Q R 


In the final iterated double integral, dA will be replaced by dz dy or dy dz. 


EXAMPLE 5 In Example 3 we considered the solid bounded by the 
cylinder y = х? and the planes y + z = 4 and z = 0. Set up a triple integral 
for the volume of this solid in which the first integration is with respect 
to х. 


SOLUTION — The solid is resketched in Figure 17.45(1). A first integration 
with respect to x corresponds to a summation along a column of small 
boxes in the direction parallel to the x-axis, extending from the graph of 
x= =y to the graph of x = yvy. The region R in the yz-plane lies be- 
tween these graphs and is bounded by the v- and z-axes and the line 
у + т = 4, as shown in Figure 17.45(11). 


FIGURE 17.45 
(i) (1) 








922 


FIGURE 17.46 
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Definition of mass 
density (17.21) 


Mass of a solid (17.22) 


If the second integration is with respect to v. as indicated by the row 
of rectangles in Figure 17.45(11), then 


Ves i" b dx dy dz. 


If we take the second integration with respect to z instead of у, then the 


iterated integral is 
4 ра-у руу 
raf Ї Р | * dxdz dy. 
o Jo J-vy 


In the next section we shall use triple integrals to find the center of mass 
of a solid. We conclude this section by discussing the preliminary appli- 
cation of finding the mass of a solid. 

If a solid has mass m and volume V and if the mass is uniformly dis- 
tributed throughout the solid, we say that the solid is homogeneous. The 
mass density 6 is defined by 

. m : 

ё = V or m-—óV. 
Thus, д is mass per unit volume. If, for example. m is in kilograms and 
V in cubic meters, then 6 is in kg/m?. 

Let us next consider a nonhomogencous solid, in which the mass density 
is not the same throughout. For instance, an object might consist of dif- 
ferent metals, such as copper, iron, and gold, formed into one solid. We 
begin by introducing a coordinate system as in Figure 17.46, where the 
solid has the shape of the region О. To define the mass density d(x, у, 2) 
at a point P(x, v, z), consider a box-shaped subregion Q, that contains P 
and has volume AV, and mass Am, (see Figure 17.46). If the longest di- 
agonal || AV, | of the box is small, we expect Am,/AV, to be an approxi- 
mation to d(x, y, z). This motivates the following definition. 


я : Am, 
0(х, у,2) = lim —— 
i ГАР эд AK 


If the limit in (17.21) exists and | АЙ, | = 0, then 
Am, © д(х, y, 2) AV,. 


In some cases we may know the density d(x, у, 2) and wish to find the 
mass. If 6 is a continuous function and О is a suitable region, then we 
consider an inner partition (0,| of О, choose a point (Xy, у, z;) in each 
Q,, and form the Riemann sum Y, ó(x,, у. zj) АЙ. We may define the 
mass m of Q as a limit of such sums. This gives us the following. 


т = fff oos. y.z) dV 
Q 
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EXAMPLE 6 A solid has the shape of a right circular cylinder of base 
radius a and height Л. Find the mass if the density at a point P is directly 
proportional to the distance from one of the bases to P. 


SOLUTION — If we introduce a coordinate system as in Figure 17.47, the 
solid is bounded by the graphs of x? + у? =a?, 2-0, and т = h. By 
hypothesis, the density at (x, у, 2) is d(x, у, 2) = kz for some constant k. 
From the form of 6 and the symmetry of the solid we may calculate m 
for the first-octant portion and multiply by 4. Using (17.22), we have 


m= єрт" L kz dz dy dx 


ЧН EI pepe 


= 4k p p C e dy dx 


= ak ye Pp ах 


= 2kh? Ї va? — x? dx 


= 2kh? - $ra? = lnkh?a?. 


A discussion similar to the preceding one can be given for a lamina 
that has the shape of a region R in the xy-plane. Consider a rectangular 
subregion R, that contains the point P and has area AA, (see Fig- 
ure 17.48). In this case the area mass density at P(x, y) is defined by 
Ат, 


A(x, у) = lim : 
» ЦАЯ || 70 АА, 


FIGURE 17.48 





The units for d(x, y) are mass per unit area, such as kg/m?. We can state 
a formula analogous to (17.22) for a lamina as follows. 


m= ff. y) dA 
R 
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EXAMPLE 7 A lamina has the shape of an isosceles right triangle with 
equal sides of length a. Find the mass if the area mass density at a point 
P is directly proportional to the square of the distance from P to the ver- 
tex that is opposite the hypotenuse. 


FIGURE 17.49 SOLUTION It is convenient to introduce a coordinate system, as in 
Figure 17.49, with the vertex at the origin and the hypotenuse of the 
triangle along the line x + y =a. Also shown in the figure is a typical 
rectangle R, (of area AA,) of an inner partition with a point (ху. v,) in the 
rectangle, 

By hypothesis, the area mass density at (x. y) is d(x, y) = k(x? + у?) 
for some constant k. Applying Definition (17.23) and Theorem (17.8), we 
find that the mass is 


m= [ке + уг) ЙА = Ї n * k(x? + y?) dy dx 






(Xp. Ve) 


R 
=k p | х» + wr dx =k [ [x(a — x) + 3a — xp] dx. 


















The last integral equals (Ка? 


EXERCISES 17.5 





N 


Ехег. 1-6: Evaluate the iterated integral. 8 , 
15 la: Ї : (x + 2y + 42) dx dy dz 
|, Ё, Ї (6х22 + 5xy?) dz dx dy 

! Ё Lus ' |» dy dz dx ЯР 


^ p zdy dx dz 


> 


« ` 


2 Гх? Px+y 
| | | 2х?у dz dy dx 
4-141 Jo А 


3 ГЗу [у> 
6 Її i (20+ р + 2) 0х 02 йу 


› 
2J0 Ji 





Exer. 7—10: If f is an arbitrary continuous function of 

three variables and О is the region shown in the figure, 
express [flo fx. у, z) dV as an iterated triple integral in 9 
six different ways. 


7 
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Exer. 11-20: Sketch the region bounded by the graphs 
of the equations, and use a triple integral to find its 
volume. 


11 zx =A у+т=ф v=0 2-0 

12 х +22 = 4, у? 2-4 

13 y=2—27, уе, х+:=4, х= 0) 

14 2= 4у?, р х= 2, х = () 

15 y! +22 = 1; x+y4+2=2, х=0 

l6 z=x + у", у+2= 2 

17 2-49--37, z=; у= –1, у=2 

18: z= Emn у = 3х, x = 2, y= 0; ==0 
19 2= х?, z= x, улаа”: у-0 

20 pox? +24) 1—=х°, 2-4, у=0 


Exer. 21—22: Let а, b, апа с be positive numbers. 


21 Find the volume of the tetrahedron bounded by the co- 
ordinate planes and the plane 


Exer. 23-28: The iterated integral represents the volume 
of a region Q in an xyz-coordinate system. Describe Q. 


af [7 puga 


24 Lis eO сн | dy dx dz 


25 f. Ї f “* dz dy dx 


26 (^ ЇГ (P dz ay dx 


ar Г Pe ака 


FPES. dx dy de 


Exer. 29-30: A lamina having area mass density б(х, у) 
has the shape of the region bounded by the graphs of 
the equations. Set up an iterated double integral that can 
be used to find the mass of the lamina. 


29 0(x,.9) — y*: ys * Fed. Ker уг 0 
30 0(x,y)-x^-- y xP Hl, хай, у=1, p=? 
Exer. 31-32: A solid having density ó(x, у, z) has the 
shape of the region bounded by the graphs of the equa- 
tions. Set up an iterated triple integral that can be used 
to find the mass of the solid. 


31 ó(x. y, 2) =x? +497: x R2y4- 72-24, x20. р=0, 2-0 

32 ó(x. y. z) =2 + 1, 2-4-37-у,:5:0 

33 Near sea level, the density 6 of the earth’s atmosphere 
at a height of z meters can be approximated by 6 = 
1.225 — 0.0001 13z kg/m*. Approximate the mass of a re- 
gion of the atmosphere that has the shape of a cube with 
edge of length 1 kilometer and one face on the surface 
of the earth. 


[c] 34 For an altitude т up to 30,000 meters. the density б 


(in kg/m?) of the earth's atmosphere can be approxi- 
mated by 


6=1.2—(1.096 x 107 *)2-(3.32 x 10° ?)Z2—(3.6x 107 ! 22, 


The average pressure P (in newtons) on a region of the 
earth's surface of area А caused by à volume О of the 
atmosphere can be estimated from 


p=+ [[fonav. 
A 4 P 


where g = 9.80 m/sec? is a gravitational constant. Esti- 
mate the pressure exerted by a column of air 30,000 
meters high on one square meter of the earth's surface. 
(Standard atmospheric pressure on one square meter is 
101,325 newtons.) 


[c] Exer. 35-36: A cubical solid bounded by the coordinate 


planes and the planes х= 1, y 21, and = = 1 has 
the given density ó(x, y, z). Approximate its mass by 
evaluating 

Y X У ди, о, м) Az, Ay, Ax, 

#=1 ј=1 к= 
for the indicated value ойл, where each increment equals 
l/n and ц, = (i — 3)/n, v, = (j — 3) /n, and w, = (k — 3)/n. 


35 AX yz) m x^ y, 4-25 п=2 


36 OX, у. 2) =1ап(хусозс; n=4 
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17.6 MOMENTS AND CENTER OF MASS _ 


FIGURE 17.50 
17 








Definition (17.24) 


Moments and the center of mass of a homogeneous lamina were con- 
sidered in Section 6.7. We can use double integrals to extend these con- 
cepts to a nonhomogeneous lamina L that has the shape of a region R in 
the xy-plane. If the area mass density at the point (x, y) is d(x, y) and б 
is a continuous function on R, then, by (17.23), the mass m of L is given 


by 
m= ffo. y dA. 
R 


Consider an inner partition P = (К,| of R, and for each k, let (xp. у) be 
any point in A, (see Figure 17.50). Since д is continuous, а small change 
in (x, y) produces a small change in the density d(x, v); that is, 6 is almost 
constant on R,. Hence, if || P || = 0, the mass Am, that corresponds to R, 
may be approximated by 0(x,, y,) AA,, where AA, is the area of R,. If we 
assume that the mass Am, is concentrated at (x,, у,), then the moment 
with respect to the x-axis of this element of L is the product у,д(х,, у) AA,. 
Since the sum of the moments Y, y,ó(x,. y,) АА, should approximate the 
moment of the lamina, we define the moment M, of L with respect to the 
x-axis as follows: 





M,- lim Y уд, y) АА, = Ї ii yó(x, y) dA 
R 


|| P170. k 


Similarly, the moment M, of L with respect to the y-axis is 


I Pjl[-0 k 


М,- lim Y xXx, y) AA, = Ї | ха, y) dA. 
R 


As in Definition (6.24). we define the center of mass (or center of 
gravity) of the lamina as the point (X. F) such that X = M,/m, y = Mm. 
This gives us the following. 


Let L be a lamina that has the shape of a region R in the xy-plane. 
If the area mass density at (x, y) is д(х, y) and if 6 is continuous on 
R, then the mass m, the moments М, and M,. and the center of mass 
(X. у) are 


(i) m= ffo. y) dA 
R 


ш M, = [[-ydtx, dA, м, = ff xò, aa 
R 


R 
M, 1 її, xd(x, у) 44 вы M, : ПИСЕ у) 4А 
m — ([ ox. dA | т (f dee. dA 


If L is homogeneous, then the area mass density д(х, у) is a constant 
and can be canceled in (17.24)(iii). Thus, as in Section 6.7, the center of 


(ili) х= 
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FIGURE 17.51 
y 





FIGURE 17,52 








mass of a homogeneous lamina depends only on its shape, and we refer 
to (X. y) as the centroid of the region R. 


EXAMPLE 1 A lamina has the shape of an isosceles right triangle with 
equal sides of length a. The area mass density at a point P is directly 
proportional to the square of the distance from P to the vertex that is 
opposite the hypotenuse. Find the center of mass. 


SOLUTION The lamina is the same as that considered in Example 7 of 
Section 17.5, where we placed the triangle as in Figure 17.51. Using the 
area mass density d(x, y) = k(x? + y?), we found that m = іка“. By Defini- 
tion (17.24)(ii), 
M, = ff xke + y*)dA= |А iN 7 xk(x? + у?) dy dx, 
R 
which is equal to yka. From Definition (17.24)(iii), 
qka’ Е 


x= = 4а. 
bkat ` 





Similarly, M, = (Ка! and y = ѓа. Thus, the center of mass (the bal- 
ance point) of the lamina is (2a, ѓа). 


EXAMPLE 2 A lamina has the shape of the region R in the xy-plane 
bounded by the parabola x — y? and the line x — 4. The area mass density 
at the point Р(х, y) is directly proportional to the distance from the y-axis 
to P. Find the center of mass. 


SOLUTION The region is sketched in Figure 17.52. By hypothesis, the 
area mass density at (x, y) is d(x, y) = kx for some constant k. It follows 
from the form of 6 and the symmetry of the region that the center of mass 
is on the x-axis; that is, у = 0. 

Using Definition (17.24)(i) and then integrating first with respect to x, 
as indicated by the row of rectangles in Figure 17.52, we have 


т = ff dA —k r. Ї х dx dy 
R 


=k Pe ay = bk ^, ав y ay = Ч 


By Definition (17.24)(ii), 
M,- ff xw dA=k Г, fi x? dx dy 
; з 


= К ur [фе], dy =4k ЇЕ (64 — уб) dy = 512k, 





Consequently 





= —_ = — д4 2 
m 7 1286 7 


Hence the center of mass is (22, 0). 
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Moments of inertia of 
a lamina (17.25) 


FIGURE 17.53 





FIGURE 17.54 


rotation 





The moments M, and M, in Definition (17.24) are also called the first 
moments of L with respect to the coordinate axes. If we use the squares of 
the distances from the coordinate axes, we obtain the second moments, or 
moments of inertia, /, and /, with respect to the x-axis and y-axis, respec- 
tively. The sum /, = /, + f, is the polar moment of inertia, or the moment 
of inertia with respect to the origin. In the following formula, lọ can be 
obtained as a limit of a sum, using the square of the distance from the 
origin to (хү, уу) in Figure 17.50. 


— 
ll 


а lim Уух, у) АА, = [(›?&х. у)4А 


Plo k 


„А 
| 


К 
„= lim Y хх уу AA, = ЇЇ oe, y) dA 
R 


ЇРЇГ-20 k 


lim Y (xz + Yt. уу! АА, 
I| P110 2 


ffo + у?)б(х. y) dA 
R 


- 
© 
Ш 


EXAMPLE 3 A lamina has the semicircular shape illustrated in Fig- 
ure 17.53. The area mass density is directly proportional to the distance 
from the x-axis. Find the moment of inertia with respect to the x-axis. 


SOLUTION By hypothesis, the area mass density at (x. v) is б(х. у) = Ку. 
Applying (17.25), we find that the moment of inertia with respect to the 
х-ахіѕ is 


1, ян i a 


Ка "yy dy dx =k I a 


40 





Loa m ы. 
41 i^ dx 


I" 


^а Э.-Э 
ik | (a* — 2a?x? + x*) dx = eka’. 
J-a ч 


Moments of inertia are useful in problems that involve rotation of an 
object about a fixed axis, such as rotation of a wheel (or disk) about an 
axle (see Figure 17.54). If a particle P on the wheel has mass m and is a 
distance k from the axis of rotation, then the moment of inertia / of P with 
respect to the axis is тА. If the angular speed 40:41 is a constant œ, then 
the speed r of the particle is kc. From physics, the kinetic energy К.Е. of 
Pis 

К.Е. = Im. 
Since v = kw; 
K.E. = Iimk?o? = 1/0). 


If we represent the wheel by a disk and introduce a limit of sums, then the 
same formula may be derived for the kinetic energy of the wheel. The for- 
mula can also be extended to laminas having noncircular shapes. The 
kinetic energy of a rotating object tells an engineer or physicist the amount 
of work necessary to bring the object to rest. Since K.E. = 1702, the kinetic 
energy is directly proportional to the moment of inertia. For a fixed «о, the 
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Moments and center of mass in 
three dimensions {17.26} 


FIGURE 17.56 
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larger the moment of inertia, the larger the amount of work required to 
stop the rotation. 

Let us next consider a solid that has the shape of a three-dimensional 
region Q. Suppose that the mass density (mass per unit volume) at (х, у. 2) 
is б(х. y. z) and that д is continuous throughout О. Let {Q,! be an inner 
partition of Q. and let АР, be the volume of Q,. If (ху. уу. 7) is а point 
in О, (see Figure 17.55), then the corresponding mass is approximately 
бху уу. Z4) АМ. By (17.22). the mass of the solid is the limit of such sums 
that is. (ffo dx. y. 2) dV. 

The moment with respect to the xy-plane of the portion of the solid that 
corresponds to О, is approximated by z,0(x,. уу. т.) AV, (see Figure 17.55). 
Summing and taking a limit gives us the moment M,, of the solid with 
respect to the xy-plane (see (17.26)(i)). The moments M,. and M,. with 
respect to the xz-plane and yz-plane, respectively, are obtained in similar 
fashion. The center of mass (x. i. 2) of the solid is defined in (17.26)(iii). 


m m= fff öx. у. aav 
їй My, 5 Ї Ї fz0(x, y. 2) dV 
Mi = ji yolx, y, z) dV 
Mm ji xó(x, y, z) dV 
б 


My М,, 





M уз, 


(iii) X = ys ; 7=— 
m m m 
From (iii) of (17.26). 
mx = M,. m= My. mz-M,. 


Since тх, my, and mz are the moments with respect to the yz-plane, the 
xz-plane, and the x y-plane, respectively. of a single point mass located at 
(X. V, 2), we may interpret the center of mass of a solid as the point at 
which the total mass can be concentrated to obtain the moments M,.. 
M,., and M,, of the solid. 

If the solid is homogeneous, the mass density 0 is a constant and hence 
ò can be canceled after substitution in (17.26)(iii). Consequently the center 
of mass of a homogeneous solid depends only on the shape of Q. As in 
two dimensions, the corresponding point for geometric solids is called the 
centroid of the solid. To find the centroid, we let d(x, v, 2) = 1 in (17.26). 


EXAMPLE 4 А solid has the shape of a right circular cylinder of base 
radius a and height Л. The density at a point P is directly proportional 
to the distance from one of the bases to P. Find the center of mass. 


SOLUTION In Example 6 of Section 17.5 we positioned the solid as 
shown in Figure 17.56. Using d(x, y, 2) = kz, we found that m = izklh?a?. 
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The center of mass is on the z-axis, so it is sufficient to find 2 = M,,/m. 
Moreover, because of the form of 6 and the symmetry of the solid, we may 
calculate M ,, for the first-octant portion and multiply by 4. Using (17.26), 
we have 


Ms 74 f 777 fi ако) dz dy dx 


= 4k Ї үн ава Bi dy dx 
3 jo 
3 


I 
= ike | уа? — x? dx 


= $kh? ла? = }$лКһ?а? 
Finally. we calculate the center of mass: 


M, 4mkh?a* 2 
= -m — = —h 


m  4nkh?a* 3 


Hence the center of mass is on the axis of the cylinder, two-thirds of the 
way from the lower base. 





EXAMPLE 5 A solid has the shape of the region in the first octant 
bounded by the paraboloid z = 4 — 9x? — y? and the planes у = 4х, 
т = 0, and у = 0. The density at P(x, y, 2) is proportional to the distance 
from the origin to P. Set up iterated integrals that can be used to find x. 


SOLUTION The region is sketched in Figure 17.57. The density at 
(x, y, z) is (x, y, z) = k(x? + y? + z2)!? for some k. Using (17.26) gives us 


эв | i ‘es k(x? + у? + 22)? dz dx dy 


) 


) 


8/5 [ГУ4—у?/3 (4-9х2-у2 А 
Мо Ї Ї Ї xk(x? + у? + :?)!? dz dx dy 
0 у/4 ( 
М 


2172 ys 


m 








If a particle of mass m is at the point (x, y, т), then its distance to the 
z-axis is (x? + y?) ? and its moment of inertia J, with respect to the z-axis 
is defined as (x? + y?)m. Similarly, moments of inertia /, and 7, with 
respect to the x-axis and y-axis are (y? + z?)m and (х? + 2*)m, respectively. 
For solids having the shape of Q in Figure 17.55, we employ limits of sums 
in the usual way to obtain the following. 
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Moments of inertia 
of solids (17.27) 


FIGURE 17.58 





1. = (ffe + nos y aav 
Q 

1, = ff (y? + z?)ó(x, у, z) dV 
о 


1, = ff (x? + 27)d(x, у, z) dV 
Q 


EXAMPLE 6 Find the moment of inertia, with respect to the axis of 
symmetry, of the cylindrical solid described in Example 4. 


SOLUTION The solid is sketched in Figure 17.56. Employing (17.27) 
with ó(x, y, 2) = kz and making use of symmetry and the fact that à is a 
function of z alone, we have 


Jib |, ЇГС іт (x? + у?)Кт dz dy dx 


- 23h 


Abb (xt + ^5] yds 


0 


= 2kh? E Ї дыг у2) dy dx 
= 2kh? Ї | су + D^ “ах 


0 





2kh? Ї [x? Va? — x? + Ma? — х?)?] ах. 


The last integral may be evaluated by using a trigonometric substitution 
or a table of integrals. This results in /. = 1zk/ra*. 


EXAMPLE 7 А homogeneous solid has the shape of the region Q 
bounded by the cone x? — y? + 2? = 0 and the plane y = 3. Set ира triple 
integral that can be used to find its moment of inertia with respect to the 
y-axis. 


SOLUTION The region is sketched in Figure 17.58. Note that the trace 
of the cone on the xy-plane is the pair of lines x — t y. If we denote the 
constant density by k, then applying (17.27) yields 


5-1 L, е (2 + kdz dx dy. 


We could also find 7, by multiplying the moment of inertia of that 
part of the solid that lies in the first octant by 4. Thus, 


1,-4 Ї E Ї яа (x? + 27)k dz dx dy. 


We shall conclude this section with a proof of the following theorem, 
which was stated without proof in (6.26). 
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Theorem of Pappus (17.28) кирг! Е : 3 . 
Let R be a region in a plane that lies entirely on one side of a line | 


in the plane. If R is revolved once about /, the volume of the resulting 
solid is the product of the area of R and the distance traveled by 
the centroid of R. 


FIGURE 17.59 PROOF We may assume that / is the y-axis and R is a region in the first 
у quadrant, as shown in Figure 17.59. Let {R,} be an inner partition P of R, 
and let AA, denote the area of R,. For each k, choose (ху. у) as the center 

R of the rectangle R,. 

If R is revolved about the y-axis. then, as shown in Figure 17.59, К, 
e generates a cylindrical shell having volume 2zx, AA,. Thus, the volume 
(Ху, Уу) й бэшэ E " 

м V of the solid generated by R is 
V= lim Y 2nx, AA, = f Ї 2лх АА. 
11211-0 F 
R 
If we apply Definition (17.24) to centroids, by taking ó(x. у) = 1 and 
m = A, then 





И = 2л ffs dA = 2nM, = 2лХА. 
R 


Thus. we may find the volume V by multiplying the area A of R by the 
distance 2лх traveled by the centroid when R is revolved once about the 
y-axis. mm 
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Exer. 1-8: Find the mass and the center of mass of the 1) Find 1,1, and |, for the lamina of Exercise 3, 
lamina that has the shape of the region bounded by the й 4 | 
graphs of the given equations and has the indicated area 12 Find 1,1, and I for the lamina of Exercise 4. | 


mass density. 13 A homogeneous lamina has the shape of a square of 


1 у=\/х, x29. y=0; 0х. у) = х+ у side а. Find the moment of inertia with respect to 
2ye4x, 8 ye0:s (х, уу = 72 la} aside (| a diagonal (с) the center of mass 
зу=х" у=4 14 A homogeneous lamina has the shape of an equilateral | 
density at P(x. 1) is directly proportional to the distance triangle of side a. Find the moment of inertia with respect 
from the y-axis to P to 
4 у=хЎ. у= 2х; (ај an altitude (5) aside (с) a vertex 
density at Р(х. y) is directly proportional to the distance е "TW е 
from the x-axis to Р 15 Ifa solid of mass m has moment of inertia / with respect 


to a line, then the radius of gyration is, by definition, the 


5 уссе””, yz, х=—1, x21 xy |xy| number d such that / = md*. This formula implies that 

6 y=sinx, у=0, s=0; x--óxysy the radius of gyration is the distance from the line at 
| | — EE which all the mass could be concentrated without 

7 у= 881, xc—mA х= 04, yeh 0х.0)= 4 changing the moment of inertia of the solid, Find the 

By=Inx, у=0, Хээ 2: d(x. y) = 1/х radius of gyration in (a) of Exercise 13. 

9 Find T, [amd Lj forthe lamma оГ Exercise T. 16 Refer to Exercise 15. Find the radius of gyration in (а) 

10 Find /,. /,. and Io for the lamina of Exercise 2. of Exercise 14. 
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Exer. 17—18: Find the center of mass of О. 


17 The density at a point P in a cubical solid О of edge a is 
directly proportional to the square of the distance from 
P to a fixed corner of the cube. 


18 Let Q be the tetrahedron bounded by the coordinate 
planes and the plane 2x + Sy + 2 = 10. The density at 
the point P(x, y. 2) is directly proportional to the dis- 
tance from the xz-plane to P. 


Exer. 19—20: Set up iterated integrals that can be used to 
find the center of mass of the solid that has the shape of 
the region О and density ó(x, у, 2). 


19 Q is bounded by the paraboloid x = у? + 422 and the 


plane x = 4: (х. 


б 2) =x? 22, 


20 О is bounded by the hyperboloid y? — x? — 22 = 1 and 


the plane y= 2: d(x, y. z) = x?y?z?. 


Ехег, 21-22: Set up iterated integrals that can be used 
to find the centroid of the solid shown in the figure. 


21 z 





2 Ис, 
Dn 0. 0) y 


x 


22 


as 


x у 


23 Let О be the solid in the first octant bounded by the 
coordinate planes and the graphs of = = 9 — x° and 
2x + y = 6. 
(ај Set up iterated integrals that can be used to find 
the centroid. 
[b] Find the centroid. 


24 Set up iterated integrals that can be used to find the 
centroid of the solid bounded by the graphs of = = x 


fax, y ex ands = 0; 


[e] 


Exer. 25-28: Set up an iterated integral that can be used 
to find the moment of inertia with respect to the z-axis 
of the indicated solid. 


25 The sphere of radius a with center at the origin: 
б(х. уус) m x^ + y? 2? 

The cone bounded by the graphs of x? + 9) — 2? = 0 
and = = 36; d(x, y, z) =x? + у? 

The homogeneous tetrahedron bounded by the coor- 
dinate planes and the plane (x/a) + (y/b) + (с/с) = 1 for 


positive numbers a. 5. and с 


The homogeneous solid bounded by 
(х2/а2)--(у2/82) + (22:2) = 1 


26 


27 


28 the ellipsoid 


Ехег, 29-30: The average value of f(x, y) on a region 
R having area А is defined by 


. 1 
Л, = — (Eros, у) 4А. 
АХ. 
`R 
If points (x,, у)... -s (Xas Yn) are uniformly distributed 


throughout R, then 


and 


лета = A* f., =- “Үхсэн, 

If the м y,) are generated using random numbers, this 
technique is called a Monte Carlo method. (If your cal- 
culator cannot generate random numbers, choose ten 
points that are evenly distributed throughout R.) Use 
this method, with л = 10, to approximate the mass of a 
lamina that has the given area mass density б(х, y) and 
the shape of R. 


29 (x, y) = In [3 + sin (xy)]: 

R is the square region with vertices (0. 0), (0, 1). (1. 1). 
and (1. 0). 

бх. + ys 

R is the region in the first quadrant bounded by the 
+ у? = | and the coordinate axes. (Note that 
when (ху. уу) is generated, if хр + ур > 1 then (ху. yj) is 
not in R and should not be used.) 


Exer. 31—32: Extend the Monte Carlo method in Exer- 
cises 29-30 to f(x, y, z) and a region О having volume 
V, and use this extension, with n = 10, to approximate 
the mass of a solid that has the given mass density 
(x. у, z) and the shape of Q. 


30 y)2--cosqx 


: : 
circle х” 


31 б(х, v. z) = 1 + sin /xyz: 
О is the cubical region in the first octant bounded by 
the coordinate planes and the planes x = 1. and 


“= 1, 
32 ф(х, y. z 2 10 (2 + х + yp? + zy 

О is Eh region in the first octant bounded by the co- 
ordinate planes and the sphere x? + y? + z? = 1. 
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17.7. CYLINDRICAL COORDINATES 


FIGURE 17.60 
z 
° Pir 8 ) 
о |. 
| 
| “Зан 
0 y 
x © Pir. 0. 0) 
Theorem (17.29) 
FIGURE 17.61 


It is easy to extend the system of polar coordinates to three dimensions. 
We merely represent a point Р by an ordered triple (r, 0, z), where z is 
the usual (third) rectangular coordinate of P and r and 0 are polar co- 
ordinates for the projection P' of P onto the xy-plane, as illustrated in 
Figure 17.60. We call (r, Ө, 2) cylindrical coordinates for P. Our principal 
use for cylindrical coordinates will be to simplify certain types of multiple 
integrals. 

Since polar coordinates are used in the xy-plane, the formulas in 
Theorem (13.8) give relationships between rectangular coordinates and 
cylindrical coordinates. Let us restate these formulas as follows. 


The rectangular coordinates (x, y, z) and the cylindrical coordinates 
(r, 0, z) of a point P are related as follows: 


x =rcos б, у = ғ зіп 0, tan 0 =~, 


Мж жу, (454 


If ry > 0, then the graph of the equation r = rọ, or, equivalently, 
x? + y? = rå, is a circular cylinder of radius rọ with axis along the z-axis. 
If 0, and zo are numbers, then the graph of 0 = 0, is a plane containing 
the z-axis and the graph of = 20 is a plane perpendicular to the z-axis. 
Typical graphs are sketched in Figure 17.61. 





EXAMPLE 1 Change the equation 2? = x? + y? to cylindrical coor- 
dinates, and sketch its graph. 


SOLUTION Using Theorem (17.29), we obtain 


22-02, or т= +. 
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FIGURE 17.62 Since r can be positive or negative, z = +r is equivalent to z = ғ. The 
graph is a circular cone with axis along the z-axis, as illustrated in Fig- 
ure 17.62. 


EXAMPLE 2 Change the equation to rectangular coordinates, and 
sketch its graph in an xyz-coordinate system. 
(a):—4" (Ы) "= 45іп 0 


SOLUTION 
(a) Applying Theorem (17.29), we have 


z=4(x? y! or z= 4x? + 4у?. 





The graph is the paraboloid of revolution sketched in Figure 17.63. 


FIGURE 17.63 FIGURE 17.64 






4sin 0 





(b) Multiplying both sides of r = 4 sin 0 by r gives us r? = 4r sin 0. Using 
(17.29), we obtain x? + y? = 4y, or, equivalently, 


х? (y — 2)? =4. 


The graph is a cylinder with rulings parallel to the z-axis, as shown in 
Figure 17.64, A directrix of the cylinder is a circle of radius 2 in the xy- 
plane whose center in rectangular coordinates is (0, 2, 0). 


Sometimes it is convenient to use cylindrical coordinates to evaluate 
triple integrals. The simplest case occurs when a function / of r, 0, and 2 
is continuous throughout a region of the form 


Q={(r,0,z)::a<r<b,c<O0<d,m<z<n}. 


We divide О into subregions Q;. Q,,..., О, that have the same shape as 
О by using graphs of equations of the form r = ap, 0 = c,, and z = my, 
where ap, су, and m, are in the intervals [a, b], [с, 4], and [m, n], respec- 
tively. If a, # 0, these graphs are circular cylinders, planes containing the 
z-axis, and planes parallel to the xy-plane, respectively (see Figure 17.61). 
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FIGURE 17.66 





Evaluation theorem (cylindrical 
coordinates) (17.30) 





A typical subregion О, is sketched in Figure 17.65(1). If r, is the aver- 
age radius of the base of Q,, as shown in Figure 17.65(1), then the volume 
AV, of О, is the area of the base r, Ar, Аб, (see Section 17.3) times the 
altitude Аг,: 


A\, = г, Ary AU, Ас, 


FIGURE 17.65 
(i) fii) 





If (r,. 0,. z,) is any point in Q, and ||P || is the length of the longest diagonal 
of the Q,. then the triple integral of f over О is defined as 
ffo. 0: dV — lim Y fir, Oe 5) АМ. 
Q 


|| PIl-0 k 


It can be proved that 
ло. ө. aav = f^ | [ле 0, zr dr dO az. 
Q 


There are five other possible orders of integration for this iterated integral. 

Triple integrals in cylindrical coordinates may be defined over regions 
more complicated than the one just discussed by employing inner parti- 
tions. Thus. if R is a polar region of the type discussed in Section 17.5 
and if 


Q = iir. 0. 2): (r. 0) is in R and k,(r, 0) <2 € kr, 0). 
where k, and k, are functions that have continuous first partial derivatives 
throughout R, then it can be shown that 
" 4 Ку |. 
ff fir, 2) ак = ff (ie IF, Ө, 2) dz] dA. 
Q R 

In particular. if R is a region of the type illustrated in Figure 17.66, we 
may evaluate the triple integral of f over Q as follows. 


qi) Jkitr.Oi 


fff ө. aav = ЇЇ 2 ль, 0, z)r dz dr dO 
2 





17.7 CYLINDRICAL COORDINATES 


937 


The iterated integral in (17.30) may be interpreted as a limit of triple 
sums. The first summation takes place along a column of the subregions 
О, from the lower surface (with equation z = k,(r, 0)) to the upper surface 
(with equation == Ks(r. 0)) (see Figure 17.67). The second summation 
extends over a wedge of these columns, with 0 fixed and r allowed to 
vary. At this stage we have summed over a slice of Q, as illustrated in 
Figure 17.67. Finally, we sweep ош О by letting 0 vary from x to f. 


FIGURE 17.67 





The following examples illustrate the use of (17.30). 


EXAMPLE 3 Find the centroid of a hemispherical solid Q of radius a. 


SOLUTION If we introduce an xyz-coordinate system, as in Fig- 
ure 17.68, then an equation of the hemisphere is 2 = ya? — x? — y*, or, 
in cylindrical coordinates. z = ya? — r^. By symmetry, the centroid is on 
the z-axis, and hence we need only find 7= M,, V. where the volume V 
is given by V = 1: $na? = 3na*. 


FIGURE 17.68 





Z 
” , 
У” y 


= 0.0) 
' 
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We use (17.26)(ii) with d(x, y, 2) = 1, obtaining 


М = If z dV. 


Applying the evaluation theorem (17.30), we note that the first integration 
(with respect to z) is from z — 0 (the xy-plane) to the hemisphere z — 
ya? — r?°. This partial integration represents the volume of the column 
shown in Figure 17.68. The remaining integrations with respect to r and 0 


are over the region bounded by the circle r — a. Thus, 


M. [fole гаад 
di EL “канад 


at (a? — r*)r dr 40 


© К. 


e 
© 
2 


-L (a?r — r°) dr 40 


0 


2 


mile nN- 


ө ý 
ү 
= 
= 
ы 
ын ` 
эх 
“ний” 
| 
| 5 
5— s 
zh 
> 


a* 2n a* 2n 1 4 
=з Ї 40 = 8 [e] зарла. 


Hence 





EXAMPLE 4 A solid Q is bounded by the cone z = yx? + y? and the 
plane z = 2. The density at Р(х. y, z) is directly proportional to the square 
of the distance from the origin to P. Find its mass. 


SOLUTION The solid is sketched in Figure 17.69. An equation of the 
cone in унааны бошан is z =r, with r > 0. Note that if z = 2, 


then 2 = \/x? + y?, or 4 = x? + у?. Therefore the top of the cone projects 


FIGURE 17.69 
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onto the circle х? + y? = 4, or r = 2, in the xy-plane. The density at 
(x, y, 2) is given by 


$ = k(x? +y? + 22), ог ô= k(r? + 22). 
By (17.26) and (17.30), 


m= ЇЇ” dV = n L Г k(r? + z?)r dz dr d0. 
Q 


Note that the first integration (with respect to z) is from the cone z =r 
(the lower surface) to the plane z = 2 (the upper surface). The remaining 
integrations with respect to r and # are over the circular region bounded 
by r = 2. Integrating, we obtain 


R 2 8 3 
=k ff | (2° + 3) - (» + 5) dr 40 


=k [7 [A Qr dr rar ao 


32 35 |, 
2n 4 21 
=к |, 2 40 = |0} = trk 





EXAMPLE 5 A solid has the shape of the region О that lies inside 
the cylinder r = a, within the sphere r? + z? = 4a’, and above the xy- 
plane. The density at a point P is directly proportional to the distance 
from the xy-plane to P. Find the mass and the moment of inertia /. of 
the solid. 


SOLUTION The region Q is sketched in Figure 17.70, together with a 
column that corresponds to a first summation in the direction parallel to 
the z-axis. Since the density at the point P is given by kz for some con- 
stant К, we may find the mass m by applying (17.26)(i), with d(x, y, 2) = kz 


FIGURE 17.70 
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EXERCISES 17.7 


шог —.——-——— 


and dV =r dz dr 40. Thus, 


dv E Ї Ї S key dz dr d0 = k I L B ww Farab 


jo 


1 2m фа Э 1 2r — ER 
25 f. |, (4a7r — r°) dr d0 = 25 1 | хөн - 4 40 


jatk Ї 2 10 = sek [o = Ja*nk. 


To find /.. we employ (17.27) and use cylindrical coordinates, obtaining 


z е p Ї dia r'(kz)r dz dr а0 = k i [s [5] шин r? dr dO 


o 
ik |^ ji (4a?r* — r5) dr 40 = 2a*nk. 


I 


Il 


EXAMPLE 6 A glass chamber is to be used in experiments to test the 
effects of exposure to radon gas. The chamber has the shape of the parab- 
oloid z = 25 — x? — 12. with z > 0 and units in centimeters. If the den- 
sity of radioactive energy is to be 6 x 1077! joule/cm?, calculate the total 
amount of radioactive energy that is required in the chamber. 


SOLUTION The shape of the first-quadrant part of the chamber is simi- 
lar to that of the surface in Figure 17.36. In this example we let d(x, у, 2) 
denote the energy density at (x. y. z) instead of the mass density. If dV is 
the volume of a subregion dQ within the chamber and (x, y. 2) is a point 
in 40. then the radioactive energy within 40 may be approximated by 
(x. y. 2) dV. Taking a limit of triple sums with d(x, y, 2) = д = 6 x 10711, 
we find that the total radioactive energy E is given by 


в- 89, 


Employing cylindrical coordinates yields 


Е = E [; ү T r dz dr d 
д ig i Чэ, = dr 40 
д 8 Ё (25r — rò) dr 40 


= 92550 х 589 x 10 % joule. 





Exer. 1-14: Describe the graph of the equation in three 9z-—2r 10 3z —r 1172 =9 – 22 
dimensions. 12 2 + 22 = 16 13 "= 2 сѕс 0 со10 14 r=tan 0 sec 0 
1 fajr=4 [b] 0 = —z;2 (t 2—1 


2 (аүг--4 
3r=—3sec l 


6:-4-1 


(010 = n/4 (с) 
4 г = —esc 
7 r=6sin0 


Exer. 15-24: Change the equation to cylindrical co- 
2 ordinates. 


5 2= 4) 15 x* + y? +22 = 4 16 х2 + у? = 42 


8 rsec() = 4 17 Зх + у – 42 = 12 18 у= х 
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19 x*-4— у? 20 x? c(y -2? 24 
21: Х31-412-0/-0 
23 у +22 -9 24 2 +229 


Ехег. 25-28: Let f be an arbitrary continuous function 
of r, 0, and z, and let О be the region shown in the figure. 
Set up an iterated triple integral in cylindrical coordi- 
nates for [|o f(r, 0, z) dV. 


25 


26 


27 





28 





Exer. 29—38: Use cylindrical coordinates. 
29 A solid is bounded by the paraboloid = = x? + y?. the 
cylinder x? + 1? = 4, and the xi-plane. Find 


{a} its volume — (0) its centroid 


30 A solid is bounded by the cone z = yx? + y? , the cyl- 
inder x^ + y? = 4, and the xy-plane. Find 


[s] its volume (Ы) its centroid 


31 A homogeneous right circular cylinder of density ô has 
altitude / and radius of base a. Find its moment of inertia 
with respect to 


[a] the axis of the cylinder (5) a diameter of the base 


32 A homogeneous solid of density 6 is bounded by the 
cone = уух? + y? and the paraboloid z = x? + 12. Find 
[а] its center of mass 
[b] its moment of inertia with respect to the z-axis 

33 A spherical solid has radius a, and the density at 
Р(х, у, z) is directly proportional to the distance from Р 
to a fixed line / through the center of the solid. Find its 
mass. 

34 A solid is bounded by the cone = = xa у? and the 
plane т = 4, and the density at P(x, y, 2) is directly pro- 
portional to the distance from the z-axis to P. Find its 
mass. 

35 Find the moment of inertia with respect 10 | for the solid 
described in Exercise 33. 


36 Find the moment of inertia with respect to the z-axis for 
the solid described in Exercise 34. 


€|37 For ап altitude z up to 10,000 meters, the density ò (in 


kg/m?) of the earth's atmosphere can be approximated 
by 
à = 1.2 — (1.05 x 10 *)z + (2.6 + 107 9)2". 


Estimate the mass of a column of air 10 kilometers high 
that has a circular base of radius 3 meters. 
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38 A solid is cut out of the sphere x? + y? + 22 = 4 by the Exer. 39—40: Use cylindrical coordinates to evaluate the 
cylinder x? + y? = 2y. The density at P(x, y. z) is directly integral. 
proportional to the distance from the xy-plane to P. t CE AS 
s: 39 24: dx dy 
Find o Jo о 7 
ite ace ite ce ace 2 v2x—-x? €x:43 > 
fa) its mass [5] its center of mass 40 [^ f 4 " Ё D Vx! + y? dz dy dx 
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FIGURE 17.71 In this section we discuss the spherical coordinate system in three dimen- 
sions. The spherical coordinates of a point P are given by an ordered triple 
Q (p. ф. 0). where, as shown in Figure 17.71, p = | OP ||. ф is the angle 
between OP and the vector К, and 0 is a polar angle associated with the 
projection P' of P onto the xy-plane. The point Q is the projection of P 
onto the z-axis. Note that p > 0 and 0 € $ < п. 
Ф If po > 0, the graph of p = po is a sphere of radius py with center О 

k j (see Figure 17.72(i)). The graph of p = 0 consists of one point, the origin. 
” 110 < ф, < л, the graph of ф = ġo is a half-cone with vertex at О (see 

E e 80И Figure 17.72(ii)). The graph of @ = 0 is the nonnegative part of the z-axis, 
(  — — and the graph of ф = л is the nonpositive part. 
The graph of 0 = 0, is a half-plane containing the z-axis (see Fig- 
X ure 17.72(iii)). 


N 


FIGURE 17.72 
(i) (ii) (iii) 





The relationship between spherical coordinates (р, ф. 0) and rectangu- 
lar coordinates (х, y, z) of a point P can be found by referring to Fig- 
ure 17.71. Using the fact that 


x -||OP'|cos0 and у = ]||OP'||sin 0 
together with 
|OP|-|QP|-psmé and |OQ|- pcosó 


gives us (i) of the next theorem. Part (ii) is a consequence of the distance 
formula (14.13). 
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FIGURE 17.73 


Theorem (17.31) 











The rectangular coordinates (x, y, z) and the spherical coordinates 
(р, ф, 0) of a point P are related as follows: 


(i) x= p sin ġ cos 0, y—psinósinü, z= p cos ф 
i) р = x? + у? + 2? 
| f J 





EXAMPLE 1 Ifa point P has spherical coordinates (4, 2/6, 7/3), find 
rectangular and cylindrical coordinates for P. 


SOLUTION The point P is plotted in Figure 17.73. Using Theo- 
rem (17.31)(i), with p = 4, ф = z/6, and 0 = z/3, we obtain the rectangular 


coordinates: 
з E л Df 
x = 4sin 6 cos g^ 42:10) = 


PE NE I 43 _ 
у=4зв sin - (SS) = vs 


л 3 
z= 4 cos = = (92) -2,3 


To find cylindrical coordinates for Р, we first note that 
P=x7?+y2?=143=4, 


and hence r= +2. Thus, cylindrical coordinates (r,0,z) for P are 
(2, 2/3, 24/3). 


EXAMPLE 2 Find an equation in spherical coordinates whose graph 
is the paraboloid z = x? + y?. 
SOLUTION Substituting from (17.31)(i), we obtain 
p cos ф = p? sin? ф cos? 0 + p? sin? ф sin? 0 

= p? sin? (cos? 0 + sin? 0) 

= p? sin? ф, 
or, equivalently, 

p(cos ф — p sin? ф) = 0. 

Hence either 


p=0 ог psin? ф = cos ф. 


The graph of p = 0 is the origin, which is also on the graph of p sin? ф = 
cos ф. Hence z = х? + y? is equivalent to p sin? ф = cos ф. 

We cannot have sin ф = 0 in the equation p sin? ф = cos ф, because 
in this case ф = 0 or ф = л, and hence cos ф = 1 or cos ф = — 1, which 
gives us the absurdity 0 = 1 or 0 = —1. Therefore we may divide both 
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sides of the equation p sin? ф = cos ф by sin? ф. obtaining 


cos coso 1 
у= . + r . . . 
sin^$ sin $ sind 


ог, equivalently, 


p = cot dese ф. 


EXAMPLE З Change the equation р = 2 sin ф cos 0 to rectangular 
coordinates, and describe its graph. 


SOLUTION — Since we plan to use the first formula in (17.31)(1). we mul- 
tiply both sides of the equation by p. obtaining 


р? = 2p sin ф cos 0. 
Applying (17.31) gives us the following equivalent equation in х, y. and z: 
x? + у? +27 = 2х 
(х 1? +9? +27=1 


By (14.15). the graph is a sphere with radius 1 whose center, in rect- 
angular coordinates, is (1, 0, 0). 


Sometimes it is convenient to use spherical coordinates to evaluate 
triple integrals. The simplest case occurs when a function f of p. ф. and 
0 is continuous throughout a region of the form 


О = {(р. ф.О:а<р< Б, с<ф< 4. т< 0 < п). 


We divide О into subregions О. 0... .. Q,, that have the same shape as 
О by using graphs of equations p = äp, 0 = сү, and 0 = my, where dps су. 
and m, are numbers in the intervals [a. Б], [c. 4 ]. and [m. п], respectively. 
These graphs are spheres with centers at the origin, cones with axes along 
the z-axis, and half-planes containing the z-axis, respectively (see Fig- 
ure 17.72). 

A typical subregion 0, is sketched in Figure 17.74(i). The increment 
Ap, is the distance between two successive spheres, Ag, is the change in 
the vertex angle between successive cones, and A0, is the angle between 
two successive half-planes. If. as shown in Figure 17.74(ii), P has spherical 
coordinates (д. ф,. O) and Р” is the projection of P onto the z-axis, then, 
from trigonometry, the length of segment P'P is p, sin @, and hence, by 
Theorem (1.14). the length of arc PS is p, sin Фф, A0,. The distance from 
О to P is ру. so the length of arc PR is p, Афу. The length of segment 
РО is Ap,. We shall approximate the volume AV, of О, by regarding it 
as a rectangular box with these three dimensions. Thus, 


AV, = (p, sin dy AO Mp, Ady) Ар, 
or AV, = pè sin ф, Ap, Ad, AU,. 


We define the triple integral of f over Q as a limit of Riemann sums 
Ya Ло. Фф. 0,) AV. The following theorem can be proved. 
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Evaluation theorem (spherical 
coordinates} (17.32) 


FIGURE 17.75 
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FIGURE 17.74 
(i) (ii) 





J ji /(р, ф, 0) dV = f Ї i р fip. Ф. б)р? sin ф dp аф 40 
Q 


There are five other possible orders of integration for this iterated integral. 
Spherical coordinates may also be employed over regions more com- 
plicated than the one just discussed by using inner partitions. In such 
cases the limits of integration in the iterated integral must be suitably 
adjusted. 
In the following two examples we reconsider Examples 3 and 4 of the 
preceding section, which were solved using cylindrical coordinates. 


EXAMPLE 4 Find the centroid of a hemispherical solid О of radius a. 


SOLUTION The solid is resketched in Figure 17.75, together with a 
spherical coordinates element of volume and a column indicating a first 
(partial) integration with respect to p. As in Example 3 of Section 17.7. 
it is sufficient to find =. Using spherical coordinates, we have 


M,, = ЇР dV 
Q 
= Де, k : [^ (p cos ф)р? sin ф dp do 40 


- E fo [E sn cos sao 


0 


5 sin ф cos ġ do 40 


Il 

bp 

5 

b 
— 
v N 
3 a 
S J 


2x 
= 4 |, = іла“ 
M ма* 3 
_ De d : 
Hence = LlI—.—-z. 
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FIGURE 17.76 





FIGURE 17.77 
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EXAMPLE 5 A solid О is bounded by the cone z = \/x* + y? and the 
plane z = 2. The density at P(x, y, 2) is directly proportional to the square 
of the distance from the origin to P. Find its mass. 


SOLUTION The solid is resketched in Figure 17.76, together with a 
spherical coordinates element of volume and a column indicating a first 
(partial) integration with respect to p. An equation of the plane z = 2 in 
spherical coordinates is p cos ф = 2, or p = 2 sec ф. The density at (x, y, 2) 
is given by 

ô = k(x? + y? + 27) = kp? 


for some constant k. Hence 


n= ЇЇ» dV 
Q 


=k (ж L р Ї = p? p° sin ф dp 4ф 40 


) 0 ) 
57121 seem 


wi E L 15 | sin ф 4ф40 


0 
=k "ha T 32 sec? sin ф d$ 40 
= 32 p p * sec? ф sec ġ tan ф аф 40 


= Bk (7 [i sect | ао 
= 5k im (4 — 1) 40 = лк. 





EXAMPLE 6 Find the volume and the centroid of the region Q that 
is bounded above by the sphere p = a and below by the cone ф = c, where 
0«с«л/2. 


SOLUTION The region О is sketched in Figure 17.77, together with a 
spherical coordinates element of volume and a column indicating a first 
(partial) integration with respect to p. The volume V is 


V= {fav = ЇР f B p? sin ф dp аф 40 = ЇР f В 


= ідз E Ї sin $ d$ 40 = іа? | ү | со Ф|, 40 


2n 
= 44% Ї (1 — cos с) 40 = $na*(1 — cos c). 


a 


sin $ аф 40 
) 


С 


Ву symmetry, the centroid is оп the z-axis, so we need only find 
z= M,,/V. Using (17.26)(ii) with 6(x, y, 2) = 1, we find that 


М» = fff: dV — эй Ё |» (p cos ф)р? sin ф dp аф 40 
Q 


Я ii h HI sin $ cos ф dọ 40 
= ia^ p E sin ф cos $ dd 40 = fat I" Ї sin? of de 


: 2n : 
= ід“ sin? с [ 40 = іла sin? c. 
0 
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The centroid, in rectangular coordinates, is (0,0, 2) with 


EXERCISES 17.8 


— ИЕШЕ ку 3 1 "nep 
==? = gat + COS с). 





Exer. 1-2: Change the spherical coordinates to 1а) rect- 
angular coordinates and (5) cylindrical coordinates. 


1 (4, 7/6, 1/2) 2 (1, 32/4, 27/3) 


Ехег, 3-4: Change the rectangular coordinates to 
la] spherical coordinates and |») cylindrical coordinates. 


$ 113, —245j 4 (1/3, 0) 


Exer. 5-20: Describe the graph of the equation in three 
dimensions. 


5 )р=3 (Ыф z/6 (с) 0 = 2/3 

6 (31р-5 [Ы] ф-21/3 (10-1/ 

7 p=4cos ф 8 psec o= 

9 рсоѕ ф = 3 10 р--4 sec ф 

11 p=6sin ó cos 0 12 p=8sing sin 0 
13 p = 5 csc ф csc 0 14 p= 2 csc ġ sec 
15 р = 5 сс ф 16 psin ф = 3 

17 tang = 2 18 tan (7 — 4 

19 p = 6cot ф csc 20 р —3p 42-20 


Exer. 21-30: Change the equation to spherical coordi- 
nates. 


22 x* у? —dz 


24 y 2x 


21 x €-y.s24 
23 Зх + у – 4с = 12 


25 x! =4— y? 26 х? + (у – 2) = 4 


28 х2 у: =] 


27 x? — 427 + ү? = 0 


29 y+? = 9 30 x? +z? = 9 


Ехег. 31-48: Use spherical coordinates. 


31 Find the mass and the center of mass of a solid hemi- 
sphere of radius a if the density at a point P is directly 
proportional to the distance from the center of the base 
to P. 


32 Find the volume and the centroid of the solid 
bounded by the cone z= уух? + 37, the cylinder 
x? + у? = 4, and the xy-plane. 

33 Find the moment of inertia with respect to the axis of 
symmetry for the hemisphere in Exercise 31. 


34 Find the moment of inertia with respect to a diameter 
of the base of a homogeneous solid hemisphere of radius 
а. 


35 Find the volume of the solid that lies above the cone 
z? = x? + ү? and inside the sphere x? + y? + 22 = 4z. 


36 Find the volume of the solid that lies outside the cone 
2? = x? + у? and inside the sphere x? + 1^ +27 = 1. 


37 Find the mass of the solid that lies outside the sphere 
x? + y? + 2? = | and inside the sphere х? + y? + 27 = 2 
if the density at a point P is directly proportional to the 
square of the distance from the center of the spheres to 
P. 


[с] 38 If the earth is assumed to be spherical with a radius of 


6370 kilometers, the density д (in kg m?) of the atmo- 
sphere a distance p meters from the center of the earth 
can be approximated by 


ô = 619.09 — (9.7 x 10 5)p 


for 6.170.000 < р < 6.373.000. 


{а} Estimate the mass of the atmosphere between ground 
level and an altitude of 3 kilometers. 

(51 The atmosphere extends beyond an altitude of 100 
kilometers and has a total mass of approximately 
5.1 х 10!* kilograms. What percentage of the mass 
is in the lowest 3 kilometers of the atmosphere? 


Exer. 39—40: Evaluate the integral by changing to spher- 
ical coordinates. 


2 fW4-x! (NE-NE ji . : : 
39 faena Ө + +24 dedyas 
2у-ч4-х* J«x?*y* £ ы 


Ps 2 „4-у? 4-2 у2 SCHED ШИТ | 
40 | Ї ; Í v NX. + y +2° dz dx dy 
о у n Р = 


41 The relationship between spherical and rectangular co- 
ordinates is important in the design of joints for robot 
arms. The movement caused by three joints is illustrated 
in the figure on the following page: a hinge joint rotates 
the arm about the z-axis through an angle 0 in the xy- 
plane, a sliding joint extends and contracts the length L 
of the arm, and another hinge joint tilts the arm up and 
down through the (spherical coordinate) angle ф. 


[3] If the joints are currently set at 0 = 120°. ф = 135. 
and L = 12 in., find the rectangular coordinates of 
the joint P in the hand of the arm, 

(5) Describe the changes in 0, @, and L that are necessary 
to pick up an object located at the point with rect- 
angular coordinates (—8, — 8, 8). 
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EXERCISE 41 z 
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FIGURE 17.78 





Transformation of coordinates 
formulas (17.33) 





52 Small movements in the joints of robot arms, called dif- 
ferential motions, are used to describe the change in posi- 
tion of the hand when joint settings are not exact. Sup- 
pose that the joint settings 0, ф. and L for the arm in 
Exercise 41 have errors AU, Аф. and AL. 


{з} Use differentials to find formulas for the correspond- 
ing errors Ax, Ay, and Az in the rectangular coor- 
dinates of P. 

(01 Use the formulas found in (a) to estimate Ах, Ay, 
and Az if 0 = 135°, ф = 45°, Г. = 12 іп., AB = —1°, 
Аф = 0.5°, and AL = 0.1. 





In Section 17.3 we discussed how to change a double integral in rectangu- 
lar coordinates to a double integral in polar coordinates. In the preceding 
two sections we considered triple integrals in cylindrical and spherical 
coordinates. We now introduce a more general method for changing vari- 
ables in multiple integrals. This method is closely connected to transfor- 
mations (or correspondences) from one rectangular coordinate system to 
another. 

Let us begin by considering a function T whose domain D is a region 
in the xy-plane and whose range E is a region in a uv-plane. As illustrated 
in Figure 17.78, to each point (х, y) in D there corresponds exactly one 
point (u, v) in E such that T(x, y) = (и, v). We call T a transformation of 
coordinates from the xy-plane to the uv-plane. Since each pair (и, v) is 
uniquely determined by (x, y). both u and v are functions of x and y. 
Thus, we have the following transformation formulas, where f and g are 
functions that have the same domain D as T. 


и = f(x, у), v-—g(x.yk (x. yin D, (uv) in E 


Given the transformation of coordinates (17.33), let us partition a re- 
gion in the иг-рЇапс by means of vertical lines u = су. U = С. U = €3.... 
and horizontal lines vr — dj, г= 0, v — d4,..., as illustrated in Fig- 
ure 17.79(1). The corresponding level curves for f and g in the xy-plane 
are graphs of 





u= f(x, у) = с. and v-g(x.y) = d, 


forj = 1,2, 3....and k = 1,2, 3,.... These curves determine a curvilinear 
partition of a region in the xy-plane, as illustrated in Figure 17.79(1). We 
refer to the curves u = f(x, v) = c; and v = g(x, y) = d, in the xy-plane as 
u-curves and v-curves, respectively. Of course, the types of curves obtained 
depend on the nature of the functions f and g. The next example illustrates 
a case for which each w-curve and г-сигус is a line. 
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FIGURE 17.79 
(i) [ii] 


i 








EXAMPLE 1 Let T be the transformation of coordinates from the 
xy-plane to the ur-plane determined by 

u-x42y р=х—2у. 
Sketch, in the uc-plane, the vertical lines u = 2. u = 4, u = 6. u = 8 and 


the horizontal lines г = —1,v = 1, v = 3, v = 5. Sketch the corresponding 
u-curves and r-curves in the xy-plane. 


SOLUTION The vertical and horizontal lines in the ur-plane are 
sketched in Figure 17.80(i). 
The u-curves in the xy-plane are the lines 
х+ 2у=2, x-2y24, х+2у=6, х+2у 28, 
and the v-curves are the lines 
х-2у--1, х-2у= 1, х-2у-3, x—2y- 5. 


These lines are sketched in Figure 17.80(ii). 


FIGURE 17.80 
li) (il) 


vU 
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The transformation T in Example 1 is one-to-one; that is, if (Хү, y;) # 
(X5, у») in the xy-plane, then T(x,, y,) Æ Т(х,, у) in the uv-plane. In gen- 
eral, if T is a one-to-one transformation of coordinates, then by reversing 
the correspondence we obtain a transformation T^! from the uv-plane 
to the xy-plane called the inverse of T. We may specify T^! by means of 
equations of the form 


x= F(u, v), у= G(u, v) 
for certain functions F and G. If a one-to-one transformation T is illus- 
trated by an arrow, as in Figure 17.78, then the inverse T ! can be 
illustrated by reversing the arrow, as in Figure 17.81. Note that 


Т (T(x, y)) = (x, y) and T(T^ Ҷи, v)) = (u, v) for every (x, y) in D and 
every (u, v) in E. 


EXAMPLE 2 
(a) Find the inverse of the transformation T in Example 1. 


(6) Find the curve in the иг-ріапе that T ^! transforms onto the ellipse 
2 >? 
x* + 4y* = 1. 


SOLUTION 
(а) The transformation T is given by 
и=х+2у, vx-—2y 


If we add corresponding sides of these equations, we obtain u + v = 2x. 
Subtracting corresponding sides leads to u — v = 4y. Thus, T! is given 
by 


х= Қи +0), у= (и – 0). 


(b) Since x and y are related by means of the last two equations іп part (a), 
the points (и, v) corresponding to x? + 4y? = 1 must satisfy the equation 


[itu + ve)? + 4[$(u — vo)? = 1. 
This simplifies to 
и? + v? = 2. 


FIGURE 17.82 
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It follows that the circle of radius 4/2 with center at the origin in the 
uv-plane is transformed onto the ellipse x? + 4y? = 1 by Т^} (see Fig- 
ure 17.82). 


EXAMPLE З If P(x, y) 1s any point with x # 0 in the xy-plane, let 
r= x? + у?, 0-arctan T 


and let P(0, b) correspond to r = b, 0 = z/2. Thus, r and 0 are polar coor- 
dinates for P, and the preceding equalities determine a transformation of 
coordinates T from the xy-plane to the r0-plane. Sketch, in the r0-plane, 
the graphs of r = 1, r=2, r= 3 and 0 = —1, 0 = 1, 0 = 3. Sketch the 
corresponding r-curves and 6-curves in the xy-plane. 


SOLUTION The graphs are sketched in Figure 17.83. 


FIGURE 17.83 
li) (1) 








In Section 5.6 we discussed how to change variables in a definite inte- 
gral f} f(x) dx. Under suitable conditions, if we substitute x = g(u), then 
dx = g'(u) du and 


Ї fix) dx = I Д(д\и))а'(и) du, 


where a = g(c) and b = g(d) (see Theorem (5.33)). We shall next obtain a 
formula for changing variables in a double integral. 

Consider ||, F(x, y) dA, where К is a region in the xy-plane, and sup- 
pose we make the substitution 


x= f(u, v), y= glu, 0), 


where f and g are functions that have continuous second partial deriv- 
atives. These equations define a transformation of coordinates W from 
the uv-plane to the xy-plane. After the substitution for x and y, the inte- 
grand becomes a function of u and v. One of our objectives is to find a 
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Definition (17.34) 


region S in the ur-plane that is transformed onto R by W, as illustrated 
in Figure 17.84, such that 


ffro. Y)dA = [[ rut. t). glu, v) d A. 
R 5 


FIGURE 17.84 


` | 








For a suitable region S to exist, it is necessary to place restrictions on 
the region R and on the integrand F(x. y). We shall assume that R consists 
of all points that are either inside or on a piecewise-smooth simple closed 
curve C, and that F has continuous first partial derivatives throughout 
an Open region containing R. The positive direction along C is such that 
as a point P traces C, the region R is always on the left. For the negative 
direction, R is on the right as Р traces С. We shall also require that W 
transform a region 5 of the ur-plane in a one-to-one manner onto R, and 
that S be bounded by a piecewise-smooth simple closed curve K that W 
transforms onto C. Our final requirement is that, as (u, v) traces K once 
in the positive direction, the corresponding point (x. y) trace C once in 
either the positive or the negative direction. It is possible to weaken these 
conditions; however, that is beyond the scope of our work. 

The function of u and v introduced in the next definition will be used 
in the change of variable process. It is named after the German mathema- 
tician C. G. Jacobi (1804-1851). 


If x = f(u, v) and y = glu, v), then the Jacobian of x and у with 
respect to u and v, denoted by С(х, v)/C(u, v), 15 


CX, у) ди ov Ox ду дудх 





б(и, v) бу ду ди др диди 





In the next theorem all symbols have the same meanings as before, and 
we assume that the regions and functions satisfy the conditions we have 
discussed. In the statement of the theorem, the notations dx dy and du dv 
are used in place of dA so that there is no misunderstanding about the 
region of integration. 
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Тпеагет (17.35) 


Corollary (17.36) 





If x = f(u, 0), у = glu, v) is a transformation of coordinates, then 


1 F(x, y) dx dy = + [| ru. t). glu, v)) = ^ 


- du dv. 
O(u, v) 


As (и. v) traces the boundary К of S once in the positive direction, 
the corresponding point (x, y) traces the boundary C of R once in 
either the positive direction. in which case the plus sign is chosen, 
or the negative direction, in which case the minus sign is chosen. 


A proof of Theorem (17.35), based on Green's theorem (18.19). is given in 
Appendix II. 

If we let F(x, v) = 1 for every (x, y) in R, then the integral on the left 
in (17.35) is the area A of R and we obtain 


A= +f 2 y) du dv. 
è C(u. г) 
If б(х, v)/C(u, v) > 0 throughout S. then the double integral on the right 
side of this equation is positive, and hence the + sign should be used. 
This shows that if the Jacobian is always positive, then as the point (u, v) 
traces the boundary K of S once in the positive direction, the point (x, Y) 
traces the boundary C of R once in the positive direction. If the Jacobian 
is always negative, then (x, y) traces C once in the negative direction. This 
gives us the following corollary to Theorem (17.35). 


If x = f(u, v), y = glu, v) is a transformation of coordinates and 
if the Jacobian 0(х. y)/C(u, v) does not change sign in S, then 


у) du dv. 
v) 








JJ Fy) dx dy = | frui o) ди, n | A 


R 


EXAMPLE 4 Evaluate 
ffe» “х(у+х) 4х dy, 
R 


where R is the region in the xy-plane bounded by the trapezoid with 
vertices (0, 1), (0, 2), (2. 0), and (1, 0). 


SOLUTION The fact that y — x and y + x appear in the integrand sug- 
gests the following substitution: 

uU-y—X, ї-утх 
These equations define a transformation T from the xy-plane to the uv- 
plane. To apply Theorem (17.35), we must use the inverse transformation 


T '. To find T^!, we solve the preceding equations for x and y in terms 
of u and r, obtaining 


x=}(—u +v), y= Ки + 0). 
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FIGURE 17.86 








By (17.34), the Jacobian is 


11 1 


Ox, у) _ -1 3 = 
) H 4 4 F 


u,v) 





The region R is sketched in Figure 17.85(i). To determine the region 
S in the uv-plane that transforms onto R, we note that the sides of R lie 
on the lines 


x=0, x+y=2, y=0, х+у=1. 


Substituting x = 3(—u + v) and у = $(u + v), we see that the correspond- 
ing curves in the uv-plane are, respectively. 


v=u, v=2, v——u, v=, 
These lines form the boundary of the trapezoidal region 8 shown in Fig- 
ure 17.85(ii). 


FIGURE 17.85 
1) lii) 








(10.0) (2,0) * 





If the point (и, v) moves along the line v = u from (1, 1) to (2, 2), then 
the corresponding point (х, y) moves along the line x = 0 from (0, 1) to 
(0, 2). Similarly, if (u, v) moves along the line v = 2 from (2, 2) to ( —2, 2), 
then (x, y) moves along the line x + y = 2 from (0, 2) to (2, 0). Proceeding 
in this manner, we see that if (u, v) traces the boundary of S once in the 
positive direction, then (x, y) traces the boundary of R once in the negative 
direction. It can also be shown, using inequalities, that interior points of 
$ correspond to interior points of R. Applying Theorem (17.35) yields 


ffe» dx dy — - ffe "( —3) du dv 
R s 

= Ї Р e" du dv 
j Ї [ ve" T „4 = } k v(e — e^!) dv 


i(e — etw =(е— е) = 1.763. 


| 


5 
3 


EXAMPLE 5 Evaluate [(4 e^ ах dy for the first-quadrant re- 
gion К in the xy-plane between the circular arcs shown in Figure 17.86. 
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FIGURE 17.87 





Definition (17.37) 


Theorem (17.38) 





SOLUTION This integral could be evaluated by changing to polar co- 
ordinates as we did in Section 17.3; however. our objective is to demon- 
strate the use of Theorem (17.35). The polar substitution 


хэгсо 0, y-rsin 
determines a transformation from the r@-plane to the xy-plane, whose 


Jacobian is 


(x,y) |cos0 —r sin 0 








Or.0) — sin Ü г cos 0 


We can verify that the rectangular region S in the ré-plane bounded by 
r= l,r—2.0—0,and 0 = 2/2 (see Figure 17.87) corresponds to R under 
the transformation. Moreover, as (г. 0) traces the boundary of S once in 
the positive direction, the corresponding point (x, у) traces R once in the 
positive direction. Hence, from Theorem (17.35), 


[fe CE EY dye dy ffe "r dr dü 
R У 
= ih à T ер dr 40 = ЇР [- "D 40 


= е — e7*) f?" d0 = —4nle“* — е^!) ~ 0275. 





Definition (17.34) can be extended to functions of three variables as 
follows. 


If x—f(uv.w) y-gu,v,w) and z= h(u,v,w), then the 
Jacobian of x, y, and z with respect to u, v, and w, denoted by 
O(x, y, z)/C(u, v, w), is defined by 

Ox Ox 
ди Ov ду 
G(x, y,z) |ду ду Oy 
би, v.w) "би ð ôw 


The following theorem is a three-dimensional analogue of Corollary 


(17.36). 
If x = flu, v, w), у = glu. v, w), z = h(u, v, w) is a transformation of 
coordinates from a region 5 in a uvrw-coordinate system onto a region 
R in an xyz-coordinate system and if the Jacobian б(х, y, z)/C(u, v, w) 
does not change sign in S, then 


ff F(x, y, z) dx dy dz = ff G(u, v, w) 
R 5 


where G(u, v, w) is the expression obtained by substituting for x, у, 
and z in F(x, y. 2). 


O(X, у, z) 


(и. г. w) du dv dw, 











| 
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To illustrate Definition (17.37), if we use the spherical coordinate for- 
mulas (17.31), then 


х = рїп фсоѕ 0, у-ряыпфяп0, z= pcos ф. 
In Exercise 33 you are asked to show that 
O(X, y, z) 


— = p? sin $. 
Aog p Pe 


Since p? sin ф > 0, the conclusion of Theorem (17.38) takes on the form 


fff ro. y.z) dx dy dz = fff au. Фф. Op? sin ф dp аф dd. 
R 5 


This is in agreement with formula (17.32), which was obtained їп an intui- 
tive manner. 

We conclude this section with an applied problem that involves a 
change of variables in a double integral. 


EXAMPLE 6 Elliptic sinusoids are good approximations to the shapes 
of many lake beds. Suppose that the boundary of a lake has the shape of 
the ellipse (х7:а7) 4-(у2/52) = 1, where a and b are positive. If the maxi- 
mum depth of the water is Ay, then an elliptic sinusoid is given by 


I(x. y) = —hy cos 5 bail + й ) 


2 Via pr, 


where (х?/а?) + (y?/b?) < 1 (see Figure 17.88). Find the volume V and the 
average depth /,, of the water in the lake. 


FIGURE 17.88 





SOLUTION HER is the elliptical region that corresponds to the surface 
of the lake (see Figure 17.89(1)), then since the water depth at (x, y) is 


| fix. y). 
fes РТИ сар Jx*. 
p= ffi f(x. v) dA = hy {feos E Y Е F 8) 4А. 
R R 


The form of the integrand suggests the substitution 


Х = ани. у=һг. 
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FIGURE 17.89 In this case the Jacobian is C(x, у)/б(и, v) = ab > 0, and the region S that 
(i) corresponds to R is the circular disk u? + v? < 1 (see Figure 17.89(11)). 
Applying Corollary (17.36) gives us 


V =abhy [feos G Ju? + 8 du dv. 
А 2 


We may evaluate the last integral by means of the polar coordinate sub- 
stitution u = r cos 00, v = r sin 0. This gives us 


V = abhų T" i. cos (: r)r dr 40. 


Using integration by parts, or Formula 83 of the table of integrals, we 


have 
2| 4 * 1.2 ./m Xl 
V = abl Ї Ё cos E r) + „rsin Ё J| d 
2n 2 4 
= abhy Ї ( - 5) 40 


This formula can be used to estimate lake volume from the three measure- 
ments a, b, and hy. 

The area of the elliptical region R is nab. Applying an analogue of 
Definition (5.29) to double integrals, we obtain the average depth: 





1 
ha = — (x. y)| dA. 
he =b fite vid 
R 
| 
Непсе hy, = —— (1.4535)abhy, = 0.4627Л,,. 
mab 


A study of 107 lakes worldwide yielded an average value of h,,/hy of 0.467. 


EXERCISES 17.9 





Ехег. 1—8: Let T be the transformation from the xy- 7u=e, (qe 
plane to the uv-plane determined by the given formulas. 
^^: Describe the u-curves and the r-curves. © Find for- 
mulas x = F(u, v), y = G(u, v) that specify T ^ '. 


3 
Bue, бео 


| u= 3x, v= 5y Exer. 9—12: Let T be the indicated transformation of 

2 и = }у, р = 1х coordinates (see Exercises 1-4). Find the curve іп the 
uv-plane that corresponds to the curve in the xy-plane 

„элла: v= 2х +3у specified in (a) and (b). 

4 u= —5х +4у, v22x—3 


9 и= 3х, v= 5у 
кеу cos ial the rectangle with vertices (0, 0), (0. 1), (2. 1), (2, 0) 
6u-x-l. г-2-Уу (5) the circle x? + у? = 1 
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10 w= Pix boundary of А: the square with vertices (0, 1). (1. 2). 


lai the triangle with vertices (0, 0), (3, 6), (9, 4) (2.0.0.0) — 
change of variables: u = x — y, r— x +y 


(5) the line 3x — 2y = 4 














m , Сор 
N и-Х-у, г=2х+3у 24 ЇЇ наг - dx dy 
i>] the triangle with vertices (0, 0). (0, 1). (2. 0) к x 
(>) the line x + 2y = 1 boundary of R: the trapezoid with vertices (1. 1), (2. 2), 
тє е йм. їрэЭХ-230 (4,0), (2,0) 
"ow AE we) change of variables: u = y — x, c y +x 
(>) the square with vertices (0, 0), (1. — 1). (2. 0), (1. 1) 
[b] the circle x? + у? = 1 25 ffe + 2y*) dx dy 
R 
: mE. c7, ary ху уз Ду || pe 2x 
Exer. 13-16: Find the Jacobian à 5 L, boundary eR ху= 1.9) ) ху) 
C(u, v) change of variables: x = ur. y =v 
13 xz =o. y-2ur " | 
1 26 ff — x x us 
14 x—e"sinr, y=" cose f (4х—4у+ 1)? 
15 x=re 21, v= e boundary of R: x = үр, x 2v, x= 1 
" Р change of variables: x = u + t, y = c — иц? 
16 X2— =з: Fa NT 5 
и? + г? ua peepee. 
27 if yo 


38 ‚__ 0S M) 
Exer. 17-18: Find the Jacobian i, v, и) boundary of R: the trapezoid with vertices (— 1,0). 


( —2. 0). (0, 4), (0, 2) 
change of variables: u = y — 2x. v= 2v + x 


ч 
Р 
ll 


2u-c-3v— w, y=u— 5w, т=и+ 4и 
> ы 
I8 X — u* + bw, у= 20 + ии, 2 = им = = А 
28 | fi. x — 2y + dy?) dx dy 
Exer. 19-22: Express the integral as an iterated double R 


integral over a region S in the ur-plane by making the boundary of R: the triangle with vertices (0. 0), (4, 0). 
indicated change of variables. (4. 2) 
change of variables: u = $y, r = x — 2y 
19 ffo- х) dx dy 
R 29 Because of rotation, the earth is not perfectly spherical 
boundary of R: y = 2x, y 20, x =2 but is slightly fattened at the poles, with a polar radius 
change of variables: x = u + v. y = 2r of 6356 kilometers and equatorial radius of 6378 kilo- 


meters. As a result, the shape of the earth's surface can 


- [fas = 39) dx dy be approximated by the ellipsoid 


R 
boundary of R: y = 3x, y= ix, x 24 ый ud. 
V 22 - St —- 
change of variables; x = u — 20, y = 3u — v u^ Re d 
21 [Гах + у?) dx dy with a = bh = 6378 and c = 6356. Estimate the volume 
R of the earth. (Hint: Let x = au, у = bv, and z = ew.) 


boundary of R: 1х2 + 1р2 = 1 


change of variables: x = 2и, у = 3c 30 A balloon has the shape of the sphere x? + y? 22 = 9, 


where х, у. and = are in meters. The balloon is slowly 


22 ff xy dx dy heated at à constant pressure of one atmosphere, that 
R is, 1.01 x 10° N/m°, and expands until it has the shape 
boundary of R: y = 24/1 – x, х = 0. y 20 of the ellipsoid (x2/10) + (02/16) (22/12) = 1. For an 
change of variables: x = u? — r?, ү = lur ideal gas, the work W done by the gas is given by 

Exer. 23-28: Evaluate the integral by making the indi- W= Р dy. 

cated change of variables. e 


23 [f x — у)? cos? (x + y) dx dy where Р is the pressure and V, and V; are the initial and 
R final volumes. Use Exercise 29 to find W, 
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31 Refer to Exercise 41 of Section 17.8. It is very difficult 
to find formulas that describe the final position of the 
hand if five or six joints of a robotic arm are moved. 
The process can be simplified by using the three Euler 
angles ф. 0, and у for rotations of coordinate axes. 
Referring to the figure, first rotate the xy-plane about 
the z-axis through the angle ф, obtaining the new х”- 
and у”-ахе$. Second, rotate the x "z-plane about the y”- 
axis through the angle 0, obtaining the new х”- and 
z'-axes, Third, rotate the x” y"-plane about the z'-axis 
through the angle y, obtaining the new x'- and y’-axes. 
If the coordinates of point P in the hand are (х, y, 2) 
in the xyz-system, then its coordinates (x'. y', z’) in the 
transformed system are given by 


x' = (cos ф cos Ü cos y — sin ф sin y)x 
+ (—cos ф cos () sin  — sin $ cos Wy 
+ (cos @ sin 0)2 


y' = (sin ф cos 0 cos yj + cos ф sin y)x 
+(—sin ф cos 0 sin y + cos ф cos Wy 
+ (sin ф sin ())z 


z’ = (—sin 0 cos y)x + (sin 0 sin y)y + (cos 0)2. 


[a] A robot's hand is positioned at P( 2, 0, I) and then 
rotated through ó = 45'. Find the new location of 
the hand. 

[b] The hand is next rotated through 0 = 90°. Find the 
new location of the hand. 

(c) Finally, the hand is rotated through y = 90°. Find 
the final location of the hand. 


EXERCISE 31 
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Exer. 1—6: Evaluate the iterated integral. 


| Li La (x? — 2y) dy dx 


2 Ї Ч (hg - dx dy 
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32 |f a robot arm has several joints, it may be possible 
to position its hand in a specific location in more than 
one way by rotating the joints differently. There will 
be exactly one choice for the rotation if and only if 
the Jacobian of the transformation of coordinates is 
nonzero. 

[a] Find the Jacobian 0(х', у’, z')/C(x, y, z) in Exercise 31 
when ф = 45°, 0 = 90°, and y = 90°. 

(6) Can the hand be positioned in the same location by 
using different values of 0, 0, and V? 


33 Verify that, for the spherical coordinate transformation, 
a(x, y, 2) 
др, ф. 0) 
34 Use (17.38) to derive a formula for 


ЇЇ кв, у, 2) dx dy dz 
R 


for a transformation from rectangular to cylindrical 
coordinates. 


= p? sin ф. 


35 If the transformation of coordinates x = f(u, v), y = 
glu. v) is One-to-one, show that 


A(x, y) Ou, v) _ 
ди, v) A(x, y) Е 





Hint: Use the following property of determinants: 


a b||p 4 
с d||r s 


36 Given the transformation x = f(u, v), y = glu, v) and the 
transformation и = h(r, s), v = k(r, s), show that 


ap +br aq-bs 
cp+dr сд + ds 




















(x. y) бии, v) ex. y) 
Au, v) Ar,s) | er.s) 





(Hint: Use the hint given in Exercise 35.) 


[e] Exer. 37—38: Let T be the indicated transformation 


from the uv-plane to the xy-plane. Graph the points 
(u,v) such that ¢(x, y)/€(u,v)=0 for the indicated 
values of u. (This graph shows where T is not one-to- 


one.) 
37 x iv + w^, y=u-—cosv; —л<и<л 


38 x = Jut — 10 cosu + 02, y ut v; —Ssuss5 





3 Гү 
4 l ffe + 2) dy dx dz 


я k a Г xy?z? dx dz dy 
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ni2 rid а cos ен 
6 | | | е р? sin ф dp 4ф 40 
20 JO J0 


Ехег. 7—10: If f(x, y) is an arbitrary continuous func- 
tion, express ||, f(x, у) dA as an interated double inte- 
gral, where R is the region bounded by the graphs of 
the equations. 


7xX-yp=4, х-4 


а х*—уўу*=4,‚ у=4, ў=0 
9 у2=4+ х, ү =4— Х 
10 у= —х2 +4, у= 3х2 


Exer. 11-14: Sketch the region of integration for the 
iterated integral. 


11 Ї [d dx dy 


12 = Г. Р dy dx 


. 


"dz dx dy 





"2 уяна Viex ey 
0 J-5y**1 Jo 


Exer. 15—16: Reverse the order of integration and eval- 
uate the resulting integral. 


^3 pò Є 
15 | [ ye ^" dx dy 
JO „у? 

“1 
16 


JO y 


“Ул 
е“? dy dx 
х 





Ехег. 17-18: Find the volume of the solid that is under 
the graph of the equation and over the region R in the 
xy-plane. 

R is the rectangle with vertices (1. 1). 
(2, 1), (1, 3), (2. 3). 


17 z= xy 

18 z=7—x?—y*; Risthe circle x? + 1? = 4. 

19 Find the surface area of the part of the cone = = 4 x7 + 1? 
that is inside the cylinder x? + y* = 4x. 

20 Find the surface area of the part of the hyperboloid 
x? + y? — z? = | that lies over the circle x^ + у? = 1. 


21 Use a double integral to find the area of the region 
bounded by the polar axis and the graphs of r — e" and 
r — 2 from 0 = 0 to () = In 2. 


22 Use polar coordinates to evaluate 


0 
Ї ad 


23 Use spherical coordinates to evaluate 
4 *16-x? 4732-22-32 3 — eae 
1 Ї | УХ + y+ z^ dz dy dx. 


, Jvx*4 y? 


"0 ES 


NX + у? dy dx. 
ү: 





va? 


24 Let f be an arbitrary continuous function of x. v. and 
z, and let О be the region bounded by the paraboloid 
у= х? + 42° and the plane v = 4. Express the triple in- 
tegral (ffo f(x. у. 2) dV. as an iterated triple integral in 
six different ways. 


Exer. 25-26: Find the mass and the center of mass of the 
lamina that has the shape of the region bounded by the 
graphs of the equations and has the indicated density. 


25 у= X, y 2 2x, x = X area mass density at Р(х. y) is di- 
rectly proportional to the distance from the y-axis to P. 


26 y! = x, x = 4i area mass density at Р(х. у) is directly 
proportional to the distance from the line x = — 1 to P. 


27 А lamina has the shape of the region that is inside the 
limacon r = 2 + sin 0 and outside the circle r = 1. The 
area mass density at P(r, O) is inversely proportional to 
the distance from the pole to P. Find the mass. 


28 A lamina has the shape of the region bounded by the 
graphs of y = x° and y = х^, and the area mass density 
at P(x, v) is directly proportional to the distance from 
the y-axis to P. Find Iy, Fe and lo: 


29 A lamina has the shape of a right triangle with sides 
of lengths a, b, and va? + b^. The area mass density 
is directly proportional to the distance from the side of 
length a. Find the moment of inertia with respect to a 
line containing the side of length a. 


30 A lamina has the shape of the region between concentric 
circles of radii a and b. with a < b. The area mass density 
at a point Р is directly proportional to the distance from 
the center of the circles to Р. Use polar coordinates to 
find the moment of inertia with respect to a line through 
the center. 


31 Use triple integrals to find the volume and centroid of 
the solid bounded by the graphs of the cylinder z = x? 
and the planes y = 0 and v + z = 4. 


32 A solid is bounded by the paraboloid = = 9x? + y? and 
the plane z = 9. The density at Р(х. v. 2) is inversely pro- 
portional to the square of the distance from (0. 0. — 1) 
to P. Set up an iterated triple integral that can be used 
to find the moment of inertia with respect to the z-axis. 


зз A solid is bounded by the hyperboloid x? — 1? + 27 = | 
and the planes y = O and y = 4. The density at Р(х, y. =) 
is directly proportional to the distance from the y-axis 
to P. Set up an iterated triple integral that can be used 
to find the moment of inertia with respect to the y-axis. 


34 A homogeneous solid of density д is bounded by the 
paraboloid = = 9 — x? — ү. the interior of the cylinder 
x? +y? = 4, and the xy-plane. Use cylindrical coordi- 
nates to find 


[a] the mass 15) the center of mass 


[c] the moment of inertia with respect to the z-axis 


35 A spherical solid has radius a, and the density at any 
point is directly proportional to its distance from the 
center of the sphere. Use spherical coordinates to find 
the mass. 
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Exer. 36—37: Complete the table. 





Rectangular Cylindrical Spherical 
coordinates coordinates coordinates 
36 (2,—2,1) 
27--- ------- эс == (12, 2/6, 37/4) 


Exer. 38-43: Change the equation to rectangular coor- 


dinates, and describe its graph in three dimensions. 
38 r= —csc () 39 :437-9 
40 == 7 41 psing=4 
42 рїп ф соѕ (1 = 1 43 p? —3p =0 

Exer. 44-47: Change the equation to {a} cylindrical co- 
ordinates and (Ы) spherical coordinates. 

44 х? + у? = 1 

46 х? + у? +22 – 2: =0 47 Ox py — 32 = 4 


Exer. 48-49: Express the area of the region in terms of 
one or more iterated double integrals that involve only 
the order of integration (a) dy dx, (5) dx dy, and (с) dr 40. 


48 y 





49 





Exer. 50-51: Express the area of the region in terms of 
one or more iterated triple integrals in (а) rectangular 
coordinates, (0) cylindrical coordinates, and |с) spherical 
coordinates. 


50 








52 Ifa transformation T of the xy-plane to the uv-plane is 
given by u = 2x + 5y, г = 3x — 4y, find 
[a] the u-curves [b] the r-curves 
= С(х. V) 
т! id) = — 
(и. г) 
[e] the curve in the uc-plane corresponding to the line 
ax + by -c-0 
(f) the curve in the ur-plane corresponding to the circle 
2 2 2 
х + у? = а? 


53 Evaluate the integral 


! 2-1 (x yb ix yl 
А е“ STO he dy 
› Jr 


by means of the change of variables u = x — y, =x + y. 











CHAPTER 


VECTOR 
CALCULUS 







INTRODUCTION 


In this chapter we extend previous methods to new 
concepts and obtain results that have many uses in 
the sciences. We first discuss vector fields. The princi- 
pal applications involve velocity fields and force fields 
of either solids, liquids. or раѕеѕ so named because 
with each particle in the substance we associate а 
velocity vector or force vector. Of primary importance 
are conservative vector fields, because they include the 
gravitational and electromagnetic fields that occur 
throughout the universe. 

Line integrals, which are generalizations of the 
definite integral, enable us to find the work done as a 
particle moves through a force field. Surface integrals 
are extensions of double integrals and can be applied 
to problems about flux—the rate of flow of energy, 
fluids, and gases across a surface. Line and surface 
integrals can be used to interpret the divergence and 
curl of a vector field. Divergence measures the rate at 
which a physical entity, such as heat, is absorbed or 
generated near a point. Curl is used to describe rota- 
tional aspects of a vector field. such as the direction 
and magnitude of wind circulation inside a tornado. 

The final sections contain discussions of the diver- 
gence theorem and Stokes! theorem, which relate diver- 
gence to flux and work to curl, respectively. These two 
outstanding results have far-reaching consequences in 
science and engineering. 
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18.1 VECTOR FIELDS 


FIGURE 18.1 





FIGURE 18.2 





(18.1) 


If to each point K in a region there is assigned exactly one vector having 
initial point K, then the collection of all such vectors is a vector field. Fig- 
ure 18.1 illustrates a vector field determined by a wheel rotating about 
an axle. To each point on the wheel there corresponds a velocity vector. 
A vector field of this type is a velocity field. A velocity field may also be 
determined by the flow of water or of wind. Figure 18.2 displays velocity 
vectors associated with fluid particles moving in a stream. Sketches of this 
type show only a few vectors of the vector field. Remember that a vector 
is assigned to every point in the region. 

A force field is a vector field in which a force vector is assigned to 
each point. Force fields are common in the study of mechanics and elec- 
tricity. In our illustrations we have assumed that the vectors are indepen- 
dent of time. Such steady vector fields are the only types we shall consider 
in this chapter. 

Given a vector field. let us introduce an xyz-coordinate system and 
denote the vector assigned to the point Kix, y, z) by F(x, у. 2) (see Fig- 
ure 18.3). Since the components of F(x, v. 2) depend оп the coordinates 
X, y, and т of К, we may write 


F(x, y, z) = Mix; y. z + N(x, у, z)j + Р(х, y. z)k, 


FIGURE 18.3 FIGURE 18.4 





where M, М, and P are scalar functions. Conversely, every such equation 
determines a vector field. Thus. a vector field may be regarded as а func- 
tion F of the type stated in the following definition. 


A vector field in three dimensions is a function F whose domain D 
is a subset of R? and whose range is a subset of V4. If (x. y, z) is in 
D. then 


F(x, y, z) = M(x, y, z)i + N(x, y, z)j + Р(х, y, z)k, 


where М. N, and P are scalar functions. 


As a special case of (18.1). if the domain D corresponds to a region in 
the xy-plane and if the range is a subset of И, (see Figure 18.4), then a 
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FIGURE 18.5 


FIGURE 18.6 








Definition (18.2) 
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vector field F in two dimensions is given by 

F(x, у) = M(x. yi + N(x. уу, 
where M and N are scalar functions. We sometimes describe à vector 
field by sketching vectors that correspond to F(x, y, 2) or to F(x. y) for 
typical points (x. y. 2) or (x, у), as illustrated in the following example. 


EXAMPLE 1 Describe the vector field F if F(x. y) = — yi + xj. 


SOLUTION The vectors F(x, у) associated with several points (x. v) are 
listed in the following table and are sketched in Figure 18.5. 


(x, y) F(x, у) (x, у) F(x, у) 
(1. 1) i+j 11:23) 3i + j 
(1-3 1-1 (:—3;1) == 
(—1. —1) i-j (—1. —3) 3i - j 
(1. —1) 1-1 (3, —1) i+ 3j 


The vectors are similar to those associated with the rotating wheel in Fig- 
ure 18.1, 

To arrive at a general description of the vector field Е, consider an 
arbitrary point A(x, у) and let r= xi + vj be the position vector for 
K(x, v) (see Figure 18.6). It appears that F(x, y) is orthogonal to r and is 
therefore tangent to the circle of radius ||r || with center at the origin. We 
may prove this fact by showing that r- F(x. y) = 0, as follows: 


т. F(x, у) = (xi + Ур) (— yi + xj) 
= —ху+ух=0 
We also note that 
| Fix, 5) || = y? + x? = [Ir ||. 


Hence the magnitude of F(x, у) equals the radius of the circle. This implies 
that as the point K(x. у) moves away from the origin, the magnitude of 
F(x. v) increases. as is the case for the rotating wheel in Figure 18.1. 


The next definition introduces one of the most important vector fields 
that occurs in the physical sciences. 


Let r = xi + yj + zk be the position vector for (x, y. 2), and let 
u = (1/||г||)г denote the unit vector that has the same direction as 
r. A vector field F is an inverse square field if 


acil... 
lr]? " 





F(x, у, 2) = u 


llr ll? 


where c is a scalar. 
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EXAMPLE 2 Describe the inverse square field F(x, y, 2) of (18.2). 


SOLUTION Since r = xi + yj + zk, 


? 4 
Е...) = : го 


г ul 028 2 5(хі + yj + zk). 
lr? (2+2 zy 2! ч i 


We may write the last expression as in (18.1); however, it is simpler to 
analyze the vectors in the field by using r. If c < 0, then F(x, y, z) is а 
negative scalar multiple of r, and hence the direction of F(x, y, 2) is toward 
the origin O. Moreover, since 





! 


"Эрэг ээн! _ || 

Fes y 3 = Цин 

the magnitude of F(x, v, z) is inversely proportional to the square of the 
distance from O to the point (x. y. z). This means that as the point 
K(x, y. 2) moves away from the origin, the length of the vector F(x, у, 2) 
decreases. Some typical vectors in F are sketched in Figure 18.7(i) for 
c < 0. Ife > 0, the vectors point away from the origin, as in Figure 18.7(ii). 


FIGURE 18.7 
Inverse square vector fields 
Ш c «0 (i) c0 











The force of gravity determines inverse square vector fields. According 
to Newton's law of universal gravitation, if a particle of mass mj is located 
at the origin of an xyz-coordinate system, then the force exerted on a par- 
ticle of mass m located at K(x, y. 2) is 

: ‚тут 
F(x, y.2) = —G, 50 


Ilr]? 


where G is a gravitational constant, r is the position vector for the point 
K. and u =(1/||т||)г is a unit vector. 

Inverse square fields also occur in electrical theory. Coulomb's law 
states that if a point charge of О coulombs is at the origin, then the force 
F(x, y. 2) it exerts on a point charge of q coulombs located at K(x, y, 2) 
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FIGURE 18.8 


- 


Definition (18.3) 


F(x, 





Theorem (18.4| 











where c is a constant and r and u are as in Definition (18.2). Note that 
Coulomb's law has the same form as Newton's law of universal gravita- 
tion. 

If f is a function of three variables, then, as in (16.31), the gradient of 
f(x. v. z) is the vector field defined as follows: 


V(x, у,2) = JAX. 2) + fx. y. + fx, y. z)k 


Vector fields that are gradients of scalar functions are given the following 
special name. 


A vector field F is conservative if 
F(x, y, z) = Vf(x, y, z) 


for some scalar function f. 


If F is conservative, then the function f in (18.3) is called a potential 
function for F and f(x, y. 2) is the potential at the point (х, у. 2). Recall 
from Theorem (16.36) that if хо, Ур, 20) is in the domain of F = V f. then 
the gradient vector V f(xo, yo. 20) = F(xo. yo. 20) is normal to the level 
surface 5 of f that contains Р,(Хо, yo, zo). The surface S is the graph of 
the equation f(x, у, 2) = f(xo. yo. zo). Thus, every vector Е(Хо, Yo, 20) in 
a conservative vector field is normal to the level surface of a potential function 


Г for F that contains Po(Xo. vo. 20). A typical case is illustrated in Fig- 


ure 18.8. In Section 16.6 we proved that || Е(хо, yo. Zo) || is the maximum 

rate of change of the potential at Po. In applications where f(x, y. 2) is 

the temperature (or potential) at (x. у. 2). this maximum rate of change 

of f is normal to the isothermal (or equipotential) surface containing Po. 
The next theorem is important in applications. 


Every inverse square vector field is conservative. 


PROOF — If F is an inverse square field, then. as in the solution to Exam- 
ple 2. 


CX су 


е cz 
Lr 3 > 2 3 
(х + y" + ү 


+ э 533 4 э, > 
(x^ + у EEE 


J 





F(x, y, 2) = — sar 
е (x? + y? zy 
where c is a constant. By Definition (18.3), if F is conservative, then 
F(x, у.с) = V f(x, v. 2) for some scalar function f. and the components of 
F are f(x. y. 2). fix. y. 2), and fx, у, 2), respectively. Partial integra- 
tions of these components with respect to x, y, and z, respectively, suggest 
that 


f(x; 9, 2)= x 


3* 


(x^ + у + 27)? 
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Definition (18.5) 


Calculation of the partial derivatives of / proves that this guess is correct. 
This gives us the following: 


F(x, y, z) = Vf(x, у, 2) = v( 7 ) 
where r = ||| = (x? + y? + 27)!?. шш 


The level surfaces for the potential function f of the inverse square 
vector ficld F in the proof of Theorem (18.4) are graphs of equations of 
the form 

_ё 


> 3 sp == k, 
(x? + y* 2°)! 


where k < 0. Squaring both sides and taking reciprocals gives us 
"I цай й? 
ХУ їн kx 
Thus. the level surfaces are spheres with centers at the origin O. The vec- 
tors F(x. y. 2) are orthogonal to these spheres and hence are directed 
toward О or away from О, as in Figure 18.7. 

In physics, the potential function of a conservative vector field F is 
defined as the function р such that F(x, v, z) = —Ур(х, y. т). In this case, 
letting p = — f inthe proof of Theorem (18.4), we obtain F(x, v. 2) = V(c/r). 
We shall say more about conservative vector fields later in this chapter. 
In particular, in Section 18.3 we discuss a method for finding f(x, v, 2) 
when given F(x, у, z) = У/(х, y, 2). 

The vector differential operator V in three dimensions is 


From (16.31). if V operates on a scalar function f. it produces the gradient 
of f. 
. (Od 224818) 
grad f = Vf = 2-і + =—j+—k. 
GN бу? @z 
We shall next use V as an operator on a rector field to define another 
vector field called the curl of F, which we denote by curl F or V x F. 


Let F(x, у, 2) = М(х, y, 2) + N(x, у, z)j + P(x, y, z)k, where M, N, 
and P have partial derivatives in some region. The curl of F is given 
by 


OP | ON OM AP ON OM 
curl F =V x F= (E E. «C we ЙГ Ий. к 
ду az êz х ёх ду 





We shall also use the symbol curl F ог У x F to denote the vector 
curl F(x, y, 2) or V х F(x, у, 2) associated with (x. у, 2). The formula for 
curl F can be written in the following dererminant form. 
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FIGURE 18.9 
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Determinant notation 
for curl Е (18.6) 


curl F 


Definition (18.7) 





i j К 

3 д д 

Е-УхЕ-|Ї------ 

еш 4 ôx ду Oz 
м N 


The expression on the right in (18.6) is not actually a determinant, since 


the first row is made up of vectors, the second row of partial derivative 


operators, and the third row of scalar functions; however, it is an extremely 
useful device for remembering the cumbersome formula given in Definition 


(18.5). 
EXAMPLE 3  IfF(x, y, z) = xy?z*i + (2х?у + z)j + y?z?k, find V x F. 


SOLUTION Applying (18.6), we have 


i i k 
С C д 
VxF=| — эг ый 
бх бу ez 
2 3.2 


xy'z* (2x*y+2) yz?! 
= (3y7z? — pi + 4xy?z3j + (4ху — 2xyz*)k. 


In Section 18.7 we shall see that if F is the velocity field of a fluid or 
gas that is moving through an xyz-coordinate system, then curl F pro- 
vides information about rotational aspects of the motion. If we consider 
a point K(x, y,z) at which the fluid or gas is rotating, or swirling (or 
curling), then curl F lies on the axis of rotation (see Figure 18.9) and can 
be used to describe rotational properties of the field. 

The operator V also can be used to obtain a scalar function from a 
vector field F as follows. 

Let F(x, у, 2) = М(х, у, zì + N(x, у, 2)j + P(x, y, z)k, where M, N, 

and P have partial derivatives in some region. The divergence of F, 

denoted by div F or У.Е, is given by 

6M GN ôP 
L4. 
Ox ду ёғ 





divF =V- F= 


We use the symbol V · Е for divergence because the formula may be 
obtained by taking what appears to be the dot product of V and F, as 
follows: 


vr-4( i+ ijt к) (Mie Nj Pk) 
х бу 0x 


0: 
-2-(МУ4-2-(8) 4-2-18) 
Cx су ы 


As in the next example, we shall also use the symbol V · Е to denote the 
function value (V · F)(x. у. z). The value of V · F, or div F, at a particular 


point K is denoted by [V · Е], or [div F],. 
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EXAMPLE 4 If F(x, y, 2) = xy?z*i + (2x?y + z)j + y?z?k, find V- Е. 
SOLUTION By Definition (18.7), 
0 2.4 С 2 0 3,2 
У.Е = L— (xy?z*) + — (2х?у + 2) + — (у?22) 
дх бу 02 


= y*z* + 2x? + 2yz. 


In Section 18.6 we shall see that if F is the velocity field of a fluid 
or gas, then div F provides information about the flow of mass. If K is 
a point and [div Е], < 0, there is more mass flowing toward the point 
than away from it and we say there is a sink at K. If [div Е], > 0, more 
mass is flowing away from K than toward K and there is a source at K. 
If [div F], = О, as is true for incompressible fluids, there is neither a 
sink nor a source at K. Similarly, if F represents the flow of heat and if 
[V Е], > 0, then there is a source of heat at K (or heat is leaving К and 
therefore the temperature at K is decreasing). If [V · Е], < 0, then heat 
is being absorbed at K (or the temperature at K is increasing). 

Various algebraic properties can be established for div and curl. A 
property that is analogous to the product rule for derivatives is considered 
in the next example. Other properties are stated in Exercises 23-26. 


EXAMPLE 5 Let f be a scalar function and F a vector function. If 
partial derivatives exist, show that 


V. (fF) = f(V- F) + (Vf) F. 
SOLUTION If we write F = Mi + Nj + Pk, where M, N, and P are 
functions of x, y, and z, then 
fF = f Mi 4 fNj + fPk. 
Applying Definition (18.7) yields 


7) 3 A 
V- (fF) = C (fM) + 5 (FN) + = (/Р) 





ёх 
ôM д ON 2 .0P 2 
РЧЛ" РЕА Т» 
Ox — Ox ду ду 02 д2 


Rearranging terms gives us 


a ON a ar Af a3 
У: (/Е) = es Tra 23 + (s Mayai Р) 
€? Я { 


ду дт, 





= f(V-F)-(Vf)-F. 


Finally, if a vector field F is described as in (18.1), then we may define 
limits, continuity, partial derivatives, and multiple integrals by using the 
components of F(x, y, z) as we did for vector-valued functions in Chapter 
15. For example, if we wish to differentiate or integrate F(x, y, z), we dif- 
ferentiate or integrate each component. The usual theorems may be 
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established: F is continuous if апа only if the component functions М, 
N, and P are continuous; F has partial derivatives if and only if the same 
is true for M, N, and Р; and so on. 


EXERCISES 18.1 


Exer. 1-10: Sketch a sufficient number of vectors to 
illustrate the pattern of the vectors in the field F. 


1 F(x, у) = xi — yj 2 F(x, y)  —xi + yj 
3 F(x, y) = 2xi + 3yj 4 F(x, y) = 3i + xj 
5 F(x, y) = (x? + y?) (xi + yj) 

6 F(x, y, z) = хі + zk 

7 F(x, y, z = —xi - yj — zk 

8 F(x, y, z) = хі + yj + zk 


9 F(x, y,z)=i+j+k 10 F(x, y, z) = 2k 


Exer. 11—14: Find a conservative vector field that has 

the given potential. 

11 f(x, y, z) = x? — 3y? + 42? 

12 f(x, y, z) = sin (x? + y? + 22) 

13 f(x, у) = arctan (xy) 14 fix,.y) = y*e^?* 

Exer. 15-18: Find V x F and V: Е. 

15 F(x, y, 2) = x?zi + y?xj + (y + 2z)k 

16 F(x, y, z) = (3х + уй xy?zj + xzk 

17 F(x, y, z) = 3xyz7i + y? sin zj + xe”k 

18 F(x, y, 2) = x? In zi + хе?) — (y? + 2z)k 

19 If r 2 xi + yj + zk, prove that 
(aV:r23 (b)Vxr=0 [с] V||r|| —r/lr|| 

20 Ifr =xi+ yj + zk anda isa constant vector, prove that 
{a) curl (a x r) = 2a (5) div (a x r) = 0 


21 Prove that the curl and divergence of an inverse square 
vector field are 0 and 0, respectively. 


22 Ifa vector field F is conservative and has continuous 
partial derivatives, prove that curl F = 0. 


Ехег. 23—26: Verify the identity. 

23 Vx(F+G)=VxF+VxG 

24 У(Е+С)=У.Е+У.С 

25 Ух(/Еу-ЛУхЕ)-(У/)хЕ 

26 V. (Fx G)=(V x F): G-(VxG)-F 


Exer. 27-30: If f and F have continuous second partial 
derivatives and a is a constant vector, verify the identity. 


27 curl grad f — 0 28 div curl F = 0 


29 curl (grad f + curl F) = curl curl F 
30 curl a = 0 


31 Letr = xi + yj + zk and r = ||r ||. If F(x, y, z) = (c/r^r, 
where c and К are constants with k > 0, prove that 
curl F = 0. (Hint: Use Exercise 25.) 


32 The differential operator V? — V - V is defined by 











a? ^ ^ 
, 6o p p 
V -——t* t 
éx* ду! 22 


If V? operates on f(x, у, 2), it produces a scalar function 
called the Laplacian of f, given by 
9r Or Cr 


—— 


Vif =- - : 
" фт Gy* 07 





If f and g are scalar functions that have second partial 
derivatives, prove that 


la] V: (Vf) = Vf 
(5) 720/4) = f V?g + gV?f + 2Vf - Vg 


Exer. 33—34: Using the notation of Exercise 32, prove 
that the function satisfies Laplace's equation V?f = 0. 
(Functions of this type are harmonic and are important 
in physical applications.) 


33 f(x, у, 2) = (x? + y! + 22) 1? 
34 f(x, y, z) = ах? + by? + ez fora+b+c=0 
35 If F is given by (18.1), define 


lim F(x, у,2)-а 
(х.у,2) = (хо.у0,20) 
іп а manner analogous to that of Definition (15.4). Give 
an є-д definition for this limit. What is the geometric 
significance of the limit? 


36 If F is given by (18.1), define the notion of continuity 
at (хо, Yo, 20) in a manner similar to that of Defini- 
tion (15.5). What is the geometric significance of a con- 
tinuous vector function? 


Exer. 37-38: Extend the approximation formulas in 
Exercises 67—68 of Section 16.3 to f(x, y, z), and then 
use л = 0.05 to approximate У?/(0.3, 0.5, 0.2). 





tan? 4/ хуг 
Ey, Геро 
Јо y, z) cos z sec? (x?y?) 
2 2 3 
x? + ху?:+1 
38 /(х,у,2) 


~ 4x3 + 2у22 + 4xz? 
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To define [^ f(x) dx in Chapter 5, we began by dividing the interval [a. b] 
into subintervals of lengths Ax,, Ax,,...,Ax,. We then chose any num- 
ber w, in each subinterval and considered the limit of Riemann sums 
У, Лоу) Ax, as Ax, > 0. We may use a similar process to define line 
integrals of functions of several variables along (or over) curves in two or 
three dimensions. 

Recall that a plane curve C is smooth if it has a parametrization 


x= g(t), у= №0); axt<sb 


such that д’ and л’ are continuous and not simultaneously 0 on [а,Ь]. 
For space curves we also consider a third function К of the same type 
with z = k(t). The positive direction, or orientation, of C is the direction 
determined by increasing values of t. The curve C is piecewise smooth if 
[a, b] can be partitioned into closed subintervals such that C is smooth 
for each subinterval. 

Suppose f is a function of two variables x and y that is continuous 
on a region D containing a smooth curve C, with parametrization x = g(t), 
у= h(t) a € t € b. We shall define three different integrals of f along C. 
Let us begin by partitioning the parameter interval [a. b], choosing 


а= со, Б. 


The norm of this partition (that is, the length of the largest subinterval 
[t,— 1. t,]) will be denoted by || P ||. If P,(x,, y;) is the point on C corre- 
sponding to tą, then the points Py, Р,, P;..... P, divide C into n parts 
E as illustrated in Figure 18.10. Let 


Ax, = XQ— Хур. Аук= Jy — уу-у, AS, = length of KE IK. 


For each k, let Q,(u,. v,) be a point in P, P, obtained by choosing some 
number in [t, 1.1, | (see Figure 18.10). We now consider the three sums 


2 fü. v,) Азу, È flu vy) Аху, » Ли, v) Ауу. 


FIGURE 18.10 
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If the limits of these sums exist as || P | — 0, they are the line integrals of 
f along (or over) C with respect to s, x, and y, respectively, and are denoted 
as follows. 


Line integrals in two 
dimensions [18.8] Ї f(x, у) 45 = lim У fluk, г) As, 


l| PHI-0 k 


L f(x. у) ах = lim È fiu. v,) Ах, 


ЇЇР1-0 


І, fix.y)dy = lim Y f(u v) Ay, 


HPlI-0 k 


The term line integral 15 a misnomer, since C is not necessarily a line. 
It would be more descriptive to use curve integral. 

If f is continuous on D, then the limits in (18.8) exist and are the same 
for every parametrization of С (provided the same orientation is used). 
Moreover, the integrals can be evaluated by substituting x = g(t), у = h(t) 
from the parametrization of С and replacing the differentials by 





ds = X (dx? + (dy = y[g XO] + [h(0] dt 
dx = g'(t) dt, dy = h'(r) dt. 


Note that the formula for ds is the differential of arc length from (13.6). 
Let us state these facts for reference as follows. 


Evaluation theorem for line 


integrals (18.9) If a smooth curve C is given by x = g(t), y = A(t); a € t € b and if 


f(x. y) is continuous on a region D containing C, then 
(1) $ f(x. у) ds = Р (900). по) gp + [nip dt 
(1) Ї f(x, у) dx = Ї figit). һ(1))д'(1) dt 


(ii) Í f(x, y) dy = i » усо). зул) dt 


The preceding discussion can be extended to more complicated curves. 
In particular, suppose C is a piecewise-smooth curve that can be expressed 
as the union of a finite number of smooth curves C,, С.,.... C,, where 
the terminal point of C, is the initial point of C,. , fork = 1,2,...,n — 1. 
In this case the line integral of f along C is defined as the sum of the line 
integrals along the individual curves. 

We may establish properties of line integrals that are similar to those 


FIGURE 18.11 obtained for definite integrals in Chapter 5. For example, reversing the 
а direction of integration changes the sign of the integral; the integral of a 
j sum of two functions is the sum of the integrals of the individual functions; 

| and so оп. 


EXAMPLE 1 Evaluate L xy? ds if C has the parametrization 
x-—6081, ysint; 0sxtxm/2. 


SOLUTION The curve С is the first-quadrant part of the unit circle 
with center at the origin, as shown in Figure 18.11, where the arrowhead 
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FIGURE 18.12 
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indicates the orientation of C and the direction of integration. Applying 
Theorem (18.9)(i) gives us 


л/2 . ATT ES ы е ыа, ы 
ў, xy? ds = | cos t sin? t sin? t + cos? t dt 


'v 0 : 1/2 
= T sin? t cos t dt — [4 sin? Ji = 


wj 


EXAMPLE 2 Evaluate fc xy? dx and [c xy? dy if C is the portion of 
the parabola y = x? from (0, 0) to (2, 4). 


SOLUTION The graph of y = x? from (0, 0) to (2, 4) is sketched in Fig- 
ure 18.12. Parametric equations for C are 


2 


х=, у=; Ost <2, 


The differentials аге 
dx=dt, dy = 2141. 


Applying Theorem (18.9)(ii) and (iii), we have 


dde (2 ofp 2\2 = [20 - [i5], = 9 
fos dx = | 1) dt = gt а= | EE 


Ї xy? dy = Ї t(t?)? 2t dt = L 21° dt = [2 = 256 


0 








If, as in Example 2, С is the graph of an equation y = g(x) such that 
a € x € b, then parametric equations for C are 


х=, у=); aetzb. 
The line integrals (ii) and (iii) of Theorem (18.9) may then be evaluated 
as follows: 


T f(x. y) dx = Ї f(t. g(t)) dt = Ї f(x, g(x)) dx 
f. f(x, y) dy = Ї S(t. 400) 0110) dt = Ї f(x. g(x)g'(x) dx 


This shows that for curves given in the form y — g(x) with a € x € b, we 
may bypass the parametric equations by substituting y = g(x), dy = g'(x) dx 
and then using a and b for the limits of integration. To illustrate, in Exam- 
ple 2, where y = x?, we could have written 


Ї xy? dx = ү х(х2) dx = r х5 dx = 8 
Ї xy? dy = Ё x(x*)2x dx = 5 2х° dx = 236, 


A physical application of the line integral fe f(x, y) ds may be obtained 
by regarding the curve as a thin wire of variable density. If the wire is 
represented by the curve C in Figure 18.10 and the linear mass density 
(the mass per unit length) at the point (х, y) is given by d(x. y), then 
Ó(u,. г) As, is an approximation to the mass Am, of the part of the wire 
between P,_, and P,. The sum 


È Am, = У ó(u,, 0) Ав, 
k k 
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Mass of a wire (18.10) 


FIGURE 18.13 





FIGURE 18.14 





is an approximation to the total mass m of the wire. To define m, we take 
the limit of these sums, obtaining the following: 


т = Ї d(x, y) ds 


EXAMPLE 3 A thin wire is bent into the shape of a semicircle of 
radius a. If the linear mass density at a point P is directly proportional 
to its distance from the line through the endpoints, find the mass of the 
wire. 


SOLUTION Let us introduce a coordinate system such that the shape 
of the wire coincides with the upper half of a circle of radius a with center 
at the origin (see Figure 18.13). Parametric equations for C are 


X=acost, y=asint; Oxtxm. 


By hypothesis, the linear mass density at P(x, y) is given by d(x, y) = 
ky, where k is a constant. By (18.10), the mass of the wire is 


m= E (ky) ds = Р (ka sin t) /a? sin? t + a? cos? t dt 
= Ї (Ка sin да dt 
= ka? K sin t dt 
Б 2 ЭС ян ce 
— ka | —со» | == har 


In applications involving work, line integrals often occur in the 
combination 


J. Mex,» dx + [| Nix, y) dy, 


where the functions M and N are continuous on a domain D containing 
C. This sum is usually abbreviated as 


fe Mix, y) dx + N(x, y) dy. 


EXAMPLE 4 Evaluate E xy dx + x? dy if 

(a) C consists of line segments from (2, 1) to (4, 1) and from (4, 1) to (4, 5) 
[b) C is the line segment from (2, 1) to (4, 5) 

(c) parametric equations for C are x = 3t — 1, y = 3? — 2t; 1 <t <3 


SOLUTION 


(а) ЇГС is subdivided into two parts С, and C,, as shown in Figure 18.14, 


then parametric equations for these curves are 
yel 2<r<4 


11:55 
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FIGURE 18.15 





FIGURE 18.16 
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The line integral along C may be expressed as a sum of two line integrals, 
the first along C, and the second along C,. On C, we have dy = 0, dx = 
dt, and hence 


Ї xy dx + х? dy = Ї rl) dr + t°(0) = ре]; = 6. 


On С, we have dx = 0, dy = dr. and therefore 
Ї хуйх + х? dy = d 31(0) + 16 dt = tel — 64. 
C; 1 і 


Consequently the line integral along С equals 6 + 64, ог 70. 


(b) The graph of C is sketched in Figure 18.15. An equation for C is 
у = 2x —3 with 2 < x < 4. In this case dy = 2 dx and 


Ї xydx +x? йу = Ї x(2x — 3) dx + х2(2) dx 





= j^ (4x? — 3x) dx = 39. 


(c) The graph of C is part of a parabola (see Figure 18.16). In this case, 
using the parametric equations x = 3t — 1, y = 312 — 2t; 1 <t € 5, we 
obtain dx — 3 dt. dy — (6t — 2) dt, and the line integral equals 


[м — DBP = 203 de + Bt — 1?9(6c— 2) de. 


We can show that the value is 58. 
Another method of solution is to use the equation y = 4(x* — 1) for 
the parabola, with 2 < x < 4. We then obtain the integral 


1, xy dx + х? dy = Ї x: A(x? — 1) dx + xx) dx 
- L (х? — $x) dx = [i^ - be] = 58. 


2 


In the preceding example we obtained three different values for the 
line integral along three different paths from (2,1) to (4, 5). In Sec- 
tion 18.3 we consider line integrals that have the same value along every 
curve joining two points 4 and B. For such integrals we use the phrase 
independent of path. 

If a smooth curve C in three dimensions has the parametrization 


xzegt, у=), z-k(ty asztsb, 


then line integrals of a function / of three variables are defined in a manner 
similar to that used for integrals of a function of two variables. In this 
case, instead of using (x,. у) and (ш. v,) as the coordinates of P, and О, 
on C as in Figure 18.10, we use (Xp. Vys z,) and (ш. Vys м). respectively (see 
Figure 18.17). We now have 


ї f(x.y.z)ds— lim Y f(u,, vy, wy) Азу. 


|| PI|—0 k 


This integral may be evaluated by using the formula 


Ї fate). h(t), ki) [e to. + [OF + [k] dt. 
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(2. 4. 8) 


FIGURE 18.17 





If a wire has the shape of C and if f(x, у, 2) is the linear mass density at 
(x, у, 2), then the value of this integral is the total mass of the wire. 

In addition to line integrals fe f(x. у, 2) dx and fe f(x. у. т) dy. a func- 
tion of three variables also has a line integral with respect to z, given by 
|, Дх, у,2)4@:= lim У f(u,, vy. wy) Алу, 

x || P1170 E 
where Az, = z, — z, ,. As in two dimensions, these line integrals often 
occur as sums, which we abbreviate as 


L М(х, у, z) dx + N(x, y. z) dy + P(x, у, z) dz, 


where the functions М, М. and P are continuous throughout a region 
containing C. If C is given parametrically, then this line integral may be 
evaluated by substituting for х, v, and z in the same manner as in the 
two-variable case. 


EXAMPLE 5 Evaluate [. yz dx + xz dy + xy dz if C is given by 


a 


x=t у=, т=; 08:42. 


SOLUTION The curve C (a twisted cubic) is sketched in Figure 18.18. 
We substitute for x, y. and z and use dx = dt. dy = 2t dt, dz = м? dt: 


T. tî dt + 2€ dt + 3 dt = L 66 dt — 1 1, = 64 





One of the most important physical applications of line integrals 
involves force fields. Suppose that the force acting at the point (х, у, 2) is 


F(x, у, 2) = M(x, у, z)i + N(x, у, z)j + Р(х, у, z)k. 


where M. М. and P are continuous functions. We shall formulate a defi- 
nition for the work done as the point of application of F(x, y. z) moves 
along a smooth curve C that has a parametrization 


хэ400), у= М) z-k(t); astzb. 





978 


CHAPTER 18 VECTOR CALCULUS 





FIGURE 18.19 


Р(х, Ук, 24) 





Definition of work (18.11) 


FIGURE 18.20 





FIGURE 18.21 
2 


О(х, у, 2) F(x, у. 2) 









х ” 


СУ 
F(x, y, 2): T(s) 


We assume that the motion is in the direction determined by increasing 
values of t. 

Let us subdivide С by means of points Py, Pi, Р,...., Р,, where Р, 
has coordinates (Xp, уу, z,) (see Figure 18.19). If the norm || Р | is small, 
then P, is close to P,,, for each k. Hence the work done by F(x, y, 2) 
from P, to P,,, can be approximated by the work AW, done by the con- 








stant force F(x,. уд. z,) as its point of application moves along P,P, |. 

If Ax, = Ху — Xy, ДУ, ууа — Yis and Az, = 2,4, —%, then Р.Р, 
corresponds to the vector Ax,i + Ay,j + Az,k (see Figure 18.20). By 
(14.26), the work AW, done by F(x,. Yx: z,) along P,P,. ; is 


AW, = Е(х,, y. 24) (Ах, + Ay,j + Az; К) 
М(х,, уу, т) Ax, + Х(х,, Уу, 20) Аук + Р(х, Ус 20) Алу. 
The work W done by F along C is defined as follows. 





| W= lim YAM 
| l| PI] 0 F 


= f M(x, y, z) dx + N(x, y, 2) dy + P(x, y, 2) dz 








For applications, the integral in (18.11) is usually expressed in vector 
form. If we let 


r(t) = xi + yj + zk, 


where x = g(t), y = h(t), and z = k(t), then г(ї) is the position vector for 
the point Q(x, у, z) on C. If s is an arc length parameter for C, then, as 
in Section 15.4, a unit tangent vector T(s) to C at Q is 


d dx. dy. Я 
= ds шан ds - 4s! ia ds k: 
The vectors r(t), F(x, y, z), and T(s) are illustrated in Figure 18.21. 
The tangential component of F at Q (sce Figure 18.21) is 


Ix ly 2 
F(x, y, z)- T(s) = M(x, у, 2) 25 + N(x, y, 2) zy + P(x, у, 2) —. 

ds ds ds 
Note that this component is positive if the angle between F(x. y, 2) and 
T(s) is acute and negative if this angle is obtuse. Formula (18.11) may now 
be rewritten as follows: 


W = | F(x, у, 2): Tis) ds 


Thus, the work done as the point of application of F(x, у. 2) moves along 
C equals the line integral with respect to s of the tangential component of 
F along C. To simplify the notation, we shall denote F(x, y, 2) by F and 
T(s) by T and let 

dr = dxi + йуу + dzk = T ds. 


Our discussion may be summarized as follows. 


18.2 LINE INTEGRALS 





Definition (18.12) 





Let C be a smooth space curve, let T be a unit tangent vector to C 
at (x, y, 2), and let F be the force acting at (х, y, z). The work W 
done by F along C is 


W = [.F-Tds- f, F-dr, 


where r = xi + yj + zk. 

Intuitively, we may regard Е · dr in Definition (18.12) as the work 
done as the point of application of F moves along the tangent vector dr 
to C. The integral sign represents the limit of sums of the elements F : dr 
of work. 


EXAMPLE 6 If an inverse force field F is given by 


k 
5 Їз 
| e]? 
where k is a constant, find the work done by F as its point of application 
moves along the x-axis from A(1, 0, 0) to B(2. 0, 0). 


F(x; y, 2) = 


SOLUTION Let C denote the line segment from A to B. Parametric 
equations for C are x = t, у = 0, 2 = 0; 1 <t <2. As in Example 2 of 
Section 18.1, 
Fi у= : (xi + yj + zk). 
5 3(Х14-у)4-2 
: (x? + y? + 22)3/2 ! 


Applying Definition (18.12), we have 


k 
im Ї Е" r- f. Ot ys pa (x dx + y dy + z dz). 


Substituting for x, у. and т from the parametric equations for С gives us 
2 k k К k 
“i (007274 = а «= Ё | 73 


The units for W depend on those for distance and || F(x, у, 2) ||. 


If the preceding discussion is restricted to two dimensions, then a force 
field may be expressed in the form 


F(x, y) = M(x, уі + N(x, уу). 


If C is a finite piecewise-smooth plane curve, then the work done as the 
point of application of F(x, у) moves along C is 


W= 1, M(x, y) dx + N(x, y) dy = r Е-аг, 


where r = xi + yj. 


980 CHAPTER 18 VECTOR CALCULUS 








EXAMPLE 7 Let C be the part of the parabola у = x? between (0, 0) 
and (3, 9). If Fix. v) = —yi + xj is a force acting at (x, y), find the work 
done by F along C from 

{a} (0,0) to (3.9) (b) (3. 9) to (0. 0) 


FIGURE 18.22 SOLUTION The vector field F was discussed in Example 1 of Sec- 
tion 18.1. Some typical force vectors acting along С are shown in Fig- 
ure 18.22. For example, 

Е(1,1)--1-), Е(2,4) = —4i + 2), F(3,9) = —9i + 3j. 
Note the change in direction and magnitude of F(x, у) between (0, 0) and 
(3, 9). 
(a) Using the parametrization x = t. y = 1°: 0 € t € 3. we obtain 


W= 1 F-dr= |, — ydx + x dy 


a ges n 
2 Ї —t? dt + t(2t) dt = f t? dt = Bi = 9. 





If. for example, | F || is in pounds and s is in feet, then W = 9 ft-lb. 

(b) We could use the parametrization x = — t, y = t°; —3 < t <0 for C 
and evaluate |, F : dr; however, it is simpler to reverse the limits of inte- 
gration in (а). This gives us W = —9. 





The significance of the sign difference between 9 and —9 in solutions 
(a) and (b) of Example 7 may be interpreted as follows, In (a), imagine a 
particle moving through the force field F along the path у = x? from (0, 0) 
to (3, 9). The particle moves in a northeasterly direction, and the force 
vectors act in a northwesterly direction. The angle 0 between Е(х, у) and 
a tangent vector to the path (in the direction of the motion) is always 
acute, and hence F assists the movement of the particle. Thus, the work 
done by F is positive. 

In (b). the particle moves from (3, 9) to (0, 0) in a southwesterly direc- 
tion. The angle 0 is always obtuse. and hence F hinders the movement of 
the particle. Thus, the work done by F is negative. 


EXERCISES 18.2 





Exer. 1-2: Evaluate the line integrals lc f(x, у) ds, 4 NT dx + (x + yh dy; 
jc F(x, y) dx, and |с/(х,у)4у if C has the given “‹ 
parametrization. C is the graph of y = x? + 2x from (0,0) to (2, 8). 
1 /х,уу-х!-у, x23, у=; Ostail 
2 х 5 f. (x — y)dx + x dy: 
2f/% Yas", х-4, per OS's! 46 


С is the graph of 1? = x from (4, —2) to (4, 2). 
Exer. 3-6: Evaluate the line integral along С. 


3 | ‚ 6х?у dx + xy dy: 6 [. xy dx + x йу; 


C is the graph of y = x? + 1 from (— 1, 0) to (1, 2). С is the graph of x = у? from (0, 0) to (1. 1). 











EXERCISES 18.2 


7 Evaluate fc Xy dx + (x + y) dy along each curve C from 
(0. 0) to (1, 3). 





в Evaluate (c (x^ + y?) dx + 2x dy along each curve С 


from (1, 2) to (—2, 8). 
{aj (0) 





(с) Id) 





X 


x 


9 Evaluate jc xz dx + (y + 2) dy + x dz if C is the graph 


ofx-iyee'z-eé50sztrsl 


10 Evaluate (e ydx + zdy-- хас if C is the graph of 


xc-sint,y—2sint,z-sin*t;0«€t < 2/2: 
11 Evaluate 
L (X + yz) dx +{x— 2y + 32) dy + (2x y — z) dz, 


where C is the curve from (0, 0. 0) to (2, 3, 4), if 


12 


14 


17 


18 


19 


23 
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[a] € consists of three line segments, the first parallel to 
the x-axis, the second parallel to the y-axis, and the 
third parallel to the z-axis 

[b] C consists of three line segments, the first parallel to 
the z-axis, the second parallel to the x-axis, and the 
third parallel to the y-axis 

[c] C is a line segment 


Evaluate (х — y) dx + (y —z)dy + x dz if C is the 
curve from (1, —2, 3) to (—4, 5, 2) of the type described 
in (a)—(c) of Exercise 11. 


Evaluate fe xyz ds if C is the line segment from (0, 0, 0) 
to (1,2,3). 


Evaluate (ху + z)ds if C is the helix х = a cost, 
y=asmnt,z=bt; 0st < 2л. 


If the force at (x, y) is F(x, y) = ху + x*yj, find the 
work done by F along the curves in (a)—(d) of Exer- 
cise 7. 


If the force at (x. y) is F(x, у) = (2x + yli + (x + 2y)j, 
find the work done by F along the curves in (a)—(d) of 
Exercise 8. 


The force acting at a point (x, у) in a coordinate plane 
is F(x, у) = (4/||r ||?)г. where r = xi + yj. Find the work 
done by F along the upper half of the circle x? + у? = a? 
from (— a, 0) to (a. 0). 


The force at a point (x, у) in a coordinate plane is given 
by F(x, y) = (x? + у?ї + xyj. Find the work done by 
F(x, у) along the graph of у = x? from (0, 0) to (2, 8). 


The force at a point (x, у, 2) in three dimensions is given 
by F(x, у. 2) = уі + zj + xk. Find the work done by 
F(x, y, z) along the twisted cubic x = t, у= 12, 2 = P? 
from (0, 0, 0) to (2, 4, 8). 


Work Exercise 19 if F(x, y, z) = e*i + ej + ek. 


If an object moves through a force field F such that at 
each point (x, у. 2) its velocity vector is orthogonal to 
F(x, у, 2), show that the work done by F on the object 
is 0. 

If a constant force c acts on a moving object as it travels 
once around a circle, show that the work done by c on 
the object is 0. 


If a thin wire has the shape of a plane curve C and if 
the linear mass density at (x, у) is d(x, y), then the 
moments with respect to the x- and y-axes are defined by 


M. 19 уд(х, y)ds and М, = ї xó(x, y) ds. 


Use limits of sums to show that these are natural defini- 
tions for M, and M,. The center of mass (X, y) of the 
wire is defined by ¥ = М„т and y = М,/т, where m is 
the mass of the wire. Find the center of mass of the wire 
in Example 3. 
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Refer to Exercise 23. A thin wire is situated in a coordi- 
nate plane such that its shape coincides with the part of 
the parabola у = 4 — x? between (—2, 0) and (2, 0). The 
density at the point (x, y) is directly proportional to its 
distance from the y-axis. Find the mass and center of 
mass. 


Extend the definitions of moments and center of mass 
of a wire to three dimensions (see Exercise 23). 


A wire of constant density is bent into the shape of the 
helix x = a cos t, y=asint, z= bt; 0x t € Зл. Find 
the mass and center of mass of the wire (see Exercise 25). 


If a thin wire of variable density is represented by a curve 
С in the xy-plane, define the moments of inertia /, and 
1, with respect to the x- and y-axes, respectively. Find 
1, and 1, for the wire in Example 3. 


Find the moments of inertia /, and I, for the wire in 
Exercise 24. 


29 


30 


[c] 31 


If a thin wire of variable density is represented by à curve 
in three dimensions, define the moments of inertia with 
respect to the x-, у-, and z-axes. 

Given the wire in Exercise 26, find the moment of inertia 
with respect to the z-axis (see also Exercise 29). 


If C is the graph of y — x* from (0, 0) to (1, 1), approxi- 
mate fe sin (xy) dx by using 

10 

У sin (що) Ax, 

k=1 
with Ax, = үр and и, = 15 — 3s. 
If C is the graph of у = 3x + 4 from (1, 7) to (2, 10), 
approximate fe In yxy dy by using 


10 = 
У In Vut, Ay, 
к= 


with Ay, = j and u, = 45 + yk. 


18.3 


Theorem (18.13) 


INDEPENDENCE OF PATH 





A piecewise-smooth curve with endpoints A and B is sometimes called a 
path from A to B. We now obtain conditions under which a line integral 
is independent of path in a region in the sense that if A and B are arbitrary 
points, then the same value is obtained for every path in that region from 
A to B. The results will be established for line integrals in two dimensions. 
Proofs for the three-dimensional case are similar and are omitted. 

If the line integral fe f(x. у) ds is independent of path, we may de- 
note it by [4 f(x, у) ds, since the value of the integral depends only on 
the endpoints A and B of the curve C. A similar notation is used for 
fe f(x, у) dx. fe f(x, у) dy, and line integrals in three dimensions. 

Throughout this section we assume that all regions are connected; that 
is, any two points in a region can be joined by a piecewise-smooth curve 
that lies in the region. The next theorem is a fundamental result about 
independence of path. 








If F(x, y) = M(x, y)i + N(x, y)j is continuous on an open connected 
region D, then the line integral | F · dr is independent of path if 
and only if F is conservative; that is, F(x, y) = Vf(x, y) for some 
scalar function f. 








PROOF Suppose the integral is independent of path in D. If (xo, yo) is 
a fixed point in D, let f be defined by 


f(x. у) = Ї 


(хо,уо) 


(х,у) 
Е-4г 


for every point (x, y) in D. We shall show that F(x, у) = Vf(x, y). 

Since the integral is independent of path, f depends only on x and у, 
not on the path С from (Хо, Vo) to (x, у). Choose a circle in D with center 
(x. y), and let (x,, y) be a point within the circle such that x, x x. As 








18.3 INDEPENDENCE OF PATH 


FIGURE 18.23 





FIGURE 18.24 





FIGURE 18.25 
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illustrated in Figure 18.23, if C, is any path from (хо, yo) to (хү, y) and С, 
is the horizontal segment from (Хү, y) to (x, y), then 


(1,5) (х,у) 


fixy) = [Еа [Еа fo аг Е: dr. 


(х,у) 
Since the first integral does not depend on х, 
é 0 rey 
x f(x, у)= 0+ "m иж Е : dr. 
If we write F : dr = M(x, y) dx + N(x. y) dy and use the fact that dy = 0 
on С, (see Figure 18.23), we obtain 


^ 


д. д 
3570.0) = Эх 


и М(х, у) ах. 


(X1.¥) : 
Since y is fixed in this partial differentiation, we may regard the integrand 
as a function of one variable x. Applying (5.35) gives us 

9 

== f(x. y) = M(x, у). 

€x 
Similarly, if we choose the path shown in Figure 18.24 and differentiate 
with respect to y, we obtain 


= f(x. y) = N(x, y). 


бу? 


This proves that Vf(x, у) = M(x, у)і + N(x, y)j = F(x, y), which is what 
we wished to show. 

Conversely, if there exists a function f such that F(x, v) = Vf(x. y). 
then 


M(x, уй + N(x, yj = fix, yi + fox. Уу! 
Hence M(x, y) = fix, y) and N(x, y) = fix. y). 


If A(x,, уу) and В(х,, у) are points in the region D and if C is any 
piecewise-smooth curve with endpoints А and B (see Figure 18.25), then 


14 Esdrae L M(x, y) dx + N(x, y) dy 
- | Jax, у) dx + fix, y) dy. 


If C has the smooth parametrization x = g(t), y = h(t); t; € t € ty, then, 
by Theorem (18.9), 


[Еак [P Соо), hia) + fato. WOWO] ar. 
Applying a chain rule and the fundamental theorem of calculus, we have 


t2 d 
Ї F- dr = [^ di [f(att), h(t))] dt 
= f(g(t3), h(t3)) — f(a(t;). Alt) 


= /(х›, уз) — (х. Yı). 
2 | fix. | wt 


Qai) 
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where the last bracket symbol is analogous to that used for functions of 
one variable. Thus, the line integral depends only on the coordinates of 
A and B, not on the path C; that is, [c F - dr is independent of path. The 
proof can be extended to piecewise-smooth curves by subdividing C into 
a finite number of smooth curves. mm 


The proof of Theorem (18.13) contains a method for evaluating line 
integrals that are independent of path. We may state this result, which is 
analogous to the fundamental theorem of calculus, as follows. 





Let F(x, y) = M(x, уй + N(x, y)j be continuous on an open con- 

nected region D, and let C be a piecewise-smooth curve in D with 
endpoints A(x,, yı) and B(x;, y2). If F(x, y) = Vf(x, y), then 

x2. (x2,y2! 

fe Mes» dx + Мо, y) dy =f"? F -dr = хи " 


(х,у) (i1) 








If a line integral fe F · dr is independent of path, then using Theorem 
(18.14) with (хү, y,) = (x5, Ул) we see that [c F dr = 0 for every simple 
closed curve C. 


EXAMPLE 1 Let F(x, y) = (2x + y3)i + (3xy? + 4jj. 
(a] Show that Ї F : dr is independent of path. 


15) Evaluate эн Е ат. 


{ 
0.1) 


SOLUTION 


(а) By Theorem (18.13), the line integral is independent of path if and 
only if there exists a differentiable function f of x and y such that 
Vf(x, y) = F(x, у); that is, 


fx. УЙ + fix. yj = (2x + у?) + (3xy? + 4j, 
or, equivalently, 
(ж) ЈАх, у) = 2х + у? and f(x, у) = 3ху? + 4. 
If we (partially) integrate f,(x, у) = 2x + y? with respect to x, we obtain 
f(x. y) = x? + xy? + gly), 


where g is a function of y alone. (We must use д(у) instead of a constant 
of integration in order to obtain the most general expression for f(x, y) 
such that f(x, y) = 2x + y?) 

We next differentiate f(x, у) = x? + xy? + g(y) with respect to y and 
compare the result with the expression f(x, y) = 3xy? + 4 in (ж). Thus, 


fx. y) = 0 + 3xy? + g'(y) = 3ху +4 
and hence 
g'(y) = 4. 
Integrating with respect to y. we obtain 


Фу) = 4y + c. 


18.3 INDEPENDENCE OF PATH 


FIGURE 18.26 


Theorem (18.15) 
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where c is a constant of integration. Thus, 
fix, у) = x! + xy? - 4y - c 
gives us a function f such that Vf(x, y) = F(x, y). 


(b) Since any potential function may be used to evaluate the integral, we 
apply Theorem (18.14) with f(x, y) = х? + xy? + 4y, obtaining 


(2.3) x (2.3) 
[i^ Ere [s Dla 
- [x + ху? + AyI 
= (4 + 54 + 12) — 4 = 66. 


The following result is an application of the preceding discussion to 
conservative vector fields. 





If F is a conservative force field in two dimensions, then the work 
done Бу F along any path C from А(х,, у,) to B(x;, y2) is equal to 
the difference in potentials between А and B. 





PROOF КЕ is conservative, then F(x, у) = У/(х, у) for some potential 
function f. By Definition (18.12) and Theorem (18.14), the work W done 
along any path from A(x,, vı) to B(x5. ya) is 

(x22) 


W- F:dr = f(x. у) — ЛХь yi). 


(xis yi 


which is the difference in the potentials between A and B. ma 


The preceding theorem is illustrated in Figure 18.26 for piecewise- 
smooth curves Сү, С,, and C,. The same amount of work is done no 
matter which path is taken from A to B. If C is a closed curve— that is, 
if A = B—then the difference in potentials is 0, and hence the work done 
in traversing C is 0. A converse of this result is also true—namely, if 
fc F -dr = 0 for every simple closed curve C, then the line integral is 
independent of path and hence the field is conservative. These facts are 
important in applications, since many of the vector fields that occur in 
nature are inverse square fields and hence are conservative (see Theo- 
rem (18.4)). In physical terms, if a unit particle moves completely around 
a closed curve in a conservative force field, then the work done is 0. We 
will discuss conservative fields in more detail at the end of this section. 

Theorems (18.14) and (18.15) can be extended to a vector field in three 
dimensions. The next example is an illustration of these results. 


EXAMPLE 2 Let F be the gravitational field of a particle of mass my 
located at the origin of an xyz-coordinate system. Find the work done 
by F as a particle of mass m moves from А(2, 3, 4) to B(1, 0, 0). 


SOLUTION From page 966, the force exerted on a particle of mass m 
located at K(x, y, z) is 
тут 


F(x, у,2)= —G 
Їнэ 





r. 
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where r = xi + yj + zk. As in the proof of Theorem (18.4), F(x, y, z) = 
Vf(x, у, 2), where 
Стот 


foy» d o cr yia др 


Hence, by the extension of Theorems (18.14) and (18.15) to three 
dimensions, 


B Стот (1,0,0) 1 
И = Е. dr = | —————5 =G 1----1. 
р е le rye an] тот 729 


N 


If the integral fe M(x, y) dx + N(x, y) dy is independent of path, then, 
by Theorem (18.13), there is a function f such that 


0 0 
М = of and N= of 
ex ду 
oM 2 ам 2 
Consequently, rs = АЕА апа un x ёр 


If М and N have continuous first partial derivatives, then f has contin- 
uous second partial derivatives, and hence the order of differentiation is 
immaterial; that is, 


ôM _ ôN 


ôy | Ox. 


The converse of this result is false, unless we place additional restrictions 
on the domain D of F(x, y). In particular, if D is a simply connected region 
in the sense that every simple closed curve C in D encloses only points 
in D (there are no holes in the region), then the condition 0М/бу = 0N/éx 
implies that the line integral fe M(x, y) dx + N(x, y) dy is independent of 
path. (A proof may be found in books on advanced calculus.) Our discus- 
sion can be summarized as follows. 


If M(x, y) and N(x, y) have continuous first partial derivatives on a 
simply connected region D, then the line integral 


fe Mix, y) dx + N(x, y) dy 
is independent of path in D if and only if 


гм ON 
ду | х! 


EXAMPLE 3 Show that the line integral 
L (eè — y? sin x) dx + (3xe*” + 2y cos x) dy 


is independent of path in a simply connected region. 





18.3 


INDEPENDENCE OF PATH 
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SOLUTION Letting 
М-е”-у sinx and N -3xe? + 2y cos x, 


we see that 


oM | Р 2М 
— = 3e? — 2y sin х = 


ĉy Ox 


Hence, by Theorem (18.16), the line integral is independent of path. 


EXAMPLE 4 Determine whether fe х?у dx + 3xy? dy is independent 
of path. 
SOLUTION . If we let M = x?y and N = 3xy?, then 

ôM | ON 

ду ax 


Since 6M/€y + 0N/0x, the integral is not independent of path, Бу Theo- 
rem (18.16). 


In Example 1 we determined a potential function f for a two- 
dimensional conservative vector field. The solution of the next example 
illustrates a similar technique that can be used in three dimensions. 


EXAMPLE 5 Let F(x, у, z) = у? cos xi + (2y sin x + e?*)j + 2ye?*k. 
(a) Show that f. F · dr is independent of path, and find a potential func- 
tion f for F. 


[b) If F is a force field, find the work done by F along any curve C from 
(0, 1, 3) to (1/2, 3, 2). 


SOLUTION 
(а) The integral is independent of path if there exists a differentiable func- 
tion f of x, y, and z such that Vf(x, у, 2) = F(x, у, z); that is, 
fx; у, 2) = y? cos x 
(1) fx, у, 2) = 2y sin x + e” 
f(x, y, 2) = 2ye^. 
If we (partially) integrate f,(x, у, 2) with respect to х, we see that 
(2) f(x, у, 2) = y? sin x + gly, 2) 
for some function g of y and z. (We must use g(y, 2) in order to о! 
the most general expression f(x, y, 2) such that f(x, у, z) = y? cos 


Differentiating f(x, y, 2) in (2) with respect to y and then co 
the result with the formula for f,(x, y, 2) in (1). we obtain 


FAX, у, z) = 2y sin x + g,(y, 2) = 2y sin x + e^ 














988 








Definition (18.17) 
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and hence 
gy, 2) = e^. 
A partial integration of g,(y, z) with respect to y gives us 
gly, z) = ye” + h(z), 
where h is a function of the one variable z. Using formula (2) yields 
f(x, y, 2) = y? sin x + ye? + h(z). 


Differentiating the preceding expression with respect to z and then com- 
S 8 
paring the result with the formula for f(x, y. 2) in (1), we have 


f(x, у, 2) = 2ye^* + h'(z) = 2ye**. 


It follows that h'(z) = 0 or h(z) = с for some constant c. Thus, 


” 


f(x. y. z) 2 y? sin x + ye™ + c 


gives us a potential function f for F. 

[b] Using the extension of Theorem (18.15) to vector fields in three dimen- 
sions, we find that the work done by F along any curve C from (0, 1, 3) 
to (л/2, 3, 2) is 

(1/2,3,2) 


| F-dr= |” sin x + уе? | 
wl (0,1,1/2) 
= (9 + 3e*) — (0 + e) = 9 + 3e* — e = 170. 


We shall conclude this section by considering some applications of 
independence of path. The next definition is used in physics. 


Let F(x, y, z) be a conservative vector force field with potential 
function f. The potential energy р(х, y. т) of a particle at the point 
(x, y, z) is 


p(x, y,z) = —f(x.y, 2). 


Since the potential energy is the negative of the potential f(x, y, 2), 
F(x, y, 2) = —Vp(x, y, 2). 


If A and B are two points, then, as in Theorem (18.15), the work done 
by F along a smooth curve C with endpoints А and B is 
и = (® Е == | - px. ys p — p(A) — p(B). 

where p(A) and p(B) denote the potential energy at A and В, respectively. 
Thus, the work W is the difference in the potential energies at 4 and B. 
In particular, if B is a point at which the potential 15 0, then W = р(А). 
This is in agreement with the classical physical description of potential 
energy as the type of energy that a body has by virtue of its position. 

If a particle has mass m and speed v, then its kinetic energy is ime. 
Thus, kinetic energy is the energy a body has by virtue of its speed and 
mass. 











18.3 INDEPENDENCE OF PATH 


FIGURE 18.27 
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Law of conservation of 
energy (18.18) 





Let us establish the following fundamental physical law, which is the 
principal reason for referring to certain vector fields as conservative. 


If a particle moves from one point to another in a conservative vec- 
tor force field, then the sum of the potential and kinetic energies 
remains constant; that is, the total energy does not change. 


PROOF Let F be a conservative vector field, and suppose that a parti- 
cle moves from 4 to B along a piecewise-smooth curve C such that its 
position at time t is given by x = g(t), y = h(t), z= k(t); a € t € b. If 
r = xi + yj + zk is the position vector for the particle (see Figure 18.27), 
then the velocity and acceleration at time t are 


dr E 4 dv 
у= and а = —, 
dt dt 


where we have used the abbreviations v and a for v(t) and a(t), respectively. 
The speed of the particle is v(t) = v = || v||. The work done by F(x, y. 2) 


along C is 
B kí. dE h 
We F-dr- |, (+ ate f (F : v) dt. 


By Newton's second law of motion (15.13), 
dy 

Е = та = т — 

dt 


and hence 


np 
m | 


А 1 1 

| e . 3 4-т Ї 2 5 (v * v) dt 
1 1 E 

m B = (v?) dt = 5" [2], 


m[v(5)]? — : m[v(a)^. 


ll 


1 
2 
| 
2 
Since the kinetic energy K of a particle of mass m and velocity v is imr?, 
the last equality may be written 

W — K(B) — K(A). 


where К(А) and K(B) denote the kinetic energy of the particle at А and 
В, respectively. From the discussion following Definition (18.17). W = 
p(A) — p(B), and hence 


p(A) — p(B) = K(B) — K(A). 
or p(A) + K(A) = p(B) + Kies. 
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The last formula states that if a particle moves from one point to another 
in a conservative vector field, then the sum of the potential and kinetic 
energies is constant. mm 


EXERCISES 18.3 
Exer. 1-10: Show that |, F · dr is independent of path 
by finding a potential function f for F. 
1 F(x, y) = Gx?y + 2) + (х? + 4y%j 
2 F(x, y) = (6xy? + 2y)i + (6x?y + 2x)j 
з F(x, y) = (2х sin y + 4e*)i + x? cos yj 
4 F(x, y) = Qxe? + 4у3)і + (2:28?* + 12xy?jj 
5 F(x, y) = —2j? sin xi + (бу? cos x + 5)j 
6 F(x, y) = (Sy? + 4y? sec? х)і + (15xy? + 12)? tan х) 
7 F(x, y, 2) = 8xzi + (1 — 6yz))j + (4x? — 9? z))k 
8 F(x, у, 2) = (у + zb + (x + 2)) + (x vk 
9 F(x, y, 2) = (y sec? x — ze*)i + tan xj — e'k 
10 F(x, y, 2) = 2х sin zi + 2y cos zj + (x? cos z — y? sin z)k 


Exer. 11-14: Show that the line integral is independent 
of path, and find its value. 


3.1 2 
11 e s (y? + 2xy) dx + (x? + 2xy) dy 


(1.2/2) . 
12 i » e* sin y dx + e* cos y dy 


13 KENN (6xy? $ 2z?) dx TE 9х?у? йу + (4х: + 1) dz 


p En (yz + 1) dx + (xz + 1) dy + (xy + 1) dz 


Exer. 15-18: Use Theorem (18.16) to show that [с Е-аг 
is not independent of path. 

15 F(x, y) = 4ху?ї + 2xy?j 

16 F(x, y) = (6x? — 2xy?)i + (2х?у + 5)j 

17 F(x, y) = e'i + (3 — e sin y)j 

та F(x, y) = y? cos xi — 3y? sin xj 


19 If fe M(x, y, z) dx + N(x, у, z) dy + P(x, y, 2) dz is inde- 
pendent of path and M, N, and P have continuous first 
partial derivatives, prove that 

ОМ. ОР ON c0P 


02 Ox’ д ду 





Exer. 20-22: Use Exercise 19 to show that the line inte- 
gral is not independent of path. 


20 Ї Sy dx + 5x dy + yz? dz 


21 


22 


23 


24 


25 


26 


27 


28 


29 


30 


i 2xy dx + (x? + 22) dy + yz dz 
Ї е? соз z dx + хе? соз z dy + xe” sin z dz 


Suppose a force F(x, у, 2) is directed toward the origin 
with a magnitude that is inversely proportional to the 
distance from the origin. Prove that F is conservative 
by finding a potential function / for F. 


Suppose a force F(x, у, 2) is directed away from the ori- 
gin with a magnitude that is directly proportional to the 
distance from the origin. Prove that F is conservative 
by finding a potential function f for F. 


If F is a constant force, prove that the work done along 
any curve with endpoints P and Q is F- PQ. 


If F(x, y. 2) = g(x)i + h(y)j + k(z)k, where g, h, and k are 
continuous functions, show that F is conservative. 


Let F(x, y) = M(x, y)i + N(x, y)j, where 


-2 4 and Л(х,у)= шиг, 


M(x, у) = A 
e Ey x? + у? 





Show that 2М/02у = @N/éx for every (х, y) in the domain 
D of F but that fc F : dr is not independent of path in 
D. (Hint: Consider two different semicircles with end- 
points ( — 1, 0) and (1,0).) Why doesn't this contradict 
Theorem (18.16)? 


Suppose that a satellite of mass m is orbiting the earth 
at a constant altitude of h miles and that it completes 
one revolution every k minutes. If the radius of the earth 
is taken as 4000 miles, find the work done by the gravi- 
tational field of the earth during any time interval. 


Let F be an inverse square field such that F(x, y, z) = 
(c/||r ||? )r for r = xi + vj + zk, where c is a constant. Let 
P, and P, be any points whose distances from the origin 
are d, and d;, respectively. Express, in terms of d, and 
4, the work done by F along any piecewise-smooth 
curve joining P, to P}. 


Suppose that as a particle moves through a conservative 
vector field, its potential energy is decreasing at a rate 
of k units per second. At what rate is its kinetic energy 
changing? 
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Let C be a smooth plane curve with parametrization x = g(t), y = h(t); 
a X t € b. Recall that if A = (g(a), h(a)) = (g(b), h(b)) = B, then C is a 
smooth closed curve. If C does not cross itself between А and B, it is 
simple. Some common examples of smooth simple closed curves are circles 
and ellipses. A piecewise-smooth simple closed curve is a finite union of 
smooth curves C, such that as t varies from a to b, the point P(t) obtained 
from parametrizations of the C, traces C exactly once, with the exception 

FIGURE 18.28 that P(a) = P(b). A curve of this type forms the boundary of a region R 
in the xy-plane, and, by definition, the orientation, or positive direction, 
along C is such that R is on the left as P(t) traces C, as illustrated by the 
arrowheads in Figure 18.28. The notation 


ф M(x, у) dx + N(x, у) dy 


denotes a line integral along a simple closed curve C once in the positive 


direction. 
The next theorem, named after the English mathematical physicist 
С George Green (1793-1841), specifies a relationship between the line inte- 


gral around C and a double integral over R. To simplify the statement, 
the symbols M, N, CN/Cx, and СМ/бу are used in the integrands to denote 
the values of these functions at (x, y). 


Let C be a piecewise-smooth simple closed curve, and let R be the 
region consisting of C and its interior. If M and N are continuous 
functions that have continuous first partial derivatives throughout 
an open region D containing R, then 


f M dx + N dy = eS © aa, 


PROOF FOR A SPECIAL CASE We shall prove the theorem if R is both 
an R, region and an R, region of the following types: 


Green's theorem (18.19) 





FIGURE 18.29 


К = {(x, у):а < x < b, дү(х) < y <g,(x)} 
К = {(x, у):с < y < d, һү(у) <x € hi(y)). 


where g,. g2. hi, and h, are smooth functions. It is sufficient to show that 
each of the following is true, since addition of these integrals produces 
the desired conclusion: 


n) ф мах = - aa 
R 
(2) мау = [а 
R 


To prove (1), we refer to Figure 18.29 and note that C consists of two 
curves C, and C, that have equations y = g,(x)and y = g(x), respectively. 
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FIGURE 18.30 





FIGURE 18.31 
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The line integral $£ M dx may be written 
1 М ах = a M(x, у) dx + 8, М(х. у) dx 
= Ї M(x, ду(х)) dx + Ї M(x, дх(х)) dx 
== р M(x, дү(х)) dx — P M(x, дх(х)) ах. 


We next apply Theorem (17.8)(i) to the double integral (|, (СМ/Су) dA, 


obtaining 
I тад = |р Грета 


= [ [M 0, ds 


= Ї | M(x, g3(X)) — M(x, gilx))] dx. 





Comparing the last expression with that obtained for $4. M dx gives us (1). 
The formula in (2) may be established in similar fashion by referring 
to Figure 18.30. mm 


Although we shall not prove it, Green's theorem may be extended to 
a region R where part of the boundary consists of horizontal or vertical 
line segments. The theorem may then be further extended to the case 
where R is a finite union of such regions. For example, if R = R, о К, 
and if the boundary of R, is C, о С, and the boundary of R, is C5 С», 
as illustrated in Figure 18.31, then 


ff (5% и м) dydx o ф „M dx +N dy 
ЇЇ (s - м слийн фе M det Wdy: 
R> 


ôx — €) 


The sum of the two double integrals equals a double integral over R. We 
next observe that a line integral along C, in the direction indicated in 
Figure 18.31 is the negative of that along C5. since the curve is the same 
but the direction is opposite. Hence the sum of the two line integrals 
reduces to a line integral along С, u C;, which is the boundary C of R. 


Thus, 
IT Ge) ntn fena 


We may now proceed, by mathematical induction, to any finite union. 
The proof of Green's theorem for the most general case is beyond the 
scope of this book. 





EXAMPLE 1 Use Green's theorem to evaluate $c Sxy dx + x? dy, 
where С is the closed curve consisting of the graphs of y = x? and y = 2x 
between the points (0, 0) and (2. 4). 
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FIGURE 18.32 SOLUTION The region R bounded by C is shown in Figure 18.32. 
; Applying Green's theorem, with M(x, y) = 5xy and N(x, у) = x°, gives us 


1, 5xy dx + х? dy = ff B (x3) — 5 бээ | dA 
^ З 


= Ї fF ox — 5x) dy dx 


= [3x?y - 5ху|2 ах 


0 


E jh (11x? — 10x? — 3x*) dx = —13. 





The line integral can also be evaluated directly. 





EXAMPLE 2. Use Green’s theorem to evaluate the line integral 
ф. 2xy dx + (x? + y?) dy 


if C is the ellipse 4x? + 9у? = 36. 
ышын SOLUTION The region R bounded by C is shown in Figure 18.33. 
Applying Green's theorem, with M(x, y) = 2xy and N(x, y) = x? + y?, we 
have 


^ 


$. 2xy dx + (x? + у?) dy = ffex — 2x) dA 


R 
= f[oa4 - o. 
R 


Note that we did not use the curve C in the evaluation. We can show 
that the line integral is independent of path and hence is zero for every 
simple closed curve C (see the remark following Theorem (18.14)). 





FIGURE 18.34 
y boundary of the region R between quarter-circles of radii a and b and 
segments on the x- and y-axes, as shown in Figure 18.34. 


EXAMPLE 3 Evaluate 4, (4 + e**)dx + (sin y + 3x?) dy if C is the 


SOLUTION If we apply Green's theorem and then change the double 
integral to polar coordinates, the line integral equals 


[fox - 0)dA = |" i. (6r cos O)r dr 40 


R 
= T 5 cos 0 [n] 40 = Xb? — a?) Ї 5 cos 040 
= Ab? — a? [sin 10 = 2(b* — a?). 





A deeper appreciation of Green's theorem can be gained by attempting 
to evaluate the line integral in this example directly. 
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FIGURE 18.35 
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Theorem (18.20) 
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Green’s theorem may be used to derive a formula for finding the area 
A of a region R that is bounded by a piecewise-smooth simple closed 
curve C. If we let M = 0 and N = x in (18.19), we obtain 


A= [fda = ф x ay. 
R 


However, if we let M = —y and N = 0, the result is 
A= [Гаа = -ф. у dx. 
R 


We may combine these two formulas for A by adding both sides of the 
equations and dividing by 2. This gives us the third formula in the next 
theorem. 





If a region R in the xy-plane is bounded by a piecewise-smooth sim- 
ple closed curve C, then the area A of R is 


A=. xdy= -È ydx =} $. x ay - y dx. 


Although the first two formulas in (18.20) appear to be easier to apply. 
for certain curves the third formula leads to a simpler integration. If you 
doubt this, try to find the area in Exercise 20 by using either фс х йу ог 
== $c y dx. 


EXAMPLE 4 Use Theorem (18.20) to find the area of the ellipse 


SOLUTION Parametric equations for the ellipse C are x = a cos t, y = 
b sin t; 0 € t € 2л. Applying the third formula in Theorem (18.20) yields 


8-а 
=} i (a cos t)(b cos t) dt — (b sin t)( — a sin t) dt 
- i ab(cos? t + sin? t) dt 


— lab ЇГ dt = 4ab(2x) = лав. 








Green’s theorem can be extended to a region R that contains holes, 
provided we integrate over the entire boundary and always keep the region 
R to the left of C. This is illustrated by the region in Figure 18.35, where 
the double integral over R equals the sum of the line integrals along C, 
and С, in the indicated directions. The proof consists of making a slit in 
R as illustrated in the figure, then noting that the sum of two line integrals 
in opposite directions along the same curve is zero. A similar argument 
can be used if the region has several holes. We shall use this observation 
in the solution of the next example. 
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FIGURE 18.36 








995 


EXAMPLE 5 Let C, and С, be two nonintersecting piecewise-smooth 

simple closed curves, each having the origin O as an interior point. If 
—y _ * 

x? + y? Са ус 





prove that 
È, M dx +N dy = È. M dx + N dy. 


SOLUTION If R denotes the region between C, and C,, then we have 
a situation similar to that illustrated in Figure 18.35, with О inside С,. 
By the remarks preceding this example, Green’s theorem gives us 


M dx + N dy + Ф M dx + N dy = EN. BM dA, 
$. $, If 
R 








OX ду 
where we have used the symbol С to indicate the positive direction along 
C; with respect to R. Since 
ON (х2 + у2)(1) – х(2х) у? - x? aM 
x — (x? + y?)? ~ (x? + y?)? ду, 


the double integral over R is zero. Consequently 








Ê. M dx +N dy = -ф, M dx +N dy. 


Since the positive direction along C, with respect to the region in the interior 
of C, is opposite to that indicated in the preceding integral, we obtain 


Ê. M dx +N dy = $, M dx + N dy, 


which is what we wished to prove. 


EXAMPLE 6 Е is defined by F(x, y) = mli + xj), prove 


that ф Е: dr = 2л for every piecewise-smooth simple closed curve С 
having the origin in its interior. 


SOLUTION If we let F(x, y) = Mi + Nj, then M and N are the same as 
in Example 5. Hence, if we choose a circle С, of radius a with center at the 
origin that lies entirely within C (see Figure 18.36), then, by Example 5, 


фЕ-й=ф rar 


Since parametric equations for C, are 
x=acost, y=asint; 0<t<2z, 
we obtain 


„йиз —J a 
фе &=ф a EE ETT dy 


2x —asint i 
«p 7 —(-a sin t) а 
0 а 








acost 
z (а cos t) dt 
a 


28... 2r 
= f. (sin? t + cos? t) dt «f dt — 22. 
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Vector form of Green's 
theorem (18.21) 


EXERCISES 18.4 





The conclusion of Green's theorem (18.19) may be expressed in vector 
form. First note that if F is a vector field in two dimensions, then we may 
write 


F(x, y) = Mi + Nj + Ok, 


where M = M(x, у) and М = N(x, y). The curl of F is 


ij Ж 
5 8 0 ом MÀ 
Ши Wem E -oi + oj + (E S к. 
ex Cy Gz CX Су j 
М М 0 


The coefficient of k has the same form as the integrand of the double 
integral in Green’s theorem (18.19). Let s be an are length parameter for 
С, and consider the unit tangent vector 


Using this notation, we may write Green’s theorem as follows. 


ф-та = fev х F):k dA 
R 


Since (V x F): k is the component of curl F in the direction parallel to 
the z-axis, we refer to it as the normal component (to R) of curl F. In words, 
(18.21) may be phrased: The line integral of the tangential component of F 
taken along C once in the positive direction is equal to the double integral 
over R of the normal component of curl F. The three-dimensional analogue 
of this result is Stokes’ theorem, which will be discussed in Section 18.7. 
We will also discuss physical interpretations of curl F at that time. 

Green's theorem is important in the area of mathematics known as 
complex variables, a subject that is fundamental for many applications in 
the physical sciences and engineering. 


—— MM —— — M — — —— M ———————————7e 


Exer. 1-14: Use Green's theorem to evaluate the line 4 ф Jy dx + ух dy: 


integral. 
1 $ (x? + y) dx + (xy?) dy; 


С is the closed curve determined by у? 
with 0 € x < I. 


2 4, (х + y?) dx + (1 + x?) dy: 


С is the closed curve determined by v 
with 0 € x € I. 


3 $. х?у? dx + (x? — у?) dy; 


С is the square with vertices (0, 0), (1, 


C is the triangle with vertices (1, 1). (3, 1). (2. 2). 


5 ф. xy dx + (y + x) dy: 


= хапа у = —x е 
C is the circle x? + у? = 1. 
6 ф. y? dx + x? dy; 
=x? and y= х? C is the boundary of the region bounded by the semi- 
circle у = 4/4 — x? and the x-axis. 
7 $. xy dx + sin y dy; 
0), (1. 1). (0, 1). C is the triangle with vertices (1, 1). (2, 2). (3. 0). 
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8 $. tan !x dx + 3x dy; 
С is the rectangle with vertices (1. 0), (0. 1). (2. 3). (3. 2). 
9 $. y^(1 + x°)! dx + 2y tan^! x dy; 
С is the hypocycloid x?? + y?3 = 1. 
10 ф (х2 + у?) ах + 2ху йу; 
С is the boundary of the region bounded by the graphs 
of y= ух, y=0,and x 24. 
11 4, (x^ + 4) dx + xy dy; 
С is the cardioid r = 1 + cos 0. 
12 $. xy dx + (x? + y?) dy; 
C is the first-quadrant loop of r = sin 20. 
13 $a + y) dx + (y + x?) dy; 


C is the boundary of the region between the circles 
2-4 асы 2 1 dius 
х? + у? = l and х? + у? = 4. 


14 $. (1 — x*y) dx + sin y dy; 
C is the boundary of the region that lies inside the square 
with vertices (+2, +2) and outside the square with 
vertices (+1, +1). 

Exer. 15—18: Use Theorem (18.20) to find the area of the 

region bounded by the graphs of the equations. 


2 


15 y=4x?, ele y=, ўе 
17 у2—х?=5, y=3 
Ехег. 19-20: Use Theorem (18.20) to find the area of 


the region bounded by the curve C. 


18 xy=2, х-у- 3 


19 C is the hypocycloid x = a cos? t, y = a sin? t; 
0<1< 27. 
20 Cis the piecewise-smooth curve consisting of the folium 
of Descartes 
| 3t | ЗР 
заат Ўт 


and the line segment from (3. 3) to (0, 0). 


Srel 
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21 


24 


26 


27 


28 


If F(x, y) is a two-dimensional vector field and (4 F : dr 
is independent of path in a region D, use Green's theo- 
rem to prove that $c F: dr = 0 for every piecewise- 
smooth simple closed curve in D. 


If f and g are differentiable functions of one variable, 
prove that 4c f(x) dx + g(y) dy = 0 for every piecewise- 
smooth simple closed curve C. 


Let M = у/(х? + y?) and М = —x/(x? + y?). If R is the 
region bounded by the unit circle C with center at the 
origin, show that 


È. Mdxe Ndys 1 e - ) 4А. 


Explain why Green’s theorem is not true in this instance. 





Suppose F(x, у) has continuous first partial derivatives 
in a simply connected region R. If curl F = 0 in R, prove 
that $c F: dr = 0 for every piecewise-smooth simple 
closed curve C in R. 


Let R be the region bounded by a piecewise-smooth 
simple closed curve C in the xy-plane. If the area of R 
is A, use Green's theorem to prove that the centroid 
(X. y) is 


Suppose a homogeneous lamina of density k has the 
shape of a region in the xy-plane that is bounded by a 
piecewise-smooth simple closed curve C. Prove that the 
moments of inertia with respect to the x- and y-axes 
are 


Їл. 4 4, yr dx, h= : ф. x? dy. 


Use Exercise 25 to find the centroid of a semicircular 
region of radius a. 


Use Exercise 26 to find the moment of inertia of a homo- 
geneous circular disk of radius a with respect to a 
diameter. 





Line integrals are evaluated along curves. Double and triple integrals are 
defined on regions in two and three dimensions, respectively. We may also 
consider an integral of a function over a surface. For simplicity we shall 
restrict our discussion to surfaces that are graphs of rather simple equa- 
tions, and our demonstrations will be at an intuitive level. Rigorous treat- 
ments may be found in texts on advanced calculus. 
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FIGURE 18.37 
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Surface integral (18.22) 
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(ii) [iii] 


22 
` 
` 





x 


If the projection of a surface S on a coordinate plane is a region of a 
type considered for double integrals, we say that S has a regular pro- 
jection on the coordinate plane. If $ has a regular projection on the xy- 
plane, the xz-plane, or the yz-plane, we sometimes denote the region by 
R,,, Rxz, ог R,,, respectively. For such projections we assume that 5 is 
the graph of an equation of the form z = f(x, y), у = h(x, z), or x = k(y, z), 
respectively, as shown in Figure 18.37. Moreover, we assume that the 
function /, д, or k has continuous first partial derivatives on its respective 
region. 

Let us first consider the case of the graph S of z = f(x, y) (see Fig- 
ure 18.37(i)). In (17.16) we defined the area A of 5. A similar technique 
may be used to define an integral of g(x, y, z) over the surface S, if the 
function g is continuous throughout a region containing S. We use the 
notation of Section 17.2. Thus, as illustrated in Figure 18.38, AS, and 
АТ, will denote areas of portions of the surface 5 and the tangent plane 
at B,(x,, у,, 2,), respectively, that project onto the rectangle R, of an inner 
partition of R,,. We evaluate g at B, for each К and form the sum 
У, #(ху. Уу, Zk) AT,. As in the following definition, the surface integral 


ffs g(x, y, 2) dS of g over S is the limit of such sums as the norms of the 
partitions approach 0. 


ffas ydas = tim. Уб s 29 АТ, 
$ \\PIl+0 


If S is the union of several surfaces of the proper types, then the sur- 
face integral is defined as the sum of the individual surface integrals. 
If g(x, y, z) = 1 for every (x, y, z), then (18.22) reduces to (17.17) and hence 
the surface integral gives us the area of the surface S. 

A physical application of surface integrals may be obtained by con- 
sidering a thin metal sheet, such as tinfoil, that has the shape of S. If the 
area mass density at (x, у, 2) is g(x, у, 2), then (18.22) is the mass of the 
sheet. The center of gravity and moments of inertia may be obtained by 
employing the methods used for solids in Chapter 17 (see Exercise 21). 
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In a manner similar to the way formula (17.17) for surface area was 
developed, the surface integral (18.22) may be evaluated by means of for- 
mula (i) of the next theorem. Formulas (ii) and (iii) are used for surfaces 
of the type illustrated in Figure 18.37(ii) and (iii). 


Evaluation theorem for 


surface integrals (18.23) (i) Sfax, v, z) dS = 
$ 


Jf ах, у, fes nV os УЙ? + Сл уй]? + 1 4А 


Rxy 


(il) Тв, у,2)4$ = 
$ 





ff a6. 862.2 Enos z)]? + [h.(x, 2]? + 1 dA 


Rxz 


(iil) ffa, ў„2)й$ = 
$ 





ff g(kCy, 2), у, 2) /[(К,(у, 2]? + [k:(y, 2)]? + 1 dA 


Ку: 


EXAMPLE 1 Evaluate ff. x?z dS if S is the portion of the cone 
z? = x? + y? that lies between the planes z = 1 and z = 4. 


FIGURE 18.39 LUTION As shown in Figure 18.39, the projection R,, of S onto the 
xy-plane is the annular region bounded by circles of radii | and 4 with 
centers at the origin. If we write the equation for S in the form 


z = (x? + y?)!? = f(x, у), 


then fx, у) = and fjx,y)-— 


x y 
(x? E Гы ыа 5e? 4 у? 


Applying (18.23)(1) and noting that the radical reduces to V2, we obtain 
{р 48 = ff x(x? + у?)!'?‚/2 dA. 
5 


Кху 





We use polar coordinates to evaluate the double integral as follows: 


ff x(x? + у2)!24/2 dA = ЇР f (r? cos? 0)r/2r dr dO 


Rxy 
574 
м2 19 со$? 45| d 


1 
_ 1023/2 ЇР | cos 20 sg 








5 Jo 2 

1023/2 1. ae 
= 10 СЕС Л 
|. 1023,/2n 


x 909 
5 
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FIGURE 18.40 
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EXAMPLE 2 Evaluate Ї 1 (xz/y) dS if S is the portion of the cylinder 
x = y? that lies in the first octant between the planes z = 0, z = 5, y = 1, 
and y = 4. 


SOLUTION The surface S is sketched in Figure 18.40. The projection 
R,. of S on the yz-plane is the rectangle with vertices (0, 1, 0), (0, 4, 0), 
(0, 4, 5), and (0, 1, 5). Thus, by Theorem (18.23)(iii) with k(y, 2) = y? 


[Pas = Jo [FOP OTT ae ay й 
= L [А y 44у +1 zdz йу = p y Ay! +1 BH m 


0 
= 2 [ууу dy = виза 
= 36522 — 59/2) = 5342. 





The formulas in Theorem (18.23) are stated under the assumption that 
the functions f. h, and k have continuous first partial derivatives on 
Кү. Rxz апа К,., respectively. In certain cases we can remove these 
restrictions by using an improper integral, as in the next example. 


EXAMPLE : 3 Evaluate IT (т + y) dS if S is the part of the graph of 
Jl — x? — x? in the first octant between the xz-plane and the plane y = 3. 


SOLUTION The surface S is the first-octant portion of the cylinder 
x? + 2? = 1 from у = 0 to у = 3. The graph is sketched in Figure 18.41. 
The projection R,, of S onto the xy-plane is the rectangular region with 
vertices (0, 0, 0), (1, 0, 0), (1, 3, 0), and (0, 3, 0), If we wish to use Theorem 


(18.23)(i) with f(x, y) = y1 — x?, then 


— yv А 1 
=F + (0) +1 = = р 


/1—х 











Ух, J^ + LEG. у] +1 = 


Note that fix, у) is undefined at x = 1 and hence is not continuous 
throughout R,. However, we may apply Theorem (18.23)(1) with 
0 «€ x < 1 and then use an improper integral, as follows: 


[[є+ y) dS = f=? 4 y) t 


Rxy 





























|1 
-5 
M. 
= 
„ы 
7 
= 
| — 
х 
N 
SUAL 
5, 
m 


lim (3t + 3 arcsin 1) = 3 + л = 10.1 
a= 
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In Section 6.8 we discussed how to find the force exerted on one face 
of a lamina when it is submerged in a fluid (see (6.27)). We can use surface 
integrals to solve similar problems for non-laminar surfaces, as illustrated 
in the next example. 


EXAMPLE 4 A paper cup has the shape of a right circular cone of 
altitude 6 inches and radius of base 3 inches. If the cup is full of water 
weighing 62.5 Ib/ft?, find the total force exerted by the water on the inside 
surface of the cup. 


SOLUTION — If we position the cup in an xyz-coordinate system as illus- 
trated in Figure 18.42 (where the units arc inches), then an equation of the 
cone has the form z = Kk /x? + y. for some constant К. Since the point 
(0, 3, 6) is on the cone, 6 = kJ/0? + 32, or К = 2. Hence z = 2/x? + y?. 

Let dS represent an demerit of surface area of the cone that is 
(approximately) a distance 2 from the xy-plane. The corresponding depth 
of the water in the cup is 6 — z. Changing the density of the water to 
Ib in.?, we obtain (62.5/12?) Ib/in.? Thus, the pressure at a depth of 6 — z 
inches is (62.5/123)(6 — =) Ib/in.?, and the force exerted by the fluid on this 
portion of the cup is approximately 


6 
1 





56 
3 


— z) dS lb. 


t3 m 


Taking a limit of sums, we find that the total force exerted by the water 
on the inside surface S of the cone is given by 


. 625 
Fw [fe — 245. 
5 


Note that the region Кү, that lies under the cone is bounded by the circle 
x? + y? = 9, Applying (18.23)(i) with f(x, y) 2 24/х2 + y? = 2, we can 


verify that 
A > (fus иь 2) 54А. 
75 Ж 


Using polar coordinates, we have 





_ 62.5 
АА * (6 — 20) Sr dr 40 


4$ 


> 
LIUM x Ib = 4.57 Ib. 


The most important applications of surface integrals occur when work- 
ing with vector fields. Let F be a vector field such that 


F(x, у, 2) = М(х, у, 2)і + N(x, у, 2)} + P(x, у, z)k, 


where М, М, and Р are continuous (scalar) functions. In Section 18.2 we 
considered the following line integral for a piecewise-smooth curve С: 


fe F- Tas, 
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FIGURE 





Flux integral of F over S (18.24) 
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where s is an arc length parameter for C. As in Figure 18.43, T = dr/ds 
is a unit tangent vector to C at the point (x, y, z), where r = xi + yj + zk 
is the position vector of (x, у, 2). If F is a force field, then, from (18.12), 
the value of this line integral is the work done by F along C. 


18.43 FIGURE 18.44 





x 


Let us next consider a surface 5 and a unit normal vector n to S at the 
point (x, y, z), as illustrated in Figure 18.44. If the components of n are 
continuous functions of x, y, and z, then F ·п is a continuous (scalar) 
function and we may consider the following surface integral over 5, which 
(for reasons we will discuss at the end of this section) is called the flux 
integral of F over S. 


Ї|Е аав 


5 


To evaluate (18.24), we must be more precise about properties of the 
unit vector п. If the surface S is the graph of an equation z = f(x, у) and 
if we let g(x, y, 2) = z — f(x, y), then S is also the graph of the equation 
g(x, y, z) = 0. Since the gradient Vg(x, у, 2) is a normal vector to the 
graph of g(x, y, z) = 0 at the point (x, y, 2), a unit normal vector n can be 
obtained as follows: 


Уд(х, yz) _ fx, уй — f(x. yj К 
Veo у, 2! Eos P + + 


Similar formulas can be stated if 5 is given by y = h(x, 2) or by x = k(y, 2). 
Note that for the case z — f(x, y), the unit vector n is an upper normal 
to S, since the k component is positive. A lower normal can be obtained 
by using —n. 

In the remainder of this chapter, we shall assume that every surface S 
is oriented (or orientable) in the sense that a unit normal vector n exists 
at every nonboundary point (x, y, z), and that the components of n are 
continuous functions of x, y, and z. We say that n varies continuously over 
the surface S. We shall also assume that S has two sides, such as the top 
side and bottom side of the graph of z — f(x, y) in Figure 18.44. For a 
closed surface S such as a sphere, we may consider the outside and inside 
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FIGURE 18.46 
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Definition (18.25) 
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of S. We then refer to п as the unit outer normal or the unit inner normal 


(see Figure 18.45). 

Our restrictions on S rule out one-sided surfaces, such as a Möbius 
strip, named after the German mathematician A. F. Möbius (1790—1868). 
A Móbius strip can be constructed from a long rectangular strip of paper 
by making a half twist in the paper and taping the short edges together, 
producing the surface illustrated in Figure 18.46. Imagine a painter who 
starts at some point and attempts to paint only one side of the original 
strip. The painter will eventually return to the same point, having painted 
the entire strip without crossing any edge. This one-sided surface is not 
orientable. 

To interpret the physical significance of the flux integral (18.24), let us 
regard the surface 5 as a thin membrane through which a fluid can pass. 
Suppose S is submerged in a fluid having a velocity field F(x, у, z). Some 
typical vectors of the field are shown in the lower part of Figure 18.47. 
Each vector of the field is the velocity of a fluid particle (or molecule). 

Let dS represent a small element of area of S. If F is continuous, then 
it is almost constant on dS, and the amount of fluid crossing dS per unit 
of time may be approximated by the volume of a prism of base area dS 
and altitude F п, as illustrated in Figure 18.47. If dV denotes the volume 
of the prism in the figure, then dV = F-ndS. Since dV represents the 
amount of fluid crossing dS per unit time, the flux integral is a limit of 
sums of elements of volume, and hence ||, Е · п d$ is the volume of fluid 
crossing S per unit time. This quantity is called the flux of F through 
(or over) S. If F and S satisfy the conditions we have imposed, then we 
have the following. 


The flux of a vector field F through (or over) a surface S is 


J) xas. 


If the fluid in the previous discussion has density 6 = б(х, y, z), then the 
value of the flux integral ||, ÒF · n dS is the mass of the fluid crossing S. 
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FIGURE 1848 
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The vector field F in Definition (18.25) may also represent steady state 
heat flow, a uniformly expanding gas, or fields encountered in the theory 
of electricity. In these cases flux is a measure of the amount of heat cross- 
ing S. the flow of gas through 5, or magnetic or electric flux through S, 
respectively. 

If, for a closed surface such as a sphere, we choose n as the unit outer 
normal. then the flux measures the net outward flow per unit time. If the 
flux integral is positive, then the flow out of S exceeds the flow into S, 
and we say there is a source of F within $. If the integral is negative, then 
the flow into S exceeds the flow out of S, and there is a sink within S. If 
the integral is 0, then the flow into and the flow out of S are equal; that 
is, the sources and sinks balance one another, 


EXAMPLE 5 Let S be the part of the graph of z = 9 — x? — y? with 
z > 0. If F(x, y, z) = 3xi + 3yj + zk, find the flux of F through S. 


SOLUTION The graph is sketched in Figure 18.48, together with a typi- 
cal unit upper normal п and the vector F(x, у. т). As in our discussion 
following (18.24), to find a formula for n we consider 


х,у, 2) =2— (9 х2 – у) =2—9 + х2 + у? 
and let 
Уй(х, y, 2) 2xi + 2yj +k 
е | Увбх, y. 2) || 7 „Ах? + 4y? a 
By (18.25), the flux of F through S is 


. 6x? + бу? +z 
fF nas «Jr ICT 45. 


Applying Theorem (18.23)(i) gives us 








TTL LS Ах „ду? + 14A 





ir 6x? + 67? +9 —x? — у? 


= [fiv + 5y? + 9) dA, 
Rss 
where R,, is the circular region in the xy-plane bounded by the graph 
of x? + y? = 9. Changing to polar coordinates, we have 


27 5 5677 
[|E nas = [7 f; GP + 9)r dr do = = 8906. 
$ 
If, for example, Е is the velocity field of an expanding gas and | Е || is 
measured in m/sec. then the unit of flux is m?/sec. Hence the flow of gas 
across the surface 5 in Figure 18.48 is approximately 890.6 m?/sec. 


In the next section we discuss a result, called the dirergence theorem, 
that will enable us to calculate the flux over a closed surface by using а 
triple integral. 
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Exer. 1-4: Evaluate || g(x, y, 2) dS. 


1 g(x;y;2) = х2; 
S is the upper half of the sphere x? + y? + 2? = a?. 


2 g(x, ¥, 2) = x? + у? + 22; 
S is the part of the plane z = y + 4 that is inside the 
cylinder x? + y? = 4. 

3 а(х,у,2)=х+у; 
Sis the first-octant portion of the plane 2x + 3y + 2 = 6. 


2 


4 g(x, y, 2) = (x? + y? + 1)": 
5 is the portion of the paraboloid 22 = х? + y? that lies 
inside the cylinder x? + у? = 2y. 

Exer. 5-8: Express the surface integral as an iterated 


double integral by using a projection of S on {a} the 
yz-plane and |»; the xz-plane. 


5 ffxv? dS: 
5 


Sis the first-octant portion of the plane 2x + 3y +42 = 12. 


6 [fe + 2y) dS; 
8 


Sis the portion of the graph of y = x? between the planes 
y20,y28,z222,and z= 0, 


7 [Го — 2y + 2) dS; 
8 


S is the portion of the graph of 4x + v = 8 bounded by 
the coordinate planes and the plane = = 6. 


н ffe + y? + 22) 45; 
S 


S is the first-octant portion of the graph of x? + y? = 4 
bounded by the coordinate planes and the plane 
х+ = 32. 

9 Interpret ffs а(х. у. 2) 45 geometrically if f is the con- 
stant function g(x, v. z) = c with c > 0 and $ has a regu- 
lar projection on the xy-plane. 

10 Show that a double integral ffp f(x. у) dA is a special 
case of a surface integral. 


Exer. 11-14: Find (|, F - n dS if n is a unit upper normal 
to S. 
11 F=xi+ yj+zk; 
S is the upper half of the sphere x? + 1? + 27 =a’. 
12 F = xi — yj 
Sis the first-octant portion of the sphere x^ + \* + 2 
13 F = 21 + 5j + 3k: 
S is the portion of the cone z = (х? + у?) * that is inside 
the cylinder х? + у? = 1. 
14 F 2 xi + yj + zk; 
S is the portion of the plane 3x + 2y + z 
the planes x 20, y = 0, x = l. and y= 


12 cut out by 


һә 


Exer. 15-16: Find the flux of Е through SS. 
15 F(x, y, z) = xi + yj + zk; 
S 18 the first-octant portion of the plane 2x + 3y + z = 6. 
16 F(x, y, z) = (x? + zi + y?zj + (x? + y? + 2); 
S is the first-octant portion of the paraboloid z = x? + у? 
that is cut off by the plane z — 4. 


Exer. 17-18: Find the flux of F over the closed surface 

S. (Use the outer normal to S.) 

17 F(x, y, z) = (x + yji + zj + xzk; 

S is the surface of the cube having vertices (+1, +1, +1). 

18 F(x, y, z = хі — yj + zk: 

S is the surface of the solid bounded by the graphs of 
z=x + у? апі = = 4, 

19 If S is given by x = А(у, 2) апа Е = Mi + Nj + Pk, 

show that 
[fF “ndS = [їм - МЕДу, 2) — РК, (у, 2] dy dz. 
E ку. 

20 By Coulomb law, if a point charge of g coulombs is 
located at the origin, then the force exerted on a unit 
charge at (x,y,z) is given by F(x, y. 2) = (cq/| 57”. 
where г = xi + yj + zk. If S is any sphere with center at 
the origin, show that the flux of F through S is 4лсд. 

21 Ifa thin metal sheet T has the shape of a surface 5 and 
has area mass density бїх, v, z), then the moments of T 
with respect to the coordinate planes are defined by 


M,, = ||zó(x, у, 2) dS 

› 1 AX, у { 

M= || уб(х, y, z) dS 

Мы = ЇЇ хөх, y. z) 45. 
5 


Use limits of sums to show that these are natural defini- 
tions. The center of mass (X, ¥, 2) 18 defined by 


¥m=M,.. Fm=M,., Zm=M,,. 


where m is the mass of T. Suppose a metal funnel has 
the shape of the surface 5 described in Example 1 (see 
Figure 18.39). If the unit of length is the centimeter and 
the area mass density at the point (x, y. z) is 22 gm/cm?, 
find 
{ај the mass and the center of mass of the funnel 
[bj the moment of inertia of the funnel with respect to 
the z-axis 

22 Refer to Exercise 21. A thin metal sheet of constant den- 
sity k has the shape of the hemisphere z = ya? — x? — y^. 
Find its center of mass. 
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18.6 THE DIVERGENCE THEOREM 


One of the most important theorems of vector calculus is the divergence 
theorem. It is often called Gauss’ theorem in honor of Carl Friedrich Gauss 
FIGURE 18.49 (1777-1855), whom many consider the greatest mathematician of all time. 
The theorem specifies the flux of a vector field over a closed surface 5 that 
is the boundary of a region Q in three dimensions. For example, 5 could 
be a sphere, an ellipsoid, a cube, or a tetrahedron. The divergence theorem 
can be proved for very complicated regions; however, the proof would 
take us into the field of advanced calculus. Instead, throughout this section 
we shall assume that Q is a region over which triple integrals can be 
evaluated using methods developed in Chapter 17. We will also assume 
that surface integrals can be evaluated over S. In this section n will denote 
a unit outer normal to S, as illustrated by some typical vectors in Fig- 
ure 18.49. 
Under the restrictions we have placed on Q and S, the divergence 
theorem may be stated as follows. 











Divergence theorem (18.26) Se z === 
Let О be a region in three dimensions bounded by а closed surface 


S, and let n denote the unit outer normal to S at (x, y, z). If F is a 
vector function that has continuous partial derivatives on Q, then 


Је nas = fffv rav; 


5 Q 


that is, the flux of F over S equals the triple integral of the divergence 
of F over Q. 





PROOF  IfF(x, у, 2) = M(x, y, z) + N(x, у, z)j + P(x, y, z)k, let us sim- 
plify the notation by writing F = Mi + Nj + Pk. Using properties of the 
dot product and the definition of F, we may write the conclusion of the 





theorem as 
A 4 М ôN OP 
[ftti m e Nine rimas = fff (© 22312 
s р NOx ду дх 
FIGURE 18.50 To prove this equality, it is sufficient to show that 





[Гм = fS av 
[вав fff rav 
[penas = fff n 


Since the proofs of all three formulas are similar, we shall consider 
only the third. Moreover, the proof will be restricted to the case, illus- 
trated in Figure 18.50, where 5 is the surface of a region Q that lies between 
the graphs of 2 = v(x, y) and z = u(x, y) and over a suitable region R in 
the xy-plane. We shall denote the upper surface by S,, the lower surface 
by 5,, and the lateral surface by S4. Some typical unit outer normal vec- 
tors are shown in the figure. 
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FIGURE 18.51 





On S;, the k component of n is 0, and hence k : n = 0. Thus, the flux 
integral over S, is 0, and we may write 


j| [eti TR d 


As in Section 18.5, to find a unit (upper) normal to S,, we let 
91(х, y. 2) = z — u(x, y) 
and calculate 
" Vay) _ =u% у u(x, уу) + К 
[Vaal у, 2)|| [и„(х, у)]? + [ux )P 9-1 


Hence k-m=1/V[u,(x, y) + (ux, y)]? +1. If we apply Theo- 
rem (18.23)(i) with R = R,, and u(x, y) = f(x, y), the radicals cancel and 


we obtain 
ff Pk- mds = ff Pe, y, шо, у)) 44. 
$i R 














On $›, we let 








g2(X, y, z) = z — v(x, y) 
and use the lower unit normal n given by 
Vgs(x. y. 2) _ Ux, yi + v(x, yj — k 
| Vgs(x. У, z) || v [n.o у]? + [v(x y]? 4.1 


Again applying (18.23)(1) gives us the flux integral over S;, 
[Грк "ndS = — ff no. y. v(x, y)) dA. 
83 R 
Adding the flux integrals over 5, and S, yields 
[к ‘nds = fcc у, u(x, y)) = P(x, y, v(x, y))] dA 
5 


щх,у ОР 
peste] 

rix. y) Oz 
which is what we wished to prove. Our proof can be extended to finite 
unions of regions of the type we have considered. The proofs of the for- 


mulas for ff Mi: ndS and ffs Nj-ndS are similar, provided О and S 
are suitably restricted. mm 





ОР 





EXAMPLE Т Let Q be the region bounded by the circular cylinder 
x? + y? =4 and dw planes z z — 0 and z — 3. Let 5 denote the surface of 
О. If F(x, уул) = xi + yj + z?k, use the divergence theorem to find 
[fs F -n 45. 


SOLUTION The surface S and some typical positions of n are sketched 
in Figure 18.51. Since 
У.Е = 3x? + 3y? + 32? = 3(х? + y? + 22), 


we have, by the divergence theorem (18.26), 


{fr ndS = 3 ffe + y? + 22) dV. 
8 Q 








1008 


CHAPTER 18 VECTOR CALCULUS 





FIGURE 18.52 





If we use cylindrical coordinates to evaluate the triple integral, then 


ffr ends 23 (7 [2 | 0 + 2r dz dr do 


$ 
= 3 i ja [rz $ wr r dr dð = 3 i i (3r? + 9r dr dé 
з f [95 + 28 ао = 3 |27 зо ао = so[6]" = 1802. 


EXAMPLE 2 Let Q be the region bounded by the cylinder z = 4 — x’, 
the plane y + т = 5. and the xy- and xz-planes. Let 5 be the surface of 
Q. If F(x, y, z) = (x? + sin z)i + (х?у + cos z)j + e" *"k, find (f, F -n dS. 


SOLUTION The region Q is sketched in Figure 18.52 with several unit 
outer normal vectors. It would be an incredibly difficult job to evaluate 
the surface integral directly; however, using the divergence theorem we 
can obtain the value from the triple integral 


ffo +x2)dV = MES т 
5 Q 


Referring to Figure 18.52 and using (17.20), we see that this integral equals 


| 
! 
tw 
t © 
Q ог 
© 
х 
t2 
ta 
to 
Tk 
tv 
ta 
N 
LL 
то» 
х 
a 
Е 


ү (48x? — 4x* — 2x*) dx 


= 4998 ~ 131.7. 


We may use the divergence theorem to obtain a physical interpretation 
for the divergence of a vector field. Let us begin by recalling from the 
mean value theorem for definite integrals (5.28) that if a function f of one 
variable is continuous on a closed interval [a. b], then there is a number 
c in (a, b) such that 


1 ” fix) dx = FOL, 


where L = b — ais the length of [a, b]. Analogous results may be proved 
for double and triple integrals. Thus, if a function f of three variables is 
continuous throughout a spherical region 0, then there is a point 
A(x;, уу. Z1) in the interior of О such that 


fff ros s. sav = res. v. г], v. 
Q 


where V is the volume of Q and | /(х. y. 2)]4 = f(x. yi. Z1). Let us сай 
this result the mean value theorem for triple integrals. It follows that if F 
is a continuous vector function, then 


ff V. F dV =[V'F], V. 
Q 
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FIGURE 18.53 





Divergence as a limit (18.27) 


FIGURE 18.54 





or, equivalently, 


[VF], = [у Fav. 
Q 


Applying the divergence theorem gives us 
| 7 
у Ена, 


where S is the surface of О. The quantity оп the right тау be regarded 
as the flux of F per unit volume over the sphere. 

Next, let P be an arbitrary point, and suppose F is continuous through- 
out a region containing Р in its interior, Let 5, be the surface of a sphere 
of radius k with center at P. From the previous discussion, for each k 
there is a point Р, within 5, such that 


[VF], = 7 [[F па, 
Sk 


where И, is the volume of the sphere (see Figure 18.53). 
If we let k + 0, then P, + Р and [V-F]p, > [УЕ] = [div F]p. 
This gives us the following. 


"Ww 
[div r= Bag n d$ 


Thus. the divergence of F at P is the limiting value of the flux per unit 
volume over a sphere with center Р, as the radius of the sphere approaches 
0. In particular, if F represents the velocity of a fluid, then [div Е], can 
be interpreted as the rate of loss or gain of fluid per unit volume at P per 
unit time. If 6 = d(x, y, 2) is the density at (х, у, z), then [div дЕ] is the 
change in mass per unit volume per unit time. It follows from the remarks 
at the end of Section 18.5 that there is a source or sink at P if [div Е] > 0 
or [div Е] < 0, respectively. If the fluid is incompressible and no source 
or sink is present, then there can be no gain or loss within the volume 
element V, and hence, at every point P, div F = 0. The limit form for 
divergence in (18.27) may also be applied to physical concepts such as 
magnetic or electric flux, since these entities have many characteristics 
that are similar to those of fluids. 


EXAMPLE 3 Suppose a closed surface S forms the boundary of a 
region Q and the origin O is an interior point of Q. If an inverse square 
field is given by F = (q/r?)r. where q is a constant, г = xi + yj + zk, and 
r= |r||. prove that the flux of F over S is 4nq regardless of the shape 


of Q. 


SOLUTION Since F is not continuous at 0, the divergence theorem 
cannot be applied directly; however, we may proceed as follows. Let S, 
be a sphere of radius a and center O that lies completely within S (sec 
Figure 18.54), and let Q, denote the region that lies outside 8, and inside 
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S. Since F is continuous throughout Q,, we may apply the divergence 
theorem, obtaining 


Ше F dv = угийг [roii 


We can show that if F is an inverse square field, then V F = 0 (see 
Exercise 21 of Section 18.1) and therefore 


[rends ce ret 


5 


Since the unit normal n on 5, is an outer normal, it points away from the 
region О, that has 5, as part of its boundary. Hence on 5, the unit normal 
n points toward the origin. Thus, n = (— 1/r)r with r = a, and 


F: ndS = — Я г’ is dS 
Тее ОН 
[теа ын 


224. 29 € 
жа [as 23 (4ла?) = 4nq. 





Example 3 has an important application in the theory of electricity. 
By Coulomb's law, if a point charge of q coulombs is located at the origin, 
then the force exerted on a unit charge at (x, у, 2) is F(x, y, 2) = (cq; || |”, 
where r = xi + yj + zk and c is a constant. It follows that the electric 
flux of F over any closed surface containing the origin is 4zcq. Thus, the 
electric flux is independent of the size or shape of S and depends only on 
q. It is not difficult to extend this to the case of more than one point 
charge within S. This result, called Gauss' law, has far-reaching con- 
sequences in the study of electric fields. 


EXERCISES 18.6 


Exer. 1-4: Use the divergence theorem (18.26) to find 


Exer. 5-10: Use the divergence theorem (18.26) to find 
ffs Fonds. 


the flux of F through S. 
1 F= ysin xi + y?zj + (x + 3z)k; 5 F(x, yz) = yzi + eM xk; - 
S is the surface of the region bounded by the planes S is the graph of x^^ + y^^ +2" = 1. 





x= tly the th 


Е = yei — xyj + x arctan yk; 
S is the surface of the region bounded by the coordinate 
planes and the plane x + y + z = 


F = (x? + sin yz)i + (y — xe ?)j + 27k; 
S is the surface of the region bounded by the cylinder 
x? + у? = 4 and the planes x + z = 2 and z = 0). 


F = 2xyi + z cosh xj + (22 + y sin”! x)k: 
S is the surface of the region bounded by the paraboloid 
z= x? + y? and the plane z = 1. 





F(x, y, 2) = (x? + z?)i + (y? — 2xy)j + (42 — 2yz)k: 
S is the surface of the region bounded by the cone 
х= уу? +2? and the plane x = 9. 


F(x, y, 2) = 3xi + xzj + 27k; 

$ is the surface of the region bounded by the paraboloid 
z —4 — x? — y? and the xy-plane. 

F(x, y, 2) = ху?! + yz?j + 2х2; 

S is the surface of the region that lies between the cylin- 
ders x? + y? 24 and х? + y? 2 9 and between the 
planes z= —1 and z = 2. 
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9 F(x, у, 2) = 2xzi + xyzj + yzk; 
$ is the surface of the region bounded by the coordinate 
planes and the planes x + 22 = 4 and y = 2. 

10 F(x, y, z) = хїї + y3j + 27k; 
S is the surface of the region that is inside both the cone 
z= ух? + у? and the sphere x? + у? + z? = 25. 


Exer. 11-14: Verify the divergence theorem (18.26) by 
evaluating both the surface integral and the triple 
integral. 
11 F = xi+ yj + zk; 
S is the sphere x? + y? + 2? = a?. 
12 F = x?i + y?j + 27k; 
$ is the surface of the cube bounded by the coordinate 
planes and the planes x = a, y = a, z = a with a > 0. 


13 F=(x+z)i+(y + z)j + (x+ yk: 
S is the surface of the region 
0 = {(х, у,2):0< у +27 <1,05x<¢2}. 
14 Е = ||r|lr for r = xi + yj + zk; 
S is the sphere x? + y? + z^ = а2. 
15 (|; Е: п 25 = 0 for every closed surface of the type con- 
sidered in the divergence theorem, prove that div F = 0. 


16 Use the divergence theorem to prove that if a scalar func- 
tion f has continuous second partial derivatives, then 


[estar уа 


where D, f is the directional derivative of f in the direc- 
tion of an outer unit normal n to S. 


Exer. 17-18: Assume that S and Q satisfy the conditions 
of the divergence theorem and that f and g are scalar 
functions that have continuous second partial deriva- 
tives. Prove the identity. 


17 fffürvta + 97: Vo) ау = ffuva nas 
мэт Let F = f Vg in risa 
18 ff[urv*a — av? av = ffGrva — av nas 
(Hii: Use the identity in Exercise 17 together with that 


obtained by interchanging f and g.) 
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Ехег, 19-22: Assume that 5 апа О satisfy the conditions 
of the divergence theorem. 


19 If F is a conservative vector field with potential function 
fand if diy F = 0, prove that || F -F dV = || fF -ndsS. 


20 Ifr = xi+ yj + zk and V is the volume of Q, prove that 
V-ijfsr:nds. 


21 If F has continuous second partial derivatives, prove 
that ffs curl F - n dS = 0. 


22 If a is a constant vector, prove that ffs a-n 5 = 0. 


Exer. 23-24: A surface (or triple) integral of a vector 
function is defined as the sum of the surface (or triple) 
integrals of each component of the function. Using this 
fact and assuming that S and Q satisfy the conditions of 
the divergence theorem, establish the result. 


23 [тешр [тар 


(Hint: Apply the divergence theorem and Exercise 26 of 
Section 18.1 to ¢ x F, where с is an arbitrary constant 
vector.) 


24 Тавь ун» 


(Hint: Apply the divergence theorem to fe, where с is 
an arbitrary constant vector.) 


25 If F is orthogonal to S at each point (x, у, 2), prove that 
[ffo curl F dV = 0. 


26 Ifris the position vector for (x, y, z) and r = ||r ||, prove 
that fffo r dV = 1 ffs т?п 45. 


27 Anempty cylindrical tank of diameter 2 feet and length 
10 feet is immersed in water having a density of 
62.5 Ib/ft?. The buoyancy force on the tank is given by 
— ffs pn dS, where n is the unit outer normal to the sur- 
face S of the tank and р is the pressure exerted by the 
water on S. Use the formula 


цаашаа сай 


(see Exercise 24) to calculate the buoyancy force. (Hint: 
If the surface of the water coincides with the xy-plane, 
then р = — 62.52, where z is the depth of the water.) 


In (18.21) we stated the following vector form for Green's theorem: 


4C 


$ Е-Таз= (ficut F)-k dA, 
R 


where the plane curve C is the boundary of R. This result may be extended 
to a piecewise-smooth simple closed curve C in three dimensions that 
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Stokes’ theorem (18.28) 


FIGURE 18.55 
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forms the boundary of a surface S. The sketch in Figure 18.55 illustrates 
a case in which S is the graph of z = f(x, y), f has continuous first partial 
derivatives, and the projection C, of C onto the xy-plane is a curve that 
bounds a region R of the type considered in Green’s theorem. In the 
figure, n is a unit upper normal to S. We take the positive direction along 
C as that which corresponds to the positive direction along C,. The vector 
T is a unit tangent vector to C that points in the positive direction. If F 
is a vector field whose components have continuous partial derivatives in 
a region containing S, then we have the following theorem, named after 
the English mathematical physicist George G. Stokes (1819—1903). 


$ r-Ta- f (curl Е): n 45 
hy 


Stokes' theorem may be stated: The line integral of the tangential com- 
ponent of F taken along C once in the positive direction equals the surface 
integral of the normal component of curl F over S. If F is a force field, 
the theorem states that the work done by F along C equals the flux of 
curl F over 5. The line integral in (18.28) may also be written fe Е-аг, 
where r is the position vector of the point (x, у, 2) оп С. To consider 
situations more general than the one pictured in Figure 18.55, we must 
consider an oriented surface $ and define a positive direction along C in 
a suitable manner. (A proof of Stokes’ theorem may be found in more 
advanced texts.) 


EXAMPLE 1 Те S be the part of the paraboloid z = 9 — x? — y? with 
z 2 0, and let C be the trace of 5 on the xy-plane. Verify Stokes’ theo- 
rem (18.28) for the vector field F = 3zi + 4xj + 2yk. 


SOLUTION We wish to show that the two integrals in Theorem (18.28) 
have the same value. 

The surface is the same as that considered in Example 5 of Section 18.5 
(see Figure 18.48), where we found that 


2xi + 2yj + k 


” м 4x? + + 4у2 +1 
Ву (18.6), 
i 
culF=|— © —|-2i43j44k 
0х cy 02 
32 4х 2у 
Consequently 


e+ Gy 4 
[ext F)‘ndS = lx rari 


Using (18.23)(i) to evaluate this surface integral, we have 


ЇЇ саа F)-ndS = T (4x + бу + 4) dA, 
s R 
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curl F 


(Curl F) * n as a limit (18.29) 
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where К is the region in the xy-plane bounded by the circle of radius 3 
with center at the origin. Changing to polar coordinates, we obtain 


| (curt F)-ndS = i j (Ar cos 0 + 6r sin 0 + 4)r dr d0 


5 
- » L [(4 cos 0 + 6 sin 0)? + 4r] dr а0 
гэ Lr 14 cos 0 -65п0)17-- 22} 40 
= |, (36 cos 0 + 54 sin 0 + 18) 40 
= [36 sin 0 — 54 cos 0 + 186 |" = 36л. 
The line integral in Stokes' theorem (18.28) may be written 
$. Eo Tds= 9. Егор ф 3z dx + 4x dy + 2y dz, 


where C is the circle х? + у? = 9 in the xy-plane. Since z = 0 on C, this 
line integral reduces to 


$ F- dr = 1, 4x dy =4 ф жй 


By Theorem (18.20), {с х dy is the area of the region (a circle of radius 3) 
bounded by C, and hence 


ф Е :dr = 4(9n) = 362, 


which is the same as the value of the surface integral. 


We may use Stokes’ theorem to obtain a physical interpretation for 
curl F. If P is any point, let 5, be a circular disk of radius k with center 
at P and let C, denote the boundary of S, (see Figure 18.56). Applying 
Stokes’ theorem and a mean value theorem for double integrals leads to 


ф F-Tds= [сип F): n dS = [(curl F) : n]p, (лК?), 
J Cx S 


where P, is some interior point of S, and zk? is the area of S,. Thus, 
1 
[curl Р) а], = 5 4, FT ds. 


If we let k + 0, then P, — P and we obtain the following. 


: 1 


If F is the velocity field of a fluid, then the line integral $. F : T ds 
is the circulation around C. It measures the average tendency of the 
fluid to move, or circulate, around the curve. We see from (18.29) that 
[(curl F): п], provides information about the motion of the fluid around 
the circumference of a circular disk that is perpendicular to n, as the disk 
shrinks to a point. Since [(curl F)* n], has its maximum value when n is 
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FIGURE 18.57 
Curl meter 


Axle 





FIGURE 18.58 


CHAPTER 18 VECTOR CALCULUS 


parallel to curl F, the direction of curl F at P is that for which the circula- 
tion around the boundary of a disk perpendicular to curl F will have its 
maximum value as the disk shrinks to a point. 

To visualize these ideas, consider a miniature (imaginary) paddlewheel, 
or a curl meter, of the type shown in Figure 18.57. A velocity field acting 
on the fins may cause the wheel to turn on its axle. If n is a unit vector 
directed along the axle, then the curl meter will rotate most rapidly when 
n is parallel to curl F. 

The scalar (curl F): n is sometimes called the rotation of F about п 
and is denoted by rot F, since it measures the tendency of the vector field 
to rotate about P. If rot F » 0 throughout a region containing the curl 
meter in Figure 18.57, the fins rotate in a counterclockwise direction 
(a direction determined by the right-hand rule with thumb along n). If 
rot F «0, the fins rotate in a clockwise direction. If rot F = 0, as is the 
case for curl F — 0, then the circulation around every closed curve C is 
0 and the fins do not rotate. For this reason we define an irrotational vec- 
tor field F as one for which curl F = 0. 


EXAMPLE 2 If F(x, y) = ai + bj + ck and a, b, and c are constants, 
discuss the rotational properties of the field F. 


SOLUTION Every vector of the field F has the same length and direc- 
tion, as illustrated in Figure 18.58, where a, b, and c are positive. If we 
inserted a curl meter into this vector field at any point, the fins would 
not rotate. Note that 


cuflE =V X F= E 


^ 
7 


Hence F is irrotational. 


EXAMPLE 3 Let F(x, у, 2) = Xy? + 1)^ !i + 0j + Ok with | y| < 4. 


(a] Describe the vector field F and discuss the circulation of F around 
several circles C, that lie in the xy-plane. 


(6) Where does (curl F): n have its maximum value? 


SOLUTION 


(a) If we restrict our attention to the xy-plane, the vectors in F form the 
pattern shown in Figure 18.59. (Verify this fact. The same pattern is 
repeated in any plane parallel to the xy-plane. 

Let us regard F as the velocity field of a fluid that is flowing in a 
culvert. Note that the speed of the fluid is greatest along the x-axis and 
decreases as the point (x, y) approaches either of the lines y = +4. If we 
consider the circle C,, then evidently $c, F -T ds > 0, since as C, is 
traversed in the positive direction, the tangential component F - T is large 
and positive on the lower half of C, and negative (but close to 0) on the 
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FIGURE 18.59 
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upper half. If a curl meter were inserted at the center of C,, with its axle 
perpendicular to the xy-plane, the fins would rotate in the counterclock- 
wise direction. 

Again considering values of F: T, we see that ёс, Е-Т <0 and 
$c, F: T ds = 0. Á curl meter (ог C, would rotate in a clockwise direction, 
and that for C4 would not rotate at all. 


(b) Applying (18.6) gives us 


6 
xk 


ЇЕ------,5 
сиг. TZ + 1р 


Since the unit normal п is К, 


6y 


(curl F) n = (curl Е): k = (a Dr 


Observe that (curl F): n is positive for points above the x-axis, negative 
for points below the x-axis, and 0 for points on the x-axis. Differentiating 
with respect to y yields 


6(1 — 3y?) 


D,[(curl F): n] = [UE 


and hence critical numbers for (curl F): n are y = + 1//3 5: +0.577. We 
see from the first derivative test that these lead to maximum values. Thus, 
the maximum values for (curl Е) · n occur at any point on either of the 


horizontal lines y = + 1/43. 


To demonstrate another connection between curl F and rotational 
aspects of motion, consider a fluid rotating uniformly about the z-axis, 
as if it were a rigid body. If we concentrate on a single fluid particle at 
the point P(x, y, 2) and if x, y, and z are functions of time t, then we 
have a situation similar to that illustrated in Figure 18.60, where r(t) = 
xi + yj + zk is the position vector of P and œ = ci + @,j + @3k is the 
(constant) angular velocity. Referring to Figure 18.60, we see that 
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FIGURE 





18.60 





d0/dt = | e» ||. If we denote the velocity r'(r) of P by F, then, as in Exam- 
ple 4 of Section 15.3, 


F = о x r = (oz — озу) (03x — ez)j + (оу — ox)k. 


By (18.6), 


032 — Фуу @3X— WZ оуу — WX 
Using the fact that @ is a constant vector, we may verify that 
curl F = 2oi + 205j + 20,k = 2o. 


This shows that the magnitude of curl F is twice the angular velocity, and 
the direction of curl F is along the axis of rotation. 

We can apply the preceding discussion to the velocity field F of the 
wind inside the core of a tornado. (We often call F the tangential wind 
velocity.) The study of the circulation around a curve C inside the core is 
important in the analysis of a tornado. In the next example we calculate 
the circulation if C is a circle. 


EXAMPLE 4 The core of a tornado rotates as if it were a rigid body, 
in the manner illustrated in Figure 18.60, where the angular wind speed 
c) = 40/41 is constant. If C is a circle of radius a in a cross section of the 
core, as shown in the figure, the magnitude of the tangential wind velocity 
v is || v || = оа. Find the circulation of v around C by 


(a) using Stokes’ theorem 15) evaluating fe v: T ds 


SOLUTION 
(а) Applying Stokes' theorem, we find that the circulation is 


Ё ve rigs [сип v):ndsS, 
8 


where 5 is the disk bounded by С and where п = К. From the discussion 
preceding this example, 


curl v = 2€ = 2ck. 


Hence 


[A v'Tds- ffaoto |kadS 


5 
= 20 [fas 
5 


= 2wna?. 


This shows that as the radius a of С increases, the tendency of the 
winds to move around C also increases. 


(b) Since T is a unit tangent vector to C having the same direction as v, 
v: T = || % |11171 =| 
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FIGURE 18.61 





(see Theorem (14.19)). Hence 


Ї v T ds Ї || v || ds = оа үй ds 


walna) = 20ла?. 


EXAMPLE 5 For points outside the core, a tornado does not rotate 
as if it were a rigid body. Let rg be the radius of the core and « the 
(constant) angular wind speed inside the core, as in Example 4. If C is a 
cross-sectional circle of radius r > їр, as illustrated in Figure 18.60, then 
the magnitude of the tangential wind velocity v on C is (approximately) 
I v || = соғу. 


(a) Show that the circulation around C is the same for every r > ro. 
15) Show that curl v = 0 outside the core. 


SOLUTION 
(a) The circulation around every circle C of radius r > rọ is 


fr Tess f. |v || ds 


rz 
a p 
= — | ds 
r Je 


org > 
= 2nr = 2ло. 
2 





(b) ^ cross-sectional view of the tornado is shown in Figure 18.61, where 
r = xi + yj is the position vector of a point P(x, y) on С and | г| =r. In 
Example 1 of Section 18.1 we proved that F(x, y) = — yi + xj is orthog- 
onal to r at every point (x, y), as illustrated in the figure. Hence a unit 
vector u in the direction of F is 

-(— yi + xj). 


1 
и = — 
- | 3 
ух + у° 





Since the magnitude of v is wr3/r and r = yx? + у?. 





Applying Definition (18.6), we obtain 


curly=Vxv=0O. 


In our discussion of line integrals that are independent of path, we in- 
troduced the notion of a simply connected region in the plane. This con- 
cept can be extended to three dimensions; however, the usual definition 
requires properties of curves and surfaces studied in more advanced 
courses. For our purposes a region D in three dimensions will be simply 
connected if every simple closed curve C in D is the boundary of a surface 
S in D that satisfies the conditions of Stokes’ theorem. In regions of this 
type, any simple closed curve can be continuously shrunk to a point in 
D without crossing the boundary of D. For example, the region inside of 
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a sphere or a rectangular box is simply connected. The region inside of a 
torus (a doughnut-shaped surface) is not simply connected. Using this re- 
striction, we can establish the following result. 


Theorem (18.30) 
If F(x, y, z) has continuous partial derivatives throughout a simply 


connected region D, then curl F = 0 in D if and only if $c F : dr = 0 
for every simple closed curve C in D. 


PROOF сип F = 0, then, by Stokes’ theorem (18.28), 
$. F:dr— [сип F): п 45 = 0. 
5 


Conversely, suppose $c F · dr = 0 for every simple closed curve C. If, at 
some point P, curl F 4 0, then, by continuity, there is a subregion of D 
containing P throughout which curl F # 0. If, in this subregion, we choose 
a circular disk of the type illustrated in Figure 18.56 with n parallel to 
curl F, then 


ф Е.а = [сип Е):045-0, 
Sk 
a contradiction. Consequently curl F = 0 throughout D. == 


If F is continuous on a suitable region, then the condition ф F : dr = 0 
for every simple closed curve is equivalent to independence of path. More- 
over, as in Theorem (18.13), independence of path is equivalent to F = Vf 
for some scalar function f (that is, F is conservative). Combining these 
facts with Theorem (18.30), we obtain the following. 


Theorem (18.31) 
If F(x, y, z) has continuous first partial derivatives throughout a sim- 


ply connected region D, then the following conditions are equivalent: 
(i) F is conservative; that is, F = Vf for some scalar function f. 


(ii) 1 Е - dr is independent of path in D. 
(11) ф Е · dr = 0 for every simple closed curve С in D. 


| 
| 


(iv) F is irrotational; that is, curl F = 0. 


EXAMPLE 6 Prove that if F(x, y, z) = (3x? + у?)ї + 2xyj — 327k, 
then F is conservative. 


SOLUTION The function F has continuous first partial derivatives for 
every (x, у, 2). Since 


i j k 
д д д 

Fal 2 Жо 2 
mni Ox ду д2 
Зх? + у? 2ху -32 


(0 — 0)i + (0 — 0)j + (2y — 2y)k = 0, 


F is conservative, by Theorem (18.31)(iv). 





18.8 REVIEW EXERCISES 


EXERCISES 18.7 


Exer. 1-4: Verify Stokes' theorem (18.28) for F and S. 

1 F= pi + 22] + xk; 

S is the first-octant portion of the plane x + у + 2 = 1. 

2 F= 2yi — zj + 3k; 
8 is the portion of the paraboloid z = 4 — x? — y? that 
lies inside the cylinder x? + y? = 1. 

3 F=zi+xj+ yk; 
S is the hemisphere z = (a? — x? — y?)!?. 

4 F=x7i+ y?j + 27k; 

S is the part of the cone z = (x? + у?)!'? cut off by the 
plane z = 1. 

51 Е =(3z—sin x)i + (x? + &)j + (y? — cosz)k, use 
Stokes’ theorem to evaluate $c Е · dr, where C is the 
curve given by x = cost, y = sin t, z = 1; 0 < t < 2л. 

6 КЕ = yzi + ху} + xzk and C is the square with vertices 
(0, 0, 2), (1, 0, 2), (1, 1, 2), and (0, 1, 2), use Stokes' theo- 
rem to evaluate $c Е - dr. 

7 КЕ = 2yi + е) — arctan xk and 5 is the portion of the 


paraboloid z — 4 — x? — y? cut off by the xy-plane, use 
Stokes’ theorem to evaluate ||, curl F · n dS. 


8 КЕ = хуѓі + yz?j + zx*k and S is the region bounded by 
the triangle with vertices (1, 0, 0), (0, 2, 0), and (0, 0, 3), 
use Stokes’ theorem to evaluate ffs curl F : n dS. 


Exer. 9-12: Sketch some of the field vectors F(x, у, 2), 
and discuss the rotational properties of F by using both 
а curi meter and curl F. Where does (curl F) · n have its 
maximum value? 

9 Kx. y, 2) = (у? — 2yi +0) + 0k; O<y<2 

то F(x, у, 2) = Oi + sin xj + Ok; O<x<z 


11 F(x, y,z) = —yi + xj + Ok. (see Example 1 of Sec- 
tion 18.1 and the discussion following Example 3, page 
1015) 


18.8 REVIEW EXERCISES 


Exer. 1—4: Sketch some typical vectors in the vector field 


1 F(x, y) = 2xi + yj 

F(x, y, z) = xi + yj+k 

F(x, у, 2) = —k 

F(x, у, 2) = V(x? + y? + 22) 1/2 


л Aà WwW N 


Find a conservative vector field in two dimensions that 
has the potential function f(x, у) = y? tan x. 


6 Find a conservative vector field in three dimensions that 
has the potential function f(x, у, 2) = In (x + y + 2). 
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12 The inverse square field of Definition (18.2) 


13 If F(x, y, z) = yi + (x + e*)j + (1 + ye*)k, prove that F is 
irrotational. 

14 A vector field F is a central force field if F = f(r)r, 
where r = xi + yj + zk, r = ||r ||, and f is a scalar func- 
tion. If f is differentiable, show that F is irrotational. 

15 Let n denote the unit outer normal at any point P on 
the surface of a sphere S. If F has continuous first partial 
derivatives within and on S, prove that ||, curl Fn dS = 
0 by using 


(a) the divergence theorem (0) Stokes’ theorem 


16 If S and C satisfy the conditions of Stokes' theorem and 
if F is a constant vector function, use (18.28) to prove 
that $c F - T ds = 0. 


Exer. 17-19: Establish the identity under the assump- 

tion that C and 5 satisfy the conditions of Stokes' 

theorem. 

17 $c f Vg: dr = ffs (Vf x Vg): ndS, where f and g are 
scalar functions 


18 fca x rdr = 2a: ||; n dS, where a is a constant vector 
19 $c f dr = ([s n x Vf dS, where f is a scalar function 


20 If M, N, and P are functions of x, y, and z that have 
continuous first partial derivatives on a simply con- 
nected region, prove that 


Ї M(x, y, 2) dx + N(x, у, 2) dy + P(x, у, 2) dz 


is independent of path if and only if 
М ôN 6M ôP ôN ôP 


ду ôx” д> dx’ dz ду 





Exer. 7-10: Evaluate [c y? dx + xy dy, where C is the 
curve from (1, 0) to (— 1, 4) shown in the figure. 
7 8 
y y 
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11 Evaluate | ху ds; C is the graph of y = x* from (— 1, 1) 
to (2, 16). 


Exer. 12-14: Evaluate 
Jax dx + (x + y) dy + (x +y+z)dz 
for the given curve C from A(0, 0, 0) to B(2, 4, 8). 


12 C consists of three line segments, the first parallel to the 
z-axis, the second parallel to the x-axis, and the third 
parallel to the y-axis. 


13 С consists of the line segment from A to B. 
"n 


Z= 


14 C has the parametrization x = t, y = г, 


15 If F(x, y)=(x+ yi -(x — у)ј and C is given by 
х = cost, y = sint; —л < t < 0, evaluate fc F - dr. 


16 The force F at a point (x, y. 2) in three dimensions is 
given by F(x,y, 2) = xyi + y?zj + xz?k. If C is the 
square with vertices A,(1, 1,1) — A5(— 1, 1, 1), 
43(— 1, —1, 1), and A4(1, — 1, 1), find the work done by 
F as its point of application moves around C once in the 
direction determined by increasing subscripts on the A,. 


Exer. 17—18: Prove that the line integral is independent 
of path, and find its value. 


(2.3) 
17 f. ЭН (x + y) dx +(x + y) dy 


18 om (8x? + 2?) dx — 3z dy + (2х2 — 3y) dz 


0,0,0) 


19 If F(x, y, 2) = 2xe?i + 20x? e?" + y cot z)j — y? ese? zk, 
prove that [c F -dr is independent of path, and find a 
potential function f for F. 


Exer. 20—22: Use Green's theorem to evaluate the line 
integral 


1, xy dx + (x? + у?) dy 
if C is the given curve. 


20 С is the closed curve determined by у- х! and 
y — x = 2 between (—1, 1) and (2, 4). 


21 Cis the triangle with vertices (0, 0), (1, 0), (0, 1). 
22 C is the circle x? + y? — 2x =0. 


23 If F(x, y, z) = x°z*i + xyz?j + x^y?^k, find div F and 
curl F. 


24 |f f and g are scalar functions of three variables. prove 
that V -(fVg) = f V?g + Vf > Vg. 


25 Evaluate ffs xyz dS if S is the part of the plane z = x + y 
that lies over the triangular region in the xy-plane having 
vertices (0, 0, 0), (1,0, 0), and (0, 2. 0). 

26 Evaluate (|, х222 dS if S is the top half of the cylinder 


2 


Y^ + 27 = 4 between x = 0 and x = 1. 


27 Let О be the region bounded by the cylinder x? + y? = 1 
and the planes z = 0 and z = 1. If F = x?i + y5j + 23k, 
use the divergence theorem to find [Ís F -n 45, where 
S is the surface of Q and n is the unit outer normal to S. 


28 Verify the divergence theorem if F = 2xi + yj — zk and 
S is the surface of the rectangular box bounded by the 
planes x= +1, y= +2,2 = 43. 

Exer. 19-20: Verify Stokes’ theorem for F and 5. 

29 F = уі + 2xj + 5yk; 

S is the hemisphere z = (4 — x? — y?)!/2, 

30 F — (x + yji + (у + z)j + (x + z)k: 

8 is the region bounded by the triangle with vertices 
(1,0, 0), (0, 1, 0), (0, 0, 1). 
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Differential equations are used to describe and help 
solve complex problems about motion, growth, vi- 
brations, electricity and magnetism, aerodynamics, 
thermodynamics, hydrodynamics, nuclear energy, and 
every other type of physical phenomenon that in- 
volves rates of change of variable quantities. 

Earlier in the text we solved certain types of dif- 
ferential equations by separating variables and then 
using indefinite integration. Section 19.1 contains ad- 
ditional examples and exercises involving such separ- 
able equations. In later sections we discuss several 
other varieties that can be solved systematically using 
standard techniques and formulas. Although the latter 
differential equations are more general than separable 
equations, they are still very specialized. In modern 
applications that involve placing satellites into orbit 
or sending a spacecraft to distant parts of the solar 
system, the differential equations are very complicated 
and supercomputers are used to obtain approxima- 
tions to solutions. 

The material in this chapter is not intended to be 
a treatise on the subject, but rather to serve as an 
introduction to this vast and important branch of 
mathematics. There are separate courses and books 
devoted entirely to the study of differential equations. 
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19.1 SEPARABLE DIFFERENTIAL EQUATIONS 


FIGURE 19.1 
y=x?+C 








ILLUSTRATION 


If у is a function of x and if п is a positive integer, then an equation that 


involves x, y, y', y",..., y™ is called an ordinary differential equation of 
order n. 
DIFFERENTIAL EQUATION ORDER 

"Boy —2x 1 

а?у dyV 
тозу?) — 15y 20 2 

dx? (2 > 
ша (у) — x? (y) + 4ху = хех 3 


Ё 
zT 
5 
c| > 
= 
сын 
N 

| 
ын 
w 
en 
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We considered differential equations briefly in Sections 5.1 and 7.6. 
Recall that a function f (or f(x)) is a solution of a differential equation if 
substitution of f(x) for y results in an identity for every x in some interval. 
For example, the differential equation 


у = 6х? — 5 
has the solution 
f(x) = 2x3 — 5x +С 


for every real number C, since substitution of f(x) for y leads to the iden- 
tity 6x? — 5 = 6x? — 5. We call f(x) = 2x? — 5x + C the general solution 
of y' = 6x? — 5, since every solution is of this form. A particular solution 
is obtained by assigning C a specific value. To illustrate, if C — 0, we ob- 
tain the particular solution y = 2x? — 5x. Sometimes initial conditions are 
stated that determine a particular solution, as illustrated in the following 
example. 


EXAMPLE 1 Given the differential equation у = 2x, 
(a) find the general solution and illustrate it graphically 
[b] find the particular solution that satisfies the condition y = 3 if x = 0 


SOLUTION 
[a] We use indefinite integration as follows: 
y =2% 
fy dx = {2х ах 
у=х?+С 


This is the general solution of the differential equation. Particular solu- 
tions are obtained by assigning values to С, This leads to the family of 
parabolas illustrated in Figure 19.1. 
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(b) If y — 3 when x = 0, then substitution in the general solution 
y =x? + С gives us 3 = 0 + C, or C = 3. Hence the particular solution 
is y = x* + 3. The graph is the parabola in Figure 19.1 with y-intercept 3. 





Differential equations of the type given in the next example occur 
in the analysis of vibrations. We will consider these in detail in Sec- 
tions 19.3—19.5. 


EXAMPLE 2 Show that the differential equation y" — 25у =0 has 
the solution 


y= Са?” T Ce эч 


for all real numbers C, and C;. 


SOLUTION Differentiating y twice, we have 
y = 5С,е°* — 5C,e^^* 
y" 25C,e** + 250,8" 5*, 
Substituting for y and y" in the differential equation y" — 25y — 0 gives us 
(25C,e5* + 25С,е- 5*) — 25(C,e5* + Сет 57) = 0, 
ог (25C,e5* — 25C,e5*) + (25C5e ^ 5* — 25C,e~ **) = 0. 


Since the left side is 0 for every x, it follows that y = C,e5* + Се * is 
a solution of y" — 25у = 0. 





The solution y = C,e5* + C;e ^ 5* in Example 2 is the general solution 
of у” — 25у = 0. Observe that the differential equation is of order 2 and 
the general solution contains two arbitrary constants (called parameters) 
C, and C,. The precise definition of a general solution involves the con- 
cept of independent parameters and is left for more advanced courses. 
General solutions of nth-order differential equations contain n indepen- 
dent parameters C,, С,,..., C,. A particular solution is obtained by as- 
signing a specific value to each parameter. Some differential equations 
have solutions that are not special cases of the general solution. Such 
singular solutions will not be discussed in this text. 

The solutions in Examples 1 and 2 express y explicitly in terms of x. 
Solutions of certain differential equations are stated implicitly, and we use 
implicit differentiation to check such solutions, as illustrated in the follow- 
ing example. 


EXAMPLE 3 Show that x? + x*y — 2? = C is an implicit solution of 
(x? — бу?)у' + 3x? + 2xy = 0. 


5ОЦЛ ОМ Ifthe first equation is satisfied by у = f(x), then differen- 
tiating implicitly yields 


Зх? + Ixy  x?y' — 6y?y' = 0, 
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or (х2 — бу?)у' + 3x? + 2ху = 0. 
Thus, f(x) is a solution of the differential equation. 


One of the simplest types of differential equations is 
1 , 
M(x) + МУУ = 0. or Mix) + МО) 2 -0, 
ах 


where M and М are continuous functions. If y = f(x) is a solution, then 
М(х) + М(х) (х) = 0. 
If f'(x) is continuous, then indefinite integration leads to 
|: M(x) dx + Ї N(f(x))f'(x) dx = С, 
ог [мо dx + [хо dy = С. 


The last equation is an (implicit) solution of the differential equation. The 
differential equation M(x) + М(у)у' = 0 is separable, since the variables x 
and y may be separated as we have indicated. 

An easy way to remember the method of separating the variables is 
to change the equation 


M(x) + N(y) ду =) 
dx 


to the differential form 
M(x) dx + N(y) dy =0 


and then integrate each term. 


? 1 ) 
EXAMPLE 4 Solve the differential equation y*e?* + 22 =i 
e 


SOLUTION We first express the equation in differential form, 
у%е?* dx + dy = 0. 
If y #0, we may separate the variables by dividing by y*. as follows: 


1 
е?*4х + dy =0 
У 


Integrating each term, we obtain the (implicit) solution 


1 


55 3,9 


If we multiply both sides by 6, then another form of the solution is 
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with K = 6C. If an explicit form is desired, we may solve for y, obtaining 


2 1/3 
y= XL 
| (== - xj 


We have assumed that y # 0; however, y = 0 is a solution of the differen- 
tial equation. In future examples we will not point out such singular 
solutions. 





EXAMPLE 5 Solve the differential equation 2y + (xy + ax) = 0, 
where x # 0). | 
SOLUTION We first express the equation in differential form as follows: 
2y dx + (xy + 3x) dy 20 
2y dx + x(y + 3)dy =0 


The variables may be separated by dividing both sides of the last equation 
by xy. This gives us 

2 +3 

—dx + (=) dy = 0, 

x y 


2 3 
Or dx + ( + )®=о 
х у 


Integrating each term leads to the following equivalent equations: 
2In|x| - y - 3In|y| 2 c 
In |x? - In|y 2 c—- y 
ш|ХЇ | yp 2 c— y 
Changing to exponential form, we have 
|^ |y P aftu v7 =e, 
where k — e*. We can show, by differentiation, that 


Жу == ke, op Ху =f, 


is an implicit solution of the differential equation. 


EXAMPLE 6 Solve the differential equation 


" ,d 
(1+ y?) + (0.4 x?) 0. 


Y _ 
dx 
SOLUTION We first express the equation in differential form and then 
separate the variables, obtaining 


(1 + у2) dx +(1 +x) ду = 0 


І 
т х + "uw dy — 0. 
| + x^ 1+ y 
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у=2х+Ь;у=—}х+с 
y 

FIGURE 19.3 


у = тх; х? + у? = а? 
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Integrating each term, we obtain the (implicit) solution 
tai х +їап-! ys C, 
To find an explicit solution, we may solve for y as follows: 


tan`! y= С – tan`! 


х 
y= tan (С — tan`’ x) 
The form of this solution may be changed by using the subtraction for- 
mula for the tangent function. Thus, 
tan C — tan (tan ! x) 
y- =, 
5 1 + tan C tan (tan ^! x) 





If we let k = tan С and use the fact that tan (tan! 


written 


x) = x, this may be 





An orthogonal trajectory of a family of curves is a curve that intersects 
each curve of the family orthogonally. We shall restrict our discussion to 
curves in a coordinate plane. To illustrate, for the family y = 2x + b of 
all lines of slope 2, every line y = —3x + c of slope —} is an orthogonal 
trajectory. Several curves from each family are sketched in Figure 19.2. 
We say that two such families of curves are mutually orthogonal. As an- 
other example, the family y = mx of all lines through the origin and the 
family x? + у? = a? of all concentric circles with centers at the origin are 
mutually orthogonal (see Figure 19.3), 

Pairs of mutually orthogonal families of curves occur frequently in ap- 
plications. In the theory of electricity and magnetism, the lines of force as- 
sociated with a given field are orthogonal trajectories of the corresponding 
equipotential curves. Similarly, the stream lines studied in aerodynamics 
and hydrodynamics are orthogonal trajectories of the velocity-equipotential 
curves. As a final illustration, in the study of thermodynamics, the flow 
of heat across a plane surface is orthogonal to the isothermal curves. 

The next example illustrates a technique for finding the orthogonal 
trajectories of a family of curves. 


EXAMPLE 7 Find the orthogonal trajectories of the family of ellipses 
x? + 3y? = c, and sketch several members of each family. 


SOLUTION Differentiating the given equation implicitly, we obtain 


2x+6yy 20, or у-- =. 

Зу 
Hence the slope of the tangent line at any point (x, у) on each of the ellipses 
is у = — x/(3y). If dy/dx is the slope of the tangent line on a corresponding 
orthogonal trajectory, then it must equal the negative reciprocal of y’. 
This gives us the following differential equation for the family of ortho- 
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FIGURE 19.4 
x? + 3y? = с; у = Кх? 
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gonal trajectories: 





Separating the variables, we have 
зу 
у x 
Integrating and writing the constant of integration as Іп | К | gives us 
In |y| =3In|x| +In|k| 2 In |kx? |. 
It follows that y = kx? is an equation for the family of orthogonal trajec- 


tories. We have sketched several members of the family of ellipses (in blue) 
and corresponding orthogonal trajectories (in red or in black) in Fig- 


ure 19.4. 











EXERCISES 19.1 


Exer. 1—4: (a) Find the general solution of the differen- 
tial equation, and illustrate it graphically. (pj Find the 
particular solution that satisfies the condition y = 2 


when x = 0. 
1 у =3х* 2 у= х- 1 


=x 





з Y= 
V4 — x* 
Exer. 5—10: Prove that y is a solution of the differential 
equation. 

5 y” — 3у + 2у = 0; у = C,e + С;е?* 


6 Y + 3у = 0; у= Се °* 


‚йу 
7 2ху! + 3х?у? "Jas 
dx 


8 x*y" + х2у" — 3ху – 3y2 0; у= Сх? 
dy 4 
9 (x — 2y) +2x+y=0; у?-хї-ху-( 
ах 
” 4у 4 20 
y— =x; х? — у? = 
Уа 3 


Ехег, 11-26: Solve the differential equation. 
11 secxdy—2ydx = 0 

12 x? dy — csc 2y dx =0 

13 xdy—ydx=0 

14 (4+ y?) dx + (9 + х2) dy =0 

15 3ydx + (ху + 5x) dy = 0 

16 (xy — 4x) dx + (х?у + y dy =0 


17 у=х—1+хўу—ў 


18 (y + yx?) dy + (x + xy?) dx = 0 

19 e^? dx — е2*-° dy = 0 

20 соѕ х йу – ydx = 0 

21 y(1 + x?)y' + x7(1 + у?) = 0 

22 xy – ух? = у 

23 xtany — у ѕесх = 0 

24 xy - ye? Iny 20 

25 e'sinx dx — cos? x dy =0 

26 sin y cos x dx + (1 + sin? х) dy = 0 

Exer. 27-34: Find the particular solution of the differ- 
ential equation that satisfies the given condition. 


27 2y!' = 3y – y 5 у= 1 when x = 3 


28 y xy == Jy = Xv у; y =4when x = 9 
29 x dy — (2x + De" dx = 0; у= 2 when x = 1 
зо sec 2y dx — cos? x dy = 0: у = 7/6 when x = л/4 
31 (xy + х)йх + V4 + х2 dy =0; y21whenx = 0 
32 x dy — V1 — y? dx = 0; у= | мћеп х = 1 
33 cot x dy — (1 + y?) dx = 0; у= 1 мћепх = 0) 


34 esc y dx — e* dy = 0; у= Омћһеп х = 0 


Ехег. 35-40: Find the orthogonal trajectories of the 
family of curves. Describe the graphs. 


35.0 — a = 6 Эв у= 
37 y? = сх 38 у= сх? 
39 y^ = сх? 40 у= се * 
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Exer. 41-42: If a differential equation of the form 
y' = f(x, y) has initial condition y, = A at x =a and if 
b > a, then its solution at x = b can be approximated by 
using the following steps, called Euler's method. 

Sep 1 Let ах, « x, <" «x, =b, where n is 

an integer and x,,, — x, = (b — а)/п = h for k = 0, 

152,5: — Ts 

Step 2 Let y, — A. 

Step 3 Let y,,, — y,  hf(x,, y,). 

Step 4 If h x 0, then y x y, at x = b. 
ial For the given differential equation with initial con- 
dition y, = 1 ata = 0, use Euler's method, with n = 8, to 


approximate y at x = 1. |») Solve the differential equa- 
tion and find the exact value of y at x = 1. 


41 у — xy 42 у = 1/у 


Exer. 43-44: А more accurate method than that used 
in Exercises 41—42 is the improved Euler’s method (or 
Heun's method), in which the formula in Step 3 is re- 
placed by 


Ука = Ук + УҢ / (хь, уу) + /(х + h, у, + AF OK, у„))]. 
Work the following exercises using this method. 


43 Part (a) of Exercise 41 44 Part (a) of Exercise 42 


19.2 FIRST-ORDER LINEAR DIFFERENTIAL EQUATIONS 


The following type of differential equation occurs frequently in the study 
of physical phenomena. 


Definition (19.1) 


A first-order linear differential equation is an equation of the form 


y + P(x)y = Q(x), 


where P and Q are continuous functions. 


If. in Definition (19.1), Q(x) = 0 for every x, we may separate the vari- 
ables and then integrate as follows (provided v # 0): 


1 , 
= + Р(х)у = 0 
dx 


1 dy 
у dx 


= P(X) 
dy = —P(x) dx 


In |y] = — f P(x) dx + In |C] 


We have expressed the constant of integration as In |C | in order to change 
the form of the last equation as follows: 


In| y|—In|C| = — | Pix) dx 





y 
In|=| = — | Pix) dx 
С J 
» aig { Р(х) dx 
Є 
уе! Р(х) ах ЭР С 
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Theorem (19.2) 





We next observe that, by the product rule, 


D. (уе! Pix) dx) - (D, у)е! P(x) dx 4- ир, е! Pix) dx) 
2 уе! P(x) dx + уР(х)е! P(x) dx 


= (у + P(x)y)el "5, 


Consequently, if we multiply both sides of у + P(x)y = Q(x) by e! ^s, 
then the resulting equation may be written 


р. ( үе! Р(х) di ын О(х)е! P(x) dx. 


Integrating both sides gives us the following implicit solution of the first- 
order differential equation in Definition (19.1): 


уе! P(x) dx _ [Qoae Pix) dx dx LE 


for a constant K. Solving this equation for y leads to an explicit solution. 
The expression e! "* ^* is an integrating factor of the differential equation. 
We have proved the following result. 


The first-order linear differential equation y' + P(x)y = Q(x) may 
be transformed into a separable differential equation by multiplying 
both sides by the integrating factor е! "9? 9, 


1 1 ? у d 
EXAMPLE 1 Solve the differential equation = — 3x2y x 
ax 


SOLUTION The differential equation has the form in Theorem (19.1) 
with Р(х) = —3x? and Q(x) = x?. By Theorem (19.2), an integrating fac- 
tor is 


е! = 3x? dx x 


= eo 
There is no need to introduce a constant of integration, since e + = 


ёе“, which differs from e^*' by a constant factor е“. Multiplying both 
sides of the given differential equation by the integrating factor e~*’, we 


obtain 


or, equivalently, D.(e "y 2x" 
Integrating both sides of the last equation gives us 
еу = [зге UP dx = = їе xum on 


Finally, multiplying by e" gives us the explicit solution 


у= –{ + Ce”, 
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EXAMPLE 2 Solve the differential equation x?y' + 5xy + 3x5 =0, 
where х # 0. 


SOLUTION To find an integrating factor, we begin by expressing the 
differential equation in the standardized form (19.2), where y' has the co- 
efficient 1. Thus, dividing both sides by x?, we obtain 


5 
, pum cm 3 
Р д 3x*, 


which has the form given in (19.1) with P(x) = 5/х. By Theorem (19.2), 
an integrating factor is 


е! P(x) dx эн e? In |x| — en 1x15 = Ix. 


If x > 0, then |х|? = x5. If x < 0, then | x ? = —x°. In either case, multi- 
plying both sides of the standardized form by |х |5 yields 
х?у' + 5x*y = —3x*, 
or, equivalently, D, (xy) = —3x$. 
Integrating both sides of the last equation gives us the solution 


9 
х5у = |-3х dx = -5 +C, 


х“ 
or peser 





EXAMPLE 3 Solve the differential equation 
у + y tan x = sec x + 2x cos x. 


SOLUTION The equation is a first-order linear differential equation. 
By Theorem (19.2), with Р(х) = tan x, an integrating factor is 


е! tan x dx In |sec x] _ 


=е = |sec x |. 


Multiplying both sides of the differential equation Бу |sec х | and dis- 
carding the absolute value sign gives us 


у' sec x + y sec x tan x = sec? x + 2x cos x sec x, 
or D, (y sec x) = sec? x + 2x. 
Integrating both sides yields the (implicit) solution 

ysecx = tan x + x? + С. 


Finally, multiplying both sides of the last equation by 1/56с x = cos x, we 
obtain the explicit solution 


y = sin x + (x? + C) cos x. 





We have previously used indefinite integration to derive laws of mo- 
tion for falling bodies, assuming that air resistance could be disregarded 














19.2 FIRST-ORDER LINEAR DIFFERENTIAL EQUATIONS OT 


FIGURE 19.5 
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(see Example 8 in Section 5.1). This is a valid assumption for small, slowly 
moving objects; however, in many cases air resistance must be taken into 
account. This frictional force often increases as the speed of the object 
increases. In the following example we shall derive the law of motion for 
a falling body under the assumption that the resistance due to the air is 
directly proportional to the speed of the body. 


EXAMPLE 4 An object of mass m is released from a hot-air balloon. 
Find the distance it falls in t seconds if the force of resistance due to the 
air is directly proportional to the speed of the object. 


SOLUTION Let us introduce a vertical axis with positive direction 
downward and origin at the point of release, as illustrated in Figure 19.5. 
We wish to find the distance s(t) from the origin to the object at time t. 
The speed of the object is v = s'(t), and the magnitude of the acceleration 
is а = dv/dt = s'"(t). If g is the gravitational constant, then the object is at- 
tracted toward the earth with a force of magnitude mg. By hypothesis, the 
force of resistance due to the air is kv for some constant k, and this force 
is directed opposite to the motion. It follows that the downward force F 
on the object is mg — kv. Since Newton's second law of motion states that 
F = ma = m(dv/dt), we arrive at the following differential equation: 


m dt = = kv, 
е ар К 
or, equivalently, d + =0= 0. 


If we denote the constant k/m by с, this equation may be written 


dv 


1+9=9. 


which is a first-order differential equation with t as the independent vari- 
able. By (19.2), an integrating factor is 


е!“ а e. 
Multiplying both sides of the last differential equation by e“ gives us 
dv 
e! — + cep = ge", 
eg 0 = ge 
or, equivalently, D, (ve^) = де“. 
Integrating both sides, we have 


vet = g LK, Ff v= 9 + Ke“, 
с с 


where К is a constant. 
If we let t = 0, then v = 0 and hence 


0-7. K, or K=, 
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FIGURE 19.6 


Consequently 


Integrating both sides of this equation with respect to г and using the fact 
that v = s(t), we see that 


0 с 

s(t) = “кыр й e^* + Е. 
Ё Gr 

We may find the constant of integration E by letting t = 0. Since s(0) = 0, 


0-04 É 4r. 88 £-—£. 
е" e" 


Thus, the distance the object falls in / seconds 18 


f б 
s(t) = 5 t+ = е“ — 5 
p 22 ci 


g 2 
СҮ ЧЭ 77-24) 
e 


2 fL 
ER s (Erreuma) 


k? \m 


It is interesting to compare this formula for s(t) with that obtained when 
the air resistance is disregarded. In the latter case the differential equation 
m(dv/dt) = mg — kv reduces to dv/dt = g, and hence «() = v = gt. Inte- 
grating both sides leads to the much simpler formula s(t) = 2012. 


EXAMPLE 5 A simple electrical circuit consists of a resistance R and 
an inductance L connected in series, as illustrated schematically in Fig- 
ure 19.6, with a constant electromotive force V. If the switch S is closed 
at = 0, then it follows from one of Kirchhoff's rules for electrical circuits 
that if t > 0, the current / satisfies the differential equation 

4! 


L—+RI=V. 
dt 


Express Г as a function of r. 


SOLUTION The differential equation may be written 


a Ra F 
EL Y 


which is a first-order linear differential equation. Applying Theorem (19.2), 
we multiply both sides by the integrating factor e! ^? ^ = e® obtaining 


dl + R е! = V eR ar 


L L 


e^ Ly 


V 
or D, ед br = 5 eff Ly 
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EXERCISES 19.2 


Exer. 1-22: Solve the differential equation. 


у + 2у = е?" 

у-Зу-2 

ху-Зу-х 

y + усої{х =csex 

Xy -ytx-e 

xy +(1+х)у=5 

x? dy + Qxy — её) dx 20 

x? dy + (x — Ixy + 1)4х=0 
y + усо{ х = 4x? cse x 

y+ y tan x = sin x 

(у sin x — 2) dx + cos x dy = 0 
(х?у — 1) ах + x? dy 20 

(х2 cos x + y) dx — x dy =0 
yc-y-sinx 

xy + (2 + 3х)у xe ?* 

(x + 4)у' + Sy = x? + 8х + 16 
x !y42y23 

y —5y =e™ 

tan x dy + (y — sin x) dx = 0 
cosxdy —(ysinx +e ")dx —0 
у +3x7y=x? +e 


y + уїап x = cos? x 
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Integrating with respect to г yields 


[e ^t» = Ї r REM dt = 4 eP С. 


Since 7 = 0 when t = 0, it follows that C = —V/R. Substituting for С 


leads to 


Finally, multiplying both sides by e 


V V 
lef = (RL ч 
s RO R 
(КЛМ gives us 
V 
I a R [1 -Ё (R M. 


Observe that as t increases without bound, / approaches V/R, which is 
the current predicted by Ohm's law when no inductance is present. 


Exer. 23—26: Find the particular solution of the differ- 


ential equation that satisfies the given condition. 


23 
24 
25 
26 


xy—y-x-x у = 2зуһеп х = 1 
y+ 2yze 5 y22whenx = 0 
х 


ху+у+ху=е*; y=Owhenx=1 


y+ 2ху—е* =x; y=] whenx = 0 


Exer. 27-28: Solve the differential equation by (а) using 
an integrating factor and (5; separating the variables. 


27 


28 


29 


The differential equation 


pee oe 
dt € 
describes the charge Q on a capacitor with capacitance 
C during a charging process involving a resistance R 
and electromotive force V. If the charge is 0 when t = 0, 
express О as a function of r. 


The differential equation 
dl 1 dV 


—+—= 
dt € dt 

describes an electrical circuit consisting of an electro- 

motive force V with a resistance R and capacitance С 

connected in series. If V is constant and if 7 = lọ when 

t = 0, express 1 as a function of r. 


At time г = 0, a tank contains K pounds of salt dissolved 
in 80 gallons of water. Suppose that water containing 
1 pound of salt per gallon is being added to the tank at 
a rate of 6 gal min, and that the well-stirred solution 15 
being drained from the tank at the same rate. Find a 
formula for the amount f(t) of salt in the tank at time t. 
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30 An object of mass m is moving on а coordinate line sub- 
ject to a force given by F(t) = e ', where t is time. The 
motion is resisted by a frictional force that is numerically 
equal to twice the speed of the object. If e = 0 at 1 = 0. 
find a formula for v at any time t > 0. 


31 A learning curve is used to describe the rate at which a 
skill is acquired. Suppose a manufacturer estimates that 
a new employee will produce 4 items the first day on 
the job, and that as the employee's proficiency increases, 
items will be produced more rapidly until the employee 
produces a maximum of M items per day. Let /(!) de- 
note the number produced on day г, where t > 1. Sup- 
pose that the rate of production f(t) is proportional to 
M — fit). 
[a] Find a formula for f(t). 


(5) If M = 30. f(1) = 5. and /(2) = 8, estimate the num- 
ber of items produced on day 20. 


32 A room having dimensions 10 ft x 15 ft x 8 ft originally 
contains 0.001°,, carbon monoxide (СО). Suppose that 
at time t = 0, fumes containing 57, CO begin entering 
the room at a rate of 0.12 ft? min, and that the well- 
circulated. mixture is eliminated from the room at the 
same rate. 

[a] Find a formula for the volume f(t) of CO in the room 
at time t. 


[b] The minimum level of CO considered to be hazard- 
ous to health is 0.015", After approximately how 
many minutes will the room contain this level of CO? 


33 The von Bertalanffy model for the growth of an animal 
assumes that there is an upper bound of y, centimeters 
on length. If y is the length at age г years, the rate of 
growth is assumed to be proportional to the length yet 
to be achieved. Find the general solution of the resulting 
differential equation. 


34 A cell is in a liquid containing a solute, such as potas- 
sium, of constant concentration со. If elr) is the concen- 
tration of the solute inside the cell at time г. then Fick's 
principle for passive diffusion across the cell membrane 
asserts that the rate at which the concentration changes 
is proportional to the concentration gradient со = c(t). 
Find e(t) if c(0) = 0. 


35 Many common drugs (such as forms of penicillin) are 
eliminated from the bloodstream at a rate that is pro- 
portional to the amount y still present. 

[a] If yọ milligrams are injected directly into the blood- 
stream, show that y = yoe " for some k > 0. 

[b] If the drug is fed intravenously into the bloodstream 
at a rate of I mg/min, then y = —ky + I. If y = Oat 
t = 0, express у as a function of апа find іт, ,, y. 


[c] If the half-life of the drug in the bloodstream is 
2 hours, estimate the infusion rate that will result 
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in a long-term amount of 100 milligrams in the 
bloodstream. 


36 Shown in the figure is a two-tank system in which water 
flows in and out of the tanks at the rate of 5 gal/min, 
Each tank contains 50 gallons of water. 

(a) If 1 pound of dye is thoroughly mixed into the water 
in Tank 1 and if x(t) denotes the amount of dye in 
the tank after г minutes, show that x(t) = —0.1 x(t) 
and that x(t) = e 9", 

[b] From part (a), the dye is entering Tank 2 at the rate 
of 5- J,x(t) = 0.1e ^ " Ib/min. Show that if y(t) is 
the amount of dye in Tank 2 after г minutes, then 
уп) = —O.1 y(t) + 0.1e °. Assuming that y(0) = 0, 
find y(t). 

{с} What is the maximum amount of dye in Tank 2? 


(а) Rework part (b) if the volume of Tank 2 is 40 gallons. 
EXERCISE 36 





5 gal/min 5 gal/min 


[c] Exer. 37—38: Refer to Exercises 41—44 of Section 19.1. 


Show that numerical methods can fail to provide accu- 
rate approximations by first verifying that the differ- 
ential equation у = 10y — 11е7* with initial condition 
у = 1 at x = 0 has the solution y = e^* for every x and 
then approximating у at х= 1 using the indicated 
method with n — 8. 


37 Euler's method 


38 Improved Euler's method 


[c] Exer. 39-40: Another numerical technique for approxi- 


mating solutions of differential equations is the classical 
Runge-Kutta method, obtained by replacing the formula 
in Step 3 of the improved Euler's method (Exercises 
41-42 of Section 19.1) by 
Ук+ = Ук + IK, + 2K, + 2K, + K,), 

K, = /(х, уу) 

К, = f(x, + ih, y, + GAK,) 

K, = f(x, + th, y, + 1АК.) 

K, = f(x, + hy y, + МК). 


where 


For the given differential equation with initial condition 
y, = 0.1 at x = 0, use this method, with n = 4, to ap- 
proximate y at x = 2. 


39 у= х? + у? 40 y'= sin (x + у?) 
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19.3 SECOND-ORDER LINEAR DIFFERENTIAL EQUATIONS 


The following definition is a generalization of (19.1). 





Definition (19.3) — шилэн 
A linear differential equation of order п is an equation of the form 


y + ООУ" + + /,—1(Х)у' + /(ХУ = k(x), 


where fi, f? ..., f, and К are functions of one variable that have 
the same domain. If k(x) = 0 for every x, the equation is homo- 
geneous. If k(x) # 0 for some x, the equation is nonhomogeneous. 





A thorough analysis of (19.3) may be found in textbooks on differential 
equations. We shall restrict our work to second-order equations in which 
f, and f; are constant functions. In this section we shall consider the 
homogeneous case. Nonhomogeneous equations will be discussed in the 
next section. Applications are considered in Section 19.5. 

The general second-order homogeneous linear differential equation 
with constant coefficients has the form 


y" + by' + cy = 0, 
where b and c are constants. Before attempting to find particular solu- 


tions, let us establish the following result. 


Theorem (19.4) л | a 
If y = f(x) and y = g(x) are solutions of y” + ру + cy = 0, then 
y = С, f(x) + С,д(х) 


is a solution for all real numbers С, and С,. 


PROOF Since f(x) and g(x) are solutions of y" + by’ + cy = 0, 
f(x) + БГ (x) + ef(x) = 0 
and (х) + bg'(x) + cg(x) = 0. 


If we multiply the first of these equations by C,, the second by С,, and 
add, the result is 


[С,/”(х) + С,д"'(х)] С, /'(х) + Crg'(x)] + «| ,/(х) + С,9(х)] = 0. 


Thus, C, f(x) + C3g(x) is a solution. mm 


We can show that if the solutions f and g in Theorem (19.4) have 
the property that f(x) # Cg(x) for every real number C and if g(x) is not 
identically 0, then y = C, f(x) + C5g(x) is the general solution of the dif- 
ferential equation y" + Бу + cy = 0. Thus, to determine the general solu- 
tion, it is sufficient to find two such functions / and g and employ (19.4). 

In our search for a solution of y" + by’ + cy = 0, we shall use y = e"* 
as a trial solution. Since у = me"* and y" = m?e"^, it follows that y = e"* 
is a solution if and only if 


m^e"* + bme"* + се" = 0 
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or, since e"* 5 0, if and only if 
т? + bm 4 c = 0). 


The last equation is very important in finding solutions of y" + by 4 cy -0 
and is given the following special name. 





Definition (19.5) A : р à Е 
The auxiliary equation of the differential equation y” + ру + cy = 0 


is m? + bm + c — 0). 


Note that the auxiliary equation can be obtained from the differential 
equation by replacing y" by m°, у by m, and y by 1. Since the auxiliary 
equation is quadratic, it either has unequal real roots m, and т,, a double 
real root m. or two complex conjugate roots. The next theorem is a con- 
sequence of the remark following the proof of Theorem (19.4). 


Theorem (19.6) "E ' 
If the roots m,. m; of the auxiliary equation are real and unequal, 


then the general solution of y" + by’ + cy = 0 is 


jy Cet. Сг". 


EXAMPLE 1 Solve the differential equation y” — 3y' — 10y = 0. 


SOLUTION The auxiliary equation is m? — 3m — 10 = 0, or. equiva- 
lently, (mi — 5)(m + 2) = 0. Since the roots m, = 5 and m, = —2 are real 
and unequal, it follows from Theorem (19.6) that the general solution is 
yj set Cis 





Theorem (19.7) pr P" 
If the auxiliary equation has a double root m, then the general solu- 


tion of y” + ру + cy = 0 is 


| y= Се" + C;xe", 


PROOF Ву the quadratic formula, the roots of m? + bm + c = 0 are 
m=(—b + yb? — 4cy2. M b? — 4c = 0, then m is a double root and we 
obtain m = —b/2, or 2m + b = 0. Since m satisfies the auxiliary equa- 
поп. y = e"* is a solution of the differential equation. According to the 
remark following the proof of Theorem (19.4). it is sufficient to show that 
y = xe"* is also a solution. Substitution of xe"* for у in the equation 
y" + by’ + cy = 0 gives us 
(2me"* + m?xe"*) + b(mxe"* + e"*) + схе”" 
= (m? + bm + c)xe"* + (2m + b)e"* 


= Охе" + Qe"* = 0, 


which is what we wished to show. mm 


EXAMPLE 2 Solve the differential equation y" — бу + 9y = 0. 





 ———————RÓ———— —— 
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Functions of = a + bi (19.8) 





SOLUTION The auxiliary equation m? — 6m + 9 = 0, or, equivalently, 
(m — 3)? = 0, has a double root 3. Hence, by Theorem (19.7), the general 
solution is 


y= Сце Cre = еҷС, + С.х). 


We may also consider second-order differential equations of the form 
ay" + by + су = 0 


with a ¥ 1. It is possible to obtain the form stated in Theorems (19.6) and 
(19.7) by dividing both sides by a; however, it is usually simpler to employ 
the auxiliary equation 

am? +bm+c=0, 


as illustrated in the next example. 


EXAMPLE 3 Solve the differential equation 6y" — 7y' + 2y = 0. 


SOLUTION The auxiliary equation is 6m? — 7m + 2 = 0, or, equiva- 
lently, (2m — 1)(3m — 2) = 0. Hence the roots are m, — 3 and m, = 3. By 
Theorem (19.6), the general solution of the given equation is 


у= C,e 2 + Cat. 


The final case to consider is that in which the roots of the auxiliary 
equation m? + bm + c = 0 of у” + by’ + cy = 0 are conjugate complex 
numbers of the form 

z =s+ti and 2,-5-1, 


where s and t are real numbers and i? = —1. We may anticipate, from 
Theorem (19.6). that the general solution of the differential equation is 


ys Сует + Ce" = Ciel ne + Cae" te 


To define complex exponents, we must extend some of the concepts 
of calculus to include functions whose domains include complex numbers. 
Since a complete development requires advanced methods, we shall merely 
outline the main ideas. 

In Section 11.8 we discussed how certain functions can be represented 
by power series. We can easily extend the definitions and theorems of 
Chapter 11 to infinite series that involve complex numbers. Since this is 
true, we shall use the power series representations (11.48) to define &, 
sin z, and cos т for every complex number z as follows. 


Ш E= lrt 5 





2! n! 
z? z5 z?”+1 
dima ШЫ ge үт 
2 23 т?" 
(iii) Meals + = {= "og 
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Euler's formula (19.9) 


Using (19.8)(1) gives us 


(iz)? , (i , Gey , (iz 





ix ЭРЭЭ 54 юэ. йн 
её = 1 + (iz) + > 3 4! + 5! 
ыж a -+ „5 
= р 84 ЭМ 2 Ede acuta 
= ekt ДЕР т 
Since i? = —1, i? = —i, it = 1, i? =i, and so on, we see that 
we 29 -4 53 
ЭР2 UP REN Емма. = СОРЖ 
е 1412 | зү Ж лү Жы 


ÉD 23 E z5 


If we now use formulas (iii) and (ii) of (19.8). we obtain the following result, 
named after the Swiss mathematician Leonhard Euler (17071783). 





| If z is a complex number, 


| её = cos 2 + isin 2. 





The laws of exponents are true for complex numbers. In addition, 
formulas for derivatives may be extended to functions of a complex vari- 
able z. For example, D. e" = Кек, where k is a complex number. If the 
auxiliary equation of y" + Бу + cy = 0 has complex roots s + ti, then 
the general solution of this differential equation may be written in the 
following equivalent forms: 

y = Cer + ti)x =f Ce 
y= Ce +rxi Bs Cue {51 
у C,e*e'* 4 Саве © 


y= e(C ойх Ер С,е их) 
: 1 2 


This can be further simplified by using Euler’s formula. Specifically, from 
(19.9), 


ех = cos tx + i sin tx 
and e "* = cos tx — i sin fx, 


from which it follows that 


ейх as ex | ойх = e 
and sin tx = — 











COS [X = 2i 


If we let C, = С, = iin the preceding discussion and then use the formula 
for cos rx, we obtain 
у -— Jefe" 38 еэ) 
= le"(2 cos tx) = е* cos tx. 
Thus, у = e™ cos tx is a particular solution of у” + by' + су = 0. Letting 
С, = —C, = 1/2 leads to the particular solution y = e" sin tx. This is a 
partial proof of the next theorem. 
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Theorem (19.10) | m | 
| If the auxiliary equation m? + bm + c = 0 has distinct complex roots 


s + ti, then the general solution of y" + by’ + cy = 0 is | 
| у = e*(C, cos tx + С, sin tx). 


| 





EXAMPLE 4 Solve the differential equation y" — 10y' + 41у = 0. 


SOLUTION Тһе roots of the auxiliary equation m? — 10m + 41 = 0 are 
а 10 + 100 — 164 10 + 81 _ 








= 5 + 4i. 
2 2 ~ 
Applying Theorem (19.10) yields the general solution of the differential 
equation: 
y = e(C, cos 4x + С, sin 4x) 
EXERCISES 19.3 
Exer. 1—22: Solve the differential equation. Ехег, 23-30: Find the particular solution of the differ- 
1 y"—Sy'+6y=0 2 y"—y'—2y=0 ential equation that satisfies the stated conditions. 
c y 2» 20; = "= 2 = 
3 y" — 3у = 0 4 у" + 6у + 8у = 0 3 7-30) 88 j:59 and y= еа сэ Q 
5 у" 4 4y +4у=0 6 y" —4y 44у-0 24 y" —2y'- y 20; у= 1 and у’ = 2 whenx = 0 
7 у" 4у +у= 0 8 6y" — 7у – 3у = 0 журушо н даа 
9 у'+22у + 2у=0 marrara ST УРАНЫ  уеыйайу= wine 
n By" + 2у' – 15у = 0 12 у" + 4y +у= 0 27 y” +8у + 16у=0; у= 2а у = 1 when x=0 
13 9" — 24у' + 16у = 0 14 4y" — 8y +7y =0 28 у" + 5у = 0; у= 4апа у' = 2 when х = 0 
25 у ; 
15 2%” —4y' +у=0 16 2y" + 7y 20 29 Ё у a 2 +5y=0; y=Oand у = 1 when x =0 
ах? ах dx 
17 y"—2y'+2y=0 18 у” – 2у + 5у = 0 
ау ау ау 
19 y"—4y' + 13у = 0 20 у”-4-0 30 — —6—--13y 20; у= 2 and — = 3 whenx=0 
, . ? 4 ах? dx dx 
2, : 25 i 
рТ is. 2 13,293 6,0 
ах? 4х ах” ах 


19.4 NONHOMOGENEOUS LINEAR DIFFERENTIAL EQUATIONS 


In this section we shall consider second-order nonhomogeneous linear 
differential equations with constant coefficients —that is, equations of the 
form 


y" + by’ + cy = k(x), 


where Б and с are constants and К is a continuous function. 
It is convenient to use the differential operator symbols D and D? such 
that if y — f(x), then 


ру = у = (х) and р? у= у” = f"(x). 
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efinition (19.11) 


Theorem (19.12) 





If y — f(x) and if /" exists, then the linear differential operator 
L = D? + bD + c is defined by 


L(y) = (D? + bD + с)у = D? y + b Dy + су = y" + Бу + cy. 


Using L, we may write the differential equation v" + by’ + cy = k(x) 
in the compact form L(y) = k(x). In Exercises 19 and 20 you are asked 
to verify that for every real number С. 


LiCy) = CL). 
and that if v, = f(x) and у, = (х). then 
Цу + y3 = Цу) + L(y3). 
For the differential equation v" + by + cy = k(x) (that is, L(y) = k(x)), 


the corresponding homogeneous equation L(y) = 0 is the complementary 
equation. 


Let у” + by’ + су = k(x) be a second-order nonhomogeneous linear 
differential equation. If y, is a particular solution of L( y) = k(x) and 
if y, is the general solution of the complementary equation L(y) = 0. 
then the general solution of L(y) = k(x) is y = y, + Ye 


ROOF Since L(v,) = k(x) and L(y.) = 0, 
Цу, + y) = Livy) + Цу) = К(х) + 0 = К(х), 


which means that v, + v, is a solution of L(y) = k(x). Moreover. if y = fix) 
is any other solution, then 


L(y — у) = Цу) — Цу) = k(x) — k(x) = 0. 





Consequently y — y, is a solution of the complementary equation. Thus, 
у= y, = у, for some y,. which is what we wished to prove, == 


If we use the results of Section 19.3 to find the general solution у, of 
L(y) = 0. then according to Theorem (19.12) all that is needed to deter- 
mine the general solution of L(y) = k(x) is one particular solution ү. 


EXAMPLE ! Solve the differential equation y" — 4y = 6x — 4x? using 
the particular solution y, — x?. 


OLUTION The complementary equation is y" — 4y = 0, which, by 
Theorem (19.6). has the general solution 


y,— Сре Сав, 
Applying Theorem (19.12), we find that the general solution of the given 


nonhomogeneous equation is 


> 


- ^v = 5 
y= Cre + Cua 7*4. x9; 





19.4 
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irameter 


(19.13) 


If a particular solution of у” + by’ + cy = k(x) cannot be found by 
inspection, then the following technique, called variation of parameters, 
may be employed. Given the differential equation L(y) = k(x), let y, and 
у be the expressions that appear in the general solution y = Су + Caya 
of the complementary equation L(y) = 0. For example, as in (19.6). we 
might have y, = e"'* and v, = e">", Let us now attempt to find a particu- 
lar solution of L(y) = k(y) that has the form 


Yp = шуу + шу», 

where u = g(x) and v = h(x) for some functions g and h. The first and 
second derivatives of у„ are 

Ур = (uyi + гу») + (y, + гэл) 

yp = (uy + гуз) + (u'yi + у») + (u'yi + v yj. 
Substituting these into L(y,) = y; + by, + cy, and rearranging terms, we 
obtain 

L(y,) = u(y} + byi суу) + (уз + ру + су) 
+ b(u'y, + v ya) + Quy, + c y3)y + (uy, + Уу). 

Since y, and y, are solutions of y” + by’ + cy = 0, the first two terms on 


the right side are 0. Hence, to obtain L(v,) = k(x), it is sufficient to choose 
u and r such that 


wy, + vyy=0 

wy) + ys = k(x) 
We can show that this system of equations always has a unique solution 
и and г. We may then determine и and v by integration and use the fact 
that y, = uy, + гу; to find a particular solution of the differential equa- 
tion. Our discussion may be summarized as follows. 


If y = Суу + Су» is the general solution of the complementary 
equation L(y) = 0 of y" + by’ + cy = k(x), then a particular solu- 
tion of L(y) = k(x) is 


yp = Uy; + 052, 
where u = g(x) and v = h(x) satisfy the following system of equations: 
uy, + vy; = 0 
= + vys = k(x) 


EXAMPLE 2 Solve the differential equation Y^ + у = cot x. 


COLTON The complementary equation is у” + y = 0. Since the aux- 
Шагу equation m? + 1 = 0 has roots +i, we see from Theorem (19.10) that 
the general solution of the homogeneous differential equation y" + y — 0 
is 


у= С, cos x + C,sin x. 





1042 


CHAPTER 19 DIFFERENTIAL EQUATIONS 





Thus, we seek a particular solution of the differential equation that has 
the form y, = uy, + vy, where у, = cos x and y; = sin x. The system of 
equations in Theorem (19.13) is, therefore, 


u cos x + 0 sinx = 0 
E sin x + 0 cos x = cot x 
Solving for и and v' gives us 
и'= —cosx, v'—cscx-— sin x. 


If we integrate each of these expressions (and discard the constants of 
integration), we obtain 


u= —sinx, v=In|csc x — cot x| + cos x. 


Applying Theorem (19.13), we find that a particular solution of the given 
equation is 


Vp = —sin x cos x + sin x In |csc x — cot x | + sin x cos x, 
or, equivalently, 


yp = sin x In |csc x — cot x |. 


Finally, by Theorem (19.12), the general solution of y" + y = cot x is 





Given the differential equation 
L(y) = y" + by’ + cy e", 
where e"* is not a solution of L(y) = 0, we can reasonably expect that there 
exists a particular solution of the form y, = Ae", since e"* is the result 
of finding L(Ae"). This suggests that we use Ае” as a trial solution in 
the given equation and attempt to find the value of the coefficient А. This 


is called the method of undetermined coefficients and is illustrated in the 
next example. 


EXAMPLE 3 Solve the differential equation y" + 2y' — у = e**. 


SOLUTION The auxiliary equation m? + 2m — 8 = 0 of the differential 
equation y" + 2y' — 8y = 0 has roots 2 and —4. By Theorem (19.6), the 
general solution of the complementary equation is 


y, — Се?" С.е **. 


From the preceding remarks, we seek a particular solution of the form 
Yp = Ae**. Since y, = 3Ae** and y; = 9Ae**, substitution in the given 
equation leads to 


9Ae?* + 6Ae** — 8Ae* = e, 
Dividing both sides by e?*, we obtain 
94-6А4-8А-1, ог A=}. 
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Theorem on particular 
solutions (19.14) 


Thus, y, = е^“, and, by Theorem (19.12), the general solution is 


~ 2 - 3 
y= ( ie + Ce 4x 4 lo3* 








Three rules for arriving at trial solutions of second-order nonhomo- 
geneous differential equations with constant coefficients are stated without 
proof in the next theorem. (See texts on differential equations for a more 
extensive treatment of this topic.) 





(i) Ify” + by’ + cy = e" and n is not a root of the auxiliary нн, 
tion т? + bm + с = 0, then there is a particular solution of the 
form y, = Ae™. 

(ii) If y” + by’ + cy = xe" and n is not a solution of the auxiliary 
equation т? + bm + с = 0, then there is a particular solution 
of the form y, = (A + Bx)e". 


iii) If either y" + by’ + cy = е sin tx 
J 
or y" + by’ + cy = e* cos tx 


and the complex number s + ti is not a solution of the auxiliary 
equation m? + bm + c = 0, then there is a particular solution 
of the form 








y, = Ае“ cos tx + Be" sin tx. 





Part (i) of Theorem (19.14) was used in the solution of Example 3. 
Illustrations of parts (ii) and (iii) are given in the following examples. 


EXAMPLE 4 Solve y" — 3y' — 18у = xe**. 


SOLUTION Since the auxiliary equation m? — 3m — 18 = 0 has roots 
6 and — 3, it follows from the preceding section that the general solution 
of y" — 3y’ — 18у = 0 is 


~ 96: EE 
у= Сце? Се *. 


Since 4 is not a root of the auxiliary equation, we see from Theo- 
rem (19.14)(ii) that there is a particular solution of the form 


yp = (A + Вх)е**. 
Differentiating twice, we have 
yp = (4A + 4Bx + Bye** 
yy = (16А + 16Bx + 8B)e**. 
Substitution in the given differential equation produces 
(164 + 16Bx + 8B)e** — 344 + 4Bx + B)e** — 18(A + Bx)e** = xe^, 
which reduces to 


— 144 + 5B — 14Вх = x. 
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Thus, y, is a solution, provided 
—14А+5В=0 and -148-1, 
This gives us B = —;'; and A = —4$5. Consequently 
Ур = (718 — 1)е4 = —т$в(5 + 14xje**. 
Applying Theorem (19.12), we find that the general solution is 


у= Сүе** + C7 — aha (5-4 14xje**. 


EXAMPLE 5 Solve y" — 10y' + 41у = sin x. 





SOLUTION In Example 4 of the preceding section we found the general 
solution 


ус = е? (Сү cos 4x + C, sin 4x) 


of the complementary equation. Referring to Theorem (19.14)(iii) with 
s = 0 and t = 1, we seek a particular solution of the form 

yp = А cos x + Bsin x. 
Since 


, 


уус —Азїпх + В соѕ х and 


” 


yp —Acos x — Bsin x, 
substitution in the given equation produces 
— A cos x — B sin x + 104 sin x — 10B cos x + 414 cos x + 41B sin x 
= sin x, 

which can be written 

(404 — 10B) cos x + (104 + 40B) sin x = sin x. 
Consequently у, is a solution, provided 

404 — 10B=0 and 104+ 408 = 1. 

The solution of this system of equations is A = ;49 and В = ;45, and hence 

yp = тур 08 X + ту sin x = ү10(с08 x + 4 sin x). 
Thus, the general solution is 


у = e?C, cos 4x + С, sin 4x) + ;15(cos x + 4 sin x). 


EXERCISES 19.4 








Exer. 1—10: Solve the differential equation by using the а?у 4у Фу dy 
method of variation of parameters. БЕТ 3 а 4у= 2 274 ил. 
| у" +у=1апх 2 у" + y =seex 
3 y" — 6y' + 9y = xe" 4 y"43y 2e? 


Exer. 11—18: Solve the differential equation by using 
5 y"—y=e* cosx 6 y"—4y' + dy o x ?e?* undetermined coefficients. 


7 у" = 9у == е?х 


e 
+ 
ll 
а. 
з 

м 


11 у" 3у + 2у = 467% 12 у” + 6y' + 9p = e^ 
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13 y" + 2)" = cos 2x 14 у” + у= іп 5x c, Exer. 21-22: A solution of a differential equation of the 
TE - gg Kl. dI de | dy хет form y" = f(x, у) with initial conditions у= у, ас x=a 
ý : 5 : " and у= у, at x —a – h is sometimes approximated 
- Фу wie dy m.m using the formula y,,, —2v, — v, ЛУ(Х,, y,) for 
ax dx xi EN k20,1,2,..., n— 1, where h = (b — а)/п and x, = 
5 a+ kh. If h = 0, then y, is an approximation to у at 
18 d'y — d 423—687 * ЭХ х= хі. Use this formula, with n 4 and а —0, to 
х” dx | approximate y at x = ! for the given differential equa- 
Exer. 19-20: Prove the identity if L is the linear differen- tion and initial conditions. 
tial operator (19.11) and y, y,, and y, are functions of x. 21 ү”=(4х?—2)у; x42]. y ,2 0984496 


19 L(Cy) = CL(y) 
20 L(y, t yj =L) x: Ly) 


19.5 VIBRATIONS 


FIGURE 19.7 






1, = Natural length 





l, 


ý Equilibrium 
position 


lil 


FIGURE 19.8 





Free, undamped vibration (19.15) 


22 ү'=у—х; yo 1. у-{ = 0.882823 


Vibrations in mechanical systems are caused by external forces. A violin 
string vibrates if bowed. a steel beam vibrates if struck by a hammer. and 
a bridge vibrates if a marching band crosses it in cadence. In this section 
we shall use differential equations to analyze vibrations that may occur 
in a spring. 

According to Hooke's law, the force required to stretch a spring y 
units beyond its natural length is ky, where k is a positive real number 
called the spring constant. The restoring force of the spring is — Ky. Sup- 
pose that a weight W is attached to the spring and, at the equilibrium 
position, the spring is stretched a distance /, beyond its natural length lo. 
as illustrated in Figure 19.7. If g is a gravitational constant and m is the 
mass of the weight, then W = mg. and at the equilibrium position 


mg = К. ог mg — kl, = 0. 


provided that the mass of the spring is negligible compared to m. 

Suppose the weight is pulled down and released. Consider the coordi- 
nate line with origin at the equilibrium position and positive direction 
downward, as shown in Figure 19.8, where y is the coordinate of the 
center of mass of the weight after г seconds. The force F acting on the 
weight when its acceleration is a is given by Newton's second law of 
motion F — ma. If we assume that the motion is undamped — that is, there 
is no external retarding force— and the weight moves in a frictionless 
medium, we see that 








F = mg — k(l, + y) = mg — kl, — ky = —ky. 
Since F = ma and a = d*y/dt*, this implies that 


а?у u 


т 5 = 
di 


—ky. 


Dividing both sides of this equation by m leads to the following differential 
equation. 
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FIGURE 19.9 
Simple harmonic motion 


A» 


\ l« COS wt 


- 








EXAMPLE 1 If a weight of mass m is in free, undamped vibration, 
show that the motion is simple harmonic. Find the displacement if the 
weight in Figure 19.8 is pulled down a distance /, and released with zero 
velocity. 
SOLUTION If we denote k/m by c, then (19.15) may be written 

а?у 


— 5 oy = 0. 
аг" 


The solutions of the auxiliary equation m? + w? = 0 аге + ої. Hence, 
from Theorem (19.10), the general solution is 


у = С, cos wt + С, sin wt. 
It follows that the weight is in simple harmonic motion (see Exercise 26 
of Section 4.7). 
If the weight is pulled down a distance /, and is released with zero 
velocity, then at t = 0 
!, = С,(1) + C,(0), ог С, =. 


йу А 
Since Т = — wC, sin ot + wC, cos wt, 
( 


we also have (at t = 0) 
0-2 —o0C,(0)- оС,(1), ог С,-0. 
Hence the displacement y of the weight at time t is 
у = l, cos ot. 


This type of motion was discussed earlier in the text (see Example 3 of 
Section 4.7). The amplitude (the maximum displacement) is /;, and the 
period (the time for one complete vibration) is 2л/0) = 2x т/к. A typical 
graph indicating this type of motion is illustrated in Figure 19.9. 








EXAMPLE 2 An 8-pound weight stretches a spring 2 feet beyond its 
natural length. The weight is then pulled down another 1 foot and released 
with an initial upward velocity of 6 ft/sec. Find a formula for the displace- 
ment of the weight at any time t. 


SOLUTION From Hooke's law, 8 = k(2), or k = 4. If y is the displace- 

ment of the weight from the equilibrium position at time t, then, by (19.15), 
а?у 
d? m 

Since W = mg, it follows that m = W/g = $ = 1. Hence 
а?у 
dt? 

As in the solution to Example 1, the general solution 18 


у = С, cos 4t + C, sin 4t. 
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FIGURE 19.10 
Damping force 





Free, damped vibration (19.16) 


At t = 0 we have у = 3, and therefore 
EC, C40, or С; =}. 


i ly ; 
Since = = —4C, sin 4t + 4C, cos 4t 
( 


and dy/dt = —6 at t = 0. we obtain 
—6 = —4C,(0) + 4C(1), or 


C; = -3. 
Hence the displacement at time г is given by 


y — 3 cos 4t — 3 sin 4t. 


Let us next consider the motion of the spring when a damping (or fric- 
tional) force is present, as is the case when the weight moves through a 
fluid (see Figure 19.10). The situation of a shock absorber in an auto- 
mobile is a good illustration. We shall assume that the direction of the 
damping force is opposite that of the motion and that the force is directly 
proportional to the velocity of the weight. Thus, the damping force 1% 
given by —c(dv/dt) for some positive constant c. According to Newton's 
second law, the differential equation that describes the motion is 


а?у dy 
= —Ку—с—. 
" dt? и " dt 


! 
Dividing by т and rearranging terms gives us the following differential 
equation. 


а?у К. ау 2 k ай 
d? та m^ 


EXAMPLE 3 Discuss the motion of a weight of mass m that is in free, 
damped vibration. 


SOLUTION As in Example 1, let k/m = w°. To simplify the roots of 
the auxiliary equation, we also let с/т = 2p. Using this notation, we may 
write (19.16) as 


dy : 
—5 + 2р + оу = 0. 
dt? d dt е 
The roots of the auxiliary equation m? + 2pm + e»? = 0 аге 
-2p + 4p? — до? 3 3 
жиш -——p5cXp — 0. 


The following three possibilities for roots correspond to three possible 
types of motion of the weight: 


p—o»-0. p—o?^-z0. or p о? <0. 


Let us classify the three types of motion as follows. 
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FIGURE 19.11 
Overdamped vibration 
y 


FIGURE 19.12 
Critically damped vibration 





FIGURE 19.13 
Underdamped vibration 








Case 1 p? — ey? > 0 (overdamped vibration) 
The roots of the auxiliary equation are real and unequal, and, by Theo- 
rem (19.6), the general solution of the differential equation is 
ye ЭС MH + yere 

In the case under consideration, 
2 k с 4тк 
24025 m 402 
so c^ > 4mk. This shows that c is usually large compared to k; that is, the 
damping force dominates the restoring force of the spring, and the weight 
returns to the equilibrium position relatively quickly. In particular, this 
happens if the fluid has a high viscosity, as is true for heavy oil or grease. 

The manner in which y approaches 0 depends on the constants C, 
and C, in the general solution. The graph of a particular solution is 
sketched in Figure 19.11. (See also Figure 19.14.) 
Case 2 p? — w° = 0 (critically damped vibration) 
In this case the auxiliary equation has a double root —p, and, by Theo- 
rem (19.7), the general solution of the differential equation is 


ye XC, + Сй). 


The graph of a special case of this equation is sketched in Figure 19.12, 
The graph is similar to that in Figure 19.11; however, it decreases more 
rapidly for values of x near 0. Any decrease in the damping force leads 
to the oscillatory motion discussed in the following case. 

Case 3 p^ — ey? < 0 (underdamped vibration) 

The roots of the auxiliary equation are complex conjugates a + bi, and, 
by Theorem (19.10), the general solution of the differential equation is 


у= е "(C,cos bt + С, sin bt). 


In this case c is usually smaller than К, and the spring oscillates while 
returning to the equilibrium position, as illustrated in Figure 19.13. 
Underdamped vibration could occur in a worn shock absorber in an auto- 
mobile. 


EXAMPLE 4 A 24-pound weight stretches a spring 1 foot beyond its 
natural length. If the weight is pushed downward from its equilibrium 
position with an initial velocity of 2 ft/sec and if the damping force is 
—9(dy;dt). find a formula for the displacement v of the weight at any 
time г. 


SOLUTION By Hooke's law, 24 = k(1), or k = 24. The mass of the 
weight is m = Wg = 33 = 3. Using the notation introduced in Exam- 
ple 3, we have 


9 k 24 
ie 2.5 ei and @* = — =— = 32 
т 3 т 3 
: : а?у dy 
Equation (19.16) is —5 + 12— + 32у = 0 
аг dt 
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We can verify that the roots of the auxiliary equation аге —8 and —4. 
Since the roots are real and unequal, the motion is overdamped, as in 
Case | of Example 3, and the general solution of the differential equation 


is 
yscgqr ^4 637, 
Letting t = 0 gives us 


0—C,--C5, or C; —C, 


d , 
A = Ce"? Се, 


Since = 
dt 


FIGURE 19.14 


y 


we have, at t = 0, 





EXERCISES 19.5 


A 5-pound weight stretches a spring 6 inches beyond its 
natural length. If the weight is raised 4 inches and then 
released with zero velocity, find a formula for the dis- 
placement of the weight at any time t. 


A 10-pound weight stretches a spring 8 inches beyond 
its natural length. If the weight is pulled down another 
3 inches and then released with a downward velocity of 
6 in./sec, find a formula for the displacement at any time 


Consequently C, = 5 
of the weight at time г is 


1 


у= 


2 = —4С, — 8С, = —4С, — &(—С,) = 4С,. 


and C, = —C, = —}. Thus, the displacement y 


The graph is sketched in Figure 19.14. In Exercise 9 you are asked to 
find the damping force that will produce critical damping. 





A spring stretches 1 foot when an 8-pound weight is at- 
tached. If the weight is released from the equilibrium 
position with an upward velocity of 1 ft/sec and if the 
damping force is —4(dy/dt), find a formula for the dis- 
placement y at any time t. 


Describe a spring-weight system that leads to the follow- 
ing differential equation and initial values: 


14у dy 
t ! 
, > +- +6y=0 
| ' | 342 а” 
A 10-pound weight stretches a spring 1 foot beyond its 
natural length. If the weight is released from its equilib- atr=0. y2 —2 and dy 4 
dt 


rium position with a downward velocity of 2 ft/sec and 
if the frictional force is — S(dy/dt), find a formula for the 
displacement of the weight. 


A 6-pound weight is suspended from a spring whose 
spring constant is 48 lb/ft. Initially the weight has a 
downward velocity of 4 ft/sec from a position 5 inches 
below the equilibrium point. Find a formula for the 
displacement. 


A 4-pound weight stretches a spring 3 inches beyond its 
natural length. If the weight is pulled down another 4 
inches and released with zero velocity in a medium where 
the damping force is —2(dy/dr), find the displacement 
y at any time t. 


10 


A 4-pound weight stretches a spring 1 foot. If the weight 
moves in a medium whose damping force is —c(dy/dt), 
where c 0, determine the values of c for which the 
motion is 


[s] overdamped [b] critically damped 


ic] underdamped 

In Example 4 of this section, find the damping force that 
will produce critical damping. 

Suppose an undamped weight of mass m is attached to 
a spring having spring constant k, and an external peri- 
odic force given by F sin zt is applied to the weight. 
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[a] Show that the differential equation that describes the (b) Prove that the displacement y of the weight is given 


motion of the weight is 


2 


аг 


where w° = k/m. 


19.6 SERIES SOLUTIONS 


> F . 
oy = —sin at, 
m 


by 
у = C, cos wt + C; sin wt + C sin xt, 


where С = F/[m(w? — x*)]. This type of motion is 
called forced vibration. 


As shown in Chapter 11, a power series У a,x" determines a function f 
such that 


y = f(x) = ag + a,x + ах? + ах? + ах H 
for every x in the interval of convergence. Moreover, series representations 


for the derivatives of / may be obtained by differentiating each term. 
Thus, 


v= a, + 2a5,x + Зах? + дах + = nex, 
5 1 2 а + n 


- 


2а, + 3: 2а3х + 4: Зах? + = У n(n — ах" ?, 


"2 
and so on. Power series may be used to solve certain differential equations. 
In this case the solution is often expressed as an infinite series and is called 
a series solution of the differential equation. 


EXAMPLE 1 Find a series solution of the differential equation 
y = 2ху. 


SOLUTION Ifthe solution is given by y = Y a,x", then у = Y na,x"~! 
and substitution in the differential equation gives us 


x x x 
Romx 5-—2x 3 дүр! У 2адх * 
n=1 n=0 n=0 


It is convenient to change the summation on the left so that the same 
power of x appears as in the summation on the right. This may be accom- 


plished by replacing п by n + 2 and beginning the summation at n = — 1. 
Thus, 
1 4 
y (86--2, х" = Bae, 
a=—1 n-ü 
ог 
а, + 24х +--- + (п + 2)а, эх" + = ах +++ ах" eee 


Comparing coefficients, we see that a, = О and (n + 2)a,, , = 2a, ifn > 0. 
Consequently the coefficients are given by 


ар 10: 404 Физ д. d nz 
! "2 n+ n 


In particular, 


> , 
d,—0, арг ар, а= 4а, = 0, а = јаз = а, 8,-43а1-0, 





: 
aj, dj—$85-0, aj-1lag- - ly, 


2-3-4 
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etc. It can be shown that if n is odd, then a, = 0, whereas a;, = (1/n!)ag 
for every positive integer n. The series solution is therefore 


c uz 18 1, 
у= Y ax" = «(1 Ta^ ta хэ 2 > “ИЙН, нийн ) 


It follows from (19.8)(1) that the series solution in Example 1 can be 
written as y = age”). This form may also be found directly from y = 2ху 
by using the separation of variables technique discussed in Section 19.1. 
The objective in Example 1, however, was to illustrate series solutions, 
not to find the solution in the simplest manner. In many instances it is 
impossible to find the sum оѓ) a,x" and the solution must be left in series 
form. 


EXAMPLE 2 Solve the differential equation y" — xy’ — 2y = 0. 


SOLUTION Substituting 


x 


> x 
у= У ax", у= Y nax"', and у'= Y n(n— ах", 
n=0 


n=1 n=2 


we obtain 


x 


Y n(n — lax"? – х Y naX"! —2. У a, x" — 0, 
n=1 = 


n=2 


or Y, n(n — ija"? = У па,х" + У 2а,х". 

n=2 n=0 n=0 
We next adjust the summation on the left so that the power x" appears 
instead of х" 2. This can be accomplished by replacing n by n + 2 and 
starting the summation at п = 0. This gives us 


x 


Y (n + 2)(п + 1а, 3x" = (n + 2)a,x". 
n=0 п=0 


Comparing coefficients, we see that (n + 2)(n + 1)а, = (n + 2)a,; that is, 





Letting n = 0, 1, 2,..., 7 leads to the following form for the coefficients 
ас 





1 

5 = dp 83524 

1 1 1 1 
ds. = 442 = 300 4375 405 75 а 

1 1 1 1 
"6 = 4943 s 70 Ста сар иЕе 

1 1 1 1 
MT Eug ЕС 244987 








NN 
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In general, 
| 


а, = > 


1:3: (28 — 


1 1 
2-4---4(2л) ш ~ 2"! 





- üg. 


П) 


2441 7 ay. 


The solution у = Y a,x" may, therefore, be expressed as a sum of two 


infinite series: 


EXERCISES 19.6 


Exer. 1-12: Find a series solution for the differential 
equation. 


1 oy"xyz0 2 y"—4yz0 

3 y"—2xy 20 4 y"H2xy'- y 20 
(2у ly Py 3 

87... РАЕС | 6 24 527=0 
dx“ dx ` dx- | 


19.7 REVIEW EXERCISES 


Exer. 1—34: Solve the differential equation. 
| xe’ dx —escx dy 20 
xdy —(x + Dydx 20 


x(1 + y?) dx 4-1 —x? dy 20 


Y + (sec x)y = 2 cos x 


2 
3 
4 у жуг 
5 
6 (х?у+ x)dy- ydx 20 
7 


3 


li 


ytanx Ру =2secx 8 y'- (tan х)у 


9 ух) T- х?у' = \/1 — у? 10 (2y + x?) dx —xdy 20 


11 ех соѕ у dy — sin? y dx = 0 

12 (cos хуу” + (sin х)у = 3 cos? x 

13 у' + (2 соѕ х)у 2 cos x 14 y"-y'—6y = 

15 y"— ву + 16y 20 16 y" —6y + 25у = 0 
17 25290 18 Chey tsinx 
19 y"—y- e*sinx 20 ,"— y'—-6y = e** 
21 y+y=e" 22 y"4-2y'20 

23 у” – 3y' + 2y = e? 

24 хе? dx —(x + 1)у dy = 0 

25 xy ym (x — 2r 











x 1 : x 1 v 
yt) gy eae 
n= 1*3**+(2n— |) | + 2"n! 
7 х--1)у = 3у 
8 y = 4х?у 
9 у" – у = 5х 
10 у" – ху = х“ 
11 (x? — Dy" + 6xy' + 4y = —4 
12 y +j 
26 sec? у dx = V1 — x? dy — x sec? y dx 
d?y dy d*y 
27 --45--7у-40 28 —;+у=с%сх 
ах? 4х ах? 
29 e*"" dx —csexdy = 0 30 у" + 10y' + 25у 20 
31 cot x dy 2(y—cosx)dx 32 у" + y'-y—e*cosx 
33 уз усѕсх = tan x 34 y"^—y' —20y = xe^* 
35 The bird population of an island experiences seasonal 
growth described by dy/dt = (3 sin 2z1)y, where t is the 
time in years and t = 0 corresponds to the beginning of 
spring. Migration to and from the island is also seasonal. 
The rate of migration is given by M(t) = 2000 sin 2zt 
birds per year. Hence the complete differential equation 
for the population is 
dy , : 
d = (3 sin 2л1)у + 2000 sin 270, 
t 
Solve for y if the population is 500 at г = 0. Determine 
the maximum population. 
36 As a jar containing 10 moles of gas A is heated, the 





velocity of the gas molecules increases and a second gas 
B is formed. When two molecules of gas A collide, two 
molecules of gas B are formed. The rate dy/dt at which 
gas B is formed is proportional to (10 — у)?. the number 
of pairs of molecules of gas A. Find a formula for y if 
y — 2 moles after 30 seconds. 





19.7 REVIEW EXERCISES 


37 In chemistry, the notation A + B — Y is used to denote 


the production of a substance Y due to the interaction 
of two substances A and B. Let a and b be the initial 
amounts of A and B, respectively. If, at time t, the con- 
centration of Y is y — f(t), then the concentrations of 
A and B are a — f(t) and b — f(t), respectively. If the 
rate at which the production of Y takes place is given 
by dy/dt = k(a — y)(b — y) for some positive constant К 
and if f(0) = 0, find f(t). 


Let у = f(t) be the population, at time t, of some col- 
lection, such as insects or bacteria. If the rate of growth 
dy/dt is proportional to y—that is, if dy/dt = cy for 
some positive constant c—then f(t) = f(0)e (see Theo- 
rem (7.33)). In most cases the rate of growth is dependent 
on available resources such as food supplies, and as t 
becomes large, / (1) begins to decrease. An equation that 
is often used to describe this type of variation in popu- 
lation is the law of logistic growth dy/dt — y(c — by) for 
some positive constants c and b. 


1053 


(a) If f/(0) =k, find f(t). 

[b] Find lim, f(t). 

{с} Show that f'(t) is increasing if f(t) < ¢/(2b) and is 
decreasing if f(t) > c/(2b). 

(9) Sketch a typical graph of f. (A graph of this type is 
a logistic curve.) 


Use а differential equation to describe all functions such 
that the tangent line at any point Р(х, у) on the graph is 
perpendicular to the line segment joining P to the origin. 
What is the graph of a typical solution of the differential 
equation? 


The following differential equation occurs in the study 
of electrostatic potentials in spherical regions: 


d ( . dV 
lanas. iu 
гь a) d 


Find a solution V(0) that satisfies the conditions 
И(7/2) = 0 and V(z/4) = V. 








Principle of mathematical induction 


| MATHEMATICAL INDUCTION _ 


APPENDICES 





The method of proof known as mathematical induction may be used to 
show that certain statements or formulas are true for all positive inte- 
gers. For example, if n is a positive integer, let P, denote the statement 


(ў) = ху, 


where x and у are real numbers. Thus, Р, represents the statement (xy)! = 
x! y!, Р, denotes (xy)? = х2у2, P, is (ху)? = x?y?, and so on. It is easy to 
show that P,, P}, and Р, are true statements. However, since the set of 
positive integers is infinite, it is impossible to check the validity of P, for 
every positive integer n. To show that P, is true requires the following 
principle. 


If with each positive integer n there is associated a statement Р,, 
then all the statements Р, are true, provided the following two con- 
ditions are satisfied: 


(i) P, is true. 


(li) Whenever k is a positive integer such that Р, is true, then P,, , | 
is also true. 


To better understand this principle, consider a collection of statements 
Pe Pog PES 


that satisfy conditions (i) and (ii). By (i), statement Р, is true. By (ii), when- 
ever a statement Р, is true, the next statement P, , is also true. Since Р, 
is true, P, is also true, by (ii). However, if P, is true, then, by (ii), we see 
that the next statement Р, is true. Once again, if P, is true, then, by 
(ii), P4 is also true. If we continue in this manner, we can argue that if n 
is any particular integer, then P, is true, since we can use condition (ii) one 
step at a time, eventually reaching P,. Although this type of reasoning 
does not actually prove the principle of mathematical induction, it certainly 
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makes it plausible. The principle is proved in advanced algebra using 
postulates for the positive integers. 

When applying the principle of mathematical induction, we always 
follow these two steps: 


Step 1 Show that P, is true. 
Step 2 Assume that Р, is true and then prove that P,,, is true. 


Step 2 often causes confusion. Note that we do not prove that P, is 
true (except for А = 1). Instead, we show that if P, happens to be true. 
then the statement P,,, is also true. We refer to the assumption that Р, 
is true as the induction hypothesis. 


EXAMPLE 1 Prove that for every positive integer n. the sum of the 
first n positive integers is 
n(n + 1) 
b! 


SOLUTION — If n is any positive integer. let P, denote the statement 


nin + | 
l+2+3+°°+n= x i 
The following are some special cases of Р,: 
If n = 1, then P, is 
(1-1 : 
(зэм А thatis, 1-1. 
2 
If n = 2, then P, is 
2(2 + 1 ( 
1+2 = А = ^ that 15. 3 = 3. 
If n= 3, then Р; is 
33 + 1 ; 
1+2+3= й A that is, 6 = 6. 
If n = 4, then P, 15 
4(4 + 1 : 
1+2+ 3+4 = = ). thatis, 10-10. 


Although it is instructive to check the validity of P,, for several values of 
п аз we have done, it is unnecessary. We need only apply the two-step 
process outlined prior to this example. Thus, we proceed as follows: 


Step 1 If we substitute n = | in P,. then the left-hand side contains 


: хас эс MEI : 
only the number | and the right-hand side is ROER which also 


equals 1. Hence P, is true. 
Step 2 Assume that P, is true. Thus, the induction hypothesis is 
k(k + 1) 


^4 


1+2+3++++ k= 
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Extended principle of mathematical 
induction for P,, k >] 


Our goal is to show that P,,, is true—that is. 


_(k+ D[G + 0D 1] 


5 


1+24+3+:--+(k +1) 


By the induction hypothesis, we already have a formula for the sum of 
the first k positive integers. Hence. to find a formula for the sum of the 
first k + I positive integers, we may simply add (k + 1) to both sides of 
the induction hypothesis P,. Doing so, we obtain 

k(k + 1) 
P+2+34+--- +k +(k+ 1) =— ~— +(k+ 1) 


— k(k + 0D) 42K + 1) 
22229 5 2 


We factor the numerator by grouping terms: 


C+ DA +2 
КУТЕ TY TE pe et шийд 


_(k + D[(E + D) +1] 


2 


We have shown that P,,, is true, and therefore the proof by mathe- 
matical induction is complete. 


Let j be a positive integer, and suppose that with each integer n >j 
there is associated a statement P,. For example, if j = 6. then the state- 
ments are numbered Р,.Р-.Р...... The principle of mathematical induc- 
tion may be extended to cover this situation. To prove that the statements 
P, are true for n > j, we use the following two steps. in the same manner 
as we did for n > 1. 


(i) Show that P; is true. 
(li) Assume that P, is true with k >j and prove that Р, | is true. 


EXAMPLE 2 Let a be a nonzero real number such that a> —1. 
Prove that 


(1+ а) > 1+ па 


for every integer n > 2. 


SOLUTION For each positive integer n. let Р, denote the inequality 
(1 + a)"> 1 + na. Note that P, is false, since (1 + a)! = 1 + (1)(a). How- 
ever. we can show that Р, is true for n > 2 by using the extended prin- 
ciple with j = 2. 


Step 1 We first note that (1 + a)? = 1 + 2a + а?. Since a z 0. we have 
а? > 0 and therefore 1 + 2а +а2 > 1 + 2а, or (1 +a? > 1+ 2а, 
Hence Р, is true. 
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Step 2 Assume that P, is true. Thus, the induction hypothesis is 
(1+ а) > 1 + ka. 
We wish to show that P,,, is true—that is, 


(1 + af*! > 1-4 (k4 1). 


Since a > —1, we see that 1 + a > 0. Hence multiplying both sides of the 
induction hypothesis by 1 + a does not change the inequality sign. This 
multiplication leads to the following equivalent inequalities: 


(1 + af(1 + a) > (1 + Ка)(1 + a) 
(1 + а > 1 + ka a ka? 
(1 + af ** > 1 (К+ Da + Ка? 
Since ka? > 0, 
1+ (k + Da + ka? » 1 4 (k + 1)a 
and, therefore, (O +a! » do (k la. 


Thus, P,,, is true and the proof is complete. 
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Exer. 1-22: Prove that the statement is true for every 13 34-324 33 32 30" — 1) 


ositive integer n. — 
P 8 14 12 4-33 + 55 (2n — IP = n?n? — 1) 


12+4+6 +: + 2п = n(n + 1) 











13 n 2" 
3n — 
214474072) = 0 16 1+ 2п < 3" 
| 17 142-43144---0«41021-41) 
3143-45-54 --(10-1)-н - 
"hia зү 
4349415 ++-++(6n— 3) = 3n? 18 го <a <b, then (7) «()) 
) 
52+7+12++(5п—3)=} - З 
ЦАА Лааг ань, ав хийн 19 3 is a factor of n? — n + 3. 
62+ 18...42 31-1 —3"—]1 | 
ot? 5 20 218 a factor of n^ + п. 
7 2:2 22 4 ees 2"! — = 1} +2" 
Pt +3 шааж. rare 21 4is a factor of 5" — 1. 
А —1Y*— 1 : " 
в (—1) 4 (—1P 4 (-19 4 ду — 22 9 is a factor of 10"*! + 3 · 10" + 5. 
8 QE p esq I)(2n + 1) Ехег. 23-30: Find the smallest positive integer j for 
6 which the statement is true. Use the extended principle 
ing) of mathematical induction to prove that the formula 
10 PAPARE m=] 5 | is true for every integer greater than /. 
23 n+12 <n? 24 n? +18 x m? 
"RC WS NER ES. 
1-2 2-3 3:4 nnl) n+l 38.5 s 26 n xU 
| | 1 | 27 2" <n! 28 10" < п" 
12 —— + + BE e PETENS . 
1-2-3 2-3-4 3+4=5 n(n + 1)(n + 2) 29 2n--2 € 2" 30 nlog;n + 20 < п? 
n(n + 3) 31 Prove that if a is any real number greater than 1, then 





~ 4(n + 1)(n + 2) a" > 1 for every positive integer л. 
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32 Prove that 33 Prove that a — b is a factor of a" — b" for every positive 
ali =r” integer n. 
jd isis pe E ; i 
OO ААР = dem (Hint: a^ * – p** = аа — b) + (a* — b^)b.) 
"m 4 Р 1 21-1 28—1 ev. j 
for every positive integer n and real numbers a and r 34 Prove that a + b is a factor of a^" ' + b?" 7 for every 


with r #1. positive integer n. 


П THEOREMS ON LIMITS, DERIVATIVES, AND INTEGRALS 


This appendix contains proofs for some theorems stated in the text. The 
numbering system corresponds to that given in previous chapters. 


Uniqueness theorem for limits m we | 
If f(x) has a limit as x approaches a, then the limit is unique. 


PROOF Suppose lim, ., f(x) = L; and lim,.., f(x) = L with L; # L;. 
We may assume that L, < L,. Choose e such that e < 1(L, — L,) and 
consider the open intervals (L, — €, L, + €) and (L, — є, L, + €) on the 
coordinate line /' (see Figure 1). Since є < 1(L; — L,), these two intervals 
do not intersect. By Definition (2.5), there is a б, > 0 such that when- 
ever x is in (a — ду, a + дү) and x # a, then f(x) is in (L; — є, L, + €). 
Similarly, there is a д, > 0 such that whenever x is in (a — ò, a + ð) 
and x x a, then f(x) is in (L, — €, L, + €). This is illustrated in Figure 1, 
with à, < ò. If an x is selected that is in both (a — ð, a + ó,) and 
(a — 05. а + 05), then f(x) isin (L, — €, L, + e) and also in (L, — €, L, + €). 
contrary to the fact that these two intervals do not intersect. Hence our 
original supposition is false, and consequently L, = L;. 


FIGURE 1 





L-E Ly А +e b, €  /1 "7 763 
f(x) f(x) = 


Theorem (2.8) : 
If lim f(x) and lim g(x) both exist, then 


(i) lim [ f(x) + g(x)] = lim f(x) + lim g(x) 
(ii) lim [ f(x) + g(x)] = lim f(x) * lim g(x) 


fx] lim foo) 
(iii) lim Fal = lim 509” provided lim g(x) # 0 
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PROOF Suppose that lim,.., f(x) = L and lim,_, g(x) = M. 


(i) According to Definition (2.4), we must show that for every e > 0 
there is a ò > 0 such that 


[1] if 0«|х-а|«д, then | f(x) +9(x)—(L+M)|<e. 
We begin by writing 
(2) | f(x) + glx) — (L + M)| = |(f(x) — L) + (g(x) — М)|. 
Employing the triangle inequality 
|b e| <|b| * [el 

for any real numbers Р and c, we obtain 

I(fíx) — L) + (g(x) — М) | < | /(х) — L| + |96) — MI. 
Combining the last inequality with (2) gives us 
(3) | f(x) + glx) (L + M) € | f(x) — L| + |g) — M]. 


Since lim, ., f(x) = L and lim,.., g(x) = M, the numbers | f(x) — L| and 
| g(x) = M | can be made arbitrarily small by choosing x sufficiently close 
to a. In particular, they can be made less than €/2. Thus, there exist 6, > 0 
and д„ > 0 such that 


if O<|x—a|<6,, then |f(x) – L| « €2, and 


(4) m : 
if 0<|х—а|<6б,, then |g(x)—M|<é/2. 


If 6 denotes the smaller of 6, and бу, then whenever 0 < |x — a| < ò, the 
inequalities in (4) involving f(x) and g(x) are both true. Consequently, if 
0 < |x — a| <6, then, from (4) and (3), 


| f(x) + g(x) - (L + М) | < є/2 + €/2 = є, 
which is the desired statement (1). 
(1) We first show that if k is a function and 


(5) if lim k(x) = 0, then lim f(x)k(x) = 0. 


x-*ü xu 


Since lim,.., f(x) = L, it follows from Definition (2.4) (with є = 1) that 
there is а à, > 0 such that if 0 < |x — a| < бү, then | f(x) — L| < 1 and 
hence also 


|f) 2 |fe9)- L + L| s|fe) - L| + |L| «1-4 JL]. 
Consequently, 
(6) if 0«|x—a|«à,, then | f(x)k(x)| « (1 + |1.])|К(х)|. 
Since lim, ., k(x) = 0, for every є > 0 there is a 6, > 0 such that 


€ 


(7) if O<|x—a|<6,, then iad aay Түү: 
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If ò denotes the smaller of 6, and 6,, then whenever 0 < |x — a| < à, both 
inequalities (6) and (7) are true and consequently 


€ = 
1 4- [L| 





| fio k(x)| < (0 [LJ 


Therefore, 
if 0«|х-а|«д, then |f(x)k(x) — 0| « e, 
which proves (5). 
Next consider the identity 
18) J (x)g(x) — LM = fix)[gix) — М] + Мо) — L]. 


Since lim,.., [g(x) — M] = 0. it follows from (5), with k(x) = g(x) — М, 
that lim... f(x)[g(x) — M] = 0. In addition, lim, ., M[ f(x) — L] = 0 and 
hence, from (8), lim, .., | f(x)g(x) — LM] = 0. The last statement is equiv- 
alent to limp, f(x)g(x) = LM. 

(ii) It is sufficient to show that lim, ., l/g(x) = 1/M. for once this 
is done, the desired result may be obtained by applying (ii) to the product 
f(x): L/g(x). Consider 


1 1 
gix) M 


М — gix) 


9 
" 4(х)М 


І 
оу ЈИ], 
|M | |g% | санаж 














Since lim, ., g(x) = M. there exists a б, > 0 such that if 0 < [Ix —a| « ài, 
then | g(x) — M | < | M |/2. Consequently, for every such x, 
|M | = | g(x) + (M — g(x))| 
< |g(x)| + | M — g(x)| 
< |gx)| + | М|/2 





and therefore 


ы «|gix). or < 2 
3] Xi, С . 
2 : lg(x)| ^ |M| 


Substitution in equation (9) leads to 








1 2 Р : 
(10) == |b [мр |g(x) — M|: provided 0«|x—a|«à,. 


Again, since lim, ., g(x) = M. it follows that for every e > 0 there is a 
ӧз > 0 such that 

: : |M |? 
(11) if 0«|х-а|«д,, then |g(x)—M|< 





Є. 


If ò denotes the smaller of б, and ó;, then both inequalities (10) and (11) 
are true. Thus, 

| | 

-| <<, 


if О<|х—а|<6, then |--- 
|x— a e М 





which means that lim, ., l/g(x) = 1/M. ma 


АВ 
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Theorem (2.13) 2227 | я | 
Ifa > 0 and n is a positive integer, or if a < 0 and n is an odd posi- 


tive integer, then 


PROOF Suppose a > 0 and п is any positive integer. We must show 
that for every € > 0 there is a 6 > 0 such that 


if 0<|x—a|<6, then |xx — va|<e, 





or, equivalently, 
(1 if —ó«x—a-«ó and хта, then —e < yx — ya « e. 


It is sufficient to prove (1) if € < va, for if a д exists under this condition, 
then the same д can be used for any larger value of e. Thus, in the re- 


mainder of the proof {а — є is considered to be a positive number less 
than e. The inequalities in the following list are all equivalent: 


—e « qx — la «e 
1—€« х < уа+ є 
— ey « x < (Уа + ey 
(Уа – є) -a«x—a«(xa-4 ef —a 
- [a — (ya — 9] «x — a « (a+ еа 


If ò denotes the smaller of the two positive numbers a — (%/a — є)" and 


(a + €)" — a, then whenever —ó < x — a < б, the last inequality in the 
list is true and hence so is the first. This gives us (1). 
Next suppose a « 0 and n is an odd positive integer. In this case —a 


and {у —a are positive and, by the first part of the proof, we may write 


lim 17-Х-1-а. 


Thus, for every є > 0 there is a д > 0 such that 
if 0«|-х-(-4|«6, then |У/-х-4-а|«є, 
or, equivalently, 


if O<|x—a|<6, then |х — Va| «e. 





The last inequalities imply that Їт, ., ух = q/a. шш 


Sandwich theorem (2.15) : Е : | 
Suppose f(x) < h(x) < g(x) for every x in an open interval contain- | 


ing a, except possibly at a. 
If lim f(x) = L=lim g(x), then lim A(x) = L. 


xa xa xa | 


PROOF For every є > 0 there is a д, > 0 and a д, > 0 such that 


if 0«|х-а|«д, then |f(x) – L| «e, and 
(1) 
if 0<|x—a|<6,, then |g(x) - L| « e. 
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FIGURE 2 


Theorem (2.18) 


Theorem (2.24) 





(а(х) f(b) 


l 


If à denotes the smaller of à, and б,, then whenever 0 < |x — a| < ò, 
both inequalities in (1) that involve є are true; that is, 


—e<f(x)—L<e and —e«g(x) — L « e. 


Consequently, if 0 <|x — a| <6, then L—e < f(x) and g(x) < L ^ e. 
Since f(x) < h(x) € g(x), if 0 < |х — a| <6, then L— e< h(x) < L4 e. 
or, equivalently, |h(x) — L| < e, which is what we wished to prove. mm 


| If k is a positive rational number and c is any real number, then 
^ C е с 
lim —=0 and lim = 0, 


x-xX x2-mX | 


provided х" is always defined. 


PROOF To use (2.16) to prove that lim,- (c/x*) = 0, we must show 
that for every є > 0 there is a positive number N such that 


«e whenever х > М. 





4 
— 0 
x 





If c = 0, any N > 0 will suffice. If c 4 0, the following four inequalities 
are equivalent for x > 0: 


11 zn del e| Y^ 
« e, >-, |ХЇ»--, x> 
lc| € є є 


The last inequality gives us a clue to a choice for N. Letting N = (| c |/€)* ^, 
we see that whenever x > N, the fourth, and hence the first, inequality is 
true, which is what we wished to show. The second part of the theorem 
may be proved in similar fashion. mm 


‹ 
— 0 
y 








If lim... g(x) = b and if f is continuous at b, then 


lim f(g(x)) = f(b) = f (im им) 


PROOF The composite function f(g(x)) may be represented geometri- 
cally by means of three real lines /, |’, and |^, as shown in Figure 2. To 
each coordinate x on / there corresponds the coordinate g(x) on /' and 
then, in turn, f(g(x)) on I”. We wish to prove that /(4(х)) has the limit 
f(b) as x approaches c. In terms of Definition (2.4), we must show that 
for every є > 0 there exists a 6 > 0 such that 


(1) if 0<|х=с| <, then | f(g(x)) — f(b)| < e. 


Let us begin by considering the interval (f(b) — e, f(b) + €) on l”, 
shown in Figure 3. Since f is continuous at b, lim.. f(z) = f(b) and 
hence. as illustrated in the figure, there exists a number ò, > 0 such that 


(2) if |z—b|«ó, then | f(z)— f(b)| < e. 


A10 
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FIGURE 3 FIGURE 4 





Kb)-e f(z) f(®) (b) + € r hb = à b g(x) h + б, Е 
In particular, if we let z = g(x) in (2), it follows that 
(3) if |y(x)—b\<6,, then | f(gix)) — f(b)| < €. 


Next, turning our attention to the interval (b — ò, b + бу) on I’ and 
using the definition of lim... g(x) = b, we obtain the fact illustrated in 
Figure 4—that there exists a 6 > 0 such that 


[4] if 0«|х-с(«0, then |g(x) — |< à,. 
Finally, combining (4) and (3), we see that 
if 0«сїх-с(«д, then | f(g(x)) — f(h)| « e. 


which is the desired conclusion (1). шш 


Theorem (3.14a] 1 "ees . 
If n is a positive integer and f(x) = x'", then 


fo | хт, 
п 


PROOF By Definition (3.5). 


(x 4p; A) Ht — x) 





"me 


Consider the identity 
u^ — oe" = (u — ou"! xp Pe Bu"? + 0" 1), 
If u x v, then 


и—г | 


и"-а" wx nat ?b0 40a? a 





ic 


Substituting u = (x + h)" and v = x'", we obtain 


(x =A) — x1 
(x+h)—x 





1 
(x + hj" 00" 4. (х 4 А)" nm gb (x pe hix 20" = Din 
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Chain rule (3.33) 





Letting h > 0, we have 


x7 Din + lt Din 49543487 lyn + xl l)n 


| l 
= = х! n—1 : 
nx n 


f'(x) = 











| 


If y = f(u), и = g(x), and the derivatives 2 and = both exist, then 


d 
the composite function defined by y = f(g(x)) has a derivative given 
by 


dy dydu _ ар "f 
P iae i ин 709013) = /'(д(х))у'(х). | 








PROOF Шу = f(x) and Ax ж 0, then the difference between the deriv- 
ative f'(x) and the ratio Ay/Ax is numerically small. Since this difference 
depends on the size of Ax, we shall represent it by means of the function 
notation (Ах), Thus, for each Ax = 0, 
Ay 

1 Ax) = — — f'(x). 

(1) (Ах) Ах f(x) 

It should be noted that (Ах) does nor represent the product of 7 and Ax, 
but rather states that y is a function of Ax, whose values are given by (1). 
Moreover, applying (3.27), we see that 


Ах-0 Ах- 0 


Has Wu PME uod 
(2) lim (Ax) = lim ve Í w) zx. 


The function у has been defined only for nonzero values of Ax. It is con- 
venient to extend the definition of y to include Ax = 0 by letting (0) = 0. 
It then follows from (2) that is continuous at 0. 

Multiplying both sides of (1) by Ax and rearranging terms gives us 
(3) Ау = f'(X) Ах + (Ax): Ax, 


which is true if either Ax 4 0 or Ax = 0. Since f'(x) Ax = dy, it follows 
from (3) that 


(4) Ay — dy = n(Ax): Ax. 


Let us now consider the situation stated in the hypothesis of the 
theorem, 


у=/(и) and u=g(x). 
If g(x) is the domain of f, then we may write 
y = flu) = f(g(x)): 


that 15, v is a function of x. If we give x an increment Ax, there corre- 
sponds an increment Au of u and, in turn, an increment Ay of y = f(u). 
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Theorem (5.22) 


Thus, 
Au = g(x + Ax) — g(x) 
Ay = f(u + Au) — f(u). 


Since dy/du exists, we may use (3) with и as the independent variable to 
write 


(5) Ay = f'(u) Au + (Au) Au 
for a function у of Au such that. by (2). 
(6) lim (Au) = 0. 

Au~ 0 


Moreover, у is continuous at Au = 0 and (5) is true if Au = 0. Dividing 
both sides of (5) by Ax gives us 


Ay x ЖИЙ Au 
rr (и) Ах + (Ли) 12 


If we now take the limit as Ax approaches zero and use the facts 


CL OM TTE EE 
Ах-о Ax dx kend dE 
we see that 
ly „жй 1 1 
288 fu) = + lim (Au): 25 
dx dx | АХ-0 4х 


Since / (1) = dy/du, we may complete the proof by showing that the limit 
indicated in the last equation is 0. To accomplish this, we first observe 
that since g is differentiable, it is continuous and hence 

lim [g(x + Ax) — g(x)] = 9, 


Ах- 0 
or, equivalently, lim Au = 0. 
Ах- 0 
In other words, Au approaches 0 as Ax approaches 0. Using this fact, 
together with (6), gives us 
17) lim (Au) = lim ›(Ан)=0 


Ах-0 Аи-0 


and the theorem is proved. The fact that lim,, (Аи) = 0 can also be 
established by means of an є-д argument using (2.4). шш 


If f is integrable on [a, Р] and c is any number, then cf is integrable 
on [а,Ь] and 


J cf(x) dx = с T f(x) dx. 


PROOF Ife = 0. the result follows from Theorem (5.21). Assume, there- 
fore, that c #0. Since f is integrable. (| f(x) dx = I for some number I. 


If P is a partition of [a, b], then each Riemann sum Rp for the function 
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Тпеогет (5.23) 





cf has the form У, cf(w;) Ax, such that for every К, w, is in the kth sub- 
interval | хүү, ху] of P. We wish to show that for every € > 0 there is a 
6 > 0 such that whenever || P || < 6, 

(1) 


«Є 





У cf(w,) Ax, — cl 


k 





for every w, in [x,_,, x,]. If we let e = €/|c|, then, since f is integrable, 
there exists a д > 0 such that whenever || P | < 6, 


c6 = lel 


Multiplying both sides of this inequality by | с| leads to (1). Hence 





2 fiw) Ax, — І 





lim Y ef(w,) Ax, = cl =с j a f(x)dx. шш 


IIPI>0 k 


If f and g are integrable on [a, b], then f + g is integrable on [а,Ь] 
апа 


E [f(x) + g(x)] dx = E f(x) dx + Ї g(x) dx. 


PROOF By hypothesis, there exist real numbers I, and J, such that 
[s f(xX)dx = I, and Lis g(x) dx = I5. 


Let P denote a partition of [a, b] and let R, denote ап arbitrary Riemann 
sum for f + g associated with P: that is. 


(1) Rp = Y [f(w,) + g(w,)] Ах, 
k 
such that w, is in [x,_,, x,] for every k. We wish to show that for every 


€ > 0 there is a д > 0 such that whenever || P|| < à, | Ry — (1, + I,)| < €. 
Using Theorem (5.11)(i), we may write (1) in the form 


Rp = Y f(w,) Ax, + Х g(w,) Ax. 
k k 
Rearranging terms and using the triangle inequality, we obtain 
|R- (1, + 1,)| = (x fiw) Ax, — n) E (Y g(w,) Ax, — 5) 
k 
12) 
- |E vo Ax, — I, | Р Iz g(w,) Ax, — n| 
k 
By the integrability of f and g, if є = є/2, then there exist д, > О and 


0, > 0 such that whenever | P || < д, and ||P|| < б,, 


<é=ée/2 








È fly) Ax, -1, 
(3) 


and » g(w,) Ax, — L| «€ = є/2 
k 
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Theorem (5.24) 





for every w, in [х ү, x,]. If 6 denotes the smaller of б, and д,, then 
whenever | Р | < д. both inequalities in (3) are true and hence, from (2). 


|Rp — (1, + 1.)| < (/2) + (€/2) = є, 





which is what we wished to prove. шш 


Ifa<c <b and if f is integrable on both [a, c] and [с, b], then f 
is integrable on [a, b] and 


Ї * f(x) dx = Ї fx) dx + Ї ^ f(x) dx. 


PROOF By hypothesis, there exist real numbers /, and Г, such that 
(1) Ji fix) dx = 1, and Ї f(x) dx = 1,. 


Let us denote a partition of [a,c] by Р, of [c.b] БУ Р. and of [а,Ь] 
by P. Arbitrary Riemann sums associated with Р,, P}, and P will be 
denoted Бу Ку, Rp,, and Rp. respectively. We must show that for every 
€ > 0 there is a ò > 0 such that if || P || < à, then | Rp — (1, + 13)| < €. 

If we let є = €/4, then, by (1). there exist positive numbers 6, and à; 
such that if || P, | «0, and |Р, | < 63, then 








(2) | Вь,-1,| «€ —€/4 and |Rp,—1; <є' = є/4. 


If 6 denotes the smaller of 6, and 6,, then both inequalities in (2) are true 
whenever | P | < à. Moreover, since f is integrable on [а, с] and |с, b], 
it is bounded on both intervals and hence there exists a number M such 
that | f(x)| € M for every x in [a,b]. We shall now assume that ò has 
been chosen so that, in addition to the previous requirement, we also 
have д < є/(4М). 

Let P be a partition of [a, b] such that || P || < ò. If the numbers that 
determine P are 





A= Ky Xp Xa riu х=й; 


then there is a unique half-open interval of the form (хүү. ха] that contains 
c. M Rp = Уй. f(w,) Ax, we may write 


4-1 п 
(3) Rp= У fiw) Ax, + fiw) Ах, + У fiw) Ах, 

=1 k=d+1 
Let P, denote the partition of [a. c] determined by (а, Хү,---.? X4 150); 
let P, denote the partition of [c, b] determined by jc. ха... -. ) X5 — (5D hs 


and consider the Riemann sums 


1 
к= 


a1 
Rp, = Y, fiw) Ax, + flee — x4-1) 
1 
(4) 


Rp, = flexa — c) + Y fw) Ах, 
1 


=d+ 
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Тпеогет (5.26) 


Theorem (7.6) 





Using the triangle inequality and (2), we obtain 
(Rp, + Rp) — (1, + 1,)| = |(Rp, —1,) + (Rp, — 1,)| 
(5) <|Rp, —1,|+|Rp, -45| 


PW . 
A'A F 


It follows from (3) and (4) that 
| Rp — (Rp, + Rp,)| = |Р) — 8 | Ах, 
Employing the triangle inequality and the choice of д gives us 


| Rp — (Rp, + Кр.) < (| f(w,)| + | f(c)]) Ах, 


(6) i 
€ (M + M)[e(4M)] = €/2, 


provided || Р | < 6. If we write 


| Rp — (I; + 12)| 7 | Rp — (Rp, + Rp,) + (Rp, + Rp,) — (1, + 1.) 
<|Rp—(Rp, + Rp,)| + |(Rp, + Rp) — (1, +), 
then it follows from (6) and (5) that whenever || Р || < 6, 
| Rp — (1, + 1,) | < (€/2) + (є/2) = є 


for every Riemann sum Rp. This completes the proof, шш 





If f is integrable on [a, b] and f(x) > 0 for every x in [a, b], then | 
fe feo dx > 0. 





PROOF We shall give an indirect proof. Let |! fix) dx = I. and suppose 
that J < 0. Consider any partition P of [a, b], and let Rp = У, Люу) Ax;be 
an arbitrary Riemann sum associated with Р, Since Jf(w,) > 0 for every 
юу in | хүүх X,]. it follows that Rp > 0. If welete = —(1/2), then, according 
to Definition (5.15), whenever | P || is sufficiently small, 


|Rp—I|<e= Л, 
It follows that Rp < I — (1/2) = 1/2 < 0, a contradiction. Therefore the 
supposition J < 0 is false and hence / > 0. шш 


| м p : 
If f is continuous and increasing on (4, b], then f has an inverse 
function f~* that is continuous and increasing on [ fta). fth) ]. 


PROOF Iff is increasing, then f is one-to-one and hence / 7! exists. 
To prove that f^! is increasing, we must show that if wi <w, in 
| Ла), f(b) ]. then f~ Цуу) < f^ ' (ws) in [a, b]. Let us give an indirect proof 
of this fact. Suppose f~'(w3) < f~ '(w,). Since f is increasing, it follows 
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FIGURE 6 





that /(/7 Чу) € f(f юу) and hence w, € w,, which is a contradic- 
tion. Consequently / (иң) < f^ ‘(w)). 

We next prove that f~} is continuous on | f(a), f(b)]. Recall that 
y = f(x) if and only if x = / (y). In particular, if y; is in an open interval 
(fla). f(b)), let xy denote the number in the interval (а, b) such that 
Yo = f (Xo), ог, equivalently, xo = / (Vo). We wish to show that 
(1) lim f^ (y) = f^ (уо) = xe. 


A geometric representation of f and its inverse f~' is shown in Fig- 


ure 5. The domain [а,Ь] of f is represented by points on an x-axis and 
the domain | f(a), /(5)| of / ^! by points on a y-axis. Arrows are drawn 


FIGURE 5 





f(a) Yo f(b) 


from one axis to the other to represent function values. To prove (1), con- 
sider any interval (хо — є. x, + €) for e > 0. It is sufficient to find an inter- 
val (yo — б, Vo + à), of the type sketched in Figure 6, such that whenever 
yisin(yg — ð, Vo + 6), f^ (y) is in (xy — €, Xo + €). We may assume that 
хо — € and x, + € are in [а, Б]. As in Figure 7, let б, = yo — f(xo — €) 
and à, = f(x; + €) — yo. Since f determines a one-to-one correspon- 
dence between the numbers in the intervals (хо — €, Xo +€) and 
(Yo = бу. Уу + 9), the function values of f~* that correspond to num- 
bers in (yg — бү. yo + д) must lie in (хо — €, xo + €). Let д denote the 
smaller of 6, and à,. It follows that if y is in (yo — д, yo + б), then 
f~ y) is in (xy = €, хо + €), which is what we wished to prove. 


FIGURE 7 





fla) f(x, e) Yo f(x, + e) f(b) 
| | | 


y L«—5, —--—5,—» 
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Theorem (17.35) 


The continuity at the endpoints f(a) and f(b) of the domain of f^! 
may be proved in a similar manner using one-sided limits. шш 


If x = f(u, v), у = glu, v) is a transformation of coordinates, then 


a(x, 
д(и, 





1 Ї F(x, y) dx dy = + J Ї F(f(u, v), glu, v) й du dv. 


As (и, v) traces the boundary К of 5 once in the positive direction, 
the corresponding point (x, y) traces the boundary C of R once in 
either the positive direction, in which case the plus sign is chosen, 
or the negative direction, in which case the minus sign is chosen. 


PROOF Let us begin by choosing G(x, y) such that 0G/éx = Е. Applying 
Green’s theorem (18.19) with G = N gives us 


— _ [2 к со ТЭГЖ 
(1) [[ не у) dx dy = 1 ЭХ [G(x, y)] dx dy = q. G(x, y) dy. 
Suppose the curve К in the uv-plane has a parametrization 


u = ф(1), v = Yht; aztzb. 


From our assumptions on the transformation, parametric equations for 
the curve C in the xy-plane are 


x = f(u, v) = f((t), W(t) 
y = glu, v) = g(ó(t). Wt) 


for a < t < b. We may therefore evaluate the line integral fe G(x, y) dy in 
(1) through formal substitutions for x and y. To simplify the notation, let 


H(t) = СУФ), Wt), go). v«)]. 
Applying a chain rule to y in (2) gives us 


(2) 





dy дуйи дуа _ ду 


; ду ,, 
= = z- Wt). 
dt бий vdt Си FU Ov vio 
Consequently 


dy 
$ G(x, y) dy = $ H(t) dt dt 
b ey ,, ду ,, 
= | no 2 фа += vo] dt. 
a u др 


Since du = ф(1) dt and dv = w(t) dt, we may regard the last line integral 
as a line integral around the curve К in the uv-plane. Thus, 


ду ду 
13) $. G(x, y) dy = +f, d du + G эр ®©- 


For simplicity we have used G as an abbreviation for С( f(u, v), glu, v)). 
The choice of the + sign or the — sign is made by letting t vary from a 
to b and noting whether (x, y) traces C in the same direction or the op- 
posite direction, respectively, as (u, v) traces K. 
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The line integral on the right in (3) has the form 


| M du + N dt 
“К 


: “Су бу 
with M=G 2 and N=G— 
cu QU 


Applying Green's theorem, we obtain 


ф M du + N dv 
K 


CN М 
= П) ма 
J \ ĉu Ce 
e y 
‚ Oy eG бу „ 0*y 0G бү 
-1|| 05-85 -3-0------т-|дир 
2 Oucv Си Сг cucu Cv ди 
r CG сх дб CyMCy ёбёх | 0G OyM Cy 
= || — —— +$— = |= — (| — — + — — | | du de 
A бх ĉu Oy Cu} €t OX Or — Cy ev) Cu 


OG (ёх "I Aq ry 
= ff a (= x m ia ә du dv. 

єх \си сг си ce 

: \ 
Using the fact that 0G/0x = F(x, y). together with the definition of 
Jacobian (17.34), gives us 

r юм... ge ы ‚у 9 y) 
р M du + N de = |) F( f(u, v). glu, 0)) Plu. d du dv. 


5 


Combining this formula with (1) and (3) leads to the desired result. шш 








Ш TABLES 


Table A Trigonometric functions 








Degrees Radians sin tan cot cos 

0 0.000 0.000 0.000 1.000 1.571 90 
1 0.017 0.07 0.017 57.29 1.000 1.553 89 
2 0.035 0.035 0035 2864 0999 1.536 88 
3 0.052 0.052 0.052 19081 0.999 1.518 87 
4 0.070 0.070 0.070 14.301 0.99% 1.501 86 
5 0087 0087 0087 11430 0.996 1.484 85 
6 0.105 0.105 0.105 9.514 0,995 1.466 84 
7 0122 0.122 0.123 8.144 0.993 1.449 83 
8 0.140 — 0.139 0.141 7.15 0.990 1.431 82 
9 0.157 0.156 0.158 6.314 0,988 1.414 81 
10 0.175 0.174 0.176 5.671 0.985 1.396 80 
11 0192 0191 0.194 5.145 0.982 1.379 79 
12 (0.209 0.208 0.213 4705 0978 1.361 78 
13 0.227 10.225 0231 4.331 0.974 1.344 77 
14 0.244 0.242 0.249 4011 0.970 1.326 76 
15 0.262 0.259 0.268 3.732 0.966 1.309 75 
16 0279 0.276 0287 3.487 0.961 1.292 74 
17 0297 0.292 0.306 3.271 0.956 1.274 73 
18 0314 0.309 0.325 3.078 0.951 1.257 72 
19 0.332. 0.326 0.344 2.904 0.946 1.239 71 
20 0.349 0.342 0.364 2.747 0.940 1.222 70 
21 0.367 0.358 0.384 2.605 0.934 1.204 69 
22 0.384 0.375 0404 2.475 0.927 1.187 68 
23 0.401 0.391 0.424 2.356 0.921 1.169 67 
24 0419 0407 0445 2246 0914 1.152 66 
25 0.436 0.423 0466 2.144 0.906 1.13 65 
26 0454 (0.438 0.488 2.050 0,899 1.117 64 
27 0471 (0454 0510 1.963 0.891 1.100 63 
28 0.489 0.469 0,532 1.881 0,883 1.082 62 
29 0.506 0.485 0.554 1.804 0.875 1.065 61 
30 0524 0500 0.577 1.732 0.866 1.047 60 
3 0.541 0.515 0.601 1.664 0,857 1.030 59 
32 0.559 0.530 0.625 1.600 0.848 1.012 58 
33 0.576 10.545 0.649 1.540 0839 | 0.995 57 
34 0.593 0.559 0:675 1483 0.829 0.977 56 
35 0611 0.574 0.700 1428 0.819 0.960 55 
36 0628 0.588 0727 1376 0809 | 0.942 54 
37 0.646 0.602 0,754 1.327 0.799 | 0.925 53 
38 0.663 0616 0.78] 1280 0.788 0.908 52 
39 0.681 0629 0810 1235 0777 | 0.890 51 
40 0.698 0.643 0.839 1192 0.766 0.873 50 
41 0.716 |0656 0.869 1.150 0,755 0.855 49 
42 0.733 0669 0900 1111 0.743 | 0.838 48 
3 0.750 0682 0933 1072 0.731 0.820 47 
44 (0.768 0.695 0.966 1.036 0.719 | 0.803 46 
45 0.785 0.707 1.000 1.000 0.707 0.785 45 


T T 1 1 
| cos cot tan sin Radians Degrees 








Table B Exponential functions 


TAE d 


0.05 1.0513 
0.10 1.1052 
0.15 1.1618 
0.20 1.2214 
0.25 1.2840 
0.30 1.3499 
0.35 1.4191 
0.40 1.4918 
0.45 1.5683 
0.50 1.6487 
0.55 1.7333 
0.60 1.8221 
0.65 1.9155 
0.70 2.0138 
0.75 2.1170 
0.80 2.2255 
0.85 2.3396 
0.90 2.4596 
0.95 2.5857 
1.00 2.7183 
1.10 3.0042 
1.20 3.3201 
1.30 3.6693 
1.40 4.0552 
1.50 4.4817 
1.60 4.9530 
1.70 5.4739 
1.80 6.0496 
1.90 6.6859 
2.00 7.3891 
2.10 8.1662 
2.20 9.0250 
2.30 9.9742 
2.40 11.0232 


“рг: 





Table C Natural logarithms 


n 0.0 0.1 
0* 7.697 
1 | 0.000 0.095 
2 | 0.693 0.742 
3 1.099 1.131 
4 1.386 1.411 
5 1.609 1.629 
6 1.792 1.808 
7 1.946 1.960 
8 2.079 2.092 
| 9 2.197 2.208 
10 2.303 2.313 





* Subtract 10 if n < 1; for example 











ё" 1 | е 1 

1.0000 2.50 1282 00821 | 
0.9512 2.60 13464 0.0743 
0.9048 2.70 | 14.880 0.0672 
0.8607 2.80 16445 0.0608 
0.8187 | 2.90 18.174 — 00550 | 
0.7788 3.00 20086 00498 
0.7408 3.10 22198 00450 
0.7047 3.20 24533 00408 
0.6703 3.30 27.113 | 00369 
0.6376 3.40 29964 00334 
0.6065 3.50 33.115 0.0302 
0.5769 | 360 36.598 0.0273 
0.5488 3.70 40.447 0.0247 
0.5220 3.80 44Л01 | 00224 
0.4966 3.90 49402 | 00202 
0.4724 4.00 54.508 | 00183 
0.4493 4.10 60.340 0.0166 
04274 | 420 66.686 0.0150 
0.4066 | 430 73700 00136 
0.3867 4.40 81451 . 00123 
0.3679 4.50 90017 0.0111 
0.3329 4.60 99484 0.0101 
0.3012 4.70 109.95 0.0091 
0.2725 4.80 121.51 0.0082 
0.2466 4.90 134.29 0.0074 
0.2231 5.00 14841 | 0.0067 
0.2019 6.00 40343 00025 
0.1827 7.00 1096.6 0.0009 
0.1653 8.00 2981.0 0.0003 
0.1496 9.00 8103.1 0.0001 
0.1353 10.00 | 22026.0 0.00005 
0.1225 

0.1108 | 

0.1003 

0.0907 

02 03 04 05 06 07 08 0.9 
8.391 8.796 9.084 9.307 9.489 9.643 9.777 9.895 
0.182 0.262 0.336 0.405 0.470 0.531 0.588 0.642 
0.788 0,833 0.875 0.916 0.956 0.993 1.030 1.065 
1.163 1.194 1.224 1.253 1.281 1.308 1.335 1.361 
1.435 1.459 1.482 1.504 1.526 1.548 1.569 1.589 
1.649 1.668 1.686 1.705 1.723 1.740 1.758 1.775 
1825 1.841 1.856 1.872 1.887 1.902 1.917 1.932 
1.974 1.988 2.001 2.015 2.028 2.041 2.054 2.067 
2.104 2.116 2.128 2.140 2.152 2.163 2.175 2.186 
2.219 2.230 2.241 2.251 2.262 2.272 2.282 2.293 
2.322 2.332 2.342 2.351 2.361 2.370 2.380 2.389 


‚ In 0.3 = 8.796 — 10 = — 1.204. 
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Basic forms 


1 Judo =w — [каи 


12 fran u du 

















—In |cos u| + C 








2 fut du = Piel wan 13 foot u du = In |sin u| + С 
п+ 1 i 
4 14 [sec u du =1п |sec u + tan u| + С 
u 
з [Z= m]u]+C 
5 15 Jesc u du = In [ese u — cot u| + С 
и чү - 
а [ёйш=е +С dii „ай 
16 f = = sin -+C 
1 Ja? — и? a 
5 Ја а +С 
йи 1 
17 | 5—5 = – {ап !-+С 
6 fsinudu = сози +C сти d " 
du —_— 
7 feos udu =sinu + С ia | 7-3 s=- 5e pE 
иуи — a а a 
8 [se udu=tanu+C du 1 uta 
e em 
a^— u^ 2a - 
9 [ec u du = —cotu +C 4 
и 5 
20 | = – = ln |u + yu? —a?|+C 
10 [sec u tan u du = sec u + C Ju? — а 
11 [ese u cot udu = —escu+C 


Forms involving уа? + и? 


= и m d TEES: 
21 [Né ай du = уа иг + In |u + ya? t iw | C 


4 
=— и zs а 5—5 
22 fee жар йи = 4 (а? + 2u*) Ja? + и? — = ln |u + уа? + и?| + С 

















8 
2 2 [3 2 
а? + и ——— 4 а+ уа +u : 
23 [* — di — Ja* +y* — aln | ———— —— + 
и и 
[n2 2 [532 2 
a+u /а? + и? —— 
24 [= du = —* ——— +1 [и + va? + и? |+ С 
ди —— 5 
25 [— njut уға. 
XQ + и? 
z > 
и? du и 5—5 а? = 
26 | = = Ja? + и? ——In|u t+ Ja? i| C 
уа +u 2 2 
йи 1, |/а%?+и?+а 


27 [——4 == 
ua? + u? “ 


йи 


+C 








u 


Va? + u? du 





и 





C 29 j——3 
2 T Їнэ + и?) 


= р С 


а? уа? + и? 
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Forms involving ya? — и? 


30 fva — и? йи = 


4 
E >: и <a i a xc xw 
31 | u? Ja? — и? du = – (W? — a?) a? – и? +— sin t -+ C 
% 8 8 а 























Га? — ц? ; a+ уа? –и 
32 |" du = уа —u* —al 3 +C 
и и 
Ja? — и? 1 е 
зз | 5 du = == үа? — и? — Ѕіп !--C 
2 2 
u^ du и y x GP 2014 
з | — 2-7-—5404 —w + sin С 
а? — и? 2 - а 
ди I, [ач Ja? — и? 
35 Ї m = 10 * FE 
ua? — и? a u 
du 1 i 
36 | SE 23 а-и + С 
u^ a^ — ц? anu 
i u = За“ u 
37 fe — ц2)3/2 du = — — (Qu? — 5a?) ya? — и? + г sn !--4C 
du u 
зв [—— эх +6 
(а> — и?) д2. /а? — ц? 


Forms involving yu? — а? 
2 


ч гт = a с ET, i 
vu? — а – >In |u + yu? — a? | +C 


39 fv? = а? du = 5 


4 
— u ——— @ ——$ 
40 fee — a? du — даг — a?) i? — а? — 3 In |u + Ju — a*|+C 


2 
уи? — а суу „жй 
41 | tu = а —acos !--C 
u и 


lu? — a /и2 — а? к 
aj du- —3— — nu Ju? — a? |+ С 














2 2 
u^ du и r——— a m 
43 f- Sl a |а и" — a" | ЕС 
ми? эээ а? "t 2 
du fu — а? 
44 Ї = А 4€ 
u?./u? — а? аи 
йи и 
45 Í == pë 
(ar ар а? Jw? — а? 
f u^ du u In | га РҮ, 
46 (u? app ia пји+ ҹи“ – а | + 
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Forms involving a + bu 








udu 
ej-i ar (a+ bu — aln |a + bul) + С 

П 

и? 4и | А ЭГ” à 
48 | sad a [(a + bu)? — 4ata + bu) + 2а? In |a + bu] +С 
| du 1 lá u 

—— = — |t 

ula + bu) а a + bu 
во [4 — а а bu 

u^(a + bu) аи а? u 








u du a 
51 23 ! 
е + Би)? =p (а + (ЖШ ajos |+ 


a + hu 





Ї du a 1 1 А Le 
ula + bu)? аа + bu) а? } 


и 


u? du | а? j 
53 f= = a+ bu — — 2aln |a + bu| | + € 
(а + bhu? p a + bu 





: > 
54 fuy а + bu du = Ts (Зри — 2aya + buP? + С 
u du 2 
55 Ї- : л 3p? (bu — 2u) a + bu + C 
ма + Du 
и? du 2 
56 Ї ET 1583 (8а? + 38242-4аби)уа + bu + С 
уа + bu 





Ја + bu — la Q 
У лайн i +С. їа»0 











du 1 
57 f “— = 
uva + bu 


уа va + bu + ya 


2 la + bu : 
= tan"! J +C, ifa<0 
№ =i = 








/а + bu ore ^ du 
se [У— du=2ya+bu+a | = 
u ~ uya + bu 
a + bu | /а Би b йи 
59 se = ка ШЕ e T Jen. 
u usa + bu 


Е 9 тэн 
60 [г va + bu du = Кёл + 3) С + Би)? 2 — na [v -1 Ja + bu du | 


n 


" f wdu _ 2и" la + bu 2na f wu"! du 


Маж ъи bQn+1) Юп + 1) Ja + bu 





" 1- 4и va + bu b(2n — 3) du 
u^ a + Bu п и! ain — 1) ц ! /a + bu 
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Trigonometric forms 


63 


64 


65 


66 


67 


68 


69 


70 


71 


72 


73 


74 


75 


76 


77 





fsin? u du = iu — 1 sin 2u + C 

feos? u du = іш + $ sin 2u + C 

[тап udu = tan u — u + C 

[сог udu = —со(и—и+С 

нө udu = —4(2 + sin? u) cos u + C 


feos? u du = 1(2 + cos? u) sin u + C 











fran? udu = $ tan? u + In |соѕи + C 
foot? u du = —icot? u — In |sin u| + С 
[sec u du = 4 sec u tan u + 41n |sec u + tan u| + C 
fosc? u du = —$ csc u cot u + $ In | csc u — cot u| + C 
. | п-1 2 
[sin u du = —-sin""! u cos u + — sin" 2 u du 
n n 
1 » : n— = 
Joos" u dü = cos" t usin u+ —— feos" ? udu 
n n 
1 : = 
ftam u du = tan” и = f'tan' 2 u du 
n—1 
exi _ 
[сое ийи = —— Cot”! ú — foot"? u du 
п— 1 
п л-2 п-2 л-2 
[sec u du = т an usec" ^ud |.) see u du 
n— n— 


csc" u du = 





3 п-2 _ 
соси esc"? u ++ — i f ese”? u du 
n— 


sin (а — bu sin (а + b)u 
b =— C 
sin au sin bu du а — b) Xa 4-5) + 





sin (а — bu | sin(a + b)u 
cos au cos bu du — Xa — b) - Xa + b) +C 





COS (a— bu cos(a + b)u 


! 
| 
J 
[зп au cos Би du = —— 6 
J 
f 
j* 





2(a — b) 2(a + b) 


usin u du = sin u — u cos u + C 
u cos u du = cos u + u sin u + C 


и" sin u du = — u" cosu + n jo cos u du 
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85 fu cos u du = и" sinu — n fu" ! sin u du 


сеу 


86 [si u cos" u du 


Inverse trigonometric forms 
87 наг! u du=uü sin! ü+ y1 — u? +C 


88 feos- ! u du = исоѕ и y1 — u? +С 


tule 


89 fran”! udu-utan ' u— 


212 





: 21 I 2 ul —1 
90 fu sin !udu = ———- sin"! u + 
4 4 
p TES 
2u^ — 1 ul — 
91 fu cos 'u du = cos t u — —— — — 
4 4 
= и? + 1 _ и 
92 [ч tan ' udu = -tan y= ot С 


а 1 . "1 
93 fe sin ' udu = g'' sn !- | 
nal 4 


1 4 Ё » 
94 fur cos ийи = u"*? cos”? ua + | 
n+ 1 


n =f | п+ 1 =f 
95 fu tan”! udu и tan ‘и — 
n+ 1 n 
Exponential and logarithmic forms 


Ы 1 
96 | ие du = — (аи — l)e" + C 
а? 


l n 
97 fee du =- We" — fu teat du 
а“ 


ne TEN 
n+m п+т 


ЯНГ” 008" 4 1 
БЭ 


n—1 


In (1 4-12) +С 


edu 


л 
| — и? 


| sin" ^? u cos" 


| n# —1 


5 


u" ^! du 
, nz-l 


/1 ue 


Г u"*! du 


1+u? 


a 
р oe А E 
98 fe sin bu du = 5 5 (a sin bu — b cos bu) + С 
а? + Б? 
» e 1 2 
99 | е“ cos bu du = ———., (а cos bu + b sin bu) + € 
а? +h 


100 fin u du = uln u — u + C 


n1 


И EE a Е А 
101 fu шийи = —— (р [(n + 1) Inu — 1] + ¢ 


1 
102 Їл — du = In |In u| + C 
ulnu 


| п#—1 


udu 


E | sin" u соѕ5" 7 2 u du 
п+т п+ mo 
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Hyperbolic forms 


103 [sinh u du = cosh u + С 

104 [eos udu = sinh u + C 

105 franh u du = ln cosh u + С 

106 feoth udu = ln |sinh u| + С 

107 fsech udu = tan`} sinh u + C 
108 fesch udu = In |tanh ш + C 
109 [sect udu = tanh u + C 

110 fesch? u du = —coth u + C 

111 |е u tanh и du = —sech u + C 


112 [< u coth udu = —csch u + С 


Forms involving y 2au — и? 


б> и-а — a? a— и) 
2 2 ди = 2au — u? os |. : 
113 | /2аи — и? du — 240и — и“ + — cos ( ) + С 


ї 
t 





22 DU он. 50 3 _ 
2и аи — 3a a _,{@—u 
114 | u./2au — u? du = 2üu — и? -F cos ! —}+C 
N N 














6 2 a 
\/2аи — 5 а-и 
115 f^ ьа — Р = 2au — u? + а соѕ 7! ( ) +C 
кк, 4 
9 2 +. 2 2 \ 
/2au — и 2./2au — и _, [а—и 
н [у= 5 du = -5 — cos if J+e 
и? и b ub y 
du .,/4 — w : 
117 f—= = cos | +C 
/2аи — и? a , 
u du — _ _ аи 8 
118 Га = —2au — и? + a cos +C 
Уан — ц? Vw Jj 
? du (и + За) = За? а= и 
119 | кезш V2au — и? + ——cos : +C 
„аи - = 4’ - - а 
du 2au — и? е 
120 ша ee $e 


* ux 2au — и? au 











A Student’s Solutions Manual to accompany this text is available from your 
college bookstore. The guide, by Jeffery A. Cole and Gary K. Rockswold, 
contains detailed solutions to approximately one-third of the exercises as well 
as strategies for solving other exercises in the text. 


ANSWERS TO 
ODD-NUMBERED EXERCISES 


Answers are usually not provided for exercises that require 49 51 
lengthy proofs. 








CHAPTER 1 t 
EXERCISES 1.1 1 
1 (a) —15 (bp -3 и + 


З [а] 4-л =r (15-42) 5-х-3 











6 2 9 3 _ 
9 х d 33 Е : ШИ. | 
19-9 8155 Н ei 13 -2-42 
31 7 
15 (599 17 (12, x.) 19 [9, 19) 21 (-2,3) 
5 55 
23 (-х,-2)5(4, x) 25(—ж,—;|о[!,%) 
(2.1 02.7 301, —2.99 
27 |54 29 (- ю.-1)412,5 31 (—3.01, —2.99) 
9 1 3 9 
5 ? — 1.090€ =- 
33(-x.-2001]]u[—1999, х) 35 | y | 37 5-3] 
39 |a) The line parallel to the y-axis that intersects the x-axis 
at (— 2, 0) 
[b) The line parallel to the x-axis that intersects the y-axis 
at (0, 3) 
(c) All points to the right of and on the y-axis 
(4) All points in quadrants I and IH 
(e) All points below the x-axis 
(f) All points within the rectangle such that —2 < x < 2 and 52 (x — 2 4 (y +3} — 25 59 (х + 42+ (5 
-layl 61 4x+y=17 63 àx—4y— 12. 65 5x 
! "Ма "INN 
5 69 71 


43 ЩА. C = 1А, BY + (В. Cy: area = 28 
45 47 














ЭН 
ЖУЛА 







i5 
a 


ХАН = ^ "i Ч SA. TUR 
SUNY sas 
PANE M TAGEN as NS Or S 2,6 
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л R 
75 [a] | cm (Ы) Capsule: T ст”: tablet: «ст? з3 m ы 
Уб р 
77 4<р<6 79 0<г-= 30 Ae 
1 


71 
273 


4- 





81 [а ОС (Ы (с) 1638 C 


EXERCISES 1.2 


1 —12; -22; —36 
3 [a] 5a —– 2 (b) -5а-2 [с] —Sa +2 
id) 5a + Sh — 2 (еј 5a + 5h— 4 If] 
5 (4|а2-а-3 (ыа +а +3 
() –а2 +а – 3 (d) a? + 2ah +h? —a—h+3 
le а? -h^—a-h«6  (  24-1-1 Ic) id) 
7 All real numbers except —2, 0, and 2 


: Y у 
9 1:44| 44, x) 11 (ај Odd {b} Even (c) Neither 
33 15 
Y \ 
x ү 
BB 
4 
-4-4-4-4-4 i 
\ X 





22 





(е) If) 
17 19 у у 
у у 
1 
4-3-4-4-4-4-4 Юнь 
\ \ 
21 (9) (h) 


ч 








ге уз и оа bd oe 


| 
Ї 
TN 
| 
4 
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A29 





25 27 





29 (а| 15) 





(9 Id] 





31 (ај 24x + 5; 0; x + 5:1 (b) [—5. 00); (—5, оо) 
Зх? бх 1 х2 + 14x Р 2x ‚„2х +10 

(x — 4x + S) (x dix - S'ix—4ix- S x—4 

(b) All real numbers except — 5 and 4, all real 

numbers except —5, 0, and 4 

35 (a x + 2—34/x - 2; [-2, о) 

{ы Vx? — 3x + 2; (—%, 1] v [2, x) — 
37 (a Vx 5—2;[—1,o) (Ь/ух—2+5:[2, =) 


39 [ај 428 —x;[28] (Ы VW V25 — x? — 3; [—4.4] 








33 (a) 














1 
41 [a] - TIT all real numbers except —3 and 0 
x 


6x +4 
* 





; all real numbers except —- and 0 


1) 


Exer. 43-50: Answers аге not unique. 


43 и= х? + 3х, у= и! 45 и=х- 3.у= 
и 


47 и= х — 22 + 5, у = и5 49 и= үх + 4, y = — 





51 791: 5.05 53 V = 4х° — 100x? + 600x 
55 d= 24/12 + 2500 57 la v = Jh? + 2hr (5) 1280,6 mi 
59 d =. 90,400 + x? 


bh 
61 [ај ү = 
а 








S cd 2 20€ 
5 (b) V = = а? + ab + b?) (с) ЕЕ ft 


EXERCISES 1.3 
5л 27 5л n 

тас yd a- 

з (а| 120 (5) 150 (с) 135 (d) —630 


20x 


5 9 


7 х= 8.р= 43 


Exer. 9-16: Answers аге in the order sin. cos, tan, СОЇ, sec, ese. 





43932433 (13 1 3121 13 
$'5'43'43 13713 127 5 *12* 5 
uos 3 a5 3 
ys 4 34 8 
7 25 ER 53 53 
del E TE ИЕ ИЕ. 
433 «33 4! > 7 
vl —sin? 0 1 
17 (а) cot 0 = ——————— (b) sec 0 = 
sin 0 м1 — ѕіп? 0 
кезү ; sec? 0-1 
19 (a) tan 0 = sec 0 — 1 [b] sin 0 = E at 
sec 0 
Exer. 21—26: Answers are not unique 
21 4cos 0 23 ып 25 ып 
3 2 3 E 
27 (a) — [b — 29 fa) —— 18-43 
31 la] —2 — (b) 
v3 
33 [a] 15) 





35 [a] 19) 
у 1: 
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37 (а) Ib) 71 -027,04 
| V 1! 
| | Т 
| | Т 
| | SEU | 
Wi | 1 
| | 1 | m 3 
| | | | | = 
Т T p 
| 7 | \ as 
| ^ i 1 
| | | 
| | | | 
| | | | 
! | | | 
CHAPTER 2 
Exer. 39-42: Answers аге по! unique. 
5 EXERCISES 2.1 
39 u= ian? x +4, v = уш 41 u=x +z y = secu 
DNE denotes Does Not Exist. 
fix +h)— fix) | eosix 4 А) — cos x 
43 — шш E 
h h 3 
_ Соз x cos h — sin x sin h — cos x 1-1 3 4 8 7 7л 9 —3 n x 
Е Л 1 ^ 
_ Cos х сох Й — cos x. sin x sinh 13 4 15 g 17 32 19 2x 21 12 
Е һ һ 


23 DNE 25 (a) – 1 (b) ! (c) DNE 
= сох (— -— — sin (X =| 27 (a) DNE [b] -6 — (d DNE 
; : 29 (a) DNF [b] DNE (c) DNE 
31 (3) 3 (ЫІ (| DNE (d2 (е2 (2 





Exer. 45-54: Турса! verifications are given 33 [ај | [b) ! (c) ! (4) 3 le) 3 (f) 35 
35 [a] ]  (b)O (ce) DNE (а!  fejO sf] DNE 
45 (1 — sin^ 001 + tan? 1) = (cos? r)(sec? 1) 37 (a) DNE (5) DNE (c) DNE (4) DNE (еј 0 
(cos? (1 cos? n = 1 If) DNE 
ax EU Om IL (cL 39 (a —! (b -! 0-1 (dg) DNE (ер! 
p eran? sect?) — Dcos? 0 sin? n мад "| DNE 
с 270 [1 
49 LUCR - cot fi 25, 4 SEX —cot fi 
see fl жей кей 41 Y (à 0  (b3 ( DNE 
— cos Ji : А 
cas fi + inf cot i = cos f 


51 sin 3u = sin (2u + u) = sin 2и cos u + cos 2u sin u 
= (2 sin u cos u) cosu + (1 — 2 sin? u) sin u 
= 2 sin i cos? и + sinu — 2sin? u 
= 2 sin u(1 — sin? u) + sin u — 2 sin? u 
= 2 sin u — 2 sin? u + sinu —2 sin? u 
= 3sinu — 4 sin? u = sin u(3 — 4 sin? ul 
53 cos? Ls (cos? ey = ( 1 cos 0 | 


3 





ttt 





| + 2 cos 0 + cos? 0 





| 
| 


4 
4 
шинэ AER iu 43 (а|2 (2 (2 
=4 5 С05 ra 3 | 
ax d 11 
ус “yc 2 
3 + у C080 + Т +0520 
35, | | 
=- +—cos (+ - cos 20 
8^2 8 
т йл 5 
55 B + тп, Т1 + zn, where n denotes any integer 
п 5л Зл л Sr 2л 4л 
57 -,—. 59 -,- 61 0, я, —, 0. л 
0 60-23 4 4 1 1 63 


65 214 20, 325 40 67 70 20°, 250 20' 69 153 40 206 20' 
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(2 (2 (с? 





0.15х if x < 20,000 
0,20х — 1000 if x > 20,000 
49 (a) 245, the g-force at liftoff 
15) Left-hand limit оѓ the g-force just before the second 
booster is released; right-hand limit of 1116 g-force 
just after the second booster is released 
(c) Left-hand limit of 3. the g-force just before the engines 
are shut down: right-hand limit of 0— the g-force just after 
the engines are shut down 


47 (a) Tix) = | 


15) 53000: $3000 


Exer. 51-56: A calculator cannot prove results on limits. It can 
only suggest that certain limits exist, 


57 (a) Approximate values: 1.0000, 1.0000, 1.0000; — 1.2802, 
0.6290, — 0.8913 
(5) The limit does not exist. 


EXERCISES 2.2 
1 (a) ши!) = К means that for every € > 0, there is a 


pe 
à > O such that if 0 < |t — c | < à, then | v(t) — K | < €. 
(b) lim v(t) = K means that for every є > 0, there is а 
гэг 
ô > 0 such that if t is in the open interval (c — 6, c + ó) 
and t # c, then v(t) is in the open interval (К — є. K + €). 
3 (a] lim д(х) = C means that for every є > 0, there is a 





хэр 
à > 0 such that if p — 6 < x < p, then |gix) — € | < €. 
(Ы) lim g(x) = С means that for every є > 0, there is a 


г 
ô > 0 such that if х is in the open interval (р — à, p), then 
g(x) is in the open interval (C — €. C + є). 
5 (a) lim f(z) = N means that for every є > 0, there is a 


гэг 
à > Ü such that if 1 <z <r + д, then | /(:)— М|<є. 
[b] lim f(z) = N means that for every € > 0, there is a 


г-417 
à > О such that if z is in the open interval (t, t + ò), then 
f(z) 15 in the open interval (N — e, N + €). 
7 0.005 9 4161-4 11 | (3.9)? — 16| = 0.79 
13 Given any є. choose д < €/5. 
15 Given any e, choose 6 < €/2. 
17 Given any e, choose д < €/9. 
19 Given any e, choose 6 < 2e. 
21 Given any e, let д be any positive number. 
23 Given any e, let д be any positive number. 
31 Every interval (3 — 6, 3 + 6) contains numbers for which the 
quotient equals | and other numbers for which the quotient 
equals — 1. 


33 


35 


37 


39 


41 


A31 


Every interval (—1 — 6, —1 + д) contains numbers for which 
the quotient equals 3 and other numbers for which the 
quotient equals — 3. 

l/x? can be made as large as desired by choosing x sufficiently 
close to 0. 

1/(x + 5) can be made as large (positively or negatively) as 
desired by choosing x sufficiently close to —5. 

There are many examples; one is f(x) = (x? — 1)/(x — 1) if 

x * land f(1) = 3. 

Every interval (a — д.а + 6) contains numbers such that 

f(x) ^ 0 and other numbers such that f(x) = 1. 


EXERCISES 2.3 


69 


7 





115 3-2 58 7 : 98 no 

13-13 15 5¥2-20 17л-31416 19 —23 

2 -7 23 DNE. 25 4 27 i 29 2 
72 1 3 
дег "m, ; = нв, rod 

31 7 зз 2 35 2 37 8 39 € 

41 810 433 451 47 : 

49 [a] 0 (b) DNE ic) DNE 

51 (0 — (b)O (0 

53 (—1)" *(-1) 

55 0:0 АУ 





57 (а)п—1 (5) n 59 [ај n (b) n+ 1 
65 Hint: Let g(x) = cx?. 
67 Because Theorem (2.8) is applicable only when the individual 


: : = у А 
limits exist, and lim sin = does not exist 


x0 
(ај 0 
(b) If T < —273 C, the volume V is negative, an absurdity. 
(ај DNE (b) The image is moving farther to the right. 








АЗ2 





EXERCISES 24 


1 qa] =% — [bx (е) DNE 
3 [a c |b) x (МЕ 
5 [a] —x (b) – 2 lc) — х 
7 [а] = (b) <= (4 DNE 

5 7 
9 [ај x (5) = (с) 2 115 3 =; 
15 0 17 7 19 х 21 | 23 DNE 


25 0.996664442. 0.999966666. 0.999999666. 0.999999996: 
the limit appears to be 1, 

27 х=—2,х=2;у=0 29 None; y =2 

31 х=—3,х=0,х=2у=0 

33 х=—3,х= у=] 35 x24 y=0 


Exer. 37—40: Answers are not unique. 


37 39 











41 (а) V(t) = 50 + 5t; A(t) = 0.51 [b) c(t) = (20107 + 100) 
() c(t) approaches 0.1. 


EXERCISES 2.5 


1 Jump 3 Removable 5 Jump 7 Infinite 
9 Removable 11 Jump 13 Removable 


15 Removable 17 Removable 

19 lim f(x) = 12 + 3 = f(4) 
х-4 

21 lim f(x) = 19 = (2) 
х-+-2 V2 

23 | is not defined at —2. 25 lim f(x) = 6 #4 = f(3) 

x3 

27 lim f(x) = 1 2 0 = f(3) 29 lim f(x) = 1 40 = f(0) 

x3 x0 


31 —3,2 33 —2,1 
35 114 <с< 8, lim f(x) = yc —4 = fio. 





lim f(x) = 0 м f(4) апа lim f(x) 2 2 = f(8) 


до 4? 8 


3 
37 Ife > 0, lim f(x) = i = fc). 39 ixx *-—1. l 


305 
41 | 5) 43 (-х.-1) u (1, 20) 45 ix:x ж —91 
47 ix:ix 40,1} 49 [—5. -3] v [3. 4) о (4. 5] 

51 exis | 53 {х:х Æ 2лп} 55 c= iw—1 


1) 
+5v4wt+l 





57 c= 


| 
2 


59 /(0) = —9 < 100 and f(10) = 561 > 100. Since f is 


continuous on [0. 10]. there is at least one number a in 
[0. 10] such that fia) = 100. 
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61 (35 ) x 9.79745 < 9,8 and 040 | = 9.80180 > 9.8. Since g is 
continuous on [35 , 40 |, there is at least one latitude 0 
between 35 and 40° such that g(@) = 9.8. 


2.6 REVIEW EXERCISES 











1 13 3 —4-,/14 54 А 9 х 
" А 3 
13 —] 15 44 17 3 19 2 
210 23 — x 25 —x 
27 (a6  (b34 (d DNE 
29 AY (а — (b) —! 
T 11 
1 (| DNE 
27 Т \ 
4 
LL 
4 
31 \ lal! [b] 3 (c) DNE 
4 5 o— 
х 
33 Given апу e, choose à < € 5 35 +4 37 0,2 


39 R 41 [—-3.—-2)0(-2.2) 0 (2, 3] 
43 lim f(x) = 7 = f(8) 


xc 


CHAPTER 3 





EXERCISES 3.1 


1 fa) 100 — 4 (6) у = 16x — 20 
3 (a 3à (Ы) y = 12x — 16 
5 (ај 3 (b у=3х+2 











ANSWERS TO ODD-NUMBERED EXERCISES АЗЗ 
7 (а) i. (9 y 3(|a]38 --1 ЫЕ (фу-4х-2 (ај None 
2 Va : 5 (ај 9 (b) & ic) y 29x - 2 (d) None 
(b) y=-x+1 7 ME. ib) R [у= 37 (а) АП : 
9 (а) — (b) (— 20, 0) o (0, ©) (с) у= 6х +5 
(4) None 
s 11 (aj ES 15) (0, эс) (J y= 55% +9 
(4| Мопс 
13 18х7: 90х°; 360х7 — 18 6x7 1 — 2x74; 1-79 
17: 362719 19 0 
9 (a) —5; 21 (а) No. because / is not differentiable at x — 0 
» (b] Yes. because f’ exists for every number in [1, 3) 
(0) у= —-х+1 23 (a) Хо (Ы) Yes 25 (a) Yes (b) No 
27 (а) Yes [b] Yes 29 (a) No (b) No 
31 f(—1) 5 1. /'(1) = 0, /(2) is undefined, /13) = —1 
33 The right-hand and left-hand derivatives are unequal 
ata = 5. 
35 The right-hand and left-hand derivatives are unequal 
at a = 2. 
37 ix: #0} 
11 (ај (Ы (3. 9) 
39 (x: x €$— 1] 





13 In cm/sec: (a) 11.8; 11.4; 11.04 (b) !! 


15 In ft/sec: (a) —32 [Ы —32y10 
17 (a) Creature at x = 3 (6) No hit 


200 
19 (a) 65 (bó 21 (ајр, -—7; — 1-2 








23 AY (a) —1 
15) — 0.9703; —0.9713 
+ 
41 f is not differentiable at +1, +2. 
»»- 
x 
4 





25 In ft/sec: —0.06864; —0.06426; —0.6382 


EXERCISES 3.2 


1 (a) —10x+8 [b] R (d) у= 18x + 7 
(4 26) 
ta) (5-3) 














АЗ4 





49 (а) 1, = 2zr (8) 100017 
51 (a) The formula gives an approximation of the slope 
of the tangent line at (a. f(a)) by using the slope 
of the secant line through P(a — h. fla — h)) and 
Ola + А. fla + h)). 
(b) Subtract and add f(a) in the numerator and consider 
two limits. 
(с) — 2.0406: — 2.0004; —2.0000 (ај —2 
53 (а) 532 ft/sec [b) 88.3 ft sec 


55 xx —07 E 





EXERCISES 3.3 





4 
1 10:723 3 —205` + 185—1 5 6x c Lx? 
2 Sisson у ИОТ › 
7 10x* + 9x? — 28x 9/239 18 251 
11 18% — 212 +47 13 416х° — 1952 + 64x — 20 
23 —272 + 1224 70 бг? 
15 : 17 mE a 
(3x + 2)? {2 —9:)7 (e? dy 
41 +10 1+ 2v + 3x7 14х 
30731 — 5) (Lxx (x? + 5)? 
27 2-2 29-13 31 10(5х—4) a = 
^ Q8 817 4: (5r — 4)* 
21)? — 201 6 > 4+ 6 1 
IU TM E ДЫН. -(óx $ 
зс ч 37 2-5-5 39 s(6x—5) 
5 3х+2 
41 2.3. 4304 45 —5.3 47 — — 
m 
4x —3 2 4 13 
yor 25 51 ; 53 y2Tx4- 
LEE test E 5 5 
2 4 1 8 
52 
55 fa) — -10 5 -5;). (1, 0) 


59 x=0 \ 


61 In (ес: fa) 4.10.18 (Ы) 65 — 63 — 
65 y 2x — 1, y = 18x — 8I 

| | 
67 (a) | (b) —3 (с) —4 (a) 11 lel 735 ШИ 





ANSWERS TO ODD-NUMBERED EXERCISES 





! 
4 
73 (8x — DG? + 4x + 7)(3х?) + (8x — 1)(2х + 4x? — 5) + 


69 (4|-4 (b)! (d —0 (а) 


B(x? + Ax + 7) (x? — 5) 


75 x(2x* — 5x — 1)(12x) + x(6x? — 56x? + 7) + 
(2x? — Sx — 1)(6х2 


1 r : ! 
77 (а| 4 em min [b] 36z ст" min (с) 12л ст" min 
79 |n cm?/sec: {а} 32007 (Ы) 64007 (с) 9600z 


81 (ap l0! — (bj АУ 
AH 








[c] 1:1, is nearly parallel to the tangent line, but /, is not. 








EXERCISES 3.4 
1 —4sin x 3 5 сѕе yl — v cot v) 
: Ü cos 0 in 0 
5 12 5іп г — 2t cost + 1 7 шэн, - 
9 rit cost + 3 sin t) 
11 -2х ese? x + 2 cot x + x? sec? x + 2x tan x 
2sin = + 
13 —— 15 —csc x(1 + 2 cot’ x) 
(1 + cos 217 


17 —x esc? x — esc? x + cot x — ese x cot? x 


е НЕК 
sec x + x^ sec x — 2x tan х 





19 —sin x 21 23 —csclr 


(p 
25 -—cosx — sin x 27 sin ф + sec ġ tan ф 
э у-42-4 к= 2e — [-1) 
a (5.2) (2--43) эз (5.22) 


35 (a) s + Inn, 4 -2:38 (/|у-х-2 
S] 


37 (а) at 2zn, 27 Элл (b) 1-4 = ү у(х - z) 


39 x = 0.9, 2.4, 3.7 \ 


л 5л 
41 at 2лп, аы. 2xn 43 (16. 96) 


h 


45 (a) —sin x; —cos x; sin x: cosx (b) sinx 





ANSWERS TO ODD-NUMBERED EXERCISES 





47 2sec? x tan? x + 1) 


(= х | {sin хД — sin x} (соз vicos v) 


49 D, cot x = D, 





sin x sin? x 
lisin? x + cos? x) | › 
. == 4 -06506-Хх 
sin? x sin? x 


51 р, єп 2x = D, (2 sin x cos x) 
= 2[sin x ( —sin x) + cos x eos x] 


> : 
= J(cos? x — sin? x) = 2 cos 2x 


EXERCISES 3.5 


1 (а) (dx — 4) Ax + Ах): (4х — 4) dx (b) -0.72; — 0.8 
AN) Ах А 2 


(2x 4 





3 р) хх Ах" ' -ud 
(b) — 7 = 001925; —1 = — 003 
363 45 
5 (a) —9Ax (Ы) -9dx (90 
7 (а) (6х -51Ах-- МАХ”? [bp (6x + S)dx (е) —3(Axy? 
AN ! (Ay 
= vin + An) fbl зүв lc) vin + Ах) ы, 394 
13 0.92 15 180 17 2.12 


19 (a) With h = 0.001. v = —098451 — 027315(x — 2.5). 

[b] — 1.011825 (с) — 1.011825 

(9) They are equal because the tangent line approximation is 

equivalent to using (3.31). 

21 +002: +2% 23 +004; +4", 
27 +45", 29 +0.06 
31 -192zin? = +603 іп.2; 400075: 40,759, 
33 30 in.*: 30.301 in." 
35 3301.661 12: 11.464 (2: 0.00347: 0.347", 


25 LI 


1 
37 т em x 0.00627 ст 39 -1ст 41 AU", increase 


5.27 x 4 
43 "M db = 0.274 Ib 45 + f= +035 47 +019 


49 Hint: Show that r dp = = аг. 


51 dA is the shaded region. AA – dA 
As 
^ 
SS 
D As 


EXERCISES 3.6 


1 6x*(v* — 4) 5 6x sec? (3x?) 


зх — 2)" 
7 Xx? — 3x + 8x — 3) 9 —408x —7) ^ 
xt 41 er. - : 

ЇЕ nl 13 S(83* — 202 + x — 70A? — 4x +1) 


(e - 1° 


15 
17 


19 


23 


29 
33 
35 
39 
43 
45 


47 


51 


55 


57 


59 


87 











A35 
17.000( 17r — 5)” 
6х — 782 + 91683 — 12x + 8I) 
~ ys 1 4 4 
12 2-7) (= +=) 21 8r*(8r + 27) 275 
34-9 6(3 — 2x) 

—Sp'(p* — 32)7 5 ae — 

Ul ) 25 TUE lax? a 9)? 
эх eos (x? + 2) 31 15 cos* 30 sin 30 
4(2- + 1) sec (22 + 1)? tan (22 + 1° 


37 —6x sin (3x?) — 6 cos 3x sin 3x 
41 2z cot Sz — 522 esc? 5z 


(2 — 38?) esc? (s? — 2s) 
—4 ese? 2 cot 20 











2 tan O sect (7 + 3 tan? 0 sec? 0 
25(sin 5х — cos 5хү{соѕ 5х + sin 5x) 
> > 4 
9 cot. (3w + 1) esc? (3w + 1) 49 
I- sn4w 
, cos х CON X 
6 tan 2x sec? 2x (tan 2x — sec 2x) 53 = —— 
дух 2\smx 
Neos. 3 — Ni хіп 3- %0 
уд - 0 
А ; x tan yx? 4 1 
хѕес v + 1 мын 
vx* +1 
3жсу4х + 1 tans ds F1 éi 3 esc? 3x cot 3х 
vax 4 1 v4 + esc? 3x 
n d " Р 1,3 
(a) у — 81 = 864(x — 2); y — 81 —(¥—2) (Biz. 1,5 
Ё y 864 г = 
fa) у= 32:х | 19) +1 
I л 2R 
= бх; у = — а EET 
(ај : m 6 15) 373 
1 9 ^ 4. 1*5 5 
: 71 20047 + 71%: 320047 + 77 


N34 112° ao IPE 
1 


75 4 


3 sin? х cos х: 6 sin x cos? x — 3 sin? x zd 


IK dv 4 
Эх = mt 79 —0.1819 Ib see 81 —4; 15 


= 85 491 

(a) Hint: Diflerentiate both sides of f(— x) 
the chain rule. 

(b) Hinr: Differentiate both sides of f(— x! 
the chain rule. 


1(х| using 


— fix) using 











iM sadit 
89 (aJ т -11 644 OYL ; (6) 7.876 cm. month 
91 (a) 60z ст": - 1.508 cm? (b) + 0.8", 
EXERCISES 3.7 
? _®х 3 E , 29 10x 3 ly 
D E^ Зу” х + Ху үх 
-4 
g СХЕ" / 11 E. 1 
Y б хіп Хүсох 3у-1 3sn6y — 1 
— y Cot (Ху) ese (ху! соз | 
13 Ы 
| x eot (xy) esc (ху) xsin y+ 3) 
EINE 2 
17 хайна, 19:35 21 -1 234 
4yysin Y — cos y ? 
36 1 2x 
os дэ „= ERA. 
25 33 27 —2n 29 ap 31 3 
а 35 An infinite number 37 None 


(l cos yi 











АЗ6 


x Иб<х<с 
39 Let TE a ; ing 

— Vx 
43 [a] 1.28 


for any c > 0 
if x c 


41 0.09 (b) c x 1.25 


EXERCISES 3.8 


4 24 

= g x 
Ы 15 ads 17 
X 


11 © 20707 ft/min 
9л 


1 60 
9 0.152 = 0.471 cm?/min 


13 -143 = —6.9 ft/sec 15 11 ft/sec; 20 ft/sec 











17 —7442n = —23380in3/hr 19 ft/sec 
sx N puce А 15 A : 
21 5 in.*/min (increasing) 23 32 v3 х 0.81 ft/min 
42 
25 ——— x —0.2149 cm/min 27 n m/sec 
51/5 
29 ll. 0006875 ohm/sec зт 1227 = 0.038 ft/min 
1600 AN ine HAREN 
33 64fUsec 35 70652). 353.6 mi/hr 
Vv 10+ 32 
27 ‘ 10,0007 : 
37 “ны — 0.3438 in./hr 39 1355 232.7 ft/sec 
41 16% = 0.54 іп.2/тіп 
аз 2640000 ~ 6215.6 ft/min = 70.63 mi/hr 
180,400 
as 0" пес = 7140 mi/hr 
. 17540 _. 
47 Ground speed is "s dt mi/hr. 


de 2, dii 
49 (a) w “ = gr(1 + sec? 0) < 
dt dt 











(b) 20 PE g tan 0(1 + sec? 0“ 51 19.25 mi/hr 
4! 4: 
3.9 REVIEW EXERCISES 
ЭР 24х 1 
1—5 з 6х2 — 7 5 ———— 
(3x? + 2)? Vor + 5 
э 72 – 2) 20 MÁx н | Arr?) 
727 — 42 + 3/74 (3x? — 1) (—r1?p 
12 1024s(2s? — 1) (18s? — 27s + 4) 
t S(3x 4217 ын (1 — 9855 
17 Xx5 + 1)*(3x + 2) (33x* + 20x5 + 3) 
4 
19 (9s — 1)108s? — 1395 + 39) 21 12x + 5-4 
х 3x 
23 -53 25 — sin 2r 
2y(2w + 5)(7w — 9)? y1 + cos 2r 
27 12x? sin 8x? 29 5 ѕес x (sec х + tan x)? 
ә 
2 2x — x esc? 2 —— À 
31 2x(cot 2x — x csc^ 2x) 33 13 cor28 


_ (cos Vx — sin УхР(сов Vx + sin Vx) 


Vx 





ANSWERS TO ODD-NUMBERED EXERCISES 


ese u (1 — cot u + csc u) 








37 —— —— d — 39 10 tan 5x sec? 5x 
(cot u + 1) 
3 (5/9 sec? 247) 4xy2 5x? 
” tan? (Sj ) sec (S8) 43 ху. 1 : 45 -- t: 
р? 12y* — 4x*y vx(3vy +2) 
cos{x + 2y — у? „9. tuuc 70 
” 2xy — 2 cos (x + 2y) е pepe уе PU 
72 lin 
51 12 + тп, 12 + лп 
2 1 3 
53 1557---12303---1314--- 
vx ух? 24/x* 
Sy – 4ху — x?) 40 
- (y — 2x)? ~ (y 2х) 
57 (а) 6x Ax + XAx? (Ы) 6x dx (c) — 3(Ax)? 
59 -00643 = +0.104іп,2; +1.5% 61 —0.57 
10 
63 (42 Ы) 9 –14 (2! е — 
19 
If) ET 
65 (a) Vertical tangent line at (— 1, —4) 
(ы) Cusp at (8, — 1) 
68 1 5 2 
672 вә 88 пар ni mpmi 73 “= -2 
5 6 dv t 


75 (a) h(t) = 60 — 50 cos is! 15) 10.4 ft/sec 


CHAPTER 4 


EXERCISES 4.1 


1 Maximum of 4 at 2; minimum of 0 at 4; local maximum at 
x = 2,6 < x < 8; local minimum at x = 4,6 <x <8, x = 10 
3 (a) Min: /(—3) = —6; max: none 


(b) Min: none; max: /(-1) = : 


(c) Min: попе; max: f(—1) = 


tajn w 


(9) Min: f(1) = -i max: /(3) = 6 


(a) Min: /(2) = —2; 
шах: none 

(6) Min: none; тах; none 

(c) Min: /(2) = —2: 
max: none 

(4) Min: /(2) = —2: 


max: f(5) = 


„ө | 





7 Min: f(—2) = f(1) = —3; max: f(—3) = /(0) = 5 
9 Min: /(8) = —3; max: /(0) = 1 11 Н 13 -2,5 





> + у153 15 5 
2 + „Ж2 „тэ 
15 17 44 19 Š E 21 0,— 2 
2 4 
23 Мопс 25 nn, = + 27n, s: + 2лп 





ANSWERS TO ODD-NUMBERED EXERCISES 


27 


29 = 


31 
35 


37 


39 


41 


43 


45 


47 





n $n an 
— + 2лп,— + 2nn. 
6 б 2 


+ 2nn 


n 
+ Inn 


тп 33 Мопс 
0, x kr — 1 fork 1,2,3,... 


| 2 j i 
(a) Since f'(x) = x 7 35110) does not exist. If a 3 0, then 


f'(a) # 0. Hence 0 is the only critical number of f. The 
number /(0) = 0 is not a local extremum, since f(x) < 0 
if x <0 and f(x) > O if x > 0. 

[b) The only critical number is 0, for the same reasons given 
in part (a). The number f(0) — 0 is a local minimum, since 
f(x) > 0if x #0. 

[a] There is a critical number, 0, but /(0) is not a local 
extremum, since f(x) < f(0) if x <0 and f(x)  f(0) if 
x » 0. 


Ib) y 


[c] The function is continuous at every number a, since 
lim, +4 f(x) = fla). If 0 & x, <x, < 1, then f(x) < fix) 
and hence there is neither a maximum nor a minimum 
on (0, 1). 
(а) This does not contradict Theorem (4.3) because the 
interval (0, 1) is open. 
[а] If f(x) = cx + d and c 40, then f'(x) = c # 0. Hence 
there are no critical numbers. 
(b) On [a, b] the function has absolute extrema at a and b. 
If x = m is an integer. then /"(m) does not exist. Otherwise, 
f(x) = 0 for every x £n. 
If f(x) = ax? + bx + c and a #0, then f'(x) = 2ах + b. 
Hence —h/(2a) is the only critical number of f. 
Since f'(x) = nx" ^! , the only possible critical number is x = 0. 
and f(0) = 0. If n is even, then f(x) > 0 if x # 0 and hence 0 
is a local minimum. If n is odd, then 0 is not an extremum. 
since f(x) < 0 if x <0 and f(x) > 0 if x 0. 


у = y" (nis even) у = x" (n is odd) 





49 


51 





A37 


Min: /(0.48) = 0.36; 
max: f(—1) = f(1) —2 


e 





—2.41. — 0.92. 0.41. 1.41 





EXERCISES 4.2 


37 


41 


3 2 22 2 
s 3 5 0 7 73 9 

f is not continuous on [0, 2]. 

f is not differentiable on ( — $, 8). 15 2 
104/1) 022 192 22 


3 
The number c such that cos c = 2/л (c x 0.88) 

f(-1) 9 fil) = 1. fx) = Lif x > 0, f(x) = —1 if x < 0, and 
/'(0) does not exist. This does not contradict Rolle's theorem, 
because / is not differentiable throughout the open interval 
(—1. 1). 

Hint: Show that c? = —4. 

Hint: Let f(x) = px +q- 

Hint: If f has degree 3, then /"(x) is a polynomial of degree 2. 
Let x be any number in (a, b]. Applying the mean value 
theorem to the interval [a, x] yields f(x) — fla) = 

Й'(с\(х — a) = Oix — a) = 0. Thus, f(x) = f(a), and hence f is 
à constant function. 

Hint: Use the method of Example 4. 

Hint: Show that dW/dt < —44 |b/mo. 


0.64 
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EXERCISES 4.3 9 Min: f(—1) = —3; 
increasing on [—1, 22); 
nae Fl at Lu dms ) decreasing on (— x, —1 
1 Max: f( a) = 46° Ё 1 
: : 7 
increasing on ( -90,-д | 
x 7 
decreasing on | -g 2 | 


























7ү 441 49 2-2 
11 Мах: f(-) = 3 — + 2 = 42.03: min: f(0) = f(7) = 2; 
А : 5 548 4/ 16 ү16 
3 Мах: /(-2) = 29; min: f|) 5-5: : 7 
: + increasing on |0, 4 and (7, æ); decreasing on ( — x, 0] 
5 5 
increasing on (— ж, —2] and | =, @ I decreasing on | 2, | 7 
L3 3 and | „7 
4 
y 
10 
+t- titt 
5 х 
5 Max: f(0) = 1; min: /(—2) = f(2) = — 15; increasing on 
[—2,0] and [2, эс): decreasing on ( — x, —2] and [0,2] 13 Max: f(0) = 0: min: /(—-/3) = IKB = —3; 
AY increasing on |-43,0| and [4/3. >): decreasing on 
Е 8 (~, —N 3] and [0,3] 








M 





4 








nh 
+ 
Ї 
Ї 


(3\ 216 7 : : 
7 Мах: fi: | — = 0.35; min: /(1) = 0; increasing on 


( 3 : 
-- Dis , 
5 5 








3 
and [1. >); decreasing on | : 
[ Ё 15 No extrema; increasing on ( — x. —3] and [3, >) 


Y 




















en 





19 Mas: ri 3 







интихо on 


he 





41 i [a Mas; ft хт ИЗ 
fb} inzreasiiig on 
ЛЭ он 
decreasing on 


мн 





l increasing on 





43 Max iaa x QAE 
инша з x 049 








dnd , PN 1 x 
ix REA: mini i43 o 6.3 
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EXERCISES 4.4 7 Since f/"(0) = —4 < 0, f(0) = 1 is a maximum; since 
(1-820, f( 41) = 0 are minima; CU on 
: » 1 Ji 31. А rf / Л Л 
1 Since /7| | — —2 «0, f/(.] = .. is a maximum: since cm om Mis 1 ) a - Ж. M 
(5) (5) 27 | (—, Мз) and NES x]; CD on ( 45-43) 
ТИ СЛОВЭ iis ves 2 Sin 
f['0) = 2 > 0, f(1) = 1 is a minimum; CU on (5 7 | CD on Re SOC ee n 


td 
2 s . 2 
( —5. 3: x-coordinate of PI is T 


p 





ЕЕ 





9 No local extrema; CU on ( — ос, 0); CD on (0, æ); 
x-coordinate of PI is 0 


3 Since /"(1) = 12 > 0, fil) = 5 15 a minimum; 


брон ea. 0i nd (5, x |: СО оп (0.2): 


" 
x-coordinates of PI are 0 and Y 








11 Since r| -1| «0, Л(-3) >= 7.27 is a maximum; 


- FHH 


since /7(0) = 0, use the first derivative test to show 


++ 





that /(0) = 0 is a minimum; CU on (2, © ); 
2 

5 Since /"(0) = 0. use the first derivative test to show that CD on (— x, 0) and (0,5); 

f(0) = 0 is a maximum: since f" ( 2) - 96 » 0, x-coordinate of PI is 5 

f(x) = —8 are minima; CU on | — о, - В) апа 


| fs. x |; CDon | — NE: ў 
WS 


VS' V5, 


Y 6 
x-coordinates of PI are + Js 





13 Since /"(0) < 0, f(0) = 0 is a maximum; since 


г(7) 0, ($) = — 1.82 is a minimum. Let 
20 — 54/2 


› 5 
a= = 0.92 and b =——_—_ z 1.93. 














andin. wb CD imn t s.at and i й 


5 





and h. 








"s 3 


= €i 





«FAS ini: minimum: 
ЕС anid. dx 


rand 4, 





coordinates of PE 


are ag aud b. 









ffs in 


15) cb Н 


41 


мисс f 


21 Since 


ximum; 





sine Р 
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43 





EXERCISES 4.5 


1 No extrema 


3 Мах: /(5+ 24/6) х 1.05; 
min: /(5 — 24/6) x 5.95 


5 Max: f(12 — 24,30) = 025; 


min: /(12 + 24/30) x 2.93 


7 Min: f(0) = 0 





(a] CU on (0, 3) 
(b) No PI on (0. 3) 
























9 Min: /(4) = 4 


11 No extrema 


13 No extrema 


15 Max: f(—2)= —4 
min: /(0) = 0 


17 Max: f(—3+y 5) 1.53; 


min: f( —3 — 45) = 1047 





Ї 

















ANSWERS ТО ODD-NUMBERED EXERCISES 








; 3. py: 
19 Max: f(8) ==: PI: (16,55) 





3 
21 Max: f(1) ==; 
min: /(—1) = 


PI: [ +3. £23 . (0, 0) 


23 No extrema; 
PI: (+3, 6) 


25 





1-4 





ttt 

















HHHH 








A43 
33 35 
ұ 145 
н 
| 
| 
| 
+ | 
| 
7T Y ч \ 
i 
| 
(4 
i+ 
1, 37 39 (b) 








HHH 














(а) CU оп ( —0.43, 2); 
CD on(—2. —0.43) 
19) —0.43 


EXERCISES 4.6 


1 Side of base = 2 ft; height = 1 ft 


К 1 
3 Radius of base = height = : 
Un 


5x- 166: ft: y = 125 fi 
7 Approximately 2:23:05 р.м. 9 5у5 = 11.18 й 


11: Length = 24 300 = 13.38 ft: width => 9 300 10.04 ft: 


height = à 300 = 6.69 ft 


- 4 ! > é х 
15 55 17 Radius = = V I5: length of cylinder = 24 15 
| | 5 B 

19 Length of base = «2a; height = 2434 21 T na 


3 9 Р 
23 (1.2) 25 Width = — a: depth === a 27 500 


3 3 











А44 


36.3 








29 |a) Use "X" z 16.71 cm for the rectangle. 
+ уЗ 
(b) Use all the wire for the rectangle. 
ә Я - 3 
31 Width = —2.— = 281 ft; height = 2— ©? 1781 
— N3 6- /3 
35 37 37 18 in., 18 in., 36 in. 
39 ы = x 2.17 mi from A 
1+ 5 
43 (4 44/30 = 21.9 mi/hr 
45 607 42 2n(1— 16) radians = 66.06 
4 v2 
49 tan @ = ^ ;0 = 35.3 


3 


n 4 3 
53 tanl = уз: 0 = 47.74°; 1. = пй + zx z 9.87 ft 


55 (р) со50- PE ( x 48.2 


EXERCISES 4.7 


1 v(t) = 6(t — 2); alt) = 6; 
left in [0, 2); 
right in (2, 5] 


3 v(t) = 3(€ — 3); alt) = 6t; 
right in [—3, — v3): 
left in (—V3, V3): 
right in (43, 3] 





5 v(t) = —6(t — 1)(t — 4); ай) = —6(2t — 5); 
left in [0, 1); right in (1, 4); 
left in (4, 5] 
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7 


v(t) = 4(207 — 3); ай) = 12268 — 1}; 





f^ 3 
left in| -2. — f= ; right in | —_/=,.0); 
73 - f?) irit im C 59) 
8 8 
lft in (0, Л) right in ( >. 2| 
9 (а) 30 ft/sec (b] 2.8 sec 
fa) v(t) = 16(9 — 21); a(t) = —32 (Ы) 324ft (8) 9 sec 


21 


27 


29 


31 


17 79,2007; 36004/2z 


1 1 
5: 835 15 6:31 


(а) y = 45 sin 


[b] 1.178 fuhr 
(ај In in./sec: 0, — xz. 0, л, 0 
15) (n, n + 1), where n is an odd positive integer 





n i (х 5л 
$i -— | + 7.5 = 4,5 sin (21 -=)+ 7.5 


4 | 0 2 3 4 5 

s | 0 4.21 1.82 014 | -045 | —037 

v | 10 gst | —229 | —107 | —048 0.25 

a| 0| —540 LH 1.12 0.66 0.20 
la) 806 


(b) cix) = 9 + 0.04 + 0.00025; C'(x) = 0.04 + 0.0004x; 
x 


с(100) = 8.06: C'(100) = 0.08 
(a) 11.250 


25 — 4 
у efx) = 7° + 100 + 000152; Сүх) = 100 + 0.00837: 


c(100) = 112.50; C'(100) = 130 
С (5) = $46; C(6) — С(5) = $46.67 


(a) —0.1 (b) 50x —O.1x? [9] 48x — 0.1x° — 10 
(d) 48 —0.2x (еј 5750 (02 

(г) 1800x — 2х2 (b) 1799x — 2.01х° — 1000 

(c) 100 (d) $158,800 


(а) 3990 mills Ы $15.420.10 
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EXERCISES 4.8 7 Max: f(1) = 3; 
increasing on (— x, 1]: 
1 1.2599 3 1.3315 decreasing on [1, 2с) 


5 —1.7321 7 4.6458 

9 0.56 11 1.50 

13 +334 15 —1, 1.35 

17 — 1.88, 0.35, 1.53 

19 2.7] 21 —1.16, 1.45 

23 +2.99 

25 (a) 3, 3.1425465, 3.1415927, 3.1415926, 3.1415926 
[b] They approach 2л. 





(1 


t 1 = Р ^ Ч 1 fi 
27 (5) = 0 and hence the expression for x; would be 9 Since /"(0) = 0 and /"(2) is undefined, use the first 


undefined. derivative test to show that there are no extrema; 
29 (a) f: x, = LI. х; — 1.066485, x, = 1.044237, x, = 1.029451 CU on (— 2, 0) and (2, ж); CD on (0, 2); 
9: xX, LI, x, = 09983437, x, = 09999995, x, = 1.000000 x-coordinates of PI are 0 and 2. 
15) Because /11)-0 


31 X42: 0:525 
33 (a) L5 (Ы 1.24 


у 





11 Since /"(0) = —2 < 0, /(0) = 1 is a maximum; 
CU on( - eo, -$5) and (543. x ) 





i 1. 
~ 3) x-coordinates of PI are E v3. 


4.9 REVIEW EXERCISES 2-4 ys 


1 Max: /(3)= 1; min: f(6) = —8 


1 
E NES de 
3.—2, l.3 | 


3 ЕЗ 
5 Мах; /(2) = 28; тіп: Л ER = 2 


4 
E 2| 
3L 


decreasing on ( —2, -i] and [2, >) 





increasing on 














А46 ANSWERS TO ODD-NUMBERED EXERCISES 








15 у Мі = 12), 


вц? 
33 r(t) = a(t) — 


(P ap" (34 
right in (— 1. 1); left in (1. 2] 

35 C'(100) = 116; C(101) — C(100) = 116.11 

37 fa) 18x — (b) —0.02x2 + 12x—S00 (е) 300 18) $1300 

39 44931 


3 
y: left in [—2, —1): 


CHAPTER 5 


EXERCISES 5.1 
17 Max: f(0) — 0 








$2 3C 337-22-3-0С 
| \ » 2 А 
5 ——+-+¢ 7 2? +201 +С 
8... 34... , 2 - 
и quU pm г ^+ 11 3х — 3x7 +x +C 
2 Р" 24 . 15, 
13 £x + 2° 4€ 15 (93--2-533:1-6 
3 2 5 2 
fae nd 8. замд Ө ша 
Wen tex +x 19 -1 21 -t^-C 
3 2 5 
3 1 
21 qsinus¢ 23 —7cos x + C 
25 212 + sint +С 27 tant 4+ C 29 —cotr - C 
19 No extrema 31 secw +С 33 сог +С 35 à +4 +С 
37 singx+C 39 Хух-4 41 cot y? 
: Ч r4 : з 
43 wx + С 45 cat^ + м + С 47 (а + hu +С 
5 4 Si «ас 1 
49 (х) -44х7-3х71--х-43 51 у= 877-5 
2 1 65 
4 „2 1 = 
53 Кх) = х _5Х —8x += 
55 y= —3sinx - dcos x + 5x + 3 57 12—15 —5t +4 
59 (a) sit) 16:2 + 1600; (b) s(50) = 40.000 ft 
61 (а) siti 16:2 — 16t +96 — (b)r-—2sec [с] — 80 ft/sec 
63 Solve the differential equation х) = —g for sti). 


65 10 ft ес” 67 19.62 
69 Cix) = 20x — 0.0075x7 + 5.0075; C(50) = $986.26 


EXERCISES 5.2 





1 А : Ё 1 7 
1 12 LAU (€ 3 zr + 7c 
1 à 2 
5 (1+4) + С 7 ;sinqx +С 
9 iax-29?4€ 1748-5894 
gt - = yl +: + 
зз 103: lj +С 15 2035-1956 
a 9 
3 " 1 2 
17 = рне 19 с? а RC 
3 
23 х9: = 25 125 yd by 250 уд 27 5 21 2, х 4:3) 46 23 ! -С 
3 ша WES 2 SM 9 4—4 + 3? 
E - 2-4 1 - 3 |. А 
29 Radius of semicircle is g; mb length of rectangle is , mi. 25 4008 4x+ C 27 g 5n (4x — 3) ~ 4 
31 (a) Use all the wire for the circle. | š ; 1 ^ 
ab E Dos 29 —.cos(r) + € 31 (ып 3х}? +С 
15) Use length 3 ^— x 2.2 ft for the circle and the remainder x à 
t е е : : Ф. : 3 ч 
for the:equavé, 33 х 5 cos 2х + С 35 —cos x — COS" X 3 cos? x + € 
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37 — Эн -С 39 - PD a 41 | tan (ix — d) C 15 Use Theorem (5.26). 17 É fix) dx 
3cos! х 1 —sint 3 Я EE 4-3 5 
em 19. |. fix) dx 21 |, fix) dx 23 [a] 3 b) 9 
43 -sec^ 3x +С 45 doi Sx -C J, ide IA | MN Р 
6 5 25 (a) – 1 (b) 2 27 (a) 3. (by 6 
l aqua . E |. 43 L& 15 
47 =; ose (x ) + С 49 fix) = 1Gx + 2) +S 29 lal Ja 15) 14 
51 fix)=3sinx —4cos2x+ + 2 


31 1.426 33 Use (5.22) and (5.23)(i). 
1 
53 (a) (x +4 + С, 








1 " В 64 EXERCISES 5.6 
(b) "d +4х* + 16х + С; С, = С, + 5 
2 | ‚ 265 м 20 352 
55 fal (ух + 3) + C, t= 8- 55 7-2 3 n 
a an 13 7 10 53 14 
(b) <x? + бх + 18x? + С; С, = С, + 18 a> w- PS BS BT SS 
: dV ‚(2л 3 l 2 2 S -48 
59 47459207 6 a) —O6sin(7:) ы s 0951. 250 2. 29. 3 (3-1) 331-42 
а л с ч 
63 Hint: (i) Let и = sin x. (ii) Let и = cos x 35 0 37 [a] 3 (Ы : 39 [a] ==, 15) 5 
(їп) Use the double angle formula for the sine. The three 5 шаа : 
answers differ by constants. 41 0 аз | 47 (a) 6 са!5 
+1 7 
51 Hint: Use Part I of the fundamental theorem of 
EXERCISES 5.3 calculus (5.30) and the chain rule. 
4х7 9 7 о 
134 340 510 7 500 5з — ИТТЕРИ 
үх! +2 


1 3 " 1 А 
9 мп? + 6n + 20) 11 73 "(3т" + 14n? + 9л + 46) 


EXERCISES 5.7 


Exer. 13—18: Answers are not unique. 


А 
ғ à k 1 (а) 10.75 (Ы) 107 = 10.67 з fa) 0.96 (Ы 0.96 

з 4k-3) u Y L*— (a) цаа lal (b) 
kt " 


А mx h jac 5 (а) 1.41 15) 1.39 7 (а) 0.88 [b] 0.88 
1? 14 Y (-1? — 19 (a) 10 (b) 14 9 fa) 0.39 (b) 0.39 11 (ај 224 — (b) 2.34 
кт as ны 16% 305 14) 
15 5 ja) == = 10.25 b + 1.02 
21 [aj i (9) У 23 (a) 1.04 15) 1.19 fa) 256 | ! 5072 


15 (а) 1 =05 ы : +017 17 [a] 6416 (b) 54 


Exer. 25—30: Answers for (a) and (b) are the same. 2 ч 
19 (а) 41 15) 8 21 (а) 65 15) 6 


и , Ёол. 23 (a) 8.65 (Ы 8.59 29 (ај 1275 ЦЫ 1317 
Sse 2518 296 3 420 Ө25-4) 31 0.174 m/sec 33 028 35 148 
EXERCISES 5.4 5.8 REVIEW EXERCISES 

1 (а) 1.1, 1.5, 1.1, 0.4, 0.9 (b) 15 8 2 5 : | : 
б = -( з 100x + € 

З {a} 0.3, 1.7, 14, 05,01. — (5) 17 Y з di 

9 ! = 1 , à 
5 (4342 (30 (036 7 i 979 n 028 si 0х418-С (7-0-208-6 
13 [E Gx? = 2x + 5)4х 15 fi axt + х^) ах 9 M Р 11 Xx — x? Fx +¢ 

І + уд 
14 14 14 

_\4 _ ET 1 . 

17: -3 9:3 ке: 13 (4x? + 2v — P + С 8-1. xt 
2 
4| 5 е (5 см 3 1 ~ 52 
23 |„(—ух+5)4х 25 | ,N9 — Ix — 2 dx 17200191 2:,8-43:140 23 E 25 z 
Or gne 

27 36 2925 3125 B7 35 12+2л 27 843-16 3 2986 29 1 cos (3 - Sx) + С 

1 5 s 

31 —sin^ 3x +C 33 — L 
15 6 sin? 3x 


EXERCISES 5.5 


2 1 ж-ты UAE 
9 1 tjo 3:2 4 4. ` 
- 35 15 0682 343) 37 | 39 Vx" + 2x 1-0 
1 30 3 —12 5 2 7 78 ——— 
5 41 0 43 у-х”-2514Х-2 45 
11 Use Corollary (5.27). 13 Use Theorem (5.26). 








А48 





47 Use Corollary (5.27) 49 Ї fix) dx 
51 (a) — 16t? — 30r +900 {b} — 190 ft/sec 


15 E: 
+ 65) x 6.6 sec 
(с) ie! 1 — 65) 


53 (a) 341.36 — (Ы 334.42 
! (b) 


CHAPTER 6 
EXERCISES 6.1 
Exer. 1—4: Answers are not unique 
vfpe-n-e-3hk з f'L [39 +4) »)4y 


Г А 32 2 2 32 
5 fe (ax x?) dx = 3 7 2 [ [5 — (x? + 1)] dx = ; 





= 


үслэг 














3 
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13 2 (^ (o — у) - G? — 4] dy = 83 








19 I [y> + 2y? — 3y) — 0] dy + 


Los (282923 Ami 
f [0 - (у? + 2) Зу] dy = 4 
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! 1 55 
23 (2л + 3V3) = 5.74 


25 (4 |, 0х-хїйх» [ра — х) - x] ds 9 п J; NY dy = 2n 
ы Ју jv) dv + Ї 8 T 
22 (ај | [Nx = C] ds 
t) | [4 (7 n] dy + [6-04 + Граза 
29 (a) | [ix + 3 - (73 — x] axe 2 [° /3— x dx 
(Ы Ep у —(у = 3)] dy 


31.9 33 12 35 4,2 


37 Ї (х? бх + 3) dx + h —(x? — 6x + 5) dx + 


|. (x? — бх + S) dx 





39 (ај 4.25 (b) 4.50 
a | 7 (6 — 07x? — 08s + 13) dx + 


4 Ue 512л 
. ЭР : л (“ду - pp ay -2E8 
[7 (vt — O03? — 08x + 13) dx " IL муу Se 





EXERCISES 6.2 


bsr 2 


13 2-л i [4 — х2)? — Gy] dx = — 


























АМ 











fap 555 





TERREN 





Ier 








21 = [minds үк 

















ANSWERS TO ODD-NUMBERED EXERCISES 





А51 





212-0-48-1-543-11 14 

















35 л E r dy = zr 37 л [| : 3 р ГИНЕ ТЕ Я 
. Jo ! 


3 








ra (R—r | › › 3л 
39 л | | xr] dx = ;zh(R? + Rr + т?) TE- 
J0 Л 3 5 
43 A) la] 0.45, 2.01 15) 0.25 
fix etx) 
1 + + 
(45 2:()] \ 
EXERCISES 6.3 
1 27 KENE 2 dx 3 2л е Ly +3) dy 
К 1287 \ 
5 22 [xs x dx = = \ 
| ХҮ 


"2 1 24: 
7 2n | Х(уёх-х2)4х.- E 


à 
t 








11 2x А x[0 — (24 


3i] dy 


2 





E 
13 2-2л |. py dy dy 


513л 


4 




















А52 
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17 2z |р у[0 —(y? — 4)] dy = 82 


Y 


у= МЕЗ 


- 


19 [a] 2л |» (3 — x)(x? + 1) dx 
б) 2х | [x —(—]? + n dx 

21 (ај 2: 2л (004 — yy dy [b] 2- 2л |, (5 — yN'y dy 
(d) 27 P (2 — x4 — x?) dx 
ta) 27 |", [x —(—3)]\4 — x?) dx 

23 2n |) 2 — х)[(3 — х?)— (3 — x] dx 

25 2: 2л |! (5— х)/1 — x? dx 

27 [a] 2r ЇВ ? (4 — 1) dy + 2л js y{(/y2) — 1] dy 


(b) 7 IN ( +) dx 


29 (а) 2л Ї x(x? + 2) dx 


Ы x f; D? dy + x [7 D- (Vy 29] dy 
31 765 





(a) 0.68, 1.44 


44 
[b] 2л 1, AS Х(—х* + 2213 — 32152 + 442х — 2) dx 





EXERCISES 6.4 


Exer. 1—26: The first integral represents a general formula for the 
volume. In Exercises 1-8, the vertical distance between the 
graphs of y = yx and y= -үх is [ух = (у x)]. denoted by 


2, N. 


f4 > (9 im 
т | stdx = |, ух) dx = 162 
VE ra] А Кіл 
3 | znr? dx = E 5h х) dx = 


4 
5 T Sy dx p P 53 de ын 
7 [ев + лах = f Цэ, х + шоун Levy Jas _ = 
9 D s? dx “2 [; [Ve — х? —(—Na* х2 р dx = ха 
n f тах-2 | га “|| а — x!) 
2»: ‚жау v2 
13 E lw dx = fe (25 (e) as ah 
15 fe Ын 4у 2i 5 IE (4-i 2 dy = DUE 


a 5 > > - 2 
17 Ї lw dy = ЇЁ [4 — у? -(- e — ууу = 3 a? 


dx= 





9 [5 ; bh dx = p sky a — x? — (—ya* — х?)]л ах = = па? 


21 f bh dx — [з 


23 fio dy „р 


25 Тһе areas of cross sections of typical disks and washers аге 
r[/G)] and л{[ fix)? — [gG)]^]. respectively. In each case, 
the integrand represents A(x) in (6.13). 


ax (ax) =4cm* 





5 (а — у) | dy = a 


EXERCISES 6.5 
1 а) |. М. + G27 dx 19) БШ үч +|; (y—1)7 юэ 
3 ta) f ‘Jiti ds b (БИ, 


INL 


1 
га у) эл 4у 








7 NINE ') dx = 5 [10% - (7) |+ тез 
9 | "m (1 gist ) dx = 5 
11 [+ -3 * ) 4х - 2 


13 F 1-( -») dy 


15 в [iA х 0 —х* Spei? i 6, wherea=(1) 


17 (а| s(x) = so? 3.4? — 1347] 


(іЫ zio. 1p? + 4p? - 1355) z 0.1196; * > 3 201202 


T. 


19 417001) = 0.4123 21 550 + 00195 23 9.50 


ANSWERS TO ODD-NUMBERED EXERCISES 


25 191 27 (a) 3.79 {b} It is smaller. 
29 2n f уау (C1 dx = To 2 _ 1) x 15.32 


1 12 Ls) 16911 
31 2n f? (i z) п (0-х a dx = да 51.88 


| Р л j ) 
2 py! + (59) 4у = z L887”? — 133 1] = 204.04 


35 2л |; /25 — y! V1 + [(-9)05 y) F dy = 102 


TRE! к 
37 2л L (tx) 1+(7) dx = nr Jh? + r? 








33 2л 





39 2:22 k Vr = ху [3X — x») 2| dx = Anr? 
41 Hint: Regard ds as the slant height of the frustum of a cone 


that has average radius x. 
43 6.07 


EXERCISES 6.6 


128. 64. 
1 (a) and (b) 6000 ft-lb 3 (а) 3 in.-Ib (Ы = in.-Ib 
5 W,=3W, 7 36945ítlb 9 276ft-Ib 


11 2250 ft-lb 
81x 1897 
13 (a) —- (62.5) = 7952 ft-lb (b) —у— (62.5) = 18,555 ft-lb 


15 500096 17 575(5 40-5) = 12.55 in-tb 
нь. Gm,m;h — 1 
19 W -хоуахо 2! 2685 ft-lb 
3 9 
23 (а| ig^? (k a constant) [b] ok 
EXERCISES 6.7 
(23 27 
Э5(): . амь ӘР» ыг «жс. энээ 
т 250; 140;0.56 з 14; —27; 46; ( -4 E 
1 1,1, (42 32,256, /, 8) 
5 és) Жетуу. (9.3) 


y 
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11 


mio 
| 
һә 
1-3 
© 
а 
| өв 
! 
{шә 
м“ 
- 
w 
Nilo 
ajo 





4а 4a 
B= 
(зе i) 


17 With the center of the circle at the origin, the centroid is 


20a ^ 
(v. ~ 38 + 5) 


19 Show that the centroid is (a. Lip +c) ) 





= RS (4а а^ 
21 x3) .2,/18) 36л 23 (5.7) 
\3x 3x 

(al р (ний 7 | ов xX| — х2) ах (Ы) L.19p 


EXERCISES 6.8 


1 (ај 1(62.5)]b — (b) 2(62.5)]b 


3 3 
3 (ај —(625)]b Ы Эд (62.5) Ib 


5 (lb 7 (62.5) Ib 
9 (ај 90(50)]b (Ы 54(50)1b;36(50)]b 11 1.56 L/min 
13 [n min: (a) 20 [b) 66 (с) 115 (4) 197 


15 (a) 9[((601)? ? — 1] = 632 min 

(Ы) 2: 9[(301)?? — 1] = 790 min 
17 666 19 |! 21 (а| and (5) 1501 
23 9- S = 5.27 ва! 


25 1.45 coulombs 
27 (а) |, `°12450л sin (30zt) dr = 830 ст? 


(b) It is not safe, since approximately 0.026 joule is inhaled, 
29 32 
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6.9 REVIEW EXERCISES 


2 : 2 64 
1 (ај 2 f [(— х2) — (x? — 8)] dx = : 


il 4 f°, vay 


ll 

















ү : 5 5 І 
з Де [(1— у) – »*] dy : where a = 5 
| : 
and b =-—(—1 + y5) 
ref T.» 1 
z H 
s | (sinx cos -x dx =< 
13 
4 у = cos(34) 
dT s y = sinx 
т om 7 X 
3 2 
7 |, (Ax + 1)? dx = lOr 
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ул2 > 
11 2x jk xcos v^ dx — x 
1152л 


5 
(b) 2л [ (1 — х)[(—4х + 8) — 4х2] dx = 54т 





13 [a] л Г ‚[(—4х + 8? — (4х2)2] dx = 


1728л 
8 





(| л P. ((16 — 4x7)? — [16 — (4x + 8S] dx = 
3 T х из] Qi 3/2 3/2) д. 
is fai ex | dx = 5513792 — 102) = 7.16 
17 | (5 — y)(62.5)n(6)? dy = 432л(62.5) ft-lb 


19 р T (6 — vB S — dy p гэ (6 — yy + у 8) dy 
— 96(62.5) Ib 











23 2x [г (iv + jr) n + (х2 -73 3 4х 


25 900 ft 
27 (a) The area under the graph of y = 2лх* 
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(b) (i) The volume obtained by revolving y = 42x? about 
the x-axis 
(ii) The volume obtained by revolving y = x* about the 


y-axis 
(c) The work done by a force of magnitude у = 2zx^ as it 
moves from x = 0 to x = 1. 
CHAPTER 7 
EXERCISES 7.1 
v-5 2x +1 5x 4-2 ] SS 
1 3 5 7 46--3х 











2 3 


J N 
93-x.xz0 11 E —1* 
13 (a) The graph of f is a line of slope a = 0 and hence 





1 x—b 
Is one-to-one. / (x) = 
ч 
[b] No (not one-to-one) 
Р - 1 
15 (a) AY к= WEZ] И] 
ий” xd 








17 (а) 





(а) [—0.27, 1.22] 
(b) [ —0.20. 3.31]: 
|-0.27, 1.22] 


- 


21 (а) / is increasing on 





3 
—2. Ж ) and hence is one-to-one. 


Ш110.-) — (ex 











А55 
23 (a) f is decreasing on (0, v ) and hence is one-to-one, 
(b)(—.4] (d — 
244— x 
25 (а| / is decreasing on ( — х, 0) and (0, > | and hence is 
one-to-one. 
1 
(b) All real numbers except zero (d ——; 
a 
: : 1 
27 (а| / is increasing, since f'(x) > 0 for every х (b) it 
29 (a) / is decreasing, since f'(x) < 0 for x > 0 (b) —. 
AL. . 2 1 
31 [a] / is increasing, since f'(x) > 0 for every x (b) 16 
EXERCISES 7.2 
9 23x — 1) 2 15 
1 ми. 
9x +4 3x* – 2x + 1 T3 c] ©; 2 
Mc ! 1 
9 3-3 1 1+1пх 13 —(1+—— 
2х Y «In x 
1 ! 20 6 
15 1 17 - + 
x [tin x1 5x— 7 2x 3 
I8 1 
‘oo HW -—-—— 8 = 
х! 9х-4 xr 1 +1 d —1 
> > : 2 tan 2x 
25 —2 tan 2x 27 9 csc Зх sec 3x 29 - 
In see 2x 
(2x? — 1) 2-хуїлү 
31 tan x 33 sec х gs У B касд ы, 
x(3y + 1) v — xyIn x 
D (14х + Пих = 5 
39 (Sx + 2r (6x + 1)(150х + 39) 41 - —— —— 
44х +7 
(19x? + 20x — 30 + 3)* 
аз —— — o5 45 y — 8x — 15 
Дх + 1 * 
47 (10, 5 In 10 — 5) = (10, 6.51: у” = —(5 7) < 0 implies that 


51 


53 


the graph is CD for x 0. 49 +0.73 уг 


0 msec: х (0) = m/sec? 
m, * nm; 


(a) 510) 
[ms m, +m; „іт \ hi 

1517, ) е т, ае mes 

The graphs coincide if x > 0: however. the graph of у = In (x?) 

contains points with negative x-coordinates, 











55 0.567 57 [a] No (b) Yes (с) Хо 
EXERCISES 7.3 
кир "A ED eui 
1 —5€7* 3 бус“ 5 = Болох 
мі e xrl 
942 2 эх ex — 1 gipit 8254s 
9 (—2x* + 2х)е 1175 3 13 126" — Sy'e 
(х +1} 
el 4 
15 2-0-67 17 — 
v^ (e+e "Pr 
f! 
19 e З|--21 х) 21 56“ cos ех 
= 
„2 \ 
23 e "tane? a amr +3tan ух) 
3 
27 —8e **sec!(e **) tan (e^ **) 29 е“ (1 —x ese? x) 
as 3x? je" f eot e 
xe" + бу 2хе“! + e^ esc? у 


y = (e + 3)х — (е + 1) 


А56 





ANSWERS TO ODD-NUMBERED EXERCISES 





37 Min: f(—1) = —e^! x — 0.368; increasing on 


[—1. æ); decreasing on (— с, —1]; CU on(—2, x); 
CD on (— 20, —2); PI: (—2, —2e^?) « (—2, —0.271) 


p 


- (0837) 
39 Decreasing on (— ос, 0) and (0, 2с): CU on ( =ч 0) 


\ 


and (0, 20); CD on ( - x, 5) Pl: (Se 4 





41 Min: f(e~') = —e~!; increasing on [e~', э); 
decreasing on (0, e^! ]: CU on (0, оо): no PI 








l h 8 
10409 | ррїїтС(0)-0 


а- io 


47 [a] 75.8 ст, 15.98 ст/уг (Ы) 3 то: буг 
49 (а) (t) [b] At x = 


43 q(t) = —cqtt) 45 (a) 


S jw 





55 Max: f(u) = 


EXERCISES 7.4 


25 
2 TM 5 = 
3 (а) 21п |х 9| «c (b) In 


5 (а) — 


47 (а) 25 (bp 205 (12 49 А5-сШ T 





| increasing on ( — x, 4]; 

c 2n 
decreasing on | и, ж); CU on (— о, — о) and (д + с, оо); 
1 


ау 2ле; 


); both limits equal 0 





CD on (fi — c. к + в); PE: (n te, 





57 e 12 ~ 0.607 59 0.57 


1 | = 
1 (ај - In|2x - 7| 4 C (b) In 43 


М. ере 
29 ** LC (Ы) 20 12-ес4) 





1 < 1 
7 (a) —- In|cos 2x| + С fb] z In 2 





| 1 = 
9 (a) 21n |csczx — cot zx| + C (b) 2 In (2 + 4/3) 
1 2 : Р 
1а |2 49| С 13 12+ 4+4 |х| +С 
1 ЗУР" РЕ s 
(In x? + € 17 -х1--2625--0 
2 2 5 


3 zx 
19 —-In|1 -2cos x| +С 21 e&+2x—e*+C 
23 In(e ех) - C 25 31n |sin Ux|4 c 
1 ол ань 
27 = In |sec 2x + tan 2x| + C 29 —>In|sece™*|+C 


31 In|cse x — cot x| + cos x + C 33 In|esex|+C 
35 x+2In|secx +tanx|+tanx+C 37 4 


d e» 7 
39 n(1— e^!) 41 у-265-12675-2 


ha 


ә 


43 у= је * + 4x — 4 45 — —— = 1.697 


In (13/4) 


1 


51 [a] 20 —e “*) (b) lim Q(t) = 5 coulombs 


гээх 


53 (a) s(t) = kr4(1 — e^") {b} lim s(t) = Kvo 


77% 


55 0.731370; 0.742984; 0.746211; 0.746855; R 


EXERCISES 7.5 


1 7* 107 3 8*7 '(x In 8) 5 ae a A 


—(x? + 110! (In 10) 
x? 


7 55° (2185) 9 + (2x)10!/* 











ANSWERS TO ODD-NUMBERED EXERCISES 


” 30х ” / 6 2 Joss 
(3x? + 2) In 10 foem 2x — 3/ In 5 
1 
151522 а ре 
4 xIn x In 10 өх re 
19 хан emen] 21 2*"'*sin 2x) In 2 


tan 2 
23 xna (sec? x In x + 82%) 
x 


25 (а) 0 (Ы) 5х* (ep VSO 
(d) (S In 5 (еј (1 + 21а х)х! ** 
T 342 

















27 (a) | + C ы i 139 
эх - 0 n (2 
29 fal = +C Ы 5.1. z = 0012 31 zig 5 
3 In(2* 4 1). 
3З LG 3-6 a X 
ен 
37 (In 10) In log x| + C th 
1-1 
41 [a] zx C b) 2X C € 
1 1 
р. TP +C 43 aj 7509 


45 (a) $0.05/yr (Ы $0.95 
47 (a) In їгош уг: 95; 62: 53 [b) 9.36 
49 pH x 201; 40.17, 
а 
51 (Ы) 8-3, where k = in 10° 
Six} = 2 S(2x) (twice as sensitive) 
53 (a) With n = г/л, 
In 4 = In [P(1 + hy") — In P  rrln (1 h)”. 
(b) Since Л = r/n. n — x if and only if h + 0*. Thus, 


In A= lim [In P 4 rr In (1 + 4)! *] 
aor 
= İn P + re In e = In(Pe") 


and A = Pe". 
55 Let h= x/n. Then 


пт х 





(а) 1.32 (bp x i `? H25} — (ор. x}? ] dx — (e 0.145 


EXERCISES 7.6 


Бы = 


1 git) = 5000(3)""°; 45,000; > 2096 hr 





3 зо($) х 25.32 in. 


In (40/4.5) 


Bos = 109.24 yr after Jan. 1, 1980 (March 29, 2089) 


lim (! - Ч = ши (+h = мэ [+ А) = ет, 
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5 In (1/6) r 
7 —— — x 8,15 
їп (1/5 "i 
9 Proceed as in the solution to Example 1. 
288 — 0.012? 29 In (2/5) 
11 P(z)= шин — 4 
=|] away eet 
үүө p Iu 
15 во(1) >= 683.27 mg 17 цу) = (2-2) +4 
5700 їл (0.2 
19 Tm “= 13,235 yr — 21 Use Theorem (5.35). 
ын 3 
23 Vir) = gt +C) 
25 (| 
7.7 REVIEW EXERCISES 
10—x 
: 15 
3 f is decreasing, since f'(x) < 0 for -l<x «1: 
з 28 7 1 +10 |1 2х]) 
5x3 —4 n^ 
12 3 8 —4x 
" 3x 42 T ex S 8х-7 3 (2x? + 3)[In (2x? 4 3]? 
Inx —1 4e** 
ii ism Wa 
10° 9 1 
19 + 10‘(In 10) log x 21 — 
x In 10 4xv In үх 
r 5 He — e 
232xe*0—x5) 2526-0511 
wet e 
Q^ 2 5 An x 
э 5! ae нь 
ЭС х 
33 2e ?*csc e^ ™ (csc? 25 + cot e^ 2%) 
35 —16 tan 4x 37 (sin xy * (cos x cot x — sin x In sin x) 
y 24 3. 

225 ei ap tee — spa 
die dil. ae 533 indi 
43 [а] E +C  (bpb2Xe'—e7)z0.465 

4 3 
4 —— x 0.27 
59)-26439 5 нє : 
veel 

47 -ln Joos x?| + С 49 +С 

2 exl 
51 —In|I — Inx|- C 53 -lgi.2e.x4€ 
55 Ly 2x4dn|x42|4C 52 ——е +С 
59 T 61 In(1 o e) - C 

2(х7 41) 
вз 59 65 21010 {Повх +C 

In (5v) А № А 
67 cose *+C 69 10 |1 +cotx| +C 
71 -5 In |1 — 2 sin 2x| + C 73 —In|cos ^| +C 
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ANSWERS ТО ODD-NUMBERED EXERCISES 








1 2 ^ 
75 —. cot 3x + = In |ese 3x — cot 3x| + x + € 


1 - 1 Е 
77 дт [sin 9x | + g [esc 9x — cot 9x | + € 





1 5 8 › = 

79 y= — e£ *+—х— 81 4e? + 12 = 41.56 cm 

* 9 3 9 
83 у-е--21-е)х-1) 

x 1 5 |n (1,100 
85 —(e~'® —e77*) x 442 x 1075 87 — ) = 33.2 days 

& In (1/2) d 

З In (3/10) - 
89 (8-4 77: ^ 52 hr or 2.2 additional hr 
n 2 


15) D i= (i) |= 8.016 Ib 
91 100,000(2)° = 6.400.000 


CHAPTER 8 





EXERCISES 8.1 











1 (à v. b 2л 7 3 л b л л 
p- T d: а dg. dd. 
5 (а) Not defined (b) Not defined (с) 1 
7 3 | 14 9 R Sn т 

lal —16 (b) 5 (с) [a] 3 19) € (9 —2 

3a ыр” 2 

a a7 mq 
A 5 
13 [a] — (| — (eq Not defined 
5 34 4 
15 [a] — ыр (с—— 
4 3 JS 
3 17 x 3 
17 (ај ` bo (а –: 19 21 
a - (0 (du = ЭЛ 
23 25 











31 (a) у = cot ! x if and only if x = cot y for 0 < y < т. 


(b) AY 








1 FE 
33 (a) arctan 103 + 57) (b) — 1.3337, 
5.1 iJ 
35 [a] arccos ( +з 15). arecos ( +үу3 | 
1 a 


(b) 0.6847, 2,4569, 0.9553, 2.1863 
37 [a] x = () — sin E 15) 40 


39 (а| sin ! x = tan! — if |x| « 1 
vi— x 


T a Х 


15) cos ' x = tan ~if0<x <1 and 























4 е 1 
cos ! x 2 лап! X 
X 
EXERCISES 8.2 
1 3 
1 23 10-73 
зе 9x* 30x + 26 
eÀ 2x? 
5 _——————а# “ам сг” —— 4 
fe tt —4 1+х 
x 1 
9-0---ш- 11---- — 
(x? —1Nx* — 2 Vl — x?(sin ! xy 
91 + cos ' 3х]? 2 
13 == 3-8 А 
Л — 9x2 (l + x*) arctan (x?) 
1 211) 1 
17 ( ;) sin (<) + sec x tan x — 
х° \х/ 41-- x2 
1 — 2x arctan х 1 | / 
21 — 7 23 зэс ТАХ) 
("+ 1) 24х Nx—1 
4 3 In tan x | 
25 (tan xyrei s ('arctan X cot X sec^ x + 1 - ) 
Ta 
ye* — 2x — sin ^! y | x 
27 - 29 (а гаа ( + 
ШЕ 4) С 


МІ у? —* 


31 (a) l sin (+С ЧЫ 5 


33 —tan '(cos x) - C 35 2tan^"'! үх - C 


37 sin! (“J+ 39 НО (Lec 


1 „ 5 1. : e* 5 
41 5 In(x? +9) +С 43 . sec үре 
7 25 
45 3576 rad 47 Т rad/sec 49 . 4800 
2n $ 
51 .— = 0.233 mi sec 53 0.72 


ЕССЕ a С -5ЄЫЄєЄ_Ј_—— 


19 дагсын (х?) 


0.3478 


„хл -lex<0 


+ 2х arctan (х?) 


(3 In 3)x? 





м1 —x® 


(b) ү; 


+ 69,3 ft 





ANSWERS TO ODD-NUMBERED EXERCISES 


EXERCISES 8.3 











1 (а) 27.2899 [b] 2.1250 (с) —0.9951 
(d) 1.0000 (еј 0.2658 {f} — 0.8509 
3 5cosh 5x 5 Зх? sinh (x?) 
7 ^ 2 Jx + tanh Vx) 
1 
9 (у= exch? 
" = J, + I) tanh (х2) + 1] 
(x? + 1)? 
13 — 12 csch? бх coth 6x 15 2coth 2x 
4x sinh «4x? + 3 —sech? x 4x 
a — 3 - - 
3х7 +3 (tanh x + 1) = (1 х2)? 
23 f sech x (3 — tanh x) 25 —sech x 


27 È sinh ix) + С 29 2созһ Vx +C 


= ua] 


tanh 3x + C 33 —2coth (ix) +С 


3 
35 —узесһ 3x+C 37 —eschx+C 39 In |sinh x| - € 


41 L sinh? х+ C, or : cosh? x + € 43 “(cosh 3 — I)e 3023 


45 (In(2+ y3), ыз 
47 Show that 4 = $ (cosh (sinh r) — ий Z- Тах 


? 1 
and that us 
dt 


49 |a) 286.574 fi^ 


t 


(b) 1494 ft 


А L 
51 (a) lim i? = 5 
л 


ал? 


(b) Hint: Let fih) = г. 


(a) 0.7 fb) 0.722 





ete? 0 87" 
+ 























55 cosh x + sinh x = —; ә = е^ 
: er A кк —(e*—e*) 4 
57 sinh(—x)= 3 шинж 3 = —sinh x 
59 sinh x cosh y + cosh x sinh y 
(E^ —e Eu) | (ee t) —e%) 
4 4 
(er) eet? eg 5*9 77У) 4 (e**? gr a. — a7) 
= = E 2 ) 
3p — 28 7 pito ig en 
- Z санж F sinh (x + y) 


61 sinh (x — y) = sinh (x +(—y)) 
= sinh x cosh (— у) + cosh x sinh ( — y) (Exer, 59) 
= sinh x cosh y — cosh x sinh y (Exer. 57 and 58) 
sinh (x + v) | sinh x cosh y + cosh x sinh y, 
cosh(x y) cosh x cosh y + sinh x sinh y^ 
divide the numerator and denominator by the product 





63 tanh (х + y) = 

















A59 
h tanh 
cosh x cosh y to obtain ELEC UR X. 
1 + tanh x tanh y y 
65 Let y = x in Exercise 59. 
67 From Exercise бб, 
cosh 2y = cosh? y + sinh? y 
-11 + sinh? y) + sinh? у 
= | 4-2 sinh? y, 
and hence 
inr,  c0h2y—1 
sinh* y — ые 
Let y — х to obtain the identity. 
69 Let y = x in Exercise 63. 
3 өн цөлж өл em 
71 cosh nx + sinh nx = 5 — 
= @"* = (e*)" = (cosh x + sinh x)" 
EXERCISES 8.4 
1 (a) 0.8814 (Ы) 1.3170 (c) — 0.5493 (13170 
3 4 5 7 > 
425х3:4-1 3:/х-/х-1 16x? — | 
2 1 : 1 
9 n LX] + sinh! (-) 
xv l — x* xyli +x? 
4 1 1 
13 —— 15 —.,—; 17 -— — 
v 16x? — 1 cosh” * 4x х + 2X 2х41-х 


19 р sinh”! (5 x) pë 21 


23 cosh ! (= | +С 


27 v = sinh 3 





1 


33 Letu = x in Theorem (8.16) and differentiate созһ ' u. 

35 Let u =x in Theorem (8.16) and differentiate sech и 

37 Differentiate the right-hand side. 

39 Use a procedure similar to that given in the text for sinh! x. 














41 Use a procedure similar to that given in the text for sinh”! x. 
8.5 REVIEW EXERCISES 
1 2х 2 
1 3 —— — + 2x arcsec (x^) 
3хүух-1 /х° 1 
5 peun Ш 2102 ) 2х бга x 
7 \1 42, (1 + x*) дап! (х2) Vx х2) 


f > 1 
17 4d(tan x+ tan! xp ( sec? х + ET 
` х", 








А60 ANSWERS ТО ODD-NUMBERED EXERCISES 


Ee eee REE EAENS-IES 


1 








"um — 7. Om TR NER ТИЕН ТИРИ: 
BOISE RU pj 7» 5 sinhe 7 i X — 2sin 2x + sin 4x + c sin 2x) + € 
17 —e "(e *coshe * + sinh e~*) 1 І : 1 
i j 9 дап? х + c tan* x + 6 п фес узек С 
я ЯН .ү?2 sax эс. х ә 
19 (cosh x — sinh x) 2, or e 21 PL 23 4533 Es ie а | 
i Я Е: 13 z tan” x — tan х +tanx-x+C 
25 -üan ! (3x) +С 27 -J1l—e?* +С 5 5 
i d 15 т зілу? х= рп”? х +С 17 tanx—cotx+C 
29 > зіпһ (х2) C — 317 зз cosh (пх) +С 4 Г | 
: Т A m 9i-—-200 21 5 (5 sin 2x — | sin 8x) С 
38 snc (5х) +С зә ет (|х|) e C : 5. 52 
аа. "od КЖ" з; 25 — coU x — 2 cot! х-С 
/Ээс 2 - асаў 9 8 J 
39 V25? +36+C 41 ЕБ (54) 
































А 27 -In(2—sin x) - C 29 xe 
43 Let c — tan ^ ! -. Min: f(e) = 5V5; increasing on Ё 1), : 4 иас 
decreasing оп (0, c]. A FU "y 
45 (al 1 Hii 14 ари 0.1.3.3 [Ы 0.66, 2.23, 3.80, 5,38 35 {a} Use the trigonometric product-to-sum formulas. 
2 2 19) 1 sin mx cos nx dx 
1 800 
47 560 rad/sec = 0.22°/sec 49 7358 = —0,3 rad/sec : мын + п)х соѕ (т — nx DE msn 
Е т + n) т — п) 
4 LS 
CHAPTER 9 UEM Ade т=п 
EXERCISES 9 | Тө» mx cos nx dx 
in(m+n)x | sin(m—n)x : 
a n)x = пх Ён 
1 —(x-le*-C а e*(9x? — 6x +2) +С rn цаа, 
j 27 А 2-5. x | sin 2mx ы 
: А Qo таа 4 ifm=n 
t sin Sx — eos 3x iC 2 
5 5X sin 5X + 5,008 5х С 
7 mace x зз + ten o6 EXERCISES 9.3 
9 x sin x + 2x cosx—2sinx +C 
1 — — 
an^! x — 2In(1 +x?) +C 1, |2 «44-2 |ух2 +9 3 
11 хїап x-3hnü +x") + | tin? 1-5 c з ШҮ ic 
? = ! х x 
13 = х2/2(310х —2)+C 15 —xcot x + 1а |sin x| - C а 25 is о 
9 5 35x -€ 7 —\/4 - х + С 
І Р | 25 
17 —e “(sin x + cos x) + С 19 cos x(1 — In cos x) + С x 1 ёх 
2 = х ы. an ![- 
i 9 wate 11 ЯГ: (=) : [+ © 
21 — > csc x cot x + >In |ese x — cot x| + € х | 
s : 13 sin Ч сс 15 хиисэн te 
23 Mr -42)и4020 25% fuse. „эй ee 
: 4 17 54, (9x? + 499? — — Ox? + 49 +С 
1 243 f 
27 ~~ (2х + 3)!" (Q00x — 3) + € NIS 
(3 + 2) —3 x 8 = 
«9 19 — Чу +С 21 +81 |х| +527 +C 


1 
29 — e*(4 sin 5х — 5cos 5x) + C E i 
ai е 23 25:|/2-10(ү/2-1)| = 41.85 


31 (Іп х)? —2xnInx+2xn+C = E 

33 х? cosh x — 3x? sinh x + 6x cosh x — 6sinh x + C 28 у= ук — 16—406 4 

35 2Vxsinyx + 2соѕ x - C 27 Let u= a tan 0. 29 Letu = a sin 0. 
37 xcos !'x—J1—x*-4-C 39 Let u= x", 31 Let u = a sec ô. 

41 Let u = (In xy". 

43 e'(x* — 5x* + 20x? — 60x? + 120x — 120) + C EXERCISES 9.4 





2 3103-2 2 
45 2л 47 Te? l) s 1318 ша. 


Answers are expressed as sums that correspond to partial 
fraction decompositions. Logarithms can be combined. Thus, an 


EXERCISES 9.2 equivalent answer for Exercise 1 is In | Х| (х — 4? + С. 
T^ b dx І 15:46:28 1 3in|x|+2In|x—4|/+¢ 
sinac— сэш x+ 3 87 35 Sin ax + 3 4In |x-- 1|—515]x —2| In |x —3| 4 € 
5 
5 -i cosx + 1 сох x + С s 6in|x - 1| —s € 








ANSWERS ТО ODD-NUMBERED EXERCISES 


7 3in|x—2|—2Injx+4|/+C 

9 2In|x[ -In|x - 2| - 4In|x - 2| - € 

n 51 |+ 1|-—— —31n|x 5| C 
xl 

3 


Р) 
13 Sin|x| - -* 75 


L 3| C 
Эх" 


15 х+41п|х| + In (x + 4) — tan Ес 


17 In(x? +4) + улап”! (5) +31а|х +5| +С 
19 —11п(х? +4) + tan (S) Simi? + +e 


3 


21 Мыйз ЖИРУ. 
x* + 1 











1 
23 =x? +х +021 |х| - 21n|x — 1| - C 
Ww Ре РА Үй. fs 
Ly — 9x —— —= In (x? + 9) + (ап! (х 
25 (х ор 51000 +9) + tan («c 
6 5 
2In|x - 4| x —c — —5 + 
27 2In|x 4 [f T 
3 
29 2in|x—4|+2In|x+1|--—,+C 
Мх + 1)? 
1 7 5 
anle | = К 1. (4-3|-- 
A ginis 3| 2(x — 3) gini 3] 2(x + 3) 
1 ` 
зз + (inja+ul|—inja—ul)+ C= |2 с 
20 2a |а-и 


b 
35 -Ë injuj-+4+ 4 tn [a  bu| - C - 
а au а* 


1 b la + bul 
— In |——— 
au a 


103 = 0,55 39 54 In 2+ 3) = 067 


1 
BY eee 
1 аш 








EXERCISES 9.5 




















1 aig Х +1 Lag —4 
1 > tan 2 +C з уап = +C 
i х-2 
5 sin! —— + С 
2 
E 25285: - ay x +4 
7 -24 8х—х 5810 5 +C 
ө Ч P E E +22 |е 
2 Р i х'*+4х+5 
x+3 5 2 _,4x—3 а 
pne ae 13 —— (ап! 2 c 
дух? + 6x + 13 347 3.7 
e+ л n 
- +—% 1.79 25320. 
15 ю(2:4) с 17 14251 19 5, +016 


EXERCISES 9.6 
3 1. 21. 4/3 . 

! (х +9) qty +C 

з arpar 5 248105 20767 
8r" 18" 7 


6 - 6 Р 
7 25 e= x15 2x17 — 6x" 6 tan ї(х15)-С 





2 Ix —2 
9 —tan ! |—— 


3 9 à 
+C 11 bix +4 – (х + AHC 
V3 N 3 5 2 


+C 
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2 4 y 2 
13 ;ü - e= + е)? +301 +e)? + С 


15 e —– 41п (e + 4) + C 





5. 1 / 137 
17 25іп үх +4 – 24ух + 4 соѕух+4 + С 19 vs 


21 In |cos x| — In(1 — cos x) + C 


1 1 
23 ;In|e- 1|-51n( I+ 








4 А 2 : 

25 ; In (4 — sin x) + = In (sin x + 2) + C 
? 2t 2 

2 ten SSR ee da tan +1] + 
v3 v3 2 


Ё 1 4 
31 —fin|2tan -1| eiim tan +2|+С 


EXERCISES 9.7 


|2 +/4+9х? 


С 
3x T 


1 \/4 + 9x? — 2 In 








3 —* (2x? — 80/16 — x? + 96sin ! $ + C 
> 
a 22 

5 “үүд (Ox + 40 — 3x) -C 


1... NE 3 КУ 
7 jg S" 3x cos 3x 75 sin 3x cos 3x 


NM 5 
— sin 3x cos 3x +—x+C 








48 16 
1 2 
9 — cot x csc? x — 5 cot x + С 
11 эй 1 йат У С 
4 4 


1. М 
13 132 5*(—3 sin 2x — 2 cos 2x) + C 


m TR 25-18 

15 „5х 9х2 +3 соз ye uat 

6 5 
Issa — 3 

Е ЕР 589] 4 

4/15 IN Sx? + V3 


1 = 1 EP: 5 
19 -(2e?* — 1) cos цан 2! —e* + С 








> 


1; (35x? — 60x? + 96x — 128)(2 + x)? + С 
5 
23 at 9sin x —4In|4 - 9 sin x| + C 


Ux 


V9 -2x —3 


25 240 + 2x + 31п +C 








+ C 27 Qm 











V9 + 2х 43 4 Xx 
3 I6 — sec? x 


sec x 


29 416 — sec? x — 4 In +C 








9.8 REVIEW EXERCISES 


: 175 1 pe 
1 2x'si'x--sin'x--xyjl-x*'«C 
2 4 4 


32112-12039 5 Бэл? 2x — sin 2x + C 





7 үзс*х +С 9 


=e zi 
11 ng |27 











ANSWERS ТО ODD-NUMBERED EXERCISES 











› ! » 
= 51а [х - 3| - 2In | x - 3| + 2 In (x + 9) +> tan "4€ 
Nx + 8)? 4+ In [Oe + 8)? 

3 cos 3x) + € 


31 In|sece* + tane*| + C 


2) cos 5x] TC 


Indl + 25) +( 
10 


Іп |7 - 5 + у5х| +С 
5 





1] + 18 1 [х 
: 6 cos x + sinx С 





DNE 


3 


0.9129. 0.9901, 0.9990, 0.9999; predict limit of 1 


gt 


П х 3 х 3 
шаа |- 5 tan {|+ In(x? +4) +‹( 
5 sf 3 


мэ vo 
1 А 3 „> 
"i3 2x7 + 4In|x| + € 95 zx"*Inx 
3 9 7 
в; 1153 
64! i 20 16 
1 
87-15 Il) - € 
CHAPTER 10 





EXERCISES 10.1 


1 3 
0 
Л: = 7 9 
1 
15 y 17 = 19 У 
: Ї 
27 = 29 » 31 0 
1 
a9 - te 43 0 
51 | 


! 
57 - Ас sin et 59 (aj! 


(a) 0.2499, 0.4969. 0.7206, 0.9045 


(b) 





АУ 





EXERCISES 10.2 


з 0 5 0 70 9 
17 1 19 > 21 2 


29 —:# 31 33 » 


(2x + 2) + — (2x + 3794+ 





ANSWERS TO ODD-NUMBERED EXERCISES 


45 (а| Max: f(e) = е!“ x 1.44; lim x'*=0 (| y=1 


ror 





49 gt 


EXERCISES 10.3 


C denotes that the integral converges; D denotes that it 
diverges, 


1.7653 3D 5D 2:6 


11:0 13 р 15 С; 0 17 
21 С; л 23 С; 1л 2 25 С 27 D 


29 (a) Not possible (Ы) л 31 (ај | [b] = 33 л 


35 | No 37 If Fix) = $. then W =k. 





| 7 š А 
39 [а] n [b] No, the improper integral diverges. 
4 32 1 Ч 
41 bic (2) 43 520 45 -——.5>0 
мт МЛ 5 +l 
47 i 5> а 
5-4 


49 (8) 1:1:2 (5) Hint: Let и = x" and integrate by parts. 
51 049 


EXERCISES 10.4 


13:6;— 15 D 17 C; — 19 D 210 


1 
4 
23 D 25 С:0 27 О 280 31 G 33 D 
35 п> —1 37 (a) 2 [b] Not possible 

39 (а| Not possible 15) Not possible 41 1.79 


4» [m : " 
43 5 T = 27 Wi 45 (a) t is undefined at y = 0. 


10.5 REVIEW EXERCISES 
1 =In2 3 У 5 : 70 9 —‹жх 11 e? 
13 e 15 | 17 D 19 D 21 C; — 


25 CŒ 22D 29014 310 


166 30 sD 7D 96:34 ир 
n 


A63 





CHAPTER 11 


EXERCISES 1 1.1 


1-17. 3: ЖА 3 9 29 51 
1 жулу : 3 =, 0—2 
5:47117773 5 11 21 35 
gas 215 ы ТЕ: "54-48! 
5 3; =J, <) A am 7 2 37147579 
2 2 > 2 3 6 9 12 
9 ge “23 11 (0—I—;0 
Мо A13 Jig 5 10 17° 26 37 


13 1.1, 1.01, 1.001, 1.0001; 1 15 2.0. 2, 0: DNE 
17 C0 19 C2 wD 2060 25D 27р 


29 C;e 335 E 33 Сс 35 D 37 Ci 


39 C; 0 41 С:0 
43 (5) 10.000 on A; 5000 on B; 20,000 on C 
45 [a] The sequence appears to converge 10 1. 
(5) Use mathematical induction; 1 
47 (а) The sequence appears to converge to approximately 0.739. 
49 [a] x; = 3.5, хү = 3.178571429, x, = 3.162319422, 
x, = 3.162277660, x, = 3.162277660 


51 (a) B =; fb) 1.10 


EXERCISES 11.2 








2 4 6 2n ? 1 
£s Му FOS 
123 a 
3 lal V $* 3 [b) mti ici С:5 
5 (а) —1п 2, —In3, —1п4 (0) —In(n + 1) (c) D 
364 gg- nc BD 6D 
№5 +1 99 
13 баа аа 21 2? 
x 99 
23 mae 25 C 27 C 29 D 31 D 33 D 
4995 


35 Needs further investigation 37 D 39 D 
41 
41 C: 54 
49 [a] 0.21037; 0.26720; 0.26940 (Ы 0.265 51 8,,5 406 
53 Disprove; let a, = 1 and b, = —1 55 30m 
Q M-Q 


Lyd ы 
5 = “үү 2000 
сн aW 59 (ы) 200K 


6 8 _$ 
43 Ci. 45 C; 4C; 


1 
61 [3] ap, = i^ 10a, 


[b] а, = (110). aA, = (2) Ay Py (110) 'р, 
16 





EXERCISES 11.3 


Exer. 1—12: (a) Each function f is positive-valued and continuous 
on the interval of integration. Since f'(x) is negative, f is 
decreasing. (b) The value of the improper integral is given, if it 
exists. 


—4 H [* d Д2 1, 
;«0ifxzl (Ы) |, f(x) dx = үд: С 


1 m0 у 


А64 





MSN -4 ies x rv аас 
3 (а) /(х) = — r«O0ifxzl Ы |7 fix)dx- x: D 
5 (a) f(x) = X2—3xe "' <O0ifx>1 


ЭР b A 
ы |, fi dx = =; C 


7 (а) fy «Oifxz3 (p [^ œ) dx= w; D 


3 





à | — 2x4 5 Eo. л 
Чы. 05 ” 4 ed 
9 {al f(x) түүр «0їх»2 19) | Лх) ах ac 
i3 di Pa — emm hie d 
(b vy 
ю s. 3л? 
ы | fix) dx = 3C 


Exer. 13-28: A typical b, is listed; however, there are many other 
possible choices. 


л/4 
13 by m iC 15 „=: С 17 b= =": р 
19 Кере 21 b, =D 23 эг 
n^ уп n 
255,-1:С 255-1:0 әр sc 
е vn 


33 D 35 D 37 С 39 C 4C 43 C 
45 C 47 k>1 49 [b] n e!?? — | = 2.688 х 105 


51 Since lim = = 0, there is an M such that if K > M, then 


n Un 


й, " - 

= < 1, or a, < by Since У Б, converges and a, < b, for all 

b, E 

but at most a finite number of terms, Y а, must also converge. 


>. л x 
53 у a= Y a+ У a, where the error 
kel kel 


к=п+1 


E= Y a< D f(x) dx. (See Figure 11.8.) 
kenti 5 
55 8 
57 Since У a, converges, lim a, = 0 and lim -— By (11.17), 
nox nx Gy 


2: = diverges. 
59 0.405 


61 The series diverges for 
k — 1, 2, and 3. 





EXERCISES 11.4 


5 
15C з 5D 5 0; C 


7 1; inconclusive 


эор NGC 32D BEC whe 


19 C 21 C 23 C 25 C 22 D 29 C 
31 D 33 € 35 D 37 D 39 D 





ANSWERS TO ODD-NUMBERED EXERCISES 


EXERCISES 11.5 


1 (a) Conditions (i) and (ii) are satisfied. 
15) Converges, by (11.30) 
3 (a) Condition (i) is satisfied, but (ii) is not. 
(b) Diverges, by (11.17) 
5; CC 7 CC 9D 11 AC 13 AC 
15 D 17 GC 19 AC 21 D 23 CC 25 D 
27 D 29 D 31 AC 33 0.368 35 0.901 
37 0.306 39 141 41 5 
45 No. Ifa, = Б, = СЭР, then both Y a, and У b, converge Бу 


ул 





r 1 " 
the alternating series test. However, Y a,b, = У =, which 


diverges. 


EXERCISES 11.6 


1[-11) 3 (-2,2) 5(-1,1] 71-14) 
9 [-1,1] 11 (—6, 14) 13 Converges only for x = 0 
17 19 
-2.2 ЭРЭЭ 1332 5 
15(—2,2) 17 (0, 0) 9 (5-5) 21 (-12,4) 
7 
23 Converges only for x = 3 25 (0, 2e) 27 (4 
29 (-со, 20) 31 : 33 - 35 = 37 Use (11.35). 
x x* х? 
39 /4х) = 1 -3ta 230 





41 Use (11.35), 43 Use (11.37). 
45 Assume that Y a,x" is absolutely convergent at x = r. Let 


x = =r. Then Y |a,(—r)"| = Y | a,r"| is absolutely 
convergent, which implies that У а, —r)" is convergent. This 
is a contradiction. 


EXERCISES 11.7 


1 (al Ў З" 15) Y п3"х"-1. y мо х"! 
тео net 





neont” 
3 a>) cav) x" 
2 2 
12 n7 12 7" 
b) — 1)" мт 1 (=p n+l 
i05 2 ( ! 2" A ) n ne * 
x . г РЈ 
S; y, x ** ra] 7 Y x't pm 
по 02 3 
9-1-х-2У xsr=1 11 (b) 0.183; 0.182321557 











ANSWERS TO ODD-NUMBERED EXERCISES 





3 3 
15 sa i 17 A pes 
19 xe . дезе od X aru omn 
- p i es * T d gus 2? 03333 
29 00992 — 31 09677 зз Y (2009! 
net 
37 — Ly 


"түт 


EXERCISES 11.8 


з" 724 +1 





: —0ifn-2k.: mix EL Ew 
i= 3 а, =Oifn = 2k, and a, =(—1) (5 3 17 ifn =2k+1 
x 1 
"3" 7 у Кү ад „2л 
5 (-1) 15) 2. ! Dn X 
‚у 312571 2. эт 2 
9 -1 = gota 11 10) lax 
2! ! (26-41) P ! (2n)! 
: "Cai £ (In 10)" 
з13Х3(-4/2--35 ts $ Ow 
„= (ny "70 n 
d 1 л Inet x 1 түс" 
17 У(-17-- x — ) + У (-1r— (5-2 
"о v2(2n + at 4 3, М2(2лү 3) 
Л | ro» 
19 Y (1) zx — 2" 21 У ae + 1 
n-0 - azot n 


EEN Dti IP — 29 0.5; 0.125 
e à эе 


31 0.9986; 3.13 x 1077 зз 0.0997; 2 х 107% 


35 0.6667; 0.1 37 0.4969; 9.04 х 10 ^ 39 04864 
41 04484 
43 [a] 0.309524, —0.690476 
Ibi The first approximation 


is more accurate. 





45 2 Y 1. n 





LI 1 1 
47 jay n=l — pe bee ea +=] 
3 5 4 


15) 3.34 with an error of less than , (c) 40,000 


49 [c] 16.7 ft 


EXERCISES 11.9 


los 
1 (ахах х 
(а) Ё 


A65 


(Ы 





(с) 0.0500; 2.6 х 1077 


й 1.2; +. 13 
3 (а) xix- giaa +3Х 


(Ы) (с) 0.7380; 0.164 








" 1 ay 1. л\* _. п 
7 sin х=1—1(х—5) +ы%пг(х-*) ‚ Z is between x and 5. 


1 1 1 
|x.22 4 —(x —4) — —(x —4Y* 4 ——ix —49 — 
9 ix -2ix 4) Pr 4) tomi 4) 


527745 — 4)“, z is between х and 4. 


л zy 
11 tan x =1 + 2(x 5) +2(x-2) + 
1 4 2 n\> А т 
; (З tan z+4tan*z+1) x= ‚ 7 is between x and 7. 


D t 1 | 1 
За | EA 94 k ‚238 
13 3 a + 2) gU +2) iet * 2) 326 +2) 


1 4 К 
яс, 2) +27 0х + 2)f, z is between x and —2. 


ib апке tala. j-igcipa ==. 
кА 4 31-22) 


z is between х and 1. 


(x — 1), 


p. B ors 1 
17 xe = —-+—(x+ 1? +—() э+—( Ч 
е : x* 1) Үү») + —(x + 1) + 


ге + Se? 


ЕЭ 5 zi 7 а - 
120 (x + 1)*, z is between x and —1. 











A66 ANSWERS TO ODD-NUMBERED EXERCISES 








Exer. 19-30: Since c = 0, = is between x and 0. 1, 
(b) 639. 
4 
1 5 
19 In(x + lye + 237 де gu T) 
Z ай а s 43 11,11 REVIEW EXERCISES 
айке рт mpi ЖОЛ 
= жой я 9 ran 80 CS FD sat FD 
m aan | treet БА” fore 5 a. Vans 3D 15АС 170 190 21 AC. 23 CC 
3 3 5 UA 25 C 2E эзе 3620 33€ ase 
| 1 5 "бг 
25 сүр” 1 629+ 30 + an? + Sx? + Ox ING - ay? 37 D 39 0158 4 (3,3) 43 [—12.—8) 45 : 
4 1-2: : 0 2n 
27 arcsin x = E Te Сс: 29 f(x) = —5х* + 2х* 43: S (tt үх” — aS (175 2. 5 athe y 
z i = 2n "То -n 
31 0.9998: | Күх)| < 4 x 1077 йыз EE EA 
зз 20075: | К,х)| <3 x 107° дее LA уч! 2. 
35 -0454545:|К.(х)| € 5 x 10 53 -6Уг(-1/ ЭГ 42 
37 0223; | Ry(x)| <2 x 107+ # 70 п 
: 1-5 28 — 3 
39 0.8660254: | Кх)| < &2 x 1077 55 /xe24-ix—4 Y (any) Lyr ey др 
" 4 ost. л Ч 
H "1 *i ner M " " 2 -0 п= 2 - 

41 Five decimal places. since | Ry(x)| < 4.2 x 10°° < 0.5 x 10 57 0.189 59 1.002 
43 Three decimal places, since | Ку(х)| < 1.85 x 10 * «0,5 x 10 ° y» Wox Ao» ET 

Ч . f : 61 Incos x = п (53) v3(x—*) (х2) — 
45 Four decimal places, since | К.(х)| < 3.82 x 10 * < 0.5 x 1025 2 SON 6 3 6 
47 If f is a polynomial of degree n, then the Taylor remainder 4 | . WW ocu cec ceu wi 

Rx) = 0. since /"* (x) = 0. By (11.45), we have f(x) = Р(х). 327^ ) үз SOO" z + = See” г tan 24х— 5) ' 


л 
: is between х and e 


EXERCISES 11.10 


- ; =й 
63 е7 = 1 — y+ 614° — 1222 3e 7 x*. z is between x and 0, 








yup Laub Y qp ЕЭ a 65 07314 
3 х vers ent 
1 1 S 1-3-5-493(20-03) 4, 
0) t—;—- У a m CHAPTER 12 
2 5 €. [—2) —54—8)---(1— 34] 
m 2 d „п. 
Eae 2 ДАЛ” m m EXERCISES 12.1 
3 * s = (30—20 – 7 8 
СИЕР Н PEN 2) de ( mM ye ЭГ à 
25 23 S'n 1 100. 0): FO, —3 y= 3 з V(0, 0); F( — 590): х=; 


71—2x 38 + У (—1/(т + 1)х”; 1 
n=3 


y 


A 1 

9 1—3х+6х?+ Y (—1)'"—(п+ Di + 2)": I 
"-3 - 

1 1 А Е 3-5-8 {Ап ~ 4) 
11 2+—x- x'42 Y (= e 
tp m P 241 
153-5 2п– | 
ida i ace EM 


7n 4. 11! 
E Pn + Hn 


yet (Ы 1 


Exer. 15-20: The error in the approximation is less than 
0,5 x 1073; 


15 0.508 17 0.198 19 0.296 





21 [-07,1] s voo: F(0, 1): y= —1 





f(x) = (1 +)!” 





4 a 1 
23 (a) Оѕе (1 — x) ^x 1 zx and a half-angle formula. 








ANSWERS TO ODD-NUMBERED EXERCISES 


А67 





9 


V(— 1. 0k F(2, 0) 


1 V(-4,3x F( —2.2) 





13 


2091) 
00-5. – 6): Е –5. – т 
15 (0.1) F(0, — | 
y* = Bx 19 (y+ 55 = 4(х — 3) 


23 


27 


31 


: 
г}, (Ы 27 


(a) x? = 500 – 


(c) 282 ft 


їг 


у 








21 yr = —12(х+1) 


W sx 
25 7 ft from the vertex 
1 


lor 
(cl 


10) 


200 


ЦЭВЭЛ 


29 |a] р 


r l| 3 
a [b) л” һ 


1+ (555) dx 


Hint: Let the upper right corner of the rectangle be 


(x, ax? + К). 
ly = тер“ 
(+2.280, —0.3) 


17A LS 


(0) 17.5 ft 
AY 





EXERCISES 12.2 


3 110. +4): FO, 532, 3) 


1 W( +3, 0): АСЕ N 5.0) 





5 KO + v5): F(0. 43) 





9 V(4 t 3. 2); (4+ 5,2) 11 V(—-3t4.IE F(—3 47 1) 


Y 


+++ 





++ 





13 V($;2 t S F(5. 2 3-21) 


4+ 












rot 


X ug 4x? ‚у? ET y! 
m I ыд tes 19 = | 
18 64739 ! 17 9 t5 51 +з 


I aed 23 + 9yt= I 25 484 = 9.165 ft 





A68 ANSWERS TO ODD-NUMBERED EXERCISES 





Е DE = x ( m 
| . Imk = IRE 2 
= W k 15) Ay mk =2лЕ 31 | tv 3,5) 


29 (а) | 
У E 

33 5х — 6y = —28; 6x + 5у - 3 35 z nab? 

37 864 41 509 х 10° km? 


45 (a) (+ 1.540, 0.618) 





17 V(6, 2 + 2); F(6,2 + 2410) 





1541 /1 - 2 5 Ё E p К 
toj 2 |, | 55609 21x) (21 Jas (21.07 — 49x |а 


EXERCISES 12.3 


1 У(4:3, 0); Р( + 4/13, 0) з V(0, +3); FO, 413) 





5 V(0, +4); FO, +24/5) 7 V(+1, 0); F( 42, 0) 


y 





9 V(+ 5,0); F(3:/30, 0) n И(0, x3) FO, +2) 31 If a coordinate system like the one in Example 5 is used. 


Um : 80 "PIS 
then the ship's coordinates are ( ; V34. 100 | = (155.5, 100) 


эз (+2,/2, —6) 35 4x + Sy = —3: 5x — 4y = —14 
b : " 
37 - [he — a? In (b - c) + а? In a] 
An J2l 2~/ 5 I2. 59 ec 
39 4n 2| 243 — V2 + In ——“— ) = 28.69 
, 24.3 
| 
41 - AU 


43 The rays will collect at the exterior focus of the hyperbolic 
mirror, located below the parabolic mirror in the figure 








ANSWERS TO ODD-NUMBERED EXERCISES A69 





(a) (0.741, 2.206) 7 (a) 0, parabola (Ы (у)? = 4(x — 1) 





3 П Ew 
(b) Ї 5 (05 + fgg [1431 + 22 — олу] - 
[0.1 + V1.6 + 3.2(х + оз] 4х 








EXERCISES 12.4 9 (a) —2704, ellipse Ы = + (y= 1 
Exer. 1—13: The answer in part (a) gives the value of B? — 4AC & 
in the identification theorem. 
1 (a) 0, parabola 
lb} (y")? = 2x’) 
4 > 
: з (xr 
11 (a) 128, hyperbola (b) (у + 2) 187 1 
3 (a) —36, ellipse (Ы) er + (у) = 1 ; 
9 S Á 
4 
5 (a) 256, hyperbola Ы UL (у) 21 13 (a) — 1600, ellipse (Ы Ur +y =1 


4 





А7О 








12.5 REVIEW EXERCISES 





5 V(+2, 0); F(+2V2, 0) 7 (0.4); F(0. 





9 V(—-4-c 1, 5); 11 У(-34 
у W- 
Е(-4 10.5) 





т V(0, 0); F(16, 0) 3 И(0, +4); F(0, +47) 








ANSWERS TO ODD-NUMBERED EXERCISES 





13 V(2, —4); F(4. —4) 15 V(—4 + 3,0); 
F(—4 + 410,0) 








L х? у? 
aes 040 = 
17 8-9 1 19 х \ 21 757 100 | 
y" х? у 
2822-1657 25 zti! 
=, БОР. 960 = 3 
27 (ај } J% (1 TM, (b) 1 ft 
16 15 
29 у-2- "(x + 3); y 2 =x +3) 
15 16 
8, 35 bsn 
33 =р : 
(2:3) 





37 х=0:ў= k^ where К = bc — a?[In (c + b) — In a] 





CHAPTER 13 





EXERCISES 13.1 


1 y22x +7 З3у-х-2 








enne 


Ry 





5 





mbi m 






C, 





25 
27 {а} 


13 














А72 ANSWERS TO ODD-NUMBERED EXERCISES 








3 2 
9 7 — an1 = —2.34; cot s043 9 (—27, ~ 108), (1, 12) 
. 32 +12 
11 (а) Horizontal: (16, + 16); vertical: (0, 0) (5) иг 
35 x = 4b cos t — b cos 41, у = 4b sin t — b sin 4t 
А 2+4 
13 (a) Horizontal: (2, — 1); vertical: (1,0) (b) эгж 





39 (a) The figure is an ellipse with center (0, 0) and axes of 
lengths 2a and 2b. 
41 43 








15 (a) Horizontal: none; vertical: (0, 0). (— 3. 1) 


Ы 1-3 
144%! — 18 


(с) 





45 A mask with a mouth, 47 The letter A 
nose, and eyes 





17 (а) Horizontal: (+ 1, 0); vertical: (0, + 1) (b) 25 t eset 


+> (с) 











РЯ 


EXERCISES 13.2 








ANSWERS TO ODD-NUMBERED EXERCISES А73 





19 Horizontal: (0, +2), (24/3, +2), (—2,/3, +2): 


13 15 
vertical: (4, +2), (—4, 52) 
21 (349? – 125) = 543 23 Ve"? — 1) = 539 
1 5 8л 3/2 Р 
25 (735123 271539 29 — (17? — 1) = $78.83 
31572384. зз 6767020 зв 526"... 336,78 
9 3 5 
37 2ү2л(267-1) 8403 39 22 


17 19 





EXERCISES 13.3 


1 3 


++ 
1-4-4-4-4-4 














+ 
Т 21 23 
- 
4 
5 7 
L 
- 
+ + 
= T 
Ї 
25 





9 11 
Г, 
27 r- —3scü 29 ғ=4 31 0-tan^'(—.) 
33 r? = —4 sec 20 35 0 = a sin 0 














А74 | ANSWERS TO ODD-NUMBERED EXERCISES 








w 
ч 
^ 
! 
tA 
w 
' o 
| 
- 


61 Let Р, (т. 0,) and Ра, 0.) be points in an ré-plane, Let 
a =r; b = ry, c = d(P,, Pj), and у = 0, — (,. Substituting 


into the law of cosines, c? = а? + b? — 2ab cos у, gives us 
the formula. 
9 


4t x*—y*z1 43 y —2x 2 6 


tr 








65 Use (13.10). 
67 Symmetric with respect to the polar axis 















4 
Ч Ї 
Т Т 
Т Ї 
45 у= —х?+1 47 ix- 1? + (у – 4)? = 17 Т 
69 The approximate polar coordinates are (1.75. +0.45), 
(4.49, + 1.77), and (5.76, + 2.35). 
3 < 
49 у= — 
n ! х 


EXERCISES 13.4 


d 
Т їл л | : 
T їл) же 5 7,ү(67-1/4554 92 
T 11 9л 1 l'arctan (3/4) 1 d eae 72:40 m2 1 $\2 
20 3 А 3! sec 0) 40+ Jurctan (2 4,20! а0 
l'arctan 3 | 2 › 
Ї is 1 z [4 ese 0)? — (2)°] 40 
TIE A : 
їр 17 (а) 8 [^ <[(4 cos 20)? — (2] d0 
+ 


nf 1 2 л. 3 
(b) s| f "202 40 + |i с m cos 20)7 40 | 


2) 
ә 





зї 3З 5з-1 552 570 S9; 19 m+ 921408 21 44/3 – 2 = 274 


п 2 2 


4x 
3 





ANSWERS TO ODD-NUMBERED EXERCISES A75 











5л 1 3л 1 1 8 3-2 
= 3 = 0.22 агсѕі - x - — = 3 3 
23 54435 0 25 3 +11 aresin 2 avis 4.17 27 r Try 29 53 31 
zx 3л 531. na 8:41/ 4 M 
27 4X1 — e 2") = 141 29 2 31 3 33 2.4 33 1, 6 39 sec 0)? а0 35 I 2 (== 3) 40 


1287 


л А Р 39 [b] avl -e 
35 — 8042 37 4a! 39 42 41 4148 ane и 


аз 32430 + 677) 363 
13.6 REVIEW EXERCISES 














2x? — 4x + 
1 {a)y == 19) 
EXERCISES 13.5 
1 L ellipse 3 3, hyperbola 
Ї 
T: 3) 
3 | |у-277 w у 
Тү, эя) 
a 
+ 
5 1, parabola 7 l ellipse 


- 








HH- 





9 


tole 


‚ hyperbola 


11 9х2 + Sy" + 12у 536-0 13 8x? — у? + 36x + 36 - 0 
15 4у2 + 12 —9— 0 17 3х2 + 4y? + 8x — 1620 

19 4x? — 5j? + 36y — 36 = 0, with (+3, 0) excluded 

2 12 


21 r 23 г = ——— 25 г-- 
3 + cos (7 l —4sin 0 1 + cos 0 














А76 ANSWERS TO ODD-NUMBERED EXERCISES 

















н? +2 А 3? -2 
7 [al ! : [b) Horizontal: none; vertical: 0 (17-55 
27 r - Acot 0 csc 0 29 r(2cos (7 — 3sin 0) = 8 
31 г = 2 cos 0 sec 20 33 x) x5? — 
35 (x? + у?)? = 8ху 37 v = (tan у 3)x 39 -1 41 2 
43 V2 - In (1 - ,2) = 2.30 
45 2z[542 In (1 +\2)] = 49.97 47 2na^Q — 42) = 3.68а? 
CHAPTER 14 
EXERCISES 14.1 
1 29 у 
(2. 5) 
+ 44—44 
\ 
19 


1-4-41-4-444-449- 


| 


Sao 





HHHH 






St 1-4-4-4-4-4-499- 
х 








i 








ANSWERS TO ODD-NUMBERED EXERCISES A77 








7 (2 1», (1. —7)5, (4, 46>, €—3, —125. б, —32) 13 
9 14—15, бу, (1, —2>, <—14, 45, (24, —12$, (12-12) 
11 2i + 7j. 4i — 3j. 6i + 4j, 3i — 15]. 17i — 17j 
І 





13 —b 15 Ї 17:28 
19 (4,75 у 
(4.7) 
T 
wiih. e 
21 (—6,05 23 «9.—3) 











(9. - 15 4-2,5, —1) 
Q(6, — 4) N30 
: $ 4, А 
17 [a] 28i — 30j + 12k 15) „Бр — 2k 
PFi-3.-—1) 2 — | 
lc) (14i — 15j + 6k) 
v 457 
8 I5 8 15 » 2 2 2 
i + j iet 19 (x — 3) - (y - 1? + (2 2) =9 
25 (а) -aitai Hpi i 
2 $ \ 2 3 21 (x +5? +y +i- = – 
27 (а) —) (bo) (—-—,— HM. АР” 
м29  w297 S29 ү29 23 (a) (x + 2 -- (y — 4)2 + (2 + 6)? = 36 
1 > > r 7; ў 2 (748 = 
29 (a) <—12,6> (Ы (—3.; нь 2223-2254 А-ай ий Лий C4 ам: зайн 
2 ‚65 465 (ce) (x + 2° +(v — 4)? + (2 + 6)? = 4 
3 2 5ү › _ 89 
33 (a +; (Мо [90 35 4096: 28.68 25 (x +3? +(y—5) +2? = ; 
37 — 6.180; 19.021 39 301.5 пи/їг: 144.3 27 (х —1P + (у ~ 1? +(2-1P =1 29 (2,1, —1); 2 
41 sin ' (0.4) = 236 43 р-2:4--3 31 (4,0,-4)4 — 33(0,-2,0)2 
4S If a and b have the same direction 35 All points inside or on the sphere of radius 1 with center 
47 The circle with center (xo. уд) and radius t at the origin 
37 All points inside or on a rectangular box with center at the 
origin and having edges of lengths 2, 4, and 6 in the x, y, 
and z directions, respectively 
EXERCISES 14.2 39 АП points inside or on a cylindrical region of radius 5 and 
c altitude 6 with center at the origin and axis along the z-axis 
1 [a] 4 104 (Ы) (3,1, — 1) (с) <2, —6, 85 41 All points not on a coordinate plane 
=: fi 8 ^ дэс 10:30 x 
З (a) 53 Ю(-5--11) ie) <7, —2,0) 43 Hint: P is (2388,53 t n nx), 
2 4 4 4 


psp; (96-11,1) 

7 (a) <1, 3,0» (6) <— 5.9, 2) lc) <— 22,42, 9) 
id) v4l fey 3/41 

9 (a) 41 - 2j — 3 2i— 6j — 7 1—28 — 1 
ii v 29 ' ma = : mien af ae ша sow ” ЁС: 

"wir Ю)1--21-5 (9 51+ 9j — 4k (d) 2 90 11 arccos = = 97.5 13 arccos = x 62.5 
le] 342 534 13 


5 аруз Ы | 


EXERCISES 14.3 





ANSWERS TO ODD-NUMBERED EXERCISES 








A78 
15 Hint: Use Theorem (14.21). 17 —3.5 19 74 (0) (с) 
37 82 
21 arccos > 48.2 23 25 | 
№2081 «126 


27 —4.43 = 693 ft-lb 29 1000, 3 = 1732 ft-lb 
35 (a) Hint: a, = a- i = ||а||||ї|| cos z. 
47 When a and b have the same or opposite direction 


EXERCISES 14.4 


1 (5.10, 5 3 (-4,2.-1) 5 —6i — 8j+ 18k 
7 0i —0j-0k —0 9 0i - 0j + Ok — 0 

11 Hint: Use Corollary (14.31). 

13 (12, — 14,24); (16, —2, —5> 


Exer. 15-18: c is a nonzero scalar. 


15 (ај с(13,7, 5) 


282 


17 (a) c( —10, —8, —20 15) s 141 


23 4 


EXERCISES 14.5 


19 ж 5, 
N 


06 


In answers it is assumed that the domain of each parameter 


is R. 
1 1 
1x-24T:5,y-22 1202-2 —3)451 
3 х-0,у-1,2-0 
26 17 13 
” & , ^? == . 
5х-5-3,у--6248,2:-4 381149) 49:32) 
M 
(0.5--1) 
7 x=2-— $t, у= 0,2 = 5 — 21; (—18, 0,0), lies in xz-plane. 
(0,0, 5) 
9х--6-1,у-4-5,: 3 + 95 11 (5, —7, 
13 Do not intersect 
15 гє 
15 0 —cos '| | = 55 апа 180° — 0 
VOS 18 
71 
17 0 = cos! | ] = 60 and 180 — 0 
у 82, 249 
19 [a]: = 4 (0) х= 6 (c) y= —7 
21 6x — Sy – 2 = —84 23 3Хх-үч2:--1 
25 x +42y — 5: - 8 27 2рх-у-2:--3 
29 {al 





3) 





(0. 2.0) 





(0. 6, 0) 







(3.0, 0) 


(0. 10, 0) 





| \ 
37 х--1::5 39 Зх + 2р = 6 41 4x -р+ 32+ 7 = 0 
CaS). Fre e X & £3 -a 
a === E 45 — = y=2 
47 €23—1y22-T552-—1 49 x 235, y 24— 1,2 mt 
7 17 8 
51 + 0.91 53 = 0.76 55 89 _ = 3.90 
59 64 14 №521 
5411 = 
57 6x + lly + 42 = 38 59 х 7.75 
ү 90 
474 ч 
ы [тү #5 63 --4-41-1 


65 бх + 4р + 32 = 12 


67 4: (ај (0.55, 0.30) 


(Ы) 103 :77 
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EXERCISES 14.6 25 (a) (6) 
1 3 
Ч ‚ 
нь 
\ 
у P 
X d. 
5 : 27 (al (b) 





29 (а) 19) 


21 





23 [а] 19) 31 (а) Ib) 

















A80 





33 Hyperboloid of one sheet 


“| 





37 Cone 





41 Exponential cylinder 





35 Paraboloid 


12 


39 Ellipsoid 





43 Plane 





ANSWERS TO ODD-NUMBERED EXERCISES 











29 


33 


35 


37 


39 





х2 +27 + 4у2 = 16 53 2=4-— х? — у? 

у +22 –х? = 1 

[a] The Clarke ellipsoid is flatter at the north and south poles. 
(b) Ellipses (c) Ellipses 


7 REVIEW EXERCISES 


Si-13j—8k 33433 526 


27 
андах 27 шїн» (4-103-1-4 
4962 26 
9 
2i-2jt- Uk  13-2-4157 15156 170 
43 


80 21 Hint: Use Theorem (14.21). 
11:53 
ll N38 2-5) 
(с) (x - P (у +4 -(2—3] =16 (у--4 





(|х-5-4-6,у--3-(1,12-2-1 ()6х-у-2-25 
6x —15y + 5: = 30 22 x = 1t +5, y= 6 — 2, 2 = 51 
4x4 3y-4dz-1)] зи ХФ 42? = 1 
64 9 
І 
(а) — 41.4.75 (Ы) X +4y - 72 = 5 
V 66 
(Цх-2-7,у--1-17,:5:1-3 (4) 59 
59 
(е) arccos — х 15.40 
43745 
f] 66 = 812 64 575 
1) 4 66 x 5.12 M ay 2179 
х-342,у--1-4,2-548:х--147, 
ус6-2,:--2-2 
25 
0 = arccos ——— = 121.46 and 180 — 0 
42295 


41 






(0. 0,5) 


pi 


(2. 0.0) 
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43 45 9 11 








47 






N- 
=S * тэн” 





17 


CHAPTER 15 у 


EXERCISES 15.1 


1 3 





4 эн 
19 214% 17 + In (4 + V17)] = 23.23 
21 V/3(e?* — 1) = 925.77 23 7 


25 (b) 2 (c) 4,3 





(4. 0, 4) 





X 





27 [a] Hint: Let Ax + By + Cz = D be the equation of an 
arbitrary plane 15) 7 








A82 


ANSWERS TO ODD-NUMBERED EXERCISES 





EXERCISES 15.2 


1 (а) [1.2] 
(Ы =) ua 1 


x: 1 8: : 
(2—1) 12}; (0 07221-02 —10)7 2 2] 


= 4 
3 (a) ич 2i - mn} [b] sec? i + (2r + 8): 2 sec? à tan ri + 2j 
5 [a] ии oh z + лп | (b) 2ti + sec? rj; 21 + 2 sec? r tan ij 
7 Ца) (4 z 0j [b] i+ 2e7} + К; і 4027} 
24 КТАП 
9 —%+2! 11 -4мп01-4-2со81) 


1-4-4-4-4-4-4-4-4-9 















15 2-1 \ 
! 
+ 








17 x=1+6t.y = —2—101,2=10+ 8 
1 ЭН? 
19 Хэ ПЕТ, уе == 21 +—(2i— j) 
y$ 
25 x — ae', y = be', and z = се! for constants a, b, and c: 


the graph is a half-line with endpoint O deleted. 


27 l6i — 8j + 6k 29 |1— J i l ў + n4 2k 
1 э >} 
Ne - 


` 


1 3 : 
a (572) +GP +t- 3j +t + 1k 


33 (Pre Tie Qr Sj +[м®—3 +1 к 35 х+у=1 


37 (1 + 357) sinr (28 + 30 cos c [( + 4) sin t — г cos ri + 
[0312 — 2) sin t+ (t? 


21) cos 1]j - [— 3t sin t +(1 — t°) cos t]k 





EXERCISES 15.3 










1 3 
A AY 
а(1) it mH 
! те 
vil) 
4 
Ї +++44+4 ft нэ. 
! 1 


у(т 0) 


almh) 





ttt tt tt ttt t+ a 
\ 








1 2i-j 4i jS 


13 e 
15 i+ 2j + 3k: 0; , 14 


(-—i+j+k): e7?(—2i + ki: vie"? 
J - 

19 [a] 18.054 mi hr 

(1500)? 
c. 


(b) 86.7 min 


21 [a] 7504 3i — (—gr2- 750) Ibl + 8789 ft 
(1500) 43 
24 
23 1250) x 89.4 ft sec 25 0.46 rev sec 

29 251Ї 31 0.14 (mi /hr)/ft 


[c] + 60.892 ft (d) 1500 ft/sec 


EXERCISES 15.4 


4 t 4 t А | Р 
1 [a гэгч - sf -n i -a 
шит 023.2 (1 r8jil (0 4- 0y 2 1 WEE 
Ib) A} 
\ 
d- 
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ы 
3 qc 


(b) 


5 [a] cos ti 


[b] 
Y 
3 5.2018 
10357 
15 0 17 
19 [ај | (Ы 





1 


уй 
16 (* x 1)? 


1 


sin tk; —sin ri 


4s 
урат * 0.50 


(5.0) 


(с) | y 


1+ 








21 [a] 242 


(с) 


Р. 1) 








23 


51 





(In42, —] 25 (0, +3) 
y2 
(+72. —20) 31 (0.0) 
14 29 
113 41 (4. —2) 


27 (7 -;2) 
2 3 


R лі" 20 


(1 + 3eos? 20? 


35 


43 (0. —4) 


3 
X 8S—3My-lscs20 


1 NP 
х= 4005. х, у= 45п 5:0 < 5 < л 
4 4 


EXERCISES 155 


А б è b 
(4 4 9 27 48 9) ?^ 48 + OP? 
6742) — er eder? Aree 122 
К+ xq qa aru y SS +42 + 13 
1 ОВУ „ 2597 
i1 Eb EDT ag мэ 
65 sin r cos 1 AS} sin? + 16б cos? + 10296) 2. 


116 sin? r+ BI cos? p D) 27 


(То sir? + SE cos? + Dt? 


181 sin? t. + 16cos г + 1296)! 7 


(16 їп?! + 81 cos? + 1)? 
36 18 ч 
' 16.10; х 8.05 


`> M 


"nl 


15.7 REVIEW EXERCISES 


19 


23 






vtm) 





ab 4) 


ою; 2 || 17 — 168? +4 


t. 


ү-1-41,2-1-1 





АВЗ 


3i + 312) + AK. 6] + 12k. Vy 34: 3i + 3j + 4k, 6) + 12k. 34 


5 
rit) = (Gr — 4ji + Qn — 8t + 9)j + (242 1)k 


Ui + (8t — 45]: 2i (8 
ЖЕЛЕ: 
(| 00+} + [b] х 
3 
10 
0.5 
2i + l —k 
зэ 
108 
gor? 9 015 
IE 309 
g [ET сын 
y 90 


21 24/5 = 1.86 
Б^ 


8 cos X sin 27 + sin / cost. 2|cos 2r cost + 2 sin 2r sin f 


(4 cos? 2r 4 sin? n? 2 





(4 cos? 2r + sin? rt? 
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CHAPTER 16 21 yarctanx — z 23 хХ1-4/2-:1-1-1 
25 (a) Ellipses (b) None (c) None 
EXERCISES 16.1 27 (a) К > 8: none; К = 8: the point (0, 0, 8); 0 < k < 8: circles 
15) None (c) None 
a 34 29 (d) 31 (a) 33 (f) 
1 R?; —29, 6, —4 3 [(u, v) u x 201; E 
" x 35 
5 lix, y,z y; х®*-+ у? + 2° < 25}; 4, 24/3 
7 9 





f ERN 
E ЕЭ 
me 37 None; the origin; the sphere with center (0, 0, 0) and radius 2 
é : К : k 
X 39 Planes with x-intercept К, v-intercept y and z-intercept 3 
2 8 41 None: the z-axis: the right circular cylinder with the z-axis as 


4 


its axis and radius 2 
43 (а) Circles with center at the origin (Ы) x? + 1? = 100 
45 Five; spheres with centers at the origin; the force F is 
constant if (x. у. 2) moves along a level surface. 
47 (a) P = kAr* fork >0 
(5) A typical level curve (see figure) shows the combinations 
of areas and wind velocities that result in a fixed power 
Рае 











8 
(| Аг" = үл X 10° 


49 Example: 5'11” and 175 lb are approximately 180 ст and 
80 kg. From the graph, we have a surface area of approximately 
2.0 m°. Using the formula, we obtain 5 = 1.996 тг. 


EXERCISES 16.2 


Exer. 11—20: The answer gives equations of possible paths, and 
their resulting values, to use in (16.4). 


m 


Il 
© 
N 


13 у-2-тх-1, 


1 + т 





15 у = 23 үгул 0.0 17 хау 00р 1 








ANSWERS ТО ODD-NUMBERED EXERCISES ABS 


a! p) a c ec 


19 x=, y= bt; 2401, » 21 0 23 1 ^ >= — 0.229 (ug m?) m is the rate at which the concentration 
anc t 
25 l(x. y: x -- y » 1) 27 |(x. y): x z 0 and || <1} changes in the vertical direction at (2, 5). 
fix, =) 2% ә х? -21 (x, v, 2): х 2. zm 1 
АА ийысе жуп s WORSE ин 55 (a) 3:57: 4.81;4:98: lim —^ — — 5 — qp, —" ^ — 
| ata uk эла р-я 0.8 + 02р [a + pl – a] 
x? у? шил А. (c) pip — 1); as the hamber of processors increases, the rate 

1 ] of change of the speedup increases. 

37 x? + 2x tan y + tan? у + den у + mnt зандаа а 
2 ) f AX ps TH " rate he 

39 tm (x? + 2) + 2у — 3 e? + 202 — 31) 57 fa) = = Towe ^* cos (wt — х) is the rate of change of 

41 2x? — 3xy — 22? х + 7y temperature with respect to time at depth х. 

43 The statement lim f(x. у. т. w) = L means that for eT 


ые = — Туйе [cos (wt — zx) + sin (et — #х)] is the 


every є > 0 there is a д > О such that if 
0 = Vix — a)? + (y — b? + (2 — с)?  (w — d)? < à. then 


бх 
rate of change of temperature with respect to the depth 





| ftx. у, zw) — L| <€: at time г. (b) Show that k = Е 

E » om 
гү 2 j 

59 {al 3 = —0.412y ml yr is the rate at which lung capacity 

Li 

EXERCISES 16.3 decreases with age for an adult male. 
гү oe : 

1 Лх. у) = 8х?%у* — у?; fox, у) = 6x*y? — 2xy + 3 [b] x = 27.63 — 0.112x ml/cm is difficult to interpret 
fr. 5) = as f(r, s) = ane because we usually think of adult height у as fixed instead 
Ч эс ire s 


3 

5 /1х.У y fi 4 of a function of age x. 
Мх. у) = e Edu X, y) = xe* + sin x й Ae аген 

7 


fit.) —5 = »: fitt. du e 63 x —l;y-tz-——4t + 12 


9 fix. y) = cos х — 3 sin х; Kix. у) = (*) sin х 
y y у у у 
11 f(x, у, 2) = 6х2 + y*; fx, poz) = 2ху; х, у, 2) = 3x? 
13 fir, s. t) = 2re** cos t; f(r. 5, t) = 27e? cos t; 
fir.s. t) = —г?е?* sin t 
15 fíx.y.z)— & — ye"; f(x. у,2)= —e* — те”; 
fix, yz) 2 xe* e? 






P(1. 2.4) 
р = 











ю Дон) = —————— 

2vaqey 1— qv 

А Foy 
144. г.м) = ——4 o weos гиз f(g. г. w) 2 г cos ew \ 

2vqrvyl — qv 
Boe m Wet ЭЭГ оо 65 0.0079600438, 00597349919: 00079600333, 0.0598334499 
21 Way = Wye —6x'e 7 + 2у t sin x 67 1.8369; 4.1743 

s ^ 
23 у= = — - sinh - 25 |8xy? + l6y?z 
27 ("(sec rt)(sec? rt + tan? rt) 
29 (1 — х2у222) cos xyz — 3xyz sin xyz EXERCISES 16.4 
31 Wi. = Wier: = Win =36 ^ e^t — 65126" А 
ey NE д?у 1 (а) 10y Ay — x Ay — у Ax + (Лу)? — Ax Ay 
33 Show that xd КЕРЙ ae (b) —y dx + (10у —x)dv (e Ax Ay — S(Ay? 
35 Show that = zi = —cos x sinh y — sin x cosh y = c 
ыг Exer. 3-6: The expressions for є; and €; are not unique. 
w 1 wv 

37 Show that © ag "77905 ёс y) aay at рэг Зар 
39 Show that w,, = —c?e sin cx = wp €, = 3x Ax + (Ax: є, = Зу Ay + (Ду)? 


3 
5 
Ca a —_ : 4 0t 7 (34 —2xi) dx + (— + Oy) dy 
(that — = a*[—k*(s isin kx)] = а? —. : A А 
41 Show that x74 [—A*(sin akt)isin kx)] = a 50 9 (2x sin y) dx +(x? cos y + Зу! 2) dy 
1 





43 Show that u, = 2x = r, and u, = —2y = — ty- W xeV(xy + 2) dx + (e — 2y 3) dy 
45 Show that и, = e* cos y = v, and u, = —e*sin y = —r,. 3 2 2x? 
Б. y= z J ý 13 [2x In(y? + 22)] ах + (5 REN Ss) ay +(_ : 55) d: 


47 Wy, Ways Wier Wyz Wyys И, Wane Ways Wee 








49 jem: 2 400 aiy +z xz 2 2 
In deg/cm (а) 200 15) i 8| уг(у + Ја] xzix + а | wit Vy 
$1: In valts/üzs fa) _ 100 (b) 30 tel -5 (x + y +27 (Xy zr (vty +27 
слийн 9 9 17 (2xz — z^ dx + (403) dy + (x? — 2xzt) dz + DE = xz?) dt 
А ӨР 
53 E = — 3658 (uig/m?)/m is the rate at which the 19 7.38 21 187 23 (a) +, RO lb) t fr 


concentration changes in the horizontal direction at (2, 5). 25 (а) 380 Ib (5) +115% 27 +00185 
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6W 
Wu Hi 


35 Maximum error in z must not exceed +2.9 feet. 


33 2:96 


ЁТ. : ^ i 
29 [b] T is the rate of change of temperature in the direction 
í 


normal to the circular boundary. 


2 enor ша Lise тойгу (15.159. 31 (bj Vf(1, 2) = 1.00003333i — 0111112345}; Vf(1, 2) = i — `j 
f. h Ri Ax -f зз 01294 41 (55-43 

45 |4, я, я-||Ау=|—9 
hy hy h | Ах h 


EXERCISES 16.5 


1 2x sin (xy) + у(х? + у?) cos (ху); 
2y sin (xy) + x(x? + у?) cos (xy) 
2rIms 4? 
S4 + 2p + 2r Ins 
^ 


5 3x?e? + ye* + 4x7y7; 3x70? + е* + Ixty 


3 2r(n s) + 8rIn s 2sln s 





EXERCISES 16.7 


1 16x — 2) + 6y + 3) + 62— 1) = 0; х= 2— 16r, 
у--346,:-1-6 

3 16(x + 2) + 18(y + 1) + (2 — 25) = 0; 
x= —2 + 161, у = –1 + 181.2 = 25 +1 

5 4(х+ 5) — Зу — 5) + 20(2 — 1) = 0; 
х= —5 +41, y= 5 —– 31,2 = 1 + 201 


л R 
7 хуу 5) «є-1)-0:х-4,у- т РМЗ, 1-1 


1 3 3 Жер л m -0x | = 
7 31n(urt) + 3 2- : r In (urt) + ‚+: 0 In(urt) ++ 9-4 Sp — 2) —— 1) =O eae реве Цааа1-4 
и Р - - 
m aci n 13 
9 34у +67 245 и E » 


13 45171 cos t + tan 4t sin t — 4 cos t sec? 4t 











бх? + 2xy IB4xy + у 
19: =e 7S 
x 3) Oy XY x 
>.) 22277: 9%? 3- 
é. tx - V S 
19: = 2 E uos -i 
6xz* — бу: +4 6xz* — бу: +4 
e" — 2yze** + Зуде? хе? — 2e** + 3xze 
21 = 2 = . = — 
xye"^ — 2xye" + Зе" xye" — 2x ye" + Зеу 
23 [a] 0.88л = 2.76 іп.2/тіп (Б)03л = 0.94 in.? min 


- dT VdP Рау 
ш kde Ка 


29 762.6 ст? yr 33 3 35 0 


27 —64 in.?/min 


EXERCISES 16.6 














3 
+ зр 35-01 8-8й-1-4 
5 5 
7 195.707 9-а. #— aum 
„Э 8/13 84/26 
- 5, 
13 —— 40098 15 164/14 = 5987 17 8034 
2426 NER 
12 
i$ — 215-3779 
v10 
2 3 1 2 
21 (а) --- (b) — i ——= j; 80 (|---1---|-480 
х 26 45 NS 45 v5 
ә 3 1 
23 (a) —— й---1---14---5К:1 
7/22 N „14 via 
2 1 
р 
«14 y 14 «14 
9 
25 (8) -2- (b The direction of — 12i — 16j 
v2 


(с) The direction of 12i + 16j (d) The direction of 4i — 3j 


27 (а) — Ë (Ы The direction of 4i — 8j + 54k 
13 





(с) ү 2996 = 54.8 
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842242 3 8/2 2 
25(32235,-52)(-25, = 212) 
v5 NS 5 Vs y 


31 (1.2718, 1.1787) 


EXERCISES 16.8 


1 Мах: f(—2,1)=4 3 Min: /|—. =) = 


5 Min: /(0.0) 2 0 7 SP: (0,0, f(0.0)); min: fil, —1)— —1 


9 SP: (3, —2, f(3, —2)) 
11 SP: (2, 4, f(2, 4). (—3, —4, f( 3, —4)); 


. x 2 1 7 
min: /(2,-4) = 208. diui: 11-34)» б? 


13 SP: (0,0, /(0. 0)): тїп: /(4, —8) = —64, /1-1,2)--2 


15 8Р:1(-2,-43,Л-2.-43) min: f(—2, 4/3) = —48 — 64/3 





17 No extrema or saddle points 19 Min: fi< 2.222) = х 

42 

: к 3 

21 (0.0), (+1,0). (0, +1); тіп: f(0, 0) = 0; тах: /(0, +1) = 
A {1 1 1 : 1 1 А 
Р. EL. SE, 2 = 2 
23 Мп f(5- n y тах: f| a3) 1-4 


25 Min: /(0, 0) = 0; max: f(4. 3) = 67 

27 Min: f(1,2) = fil, —1) = — 1; max: f(—1, —2) = 13 
1 (2 аяз a Hu ENT ~ 

a (S8 52)| ==. Ж 











26 


& 6 2 
35 ЛЭЭ 


і} `3 3 к 


39 Square base of side $4 ft, height 244 ft 


> 
- 


Ж - 2 - 
(18 in.) х (18 in.) х(360):43(2-143.2-543| 


47 у=ух+- 


49 y= mx + b with m 1.23, b = — 18.09; grade of 68 


sı (5.1) 


53 (a) a+ b+c=2,a+ 2b+2¢=2,a+2b+ 4c = 3 
(b) 4x —y —22+1=0 
55 (—0.35, —0.17) 








АВ7 
EXERCISES 16.9 
1 Min: s(—.—) = 7(—+, 4) <0 
NS NS vi 5 
2 ! . 2 1 
ma) ee = = S =з =$ 
Ix (2. = Л E. 5) 
3 Min: f| —— i) | mer i 
{5 yI 43 
b = 
max JER 3, -)-543 
V3 ух y3 
х 1 172 1 
5 Min fis. 17453 
7 Min: f(0,—1,0)=1 and /(2, 1,0) = 5 
9 Min: f(1.—,-1,2)= —*, 
43 3 345 
3 8 16 
pure Г a c ы 2 
| `3 3) 3,3 
a 9 2 à 2 А 
11 (= --, 23 13 Square base of side —, height - 
429 429 429 17 247 


х 3 
15 = 17 Height is twice the radius. 


21 Width = 8,3 in., depth = 7 V 6 in. 


23 Max: /(0.97, 0.17) = 1.55; min: /(—0.87, —0.35) = —2.73 


\ 


16.10 REVIEW EXERCISES 


т (ху у): 4x? — 9y? < 26]; the hyperbola 9y? — 4x? = 108 

3 {(x у,2): 2>x74+ 7h 
the hyperboloid of two sheets 22 — x° — у? = 1 
5 

5 4 7 DNE 9 Lemniscates: DNE 

її /Ах.у) = 3х2 cos y 4-4: f(x. у) 2 — x sin y — 2y 

2x i 222 — х2) 
13 f(x,y, 2) = Fa Мх. yz) = T a EE 


2z(x? + y?) 











f(x. y, 2) = —————- 
T i (35 4-25)5 
15 fix yiz t) = 2хг\/2у 4-1: f у. 2,10) 9 —— 
уу t 
fix, y. 2, t) = x* ay t fx yz t) = = 
2y2y +e 


17 х,у) = 6xy? + 12x75 fux, y) = faux, y) = 6х?у — 9у?; 
f, lx. у) = 2x* — 18ху 
21 (а) (2x + 3y) Ax + (3x — 2y) Ay + (Ax)? + 3 Ax Ay — (Ai): 
(2х + 3y) dx + (3x — 2y) dy (b) —1.13; — 1.1 
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25 12x + 18у; 18x— 22y 27 3e 10912 cos 31? — sin 3r?) 23 ! ta) [> fË fox. y)dy dx 
252 Tsiny х? 31 (а 14 bj 14 у v Тв (мэ 
cos y — 3xz?' cos y — 3z? (а) um (b) 10) | T fix. y) dx dy 
33 —16(x + 2)+ 4(y + 1) —72 —2) = 0; x = —2 — 16. 
ус-144,:-2-7 
Р-Р-ТЭЭ 3-1 ics 
fa (эх 
(а) E |. f(x. y) dy dx 
(b) ү ja “Их, y) dx dy 
39 Min: f(0, 1) = -2 
% 2 4 8 7 m 
41 Min: f| I9) | didis) 
% 2 j 
Ls N 374 4 
s В la Жор Exer. 27-32: Answers are not unique. 
„= || “МЗ 5) = 93 
ҮЗ үз N ? ra (2 5 75 ri (3 3 1 
РА 8 BRA 8 5 i 27 1 ‚| ,U + 2x) dx dy = = 29 Jo 12, х ахау =5 
max: f| s 3*3) f| V3 Java) : 
| 2 4 
-1-, y3 745) 
2 4 8 
Als y3 45] 9 v3 
[ТС 
), 4,4 ш. [Ое 
43 (0,4,4) 5 МЕК, 
CHAPTER 17 
4x+y=9 
EXERCISES 17.1 [al LA | 554 fix, y) dy dx + LL. fix, y) dy dx 
1 9-44 J2 х!й 
: "t ^S (289 | "н (299 
1 R, 3 R, 5 Neither 7 R, and R, 9 Neither (6) 1 К „a P у) dx dy + |; Ї a JUS y) dx dy 
А 163 36 
0 -3 
11 [a] 39 (Ы) 81 (ey 60 13 —36 адс "97 . 
1 
19 2(4е e+) = —21.86 
21 у (al E В * fix. y) dy dx 


lb) E үн fix, у) dx dy 


I y= Vx 











X 
1 la) La j^ ‚Дх, у) dydx + Ё ЇГ ei fix. у) dy dx 
T (b) n 2 1 x f(x. у) dx dy + Let 1 * f; у) dx dy 
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5 ji | ort dy dx = x 














(а) К Iz ‚Дх. yh dy dx + k f Е 


Jinx 


* fix. у) dy dx 


(b) i, E 15 у! dx dy + Ї i , fix, y) dx dv 


39 41 























e 
y= сапт + - = 
| \ 
92 (92 1 3 (111-4ху3 1 м 
as fo er dx dy = zlet — 1) = 13.40 13 f ib ши 1560 — 20x — 15y) dy dx 
ily : 15 E ү? " (6 — x) dx dy 
47 А |. y cos х? dy dx = yon 16 = —0.07 0.16 dx « 
pay 17 The plane = = 3 
“ OT — эшке! 7 
уясан AES ox E 
51 1.16 53 0.75 1 
l 
4 
= ү =H 1-4-4-в- 
EXERCISES 17.2 


1 Ёс гт йу ах 


3 D [" € dx dy 


A90 ANSWERS TO ODD-NUMBERED EXERCISES 








19 The paraboloid z = x? + у? 29 ү} Тэн x3 dy dx = 2: 


(4. 1, 64) Ae 














34 
21 T 
гз 2x 242 31 n [7 (x? + 4) dy dx = 22 bie 
^ ls |, (9 — x?) ? dy dx = 18 4-14J2-a 20 42 
EXERCISES 17.3 
12 зү (27^ dr d 32 EN [12999 ap 
ca 2s сох 26 Paid f'ásin 30 dx 
5 4|, k r dr dt 7 |; 1, r dr 40 = T 
[т 2-2со60 9 
» 2.) "rdr dü = уЗ — т = 4,65 
á Crit («сох 20 » 9 гїн : ёс 
\ (3.6.0) 11 2 |, | r dr dû = 7 13 1 1, (r°) г dr 40 = Эр 
15 2 f’ (cos? 0) r dr аб = "02 — а?) 
12 Г4-2х m А pS 16 cas эл ^ _ : 
"RE Sohn : 171671, Ordr dO = [2+ In (V2 + 1)] х 1033 
19 Ё | е ° rdr d0 = 20) =e”) 
геа омен [1 
21 А и (1) edr dd = In (V2 + 1) х 088 
= s | i. cos (r°) r dr di) = Š sin 4x —0.59 
Гаа Suse iy 2565 
= sf L (25 — P) * аад = — 
» (53 [20 à _ 64 
27 2f “2 1, (r) r dr d = z 
'n;2 Pasina 3 1 128 " "л 
3 4 | n (16 — г)! * r dr d0 = y 7 —4)z 7715 
31 n 33 7.307 
r2 (46-45, 34 ? 832 
27 М | ty ) dy dx = 35 


EXERCISES 17.4 








“M M —x 2 \ 2 
14 + | — + 14у dx 
а) + RA) 
3 
Гэ /У9-х2 | 8 5 3 £ 
4 А ї | ve = —} T 2 5 | +1 dy dx 
1 V SG 16x? + Oy? + 144 2y lox? + 9p? + 144 / 


mm — — 
5 n а м(х) + (1) + 1 dy dx = 


! á 
= [73+ 21n (1 - 43) — 1n 2] = 1.52 
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А91 





s JY fy гү л : 2x3 
? ло (21415) 510) 9 5(52 — 1) = $33 
11 2a*(x — 2) 13 2474 ft* 15 1.24 


EXERCISES 17.5 


19 1 513 

d з =; 8 

7 [^ [" и ш 70? fix. yes) dz dy dx: 
Г Р ә [* 19? fs yis) dz dx dy: 
i I = 4 ЭС f(x. y. 2) dx dz dy: 
"2 Mie- 3202 [Ге M 
|, |! | fix. v. z) dx dy dz: 


а fix. у. 2) dy dz dx: 


fix. у. 2) dz dx dy: 
E. fix. v. z) dx dz dy: 


p PI E =: fix. v. 2) dx dy dz: 





ж , М E к= fix. yv. z} dy dz dx; 
ы Li B v E 
ааа (57-35: 
=з i fixy. z) dy dx dz 
Jo J 222.0 49—45 ly dx d 
nu 2f fi [2 dxdedy F 





\ 


B Ю А ? Ё 5 dx dy dz = - 











"1 4453 Зар "3 z 
15 | "= dx dz dy = 22 
14-51-y? 40 * 





19 i 15 I dy dz dx — 7» 


(1.0.1) z= 





1 
21 -abc 
6 


23 The region bounded by the planes z = 0, = = 1. 
x = 3 and the cylinders y = y1 — z and y = y4 





х= 2, 


25 The region under the plane = = x + y and over the region 


line y = 2x 


in the xy-plane bounded by the parabola y х? and the 


27 The region bounded by the paraboloid = = x^ + у? and the 


= 


planes z = | and = = 2 





29 Ч ЇГ у? dy dx 31 Ё p 2у i REPE 


40 40 


33 1.1685 x 10° kg 3s 0.77 


EXERCISES 17.6 


2349 . 1290 . 38 


1 m= ›к=-——.ў= 56 
20 20377 ^ 39 


3 т = ХК (К a proportionality constant); X = 0. F 


+ y?) 4: dx dy 


Б] 


ee — = 





„Ую? хх 


A92 
5 m==(1 —e-?) x 0.22; £20, p= 1—* 4 gag 
91- ) 

7 m—4ln(,2- 1) – 418 (2 — 1) 3.91; 0 

18 (шу 

4m 

«(З1Ү, 42/19). 49/1259) 32, 224 

ar dus 553,5] 54 eL. 1 
9 3455)3 (1:456) 68:86 
13 (д = density) (al 1449 Ы) а (e) La*à m 

3 2 › V3 

17 X= y= 2 = та (with fixed corner at О) 
19 m= Lr [е ЦЭР = + 22) dy dz dx; the integrals 





21 


23 


25 


27 


for M,.. M,.. and M, have the same limits, but the 

эмэ го are x(x? + 27), y(x? + 22), and д(х? + 22), 

respectively, 

m= f. PR ed 7 dz dy dx; the integral for M,, 

has the same a “but the integrand is 2. 

#=у=0. 

(a) m = К » е TR dy dz dx; the integrals for M,.. M,. 
and M. have the same limits. but the integrands are x, у, 
and z, respectively. 

567 729 2673 21 


135 à = 
15) т = > $ M. = 10° M, — u$? M. = 10^ Х = 5s 


By symmetry, 


y? › 3 
GU? E yog + у? e z!) dz dy dx 


хаяагүй! 


(x? + у?) à dz dy dx 





Exer. 29-32: Answers are not unique. 


29 


12 31 1.3 


EXERCISES 17.7 


31 


35 


(a) The right circular cylinder of radius 4 with axis along 
the z-axis — (b] The vz-plane 

(с) The plane parallel to the xy-plane with z-intercept | 

The plane parallel to the yz-plane with x-intercept —3 

A paraboloid with vertex (0, 0, 0) and opening upward 

The right circular cylinder with trace x? + (y — 3)? = 9 in 

the x y-plane 

The сопе 2? = 4x? + 4y? 

The sphere with center at the origin and radius 3 


The cylinder with trace y? = 2x in the xy-plane and rulings 
parallel to the z-axis 
P+2=4 17 Згсоѕ 0 + гіп 0 — 42 = 12 19 rz 
б= 2: 23 rsin0 - 22-9 

їе r? 
L [^ f fir. 0. z) r dz dr dé 


i^ E i^ ftr. 8, z) r dz dr 40 + 


2л а (-25-с 
Jo Js Jo 


4 fir, 0. 2) r dz dr d0 


К 
(а) 8л ы (0.0.2) 


| l 
15) nha2(! a? + 33 giat 


1 : 
(a) = zha*ó 


Tæ 
orta 37 215360kg — 39 7 


w 
= 


39 


41 
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EXERCISES 17.8 


[al (0. 2, 2, 3) 


(ај " 10, cos ! (3). 2) 


(a) The sphere of radius 3 and center О 

15) A half-cone with vertex О and vertex angle 3 

(c) A half-plane with edge on the z-axis and making an angle 
of | with the xz-plane 


The sphere of radius 2 and center (0, 0, 2) 


The plane z = 3 
The sphere of radius 3 and center (3, 0, 0) 
The plane у = 5 


The right circular cylinder of radius 5 with axis along the z-axis 
The сопе x? + y? = 42? 19 The paraboloid 6z = x? + у? 
pa 23 p(3sin ф cos 0 + sin ф sin 0 — 4 cos ф) = 12 
р-26сф 27 tan? ġ=4 

Ай ф sin? 0 + cos? ф) = 9 


ta 


l krat (k a proportionality constant); center of mass 5: 


му 


from base along the axis of symmetry. 
2 16л 124 
g Кла" 35 -, kr 


Иа 1) = 6663 


(a) (—3/2, 3/6, —64/2) 


(6) 0 should be increased by 105 , ф decreased by 


8 
(45 + arctan Ax) > 80.6 . and L increased by 


I 


4192 — 12 = 1.86 in. 


EXERCISES 17.9 


21 


25 


27 


е" 1 1 
(a) Vertical lines; horizontal lines — (0) x = Шу 0 


a 


[a] Lines with slopes 1 and 55 


3 1 2 
(5) х = 5! + “хул -п94 ri 
[a] Vertical lines; lines with slope —1 
(b) X 2 u!?, yz v — ul? 


(a) Vertical lines: horizontal lines (b) x = Іпи, y = Ine 
(ај The roger: with vertices (0, 0). (6. 0), (6. 5). (0, 5) 
2 
[b] The ellipse * 3s = | 
[a] The nim, with vertices (0, 0), ( — 1, 3). (2. 4) 
[b) The line —u + 3v = 5 
4u* +4? 15 2и(иг — 1)e 2*7" 


iis i" (v — u) 2 dv du 
[Гав 
wi M (и? cos? t) 5 du di ‚+ 
42 © 
Lk 15 (5 р 
-Ё P. -;)4е4и = 


43 4 


17 —6 


là i g 
i 
ja Sin 6 jp sin2 = 0.23 


2,2 H - dr du = 


29 1.08 x 1075 km? 
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"34-42 


жою els 49 (а) r Ї 777 фудх (bi p k dxdy + | Ч j]; ахау 
ve fa? 


12 
һә 





S larctan (3 4 na sect pa 
Ic) ( 08 1. 1. + 1.0) i Jy ЭС 2 js ар E | | ен dé r dr dà 
v2 v2 51 (ај К Ка i А “РЭХГЭЖ dz dy dx - 
= P ERATES taa 

T p) (77 fè (P razaran s (2 (2 74440 
[ (с) В . pe " hy эе р? sin ф dp dp dÜ + 

ote. at PM й ЇГ Дал рї sin Фар d 40 
Т 53 e—1 = 1.72 





CHAPTER 18 
17.10 REVIEW EXERCISES 


EXERCISES 18.1 














5 63 107 
: { 5 += 0 
ae 4 ! a! Жэ. ies 1 3 
7 f° | 3-4 f(x. v) dy dx 9 в? |, NEL y) dx dy : f 
n 13 Н 
f : Me И, 
5 7 
r 2-4соч 0 
y 2 
) м t 
15 30-е 91 ~ 0.25 17 13 19 4\/2л = 17,77 _* Ї Р 
2 hid 
21 2102-1206 ж № A ж 
а мт 
23 27 Г | "^ (p> p? sin ġ) dp do 40 = 64(2 — {/2)л = 117.78 
Jo Jo Jo 
А . 2 ET x ч - re 27 ж 4-.. 
25 9К (К а proportionality constant); їе : J р *, Ї МА е - 
1 256 8 12 # EY 
9, Pas” 4 ET P 39 
27 27 29 сабк 3 = (0,55 : ) y Ї x | 
33 1, = М Еее BE mi k(x? + 22) ух + 27 dz dx ду 
35 ла! е 


37 Rectangular: ( —34/2, 34 2. 64 3); cylindrical: ( б. За 6. 3) 
4 

39 2 =9 — 3x? — 37; a paraboloid with vertex (0, 0, 9) and P d 
opening downward ar 

41 x* + у? = 16; a right circular cylinder of radius 4 with axis “on 
along the z-axis P AT Pd 

43 Vx? + y? + zx + a? + 2? — 3) = 0; the sphere of radius 3 A^ ZA 
with center at the origin, together with its center d m = 

45 [a] -—r^cos20 — (b) cos 6 = p sin? cos 20 

47 (a] 2rcos 0 +r sin 0 — 3z —4 ae al 
[b] 2p sin ф cos + p sin o sin 0 — 3p cos ġ = 4 x P d 











А94 
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: > 1 + А 
11 Fix, y, 2) = 2xi — 6yj + 82k 13 F(x.) = гт р Ө + L 
15 i+ х2) + у°К;2хг+2ху +2 

17 —y? cos zi + (6xyz — e**)j — 3xz*k; Зул! + 2y sin z + 2xe?* 


37 0.145 


EXERCISES 18.2 


29 


15 x 
7.4] — 15) 6 (с) / (4), 


9 1036“ + 667? — 2e + Se? — 5) = 23,97 


12 
3-2 
11 (ај 19 (b)35 — (д27 13 514 
9 412 = ТЕА | 
15 - (for all paths) 17 0 19 ТЭ 23 Х=0,ў= 174 


4,3 ЯЛЖ” 
27 |, = 340 He (Ха! 


29 If the density at (x. y. z) is б(х, у. 2). 


then 7, = fe (y? + 2?) d(x, у, z 45,1, = fe (x? + 22) бїх, у. 2) ds, 


and J. = | (x? + у?) х, y. 2) ds. 
31 0.1554 


EXERCISES 18.3 


(x.y) 9 хр +n + y* е 

f(x. y) = x? sin y + de + c 

ГОХ, 5) = 257 cos x + Sy + с 

Дх, ут) = 4x22 + y — 33723 +c 
f(x. y, z) = y tan x — ze* + 


© чл шу = 


Exer. 11-14: A potential function f is given along with the value 
of the integral, 


11 fix, р) = xy? + х?у; 14 
13 f(x, 9,2) = Зх?у* + 2x2! +2; —31 


15 A (Axy) 4 T (2xy) 17 — (e) x L (3 — e sin y) 
oy CNX ү €x 


AN OP 
2 as 
Cz UY 
| 3 3 3 ^ 
23 fix. уус) = —cln( + y? + 2) +d. where c > 0 and d is 


à constant 

27 This does not violate (18.16) since D is not simply connected. 
M and N are not continuous at (0, 0). 

S 


W =e he 
с. did, 


EXERCISES 18.4 





23 Green's theorem does not apply since M and N are undefined 
at (0, 0) and hence are not continuous everywhere inside the 
unit circle. 

4a 


27 ¥=0, p=, 


EXERCISES 18.5 


5 
1 znat 3 5/14 


5 (а) I Hc Ч Зу- гь? 29) dz dy 


d 2 
A [9 «аг 2х- ia (129) 4: 
Ps (6 | \ A 
7а} [# (#(4—зу+ iP zy 1.17) de dy 
to) f; [е [xt — 208 — 4x) + 2], 17 dz dx 
9 Since [Jy gx. y, 2) 45 = c ffe dA, the value of the integral 


equals the volume of a cylinder of altitude c. with rulings 
parallel to the z-axis, whose base is the projection of $ on the 


ху-р!апе. 
11 2na? 13: Зл 15 18 17 8 
255 Ч : 
21 (a) ——xV2) ¥=7=0,=F as (b) 1365z4.2 
EXERCISES 18.6 
136л 


1 24 з 207 50 y= 9 24 


11 Both integrals equal 4ла” 13 Both integrals equal 4л. 


27 625m lb upward 


EXERCISES 18.7 


1 Both integrals equal — 1. 3 Both integrals equal ла?, 

50 7 — 5л 

9 The curl meter rotates counterclockwise for 0 < y < 1 and 
clockwise for | < y < 2. There is no rotation if y = 1. 
curl F = 2(1 — y)k; | (curl Е) k| = [201 — \)) has a maximum 
value 2 at y = 0 and v = 2 and a minimum value 0 at v = 1. 





11 Typical field vectors are shown in Figure 18.5. A curl meter 
rotates counterclockwise for every (x. y) # (0. 0). curl F = 2k: 
|(curl Е) - Kk | = 2 for every (x. у). 
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18.8 REVIEW EXERCISES 


1 3 





5 Fix, у) = (y? sec? х)і + (2y tan xjj 7-8 928 
1 А 
—— (10257? — 17°?) = 227.40 0 

1 гд! 17777) 13 7 15 0 17 


19 f(x, y. z) = xe”? + y! cot z +¢ a; 
3 


23 3х?:#+ xz?; (2x?y — 2ху:й + (4x2 — 2ху2)) + (yz?)k 


М " 
25 UN 3 27. -— 29 Both integrals equal 87. 
CHAPTER 19 


EXERCISES 19.1 


3 


1 в)уссх”-С (уу=х?+2 





xà 
у 
\ 
11 y= Ce? ** 13 y=Cx 15 жеу = С 
00212 1 
17 у= —1 + Се х 19 у= —4ln (3C + Зе 5) 


21 y C(1 x??? —1 23 xsinx- cosx — In |sin y| = С 
25 scx +e *=C 27 у> +іпу= 3x — 8 

29 y =In(2x + In x + e? — 2) 31 y 2262 ^ *** —] 

n 


зз tan ' y — In|sec x| = 2 35 xy = k; hyperbolas 
37 2x) + y? = k; ellipses 


41 (а) 1.524 


39 2x? + 3y? = К; ellipses 
(bj y = е2: e"? x 1.648721 43 1.647355 


EXERCISES 19.2 


Я 1 
1 уст + Се 2% 3 у= х5 + Сх? 
e 1 © "€ 
5 у= “АТ 7у-" 
х - х x 
4.5 г a zx : 
9 ус х ссх + Сосх 11 y 22sinx + C cos x 
5 Р 1 Є tx 
13 y=xsinx + Cx 15 y= + sje"? 
A X 
3 = 1 
17 yo = + Се" 17 у= пх 
- 2 2 sin x 
1 " 
21 ysszcr(-r C 23 y — x(x - In x +!) 


25 y-e (1—- x !) 
80 


29 Дїү---2(1--2 кыдын qup ore 


31 (a) f(t) = M +(4 — My"! "(К a constant) 
33 y= у1(1 —ce " k>0 


27 0 = CV(1 =e") 


(5) 28 items 


~ 


35 [b] у= (1 - eji [c] 0.58 mg/min 37 — 3.23103 


39 0.14817 
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y= Cë Sev Tie 2 Cat ъ= Th 23 | -267 + 2635 
у = соѕх + 2sin x 27 y - e *(2 + 9x) 


ту C607 + С;е? 3 у= Cy + Ce” 
5 y-C, *+C,xe* 2 pe (Cg 9H + Ge 
9 у= Ce Cue? 11 у= Су -- Си 
13 y= Cet? + Cle 
15 | Се + 2 4 Cye!? «2:2 
17 y= (C, cos x + C, sin x) 
19 y — e? (C, cos 3x + C, sin 3x) 
) 
) 


| : 
29 у= се" sin 2x 


EXERCISES 19.4 


1 y= С, cosx + C, sin x — cos x In | sce x + tan x 


1 
3 y =(C, 4 Сүх vai ii 
= 4 2 1 
5 у= Се + Се" + се sine се cosx 
^ 5 


5 ! 3 š 
7 y=(Cy ех је + Cre 3* where Су = C,— 


9 y=C,e* Су!- 11 y= Ct Сузе? + =e * 


3 


n| = 


5 Х › p. 1 
13 y=C, + Coe * + ып 2x — > cos 2x 


ї 


8226 TES ы: 2x 
15 у= C + Ce * + 5(—4 + 39e? 
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аж 4 1 : c x" = (—x)" 
17 y=e**(C, cos 2x + C, sin 2x) + eet? cos x — 4 sin x) 9 у= —5x+ ay Y t dy у = = —5x + age + ауе * 
el avo" aed Y 
0.7768 : e (2143) aes : › 
21 0.776805 11 улсад Y, (n+ 1х2" 4 a, Y ( r Ja?" + У ажих” 
п=0 neo E n=} 


EXERCISES 19.5 
19.7 REVIEW EXERCISES 








1 1 Ux > › 
1 у= —2cos 8t 3 у---- 227" ety — 974920 4 Ё i : 3 
5 4 цав 1sinx—xcosxc-e^-( 3 y- tan(41— x? +С) 
1 ри 2x -2ecosx С : 4 
5 y= ze Sisin 8t + cos 8r) B yo fme € 7 y —2sinx +C cosx 
5 d sec x + tan х М 
7 If mis the mass of the weight, then Pa spring constant is 9 4 = уй ped її есу= ЕЁ 
3 . 5 as dy ` Р 1 юэ : . 
24m and the damping force is —4m dr The motion is begun 13 y 214 Ce 29s 15 у= (C, axet 
by releasing the weight from 2 feet above the equilibrium "vis C Cy 
position with an initial velocity of 1 ft/sec in the upward : = А 
direction. 19 y 2 Ce * + Cse* — 612 cos x + sin x) 
zdy 1 
26429 | TET "E EC 
= dt 21 y= GAS * Ce 23 у= Сех + Се?“ + 55" 
k-23 6 
25. 957 n 4 
^ | кыы. AL. Ud 
— : m 27 y=e “|с, cos (у v3x) + Casin (1 3x) 
1 у=а у CI +a $ LLL ҳач Е 4 
У 90 26 ир * So. Qe+ D [5 zd 1 и 
, 29 -e'(sinx —cosx)+¢ "=C 31 үг со х + Csecx 
= (y COS X + d, SIN X 2 2 
c 2(71-2431-05)--7:-4:1 > | In|sec x + tanx| - x - € 
- 1+ м х + == — - 
3 у= ар PA Bn)! =) ese X — COL X 
c 2(31-1(3л-4):--8-5-2 , 35 5 . 2 
а, » + 53 TM S yt | 36 Ja = gl 280 -cos 21) _ i 2366 
n=1 ы, 5 ы - 
£ (20-32 -s aaa AE S» T. эь able an 1 
энэ 2 = amd] C ed ee ЭС ТҮС = TEA 
5 у= 041 — х) + «х 2 Qn +1 x | 32 fit)= hela а 


7 y 


y — а(х 4- 1? 39 ydy + x dx = 0; а circle with center at the origin 





А 
Absolutely convergent series, 501 
Absolute maximum and minimum, 168 
Absolute value, 2 
Acceleration, 221, 762 
normal component of, 782 
tangential component of, 781 
Addition of »-coordinates, 440 
Algebraic function, 20 
Alternating series, 557 
Angle, 26 
central, 28 
degree measure of, 27 
initial side of, 27 
minute measure of, 27 
negative, 27 
positive, 27 
radian measure of, 27 
reference, 32 
second measure of, 27 
standard position of, 27 
terminal side of, 27 
between vectors, 702, 782 
vertex of, 26 
Angular speed, 763 
Angular velocity, 765 
Antiderivative, 240 
Antidifferentiation, 240 
Arc length, 334, 335, 671 
Arc length function, 337 
Arc length parameter, 771 
Arc length parametrization, 771 
Arca 


of a circumscribed rectangular polygon, 262 
of an inscribed rectangular polygon, 261 


аз a limit, 262, 898 

in polar coordinates, 669 

of a region under a graph, 262 

of a surface, 912 

of a surface of revolution, 340 
Arca density, 352 
Arithmetic mean, 280 
Astronomical unit (AU), 620 


Asymptote 

horizontal, 72 

of a hyperbola, 625 

oblique. 203 

vertical, 69 
Auxiliary equation, 1036 
Average cost, 225 
Average error, 133 
Average radius, 322 
Average rate of change, 95 
Average value, 281 
Average velocity, 92 
Axes 

conjugate, 625 

rotation of, 634 

translation of, 605 
Axis 

of a parabola, 602 

polar, 658 

of revolution, 313 


B 

Binomial series, 596 
Boundary extrema, 862 
Boundary point, 810 
Bounded function, 273 
Bounded region. 861 
Bounded sequence, 528 
Branches of a hyperbola, 626 


Cc 
Capital formation, 364 
Cardioid, 660 
Catenary, 441 
Cauchy-Schwarz inequality, 704 
Cauchy's formula, 492 
Center of curvature, 776 
Center of gravity, 350, 351, 354 
Center of mass 

of a lamina, 354, 926 

of a solid, 922 

of a system of particles, 350-51 
Central angle, 28 
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Centripetal acceleration, 764 
Centroid 

of a plane region. 355, 927 

of a solid, 929 
Chain rule, 138, 836 
Change of variables, 251, 287, 953 
Circle 

of curvature, 776 

equation of. 8 

unit, 8 
Circular arc, 28 
Circular disk, 314 
Circular functions, 442 
Circular helix. 751 
Circular sector, 28 
Circulation, 1013 
Circumscribed rectangular polygon, 262 
Closed curve, 642 
Closed disk. 810 
Closed interval, 3 
Closed region, 810 
Closed surface, 1006 
Common logarithm, 412 
Comparing coefficients, 475 
Comparison tests, 548-49 
Complementary equation, 1040 
Completeness property. 529 
Components of a vector, 685, 691. 705, 706 
Composite function, 21 
Computer graphics, 800 
Concavity. 191, 192 
Conditionally convergent series, 562 
Cone, 738 
Conic, 601 

degenerate, 601 

directrix of, 675 

eccentricity of, 674 

focus of, 675 

polar equation of, 676 
Conjugate axes of a hyperbola, 625 
Connected region, 982 
Conservation of energy. 989 
Conservative vector field, 967 
Constant force, 342 
Constant function. 20, 166 
Constant of integration, 241 
Constrained extrema, 872 
Constraint, 872 
Continuity 

of a function, 78, 810 

on an interval, 81 

from the left, 81 

from the right, 81 

of a vector-valued function, 755 
Continuous function, 78 
Contour map, 797 
Convergence 

absolute, 561 

conditional, 562 

of an improper integral, 505, 511 

of an infinite series, 533 


interval of. 570 
radius of, 469 
of a sequence, 522 
Convergent infinite series, 533 
Coordinate line, 2 
Coordinate plane, 5 
Coordinates 
cylindrical, 934 
polar, 658 
rectangular, 5 
spherical, 942 
transformation of, 948 
Coordinate system, 5. 695 
left-handed, 694 
right-handed, 694 
Corner. 100 
Cost function, 225 
Coulomb's law, 966 
Critically damped vibration, 1048 
Critical number, 171 
Critical point, 862 
Cross product, 711 
Cross section, 328 
Curl of a vector field, 968, 1013 
Curvature, 773, 778 
center, circle, and radius of. 776 
Curve(s), 642, 750 
closed, 642 
endpoints of, 642 
graph of, 642, 750 
of least descent, 648 
length of. 654, 752 
mutually orthogonal, 1026 
orientation of. 643, 750 
parametric equations of, 642, 750 
parametrized, 642. 750 
piecewise-smooth, 646, 750 
plane. 642 


positive direction along, 952, 972, 991 


simple closed, 642 
smooth, 646, 750 
space, 750 
Cusp. 101 
Cycloid, 647 
Cylinder, 328, 733 
Cylindrical coordinates, 934 
Cylindrical shell, 322 


D 
Damped vibration, 1047 
Decay, law of. 417 
Decreasing function. 166 
Definite integral, 270 
Degenerate conic, 601 
Degree of a polynomial function, 20 
Del (V), 847, 968 
Delta (A) notation, 127 
Demand function, 228 
Density 

area, 352. 923 

linear, 974 
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mass, 922 

of a solid, 922 
Dependent variable, 15, 795 
Derivative (see also Differentiation) 

of a composite function, 138. 836 

of a constant function, 104 

definition of. 98, 99 

of a difference. 110 

directional, 845, 849 

higher. 107 

of an implicit function, 147 

of an integral, 243, 290 

of an inverse function, 378 

left-hand, 99 

of a linear function, 104 

notation for. 106 

order of, 107 

partial, 815 

of a power. 104 

of a power series, 574 

of a product, 112 

of a quotient, 113 

as a rate of change, 95 

of a reciprocal. 114 

relationship of to continuity, 103 

right-hand. 99 

second. 107 

of a sum, 110 

third, 107 

of a trigonometric function, 121 

of a vector-valued function, 755 
Determinant, 710 
Differentiable function, 98, 99, 829 
Differential 

as an approximation, 129 

of arc length, 337 

definition of, 128, 826, 830 
Differential equation 

definition of, 245 

first-order linear. 1028 

general solution of, 1022 

homogeneous, 1035 

initial condition of, 245, 1022 

integrating factor of. 1029 

linear, 1028, 1035 

nonhomogeneous, 1035 

order of, 1022 

ordinary, 1022 

particular solution of, 1022 

separable, 416, 1024 

series solution of, 1050 

singular solution of. 1023 

solution of, 245, 1022 
Differential operator, 106, 1039 
Differentiation (see also Derivative) 

implicit, 147 

logarithmic, 388 
Directed line segment, 684 
Directional derivative, 845, 849 
Directrix 

of a conic section, 675 


of a cylinder, 733 

of a parabola, 602 
Discontinuity, 78 
Discontinuous function, 78 
Discriminant, 863 
Disk 

closed, 810 

open, 810 
Displacement, 684 
Distance formula, 6, 696 
Divergence 

of an improper integral, 505, 511 

of an infinite series, 533 

of a vector field, 869, 1009 
Divergence theorem. 1006 
Divergent infinite series, 533 
Domain of a function, 14 
Dominating series, 548 
Dot product, 701. 703 
Double integral, 887 

change of variables in, 953 

evaluation theorem for, 891 

iterated, 889 

in polar coordinates, 906 

reversing order of integration of, 894 
Double sum, 897 
Downward concavity. 191 
Dummy variable, 270 


E 
e, the number, 393 
Eccentricity, 620, 674 
Ellipse, 613 

center of, 613 

eccentricity of, 620 

foci of, 613 

major axis of, 615 

minor axis of, 615 

polar equation of, 676 

vertices of, 615 
Ellipsoid, 735 
Elliptic cylinder, 734 
Endpoint 

of a curve, 642 

of a graph, 333 
Endpoint extrema, 171 
Energy 

kinetic, 928 

potential. 988 
Equation, 3, 7 

root of, 3 

solution of, 3, 7 
Equipotential surface, 799 
Equivalent vectors, 684 
Error 

average, 133 

percentage, 133 

in Simpson's rule, 297 

in trapezoidal rule, 294 
Euler's formula, 1038 
Even function, 16 
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Exponential functions, 394, 408 
table of, A20 
Exponents, laws of, 408 
Extrema 
absolute, 168 
boundary, 862 
endpoint, 171 
of a function, 166, 862 
local, 170, 862 
tests for, 185, 194, 864 


F 
First derivative test, 185 
First octant, 695 
First-order differential equation, 1028 
Fluid pressure, 358 
Flux, 1003 
Focus 
of a сошс, 675 
of an ellipse, 613 
of a hyperbola, 623 
of a parabola, 602 
Force 
constant, 342 
exerted by a fluid, 359 
resultant, 685 
variable, 343 
Force field, 964 
Force vector, 684 
Four-leafed rose. 661 
Function(s), 14 
acceleration, 221 
algebraic, 20 
arc length, 337 
average cost, 225 
average value of, 281 
bounded, 273 
circular, 442 
composite, 21 
constant, 20, 166 
continuous, 78, 810 
cost, 225 
critical number of, 171 
critical point of, 862 
decreasing, 166 
demand, 228 
derivative of, 98, 99 
difference of, 20 
differentiable, 98, 99, 829 
discontinuous, 78 
domain of, 14 
even, 16 
explicit, 146 
exponential, 394, 408 
extrema of, 166, 862 
gradient of, 847, 850 
graph of, 16, 796 
greatest integer, 18 
hyperbolic, 440 
implicit, 146 
increasing, 166 
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integrable, 270, 887 
inverse, 374 
inverse hyperbolic, 447 
inverse trigonometric, 426 
limit of, 41, 53, 806, 811 
linear, 20 
local extrema of, 169, 170, 862 
logarithmic, 411 
marginal average cost, 226 
marginal cost, 226 
marginal demand, 228 
marginal profit, 226 
marginal revenue, 226 
maximum value of, 166, 861 
minimum value of, 166, 861 
natural exponential, 392-93 
natural logarithmic, 382 
odd, 15 
one-to-one, 374 
periodic, 33 
period of, 33 
piecewise-defined, 17 
piecewise-smooth, 336 
polynomial, 20, 806 
position, 93 
potential, 967 
power series representation of, 573 
product of, 20 
profit, 225 
quadratic. 20 
quotient of, 20 
range of, 14 
rational, 20, 806 
real-valued, 748 
revenue, 225 
scalar. 748 
of several variables, 794 
smooth, 333 
sum of, 20 
transcendental, 21 
trigonometric, 29 
of two variables, 794 
undefined, 14 
value of, 14 
vector-valued, 748 
velocity, 221 
zero of, 16 

Fundamental identities, 30 

Fundamental theorem of calculus. 283 


G 
Gauss, Carl Friedrich, 1006 
Geometric series, 536 
Gompertz growth curve, 419 
Gradient of a function, 847, 850 
Gradient theorem, 848 
Graph 
of an equation, 7, 699 
of a function, 16. 796 
length of, 334-35 
Greater than, 2 
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Greatest integer function, 18 
Green's theorem, 991 
Growth, law of, 417 


H 
Half-open interval, 3 
Harmonic motion, 223 
Harmonic series, 536 
Helix, 751 
Homogeneous solid, 352, 922 
Hooke's law, 344 
Horizontal asymptote, 72 
Horizontal line, 9 
Horizontal shift, 18 
Hyperbola, 623 
asymptotes of, 625 
branches of, 626 
center of, 624 
conjugate axes of, 625 
foci of, 623 
polar equation of, 676 
transverse axis of, 624 
vertices of, 624 
Hyperbolic function, 440 
inverse, 447 
Hyperbolic paraboloid. 739 
Hyperboloid, 737-38 
Hyperharmonic series, 547 


1 

Implicit differentiation, 147 
Implicit function, 146 
Improper integral, 505, 511 
Increasing function, 166 
Increment, 127-28, 823 
Indefinite integral, 241 
Independence of path. 982 
Independent parameters, 1023 
Independent variable, 15, 795 
Indeterminate form, 492 
Index of summation, 257 
Induction hypothesis, A2 
Inequality, 3 

Infinite discontinuity, 78 
Infinite interval, 3 

Infinite sequence (see Sequence) 


absolutely convergent, 561 
alternating. 557 

binomial, 596 

comparison tests for, 548-49 
conditionally convergent, 562 
convergent, 533 

deleting terms of, 539 
divergent, 533 

dominating, 548 

geometric, 536 

grouping terms of, 551 
guidelines for investigation of, 565 
harmonic, 536 
hyperharmonic, 547 


integral test for, 545 
limit comparison test for, 549 
Maclaurin, 581 
nth term, 533 
nth term test for, 538 
р-. 547 
partial sum of, 533 
positive-term, 544 
power, 567, 571 
ratio test for, 554, 564 
rearranging terms of, 552, 564 
root test for, 556 
sequence of partial sums of, 533 
sum of, 533 
Taylor, 581 
telescoping, 535 
term of, 533 
Infinity (сс), 68 
Initial condition, 245 
Inner normal, 1003 
Inner partition, 886, 917 
Inner product, 702 
Inscribed rectangular polygon, 260 
Instantaneous rate of change, 95 
Instantaneous velocity, 93 
Integrable function, 270 
Integral(s) (see also Integration) 
definite, 270 
derivative of, 243, 290 
double, 887 
evaluation of, 241, 270 
flux. 1002 
improper, 505, 511 
indefinite, 241 
iterated, 889, 917 
line, 973 
mean value theorem for, 279 
multiple, 885 
numerical approximation of, 292 
in polar coordinates, 668 
sign for (|), 241 
surface, 998 
triple, 916 
of a vector-valued function, 759 
Integral test for series, 545 
Integrand, 241 
Integrating factor, 1029 
Integration (see also Integral) 
by change of variables, 251, 287, 953 
constant of, 241 
formulas for, А18-21 
limits of, 270 
by method of substitution, 251 
numerical, 292 
partial, 889 
by partial fractions, 473 
by parts, 456 
of power series, 574 
of a quadratic expression, 479 
of a rational function, 472 
reduction formulas (ог, 461 
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Integration (continued ) 
reversing order of, 894 
tables of, 485. А21-26 
by trigonometric substitution, 468 
variable of, 241 
Interior point, 810 
Intermediate value theorem, 84 
Interval, 3 
of convergence, 570 
Inverse function, 374 
Inverse hyperbolic function, 447 
Inverse square field, 965 
Inverse trigonometric functions, 426 
Irreducible quadratic expression, 473 
Irrotational vector field, 1014 
Isobar, 798 
Isotherm, 798 
Isothermal surface, 798 
Iterated integral 
double, 889 
triple, 917 


J 

Jacobian, 952, 955 
Joule, 343 

Jump discontinuity, 78 


K 

Kepler, Johannes, 785 
Kepler's laws, 785 
Kinetic energy, 928 


L 
Lagrange, Joseph. 873 
Lagrange multiplier, 874 
Lagrange’s theorem, 873 
Lamina, 352 

mass of, 354, 923 

moment of, 354, 926 
Laws) 

of decay, 417 

of exponents, 408 

of growth, 417 

of logarithms, 385 
Least upper bound, 528 
Left-hand derivative, 99 
Left-handed coordinate system, 694 
Left-hand limit, 46 
Leibniz, Gottfried Wilhelm, xxiii 
Length 

of an arc. 334 

of a curve, 334, 654, 752 

of a graph, 334-35 
Less than, 2 
Level curve, 796 
Level surface, 798 
L'Hópital. G., 493 
L'Hópital's rule, 493 
Limacon, 660 
Limit 

of a function, 41, 53, 806, 811 
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of integration, 270 
involving infinity, 68—76 
left-hand, 46 
one-sided, 46 
right-hand, 46 
of a sequence, 522 
of sums, 269 
techniques for finding, 58—65 
tolerance statement as, 52-54 
of a vector-valued function. 754 
Limit comparison test, 549 
Line(s) 
angle between, 720 
equation of, 9, 718, 725 
horizontal, 9 
normal, 124, 856 
orthogonal. 720 
parallel, 9, 720 
parallel to a vector, 718 
parametric equations of, 718 
perpendicular, 9 
skew, 727 
slope of, 9 
in space, 718 
symmetric form of, 725 
tangent, 91 
vertical, 9 
Linear approximation, 129-30 
Linear combination, 691 
Linear differential equation, 1028, 1035 
Linear differential operator. 1040 
Linear equation, 10, 722 
Linear function, 20 
Linear mass density, 974 
Line integral, 973 
Liquid pressure, 358 
Lissajous figure, 646 
Local extrema, 169, 170, 862 
Г.овагий 8) 
with base a, 411 
common, 412 
laws of, 385 
natural, 382 
tables of, A20 
Logarithmic differentiation, 388 
Logarithmic function, 411 
Lower bound, 528 
Lower boundary, 304 
Lower normal, 1002 


м 

Maclaurin polynomial, 582 
Maclaurin remainder, 583 
Maclaurin series, 581 
Maclaurin’s formula, 583 
Magnitude of a vector, 684, 686 
Major axis of an ellipse, 615 
Marginal average cost, 226 
Marginal cost, 226 
Marginal demand, 228 
Marginal profit, 226 
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Marginal revenue. 226 
Mass 

center of, 350-51 

of a lamina, 354 

of a solid, 922 
Mass density, 922-23, 974 
Mathematical induction, Al 
Maximum value, 166. 861 
Mean value theorem, 179 

for definite integrals, 279 
Method of substitution, 251 
Midpoint formula, 6, 698 
Minimum value, 166, 861 
Minor axis of an ellipse. 615 
Mixed partial derivatives, 819 
Móbius, A. F., 1003 
Moment 

of inertia, 928, 930 

of a lamina, 354, 926 

of a particle, 350 

of a solid, 929 

of a system of particles. 350-51 

of a vector, 716 
Monotonic sequence, 528 
Multiple integrals. 885 
Mutually orthogonal curves, 1026 


N 

Natural exponential function, 392-93 
Natural logarithm, 382 

Natural logarithmic function, 382 
Negative angle, 27 

Negative direction, 952 

Negative real number, 2 

Net investment flow, 364 

Newton (unit of force), 343 

Newton, Sir Isaac, xxiii 

Newton's law of universal gravitation, 966 
Newton's method, 232, 832 

Newton's second law, 765 
Nonhomogeneous differential equation, 1035 
Nonhomogeneous solid, 886 

Normal component of acceleration. 782 
Normal line, 124, 856 

Normal vector, 721 

Norm of a partition, 267, 886, 915 
Numerical integration, 292 


о 
Oblique asymptote, 203 
Octant, 695 
Odd function, 15 
One-sided limit. 46 
One-to-one function, 374 
Open disk, 810 
Open interval, 3 
Open region, 810 
Optimal value, 207 
Optimization problem, 207 
Order 

of a derivative, 107 


of a differential equation, 1022 
of integration, reversing, 894 
Ordered pair, 5 
Ordered triple, 694 
Ordinary differential equation, 1022 
Orientation of a curve, 643 
Oriented surface, 1022 
Origin, 2 
Orthogonal lines, 720 
Orthogonal planes, 723 
Orthogonal trajectory, 1026 
Orthogonal vectors, 703 
Outer normal, 1003 
Overdamped vibration. 1048 


P 
Pappus' theorem, 357, 932 
Parabola, 602 

axis of, 602 

directrix of, 602 

focus of, 602 

polar equation of, 676 

vertex of, 602 
Parabolic cylinder, 734 
Paraboloid, 733, 739 
Parallel lines, 9, 720 
Parallel planes, 723 
Parallel vectors, 690 
Parameter, 642 
Parametric equations, 642 
Parametrization, 642, 750 
Parametrized curve. 642 
Partial derivative. 815 
Partial fractions, 473 
Partial integration, 889 


Particular solution, 1022 
Partition, 267 
inner, 886, 917 
norm of, 267, 886, 915 
polar, 906 
regular, 271 
Pascal's principle, 359 
Path, 807, 982 
Percentage error, 133 
Period, 33 
Periodic function, 33 
Perpendicular lines, 9 
Perpendicular vectors, 703 
Piecewise-defined function, 17 
Piecewise-smooth curve, 646, 750, 991 
Piecewise-smooth function, 336 
Plane(s) 
equation of, 721 
orthogonal, 723 
parallel, 723 
Plane curve, 642 
Point mass, 350 
Point of inflection, 193 
Point-slope form of a line, 9 
Polar axis, 658 
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Polar coordinates, 658 
double integral in, 906 
Polar equation, 659 
of a conic, 676 
Polar moment of inertia, 928 
Pole, 658 
Polygon 
circumscribed, 262 
inscribed, 260 
Polynomial function, 20, 806 
Position function, 93 
Position vector, 685, 762 
Positive angle, 27 


Positive direction along a curve, 952, 972, 99] 


Positive real number, 2 
Positive-term series, 544 
Potential, 967 
Potential energy. 988 
Potential function, 967 
Power rule, 104 
for functions, 140 
for indefinite integrals. 242 
Power series, 567, 571 
differentiation of, 574 
integration of, 574 
interval of convergence of, 570 
radius of convergence of, 469 
representation of a function as, 573 
Pressure of a fluid, 358 
Principal unit normal, 770 
Principle of mathematical induction, A1 
Product rule, 113 
Profit function, 225 
p-series, 547 


Q 

Quadratic formula, 3 
Quadratic function, 20 
Quadratic surface. 734 
Quotient rule, 113 


R 
Radian measure, 27 
Radius 
of convergence. 469 
of curvature, 776 
Range of a function, 14 
Rate of change 
average, 95 
instantaneous, 95 
Rates, related, 153 
Rational function, 20, 806 
Ratio test, 554, 564 
Real line, 2 
Real number, 2 
Reciprocal rule, 114 
Rectangular coordinate system, 5 
Rectangular polygon 
circumscribed, 262 
inscribed. 260 


Rectilinear motion, 92 
Recursive definition, 521 
Reduction formulas. 461 
Reflection, 18 
Reflective property 

of an ellipse, 621 

of a hyperbola, 631 

of a parabola, 610 
Region 

bounded, 861 

closed, 810 

connected, 982 

under a graph, 260 

left boundary of, 309 

lower boundary of, 304 

open, 810 

К,, 306 

R,, 309 

Ry, 668 

right boundary of. 304 

simply connected, 986, 1017 

upper boundary of, 304 
Regular partition, 271 
Regular projection, 998 
Related rates, 153 
Remainder in Taylor's formula, 583 
Removable discontinuity, 78 
Resultant, 685 
Revenue function, 225 
Revolution 

axis of, 313 

solid of, 313 

surface of, 338 
Riemann sum. 268, 887, 915, 917 
Right circular cylinder, 733 
Right-hand derivative, 99 
Right-handed coordinate system, 694 
Right-hand limit, 46 
Rolle's theorem, 177 
Root test, 556 
Rotation 

of axes, 634 

of a vector field. 1014 
Ruling of a cylinder, 733 


S 
Saddle point, 564 
Sandwich theorem, 64, 527 
Scalar, 684 
Scalar function. 748 
Scalar multiple of a vector, 685, 686 
Scalar product, 702 
Secant line, 90 
Second derivative, 107 
Second derivative test, 194 
Separable differential equation, 416, 1024 
Sequence, 520 
bounded. 528 
limit of, 522 
monotonic, 528 
of partial sums, 533 


INDEX 











recursively defined, 521 
term of, 520 
Series solution, 1052 
Side condition, 872 
Simple closed curve, 642 
Simple harmonic motion, 223 
Simply connected region, 986, 1017 
Simpson's rule, 295 
error in, 297 
Singular solution. 1023 
Sink, 970. 1004 
Skew lines, 727 
Slope, 9 
in polar coordinates, 665 
of a tangent line, 91 
Slope-intercept form, 9 
Smooth curve, 646, 750 
Smooth function, 333 
Solid of revolution, 313 
Source, 970, 1004 
Space curve, 750 
Speed, 221, 762 
Sphere, 699 
Spherical coordinates, 942 
Spiral of Archimedes, 661 
Spring constant, 344 
Standard position of an angle, 2 
Steady state temperature, 851 
Steady vector field, 964 
Stokes’ theorem, 1012 
Substitution, method of, 251 
Summation notation, 257 
Sum of a series, 533 
Surface, 699 
of revolution, 338 
Surface area, 340, 912 
Surface integral, 999 
Symmetric form for a line, 725 
Symmetry, 7 
tests (ог, 7, 664 


T 
Table 
of exponential functions, A20 
of integrals, А21-26 
of logarithmic functions, A20 
of trigonometric functions. A19 
Tangential component 
of acceleration, 781 
of a vector. 978 
Tangent line 
to a curve, 757 
slope of, 91 
to a surface, 854 
vertical, 100 
Tangent plane, 855 
Tangent vector, 757 
Taylor polynomial, 582 
Taylor remainder, 583 
Taylor series, 581 
Taylor's formula, 583 


a. 
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Telescoping series, 535 
Term 
of a sequence, 520 
of a series, 533 
Terminal side of an angle, 27 
Test value, 184 
Third derivative, 107 
Topographic map, 797 
Torque, 716 
Torus, 357 
Trace, 723, 730 
Transcendental function, 21 
Transformation of coordinates, 948 
Translation of axes, 605 
Transverse axis of a hyperbola, 624 
Trapezoidal rule, 293 
error in, 294 
Tree diagram, 837 
Triangle inequality, 704 
Trigonometric equation, 33 
Trigonometric functions, 29 
derivatives of, 121 
graphs of. 34 
integrals of, 121 
inverse, 426 
tables of values of, А19 
Trigonometric identities, 30. 36. 37 
Trigonometric substitution, 468 
Triple integral. 916 
change of variables in, 955 
in cylindrical coordinates, 936 
evaluation theorem for, 917. 920 
iterated, 917 
mean value theorem for, 1008 
in spherical coordinates, 945 
Triple scalar product, 716 
Triple vector product, 715 
Twisted cubic, 750 
Two-path rule, 807 





U 

Undamped motion, 1045 
Undefined function, 14 5 
Underdamped vibration, 1048 
Undetermined coefficients, 1042 
Unit circle, 8 

Unit normal vector. 770 

Unit tangent vector, 769 

Unit vector, 691, 697 

Upper bound, 528 

Upper normal, 1002 

Upward concavity, 191 


у 

Value of a function, 14 

Variable(s) 
change of, 251, 953 
dependent, 15, 795 
dummy, 270 
independent, 15, 795 
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Variable(s) (continued ) 
of integration, 241 
summation, 257 
Variation of parameters, 1041 
Vector(s) 
addition of, 684, 686 
angle between, 702 


components of, 685, 691, 705, 706 


cross product of, 711 
difference of, 688 

dot product of, 701, 703 
equal, 684, 685 
equivalent, 684 

field, 964 

force, 684 

horizontal component of, 691 
i, 690, 697 

initial point of, 684 

inner product of, 702 

j, 690, 697 

k, 697 

linear combination of, 691 
magnitude of, 684, 686 
moment of, 716 


multiplication of by scalars, 685, 686 


negative of, 687 
normal, 721 
with opposite direction, 689 
orthogonal, 703 
parallel, 690 
perpendicular, 703 
position, 685 
principal unit normal, 770 
product of, 711 
resultant, 685 
with same direction, 689 
scalar multiple of, 685, 686 
scalar product of, 702 
subtraction of, 687 
sum of, 684, 686 
tangent, 757 
tangential component of, 978 
terminal point of, 684 
torque, 716 
triple scalar product of, 716 
triple vector product of, 715 
unit, 691, 697 
unit tangent, 679 
velocity, 684 
vertical component of, 691 
zero, 687 

Vector field, 964 
circulation of, 1013 
conservative, 967 
curl of, 968, 1013 
divergence of, 969, 1009 
flux of, 1003 





force, 964 
inverse square, 965 
irrotational, 1014 
rotation of, 1014 
steady, 964 
velocity, 964 
Vector-valued function, 748 
antiderivative of. 759 
continuous, 755 
definite integral of, 759 
derivative of, 755 
differentiable, 756 
limit of, 754 
Velocity, 93, 221. 684, 762 
Velocity field, 964 
Vertex 
of an angle, 26 
of an ellipse, 615 
of a hyperbola, 624 
of a parabola, 602 


` Vertical asymptote, 69 


Vertical line, 9 

Vertical shift, 18 

Vertical tangent line. 100 

Vibrations, 1045 

Volume 
of a solid of revolution, 314 
using cross sections, 329 
using cylindrical shells, 324 
using disks, 316 
using a double integral, 888 
using Pappus' theorem, 357 
using triple integrals, 918 
using washers, 318 


Ww 
Washer, 318 
Work, 343, 707, 978-79 


X 

x-coordinate, 695 
xy-plane, 5, 694 

xy-trace, 730 
xyz-coordinate system, 695 
xz-plane, 694 

xz-trace, 730 


Y 

y-coordinate. 695 
yz-plane, 694 
yz-trace, 730 


7 

z-coordinate, 695 
Zero of a function, 16 
Zero vector, 687 








ALGEBRA 


EXPONENTS AND RADICALS 


аа аА ам» a" = (ау 
(aya yab = x/axjb 
а уа 
v 
(aby" = a"b" п = > 
b y b 
n л Е 
: =: V xja = "а 
b b 
a” . _ 1 
— a" n а " = — 
а а 


ABSOLUTE VALUE (d > 0) 


|х| «d ifandonly if. —d «x «d 


[x| » d апа only if either x >dorx< —d 


|а+Ь|<]|а|+]|Ь| (Triangle inequality) 


-|4| x a « |а| 


INEQUALITIES 

If a > and b >c, then a >c 
Ifa>b,thena+c>b+e 

If a > b and c > 0, then ac > bc 


If a ^ b and c < 0, then ac < he 


QUADRATIC FORMULA 


If a #0, the roots of ax? + bx + c = 0 are 





_ —b x Vb? — дас 
2a 
LOGARITHMS 
у = log, x means а” = x log, 1 =0 
log, xy = log, x + log, y log, a = 1 


log, : =з log, NE log, y 
log, x” =r log, x 
BINOMIAL THEOREM 


n 
(x + у) =x" + (7) = ‘y+ 


log x = logio x 


In x = log, x 














ANALYTIC GEOMETRY 


DISTANCE FORMULA 
d(P,, P5) = V(x — x + (уз — y 








EQUATION OF A CIRCLE 
y (x— h? + (у – Ю)? =r? 


SLOPE т OF A LINE 


POINT-SLOPE FORM 


у-у = т(х — xj) 


у= тх + р 


GRAPH OF A QUADRATIC FUNCTION 


y=ax?+bx+c,a>0 
y 


y-ax'a-0 

































TRIGONOMETRY 5 
TRIGONOMETRIC FUNCTIONS ~ TRIGONOMETRIC IDENTITIES 
OF ACUTE ANGLES 1 sin t 
h Gert Sint t= созү 
opp hyp OPP | sect = —— cot r= O51 
N С : cos t sin t 
adj ail SE TON: 
hyp adj cot = 
орр adj i 
“ЭШ tomp | sintt+costt=1- |^ sin(—t)= —sint 
1 + tan? t = sec? t cos (— t) = cos t 
1 + cot? t = csc? t ! tan(—t)= —tant 
r 
sin 0 = – csc 9 = — : : А 
b sin (и + v) = sin u cos v + cos u sin v 
a r cos (и + v) = cos u cos v — sin u sin v 
cos 0 => sec =- tan u + tan v 
tan (u + 0) = ——————— — 
b ё 1 — tan и tan v 
tand=— сої 0 —, sin (и — v) = sin и cos v — cos u sin v 
cos (и — v) = cos u cos v + sinu sin v 
OF REAL NUMBERS 
tan u — tan v 
1 tan (u — 0) = ————————— 
sin t — y mide" 1 + tan u tan v 
sin 2u — 2 sin u cos u 
cost = x авга? cos 2и = cos? u — sin? u = 1 — 2 sin? u = 2 cos? u — 1 
х 
y 4 tan 2и = үн, 
tant=— сой-- кф | 
х y 
9 1 —cosu uj /l + cosu 
SPECIAL TRIANGLES ""d' £i ш а ааг. — 
tin * 1 — cos и sin u 
v2 А 2 sinu 1 + cosu 
УУ - sin? u = 1.908 24 cos? y = 1 * 905 2u 
| 2 2 





| sin и cos v = 4[sin (и + v) + sin(u—v)] 2 

| cos u sin v = 4[sin (и + v) — sin (и — v)] 
cos u cos v = 3 [cos (и + 0) + cos (u — 0)] 7 

isin u sin v = }[со$ (и — v) — cos (u + v)] X 


SPECIAL VALUES OF TRIGONOMETRIC FUNCTIONS 
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